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We deal with the existence of Nehari-type ground state positive solutions for the nonlinear Schrodinger equation —Au +V (x) u =
fxu),x¢€ RN, u e H! (RN ) Under a weaker Nehari condition, we establish some existence criteria to guarantee that the above
problem has Nehari-type ground state solutions by using a more direct method in two cases: the periodic case and the asymptotically

periodic case.

1. Introduction

Consider the following semilinear Schrédinger equation:
-Au+V (x)u=f(xu), xc¢€ R",
@
ueH' ([RN) ,

where V:RY — Rand f: RV xR — R.

The Schrodinger equation has found a great deal of inter-
est last years because not only it is important in applications
but also it provides a good model for developing mathe-
matical methods. Many authors have studied the existence
of entire solutions of Schrodinger equations under various
stipulations (cf., e.g., [1-28] and the references quoted in
them).

When infgnV(x) > 0 and V(x) is periodic, Li et al. [12]
made use of a combination of the techniques in [13, 14] with
applications of Lions’ concentration compactness principle
[26, 29, 30] to establish the following theorem.

Theorem 1 (see [12]). Assume that V and f satisfy the
following assumptions:

(V0) V € C(RY,R) and infpnV (x) > 0;
(V1) V(x) is I-periodic in each of x1, X, ..., Xn;

(S0) f € C', f! is a Caratheodory function, and there exists
a constant C > 0 such that

' (x,t
lim w =0; (2)
t

|ft’ (x, t)| < C(l + |t|2*_2),

|t| = oo

(S1) f(x,t) is I-periodic in each of X, x5, ..., Xp;
(S2) f(x,t) = o(|t]), as |t| — O, uniformly in x € RY;
(83) limy,, , o (IF(x, HI/ItP) = oo, uniformly in x € RY;

(S4) f(x,t)/It| is strictly increasing in t on R \ {0} for every
x e RN,

Then problem (1) has a solution u, € HY(RYN) such that
®(u,y) = inf , O > 0, where

O (u) = % JRN (qu|2 +V (x) uz) dx

3)
—J F (x,u) d x, VuEHl(RN),
RN
<(D' (u),v> = J (Vu-Vv+V (x)uv) dx
RN
_J f(x,u)v dx, Vu,veHl(RN)
RN
(4)
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with F(x,t) := f; f(x,s)ds, and
,/V:{ueHl(IRN):<d)’(u),u>:0, u#O}. (5)

The set ./ is the Nehari manifold, which contains
infinitely many elements of H'(RY). In fact, for any u €
HY(RM)\ {0}, there exists t = t(u) > 0 such that fu € J/; see
Lemma 9. Since u, is a solution at which @ has least “energy”
in set /', we will call it a Nehari-type ground state solution.

We must point out that “the least energy solution” (which
is sometimes also called the ground state solution in some
references) is in fact a nontrivial solution u, which satisfies
®(y,) = inf , D, where

M= {u e H' (RY)\ {0} : @' () = 0} (6)

is a very small subset of .#/; it may contain only one element.
In general, it is much more difficult to find a solution u, for
problem (1) with a constraint condition ®(u,) = inf ,® than
with one ®(u,) = inf ,P.

To establish the existence of Nehari-type ground state
solutions, the so-called Nehari-type condition (S4) seems to
be always necessary in the proof of the existence of ground
states solutions for problem (1).

In recent paper [15, 20], Theorem 1 has been extended to
the case where 0 is in the gap of the spectrum o(-A + V), but
an additional assumption on the nonlinearity f is assumed in
(15].

Motivated by [12, 17, 20], in the present paper, we will
develop a more direct method to generalize Theorem 1 by
relaxing assumptions (V0), (S3), and (S4) in two cases: the
periodic case and the asymptotically periodic case.

In the periodic case, we establish the following two
theorems.

Theorem 2. Assume thatV and f satisfy (V0), (V1), (S1), (S2),
and the following assumptions:

(S0") fe C(RYN x R,R), and there exists a constant C > 0
such that

2°-1 . lf (X,t)| _
Feeol=c(ieif™),  lim Boant =0, %

uniformly in x € RY;

(S3') limyy _, oo (IF(x, )|/ [t*) = 00, a.e.x € RY;

(s4") f(x,t)/t| is nondecreasing in t on R \ {0} for every
x € RN,
Then problem (1) has a solution u, € HY(RYN) such that
®(uy) = inf O > 0.

Theorem 3. Assume that V and f satisfy (V0), (V1), (s0’),
(S1), (S2), (S3'), and (S4). Then problem (1) has a positive
solutionu € HY(RY) such that D, (u) = inf/,f+<D+ > 0, where

D, (u) = % JRN (|Vu|2 +V(x) uz) dx - JRN F(x,u") dx,

vue H' (RY)
(8)
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with u* (x) = max{u(x), 0} and u” (x) = max{—u(x), 0}, and
N, = {u e H' ([RN) : <(D£r (u),u> =0, uq&O}. 9)

In the asymptotically periodic case, V(x) is allowed to be
negative in some bounded domain in RY. Precisely, we use
the following condition instead of (VO0).

(VO') Ve C(RY) n L*(RY), V(x) < V € (0,00) for all
x € RY and there exists a constant {, > 0 such that

J . (|Vu|2 +V (x) uz) dx
’ (10)
> {, J [\_/— V(x)] lul’dx, VueH' ([RN).

RN

(V0') Was first introduced by Deng et al. [6]; it is satisfied if
the following assumption holds (see Lemma 7):

(V0" V e C(RN) n L®(RY), and there exist two constants
a,,a, > 0 and a bounded measurable set @ ¢ RN

such that (g, + (12)|Q|2/N < S, and

-a,, x€,

a, x¢Q a

V(x)z{

. 2
where S = 1nfu€91,z(RN))”u”2* =1 ”VM”Z
In this case, we establish the following two theorems.

Theorem 4. Assume that V and f satisfy (vo'), (80'), (S2),
(83), (S4'), and the following assumptions:

(V2) V(x) = Vy(x) + Vy(x), V, € C(RY,(0,+00)), V,(x)
is I-periodic in each of xy,x,,..., %y, Vi(x) < 0 for
x| < 1+ VN, and Vi(x) < 0 for|x| > 1+ VN,
11m|x|_,00|V1(x)| =0;

(1)) flx, 1) = folx, )+ f1(x,1); f, € C(RVxR,R) satisfies
(S1), (S2), and (S4'); f, € C(RN x R, R) satisfies that

0<tf (nt) <ax) (P +1H7), VY(xteRYxR, (12)

where p, € (2,2%) and a € CRN,R") with

lim,_, ,a(x) = 0.

Then problem (1) has a solution u, € HY(RYN) such that
®(u,y) = inf , O > 0.

Theorem 5. Assume that V and f satisfy (vo'), (v2), (S0'),
(S1'), (S2), (S3), and (S4'). Then problem (1) has a positive
solution € HY(RY) such that D, (u) = inf/,/+CD+ > 0.

In our theorems, we give a new condition (S4") which
weakens Nehari-type condition (S3) considerably.
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2. Preliminaries

Lemma 6 (see [6, Lemma 2.3]). Assume that'V satisfies (vo').
Then there exist two positive constants C,,C, > 0 such that

2 2 2
C] ”u"Hl(RN) < JRN [|V1/l| +V(x)u ] dx (13)

<G lulfpgyy VueH' (RY),
where |[ull g wy is the usual norm ole(RN)
2. 2 1/2 1 (N
el g vy = “RN (|Vu| +u ) dx] , ueH (IR )
(14)

By Lemma 6, we define an inner product

(u,v) = J . [(Vu-Vv)+V (x)uv]dx, u,ve H' (IRN),
R

(15)

associated with the norm
1/2
llull = {J [|Vu|2 + V(x)uz] dx} , ueH' (IRN).
RN

(16)
Then H'(R") is a Hilbert space with this inner product.
Moreover, under assumptions (V0') and (S0"), the functional
® defined by (3) is of class C'(H'(RM), R).
Lemma 7. If(VO”) holds, then (V0') does.

Proof. By virtue of (V0"), the Holder inequality, and the
Sobolev inequality, we have

J [|Vu|2 +V (x) uz] dx
[RN
> J |Vul*dx - (a, +a2)J w dx+a2J- u’ dx
RN Q RN
> J \Vul*dx - (a, + a,) |Q|2/N||u||§* +a, J u* dx
RN RN
> [Vul; - (ay + @) QNS [Vul} + a, JRN u’ dx

2
Zazj u” dx
RN

2} J- - 2 1 (N

> = V-V(x)|ludx, YueH (R").
V +a, Jr¥ [ ] ( )

17)

This shows that (V0') holds with {, = a,/(V + a,). O

Lemma 8. Let X be a Banach space. Let M, be a closed
subspace of the metric space M and I,y ¢ C(M,, X). Define

T={yeCMX):y|y €k} (18)

If¥ € C'(X, R) satisfies

00 > ¢ := inf sup¥ (y (¢)) > a := sup sup ¥ (y, (£)), (19)
Vel tem Y€l teM,

then there exists a sequence {u,} C X satisfying
Y(u,) —o )|+ ) —0 @0
Proof. For any y € T, define set K, = {y(t) :t € M}in X and

the collection # = {K, : y € I'}. Let A = {y,(t) : yp € [y, t €
M},

A={peC(X,X): 9 €C(X,X),
bothgand ¢ are
(21)
bounded on bounded sets} ,

AA)={peA:9pW)=u uecA}.

Forany y € I'and ¢ € A(A), let y, = ylp, and y(t) =
@(y(t)), t € M. Then y, € I, and y € C(M, X). Hence,

FO =9 ®) =1 ), VteMy (22)
that is, y],, = yo € Iy. Therefore,
e(K)eH, VoeA(A), Ke K. (23)

These show that the collection % is a minimax system for A.
Since (19) implies

00 > = Iérelgfs;p‘l’ >a:= Sjp\l’, (24)

it follows from Theorem 2.4 in [18] that the result is true. [

Lemma9. Under assumptions (v0'), (S0'), (S2), and (S3'),for

any u € HY(RN) \ {0}, there exists t(u) > 0 such that t(u)u €
N

Proof. Letu € H Y(RN) \ {0} be fixed and define the function
g(t) := O(tu) on [0, 00). Clearly we have

g ) =0e=tueN e |u|’ =

~ | =

J f (x, tu) udx.
[RN

(25)
It is easy to verify, using (S2) and (S3'), that g0) =0,
g(t) > 0fort > 0 small and g(t) < O for t large. Therefore
MaX, (g d(t) is achieved ata ty = £(u) so that g'(f,) = 0 and
twue N. ]

Lemma 10. Under assumptions (V0'), (S0'), and (54'),

O (u) > O (tu) +

1-£,,
(D bl bl
5 (0 (u),u) 06)

vueH' (RY), t>0.



Proof. For T#0, (S4') yields

f(x,s) < f(lx]r) Is|, s<T;
T
(27)
Fo92L®D g, sxr
||
It follows that
1-1 4
5 f (x,7) > J f(x,s)ds, t=0. (28)
tT
Note that

<<D' (u) ,u> o J f (x,u) udx. (29)

RN
Thus, by (3), (28), and (29), one has
D (u) — O (tu)

1-£

Il + | F Gt = F ()] dx

)
1Tt <(D/ (u),u>

2
+J [l_tf(x,u)u+F(x,tu)—F(x,u)]dx
RN 2

2
1Tt <(D' (u),u>

2 tu

2 u
+J [1_tf(x,u)u—J- f(x,s)ds]dx
RN

vV

1t o
T< (u),u>, t>0.

(30)
This shows that (26) holds. O

Corollary 11. Under assumptions (V0'), (S0'), and (S4'), for
ueM,

O (u) > d (tu), Vt=0. (31)

We define

inf max® (tu),

¢ := inf® =
! N ’ @ u€E,u+0 t>0

(32)

c:=inf sup ®(y (1)),
el seqo,1)

where
T'={yeC([0,1],E): y(0) =0, ®(y(1)) <0}.  (33)

Lemma 12. Under assumptions ( vo'), (S0'), (S2), (S3'), and
(S4'), one has that ¢, = ¢, = ¢ > 0 and there exists a sequence
{u,} ¢ H'(RN) satisfying

®(u,) — "(I)' (un)” (1 + |u,]) — o. (34)

Abstract and Applied Analysis

Proof. (1) Both Lemma 9 and Corollary 11 imply that ¢, = ¢,.
Next, we prove that ¢ = ¢, = ¢,. By the definition of ¢,, we
choose a sequence {v,} ¢ E \ {0} such that

1
o) Sné%xd)(tvn) <qt—, ne N. (35)

Since ®(tu) < 0 for u € E \ {0} and ¢ large, there exist ¢, =
t(v,) > 0ands, > t, such that

O (t,v,) = max ® (tv,), @(s,v,) <0, neN. (36

Let y,(t) = ts,v, for t € [0,1]. Then y, € T, and it follows
from (35) and (36) that

sup @ (y, (1)) = max & (tv,) <o + %, neN, (37)

te[0,1] tz

which implies that ¢ < ¢,. On the other hand, the manifold ./
separates HY(RY) into two components E* = {u € HYRN) :
(O (w),u) > 0} U {0} and E~ = {u € H'(RY) : (®'(u),u) <
0}. By (S4'), one has
f ot t=2F (x,t), V(xt)eRYxR.  (38)

It follows that ®(u) > 0 for u € E*. By (S0') and (S2), E*
contains a small ball around the origin. Thus every y € I has
to cross ./, because y(0) € E* and y(1) € E",and so ¢; < c.

(2) In order to prove the second part of Lemma 12, we
apply Lemma 8 with M = [0, 1], M, = {0, 1}, and

Lo = {y0: {0, 1} — H' (RY) 195 (0) = 0, @ (, (1)) < 0}.

(39)
By (S0") and (S2), there exists # > 0 such that
min® (u) =0, inf ® (u) > 0.
lull<r ®) lull=r (®) (40)
Hence we obtain
c> |1nf ® (u) > 0= sup sup® (y, (). (41)

|ull=r Yo€Ly teM,

These show that all assumptions of Lemma 8 are satisfied.
Therefore there exists a sequence (1,,) ¢ H'(R") satisfying
(34). O

Lemma 13. Under assumptions (v0'), (S0'), (S2), (S3), and
(s4'), any sequence {u,} C HY(RM) satisfying (34) is bounded
in H'(RY).

Proof. To prove the boundedness of {u,}, arguing by contra-
diction, suppose that ||lu,|| — oo.Letv, = u,/|u,|. Then
v, = 1. By Sobolev embedding theorem, there exists a
constant C; > 0 such that

[Vally + [Vall,+ < Cs. (42)

Passing to a subsequence, we may assume that v, — v in
HY(RMN), v, — vin LSIOC(IRN),Z <s<2%andv, > v
a.e.on RN,
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If § := limsup,_, ,,Sup cpn JB 0 lv,I*dx = 0, then by
1
Lions’ concentration compactness principle [23, Lemma 1.21],
v, — 0in L'(RY) for2 < s < 2*. Fix p € (2,2*) and R >
2+/c. By (S0') and (S2), for € = ¢/4[(RC;)* + (RC;)* ] > 0
there exists C, > 0 such that

I () < & (Iuf + ul”) + Clul?. (43)
It follows that

lim sup J F(x,Rv,)dx
RN

n— 00

(44)
’ . c
< e[ (RC)* + (RC))” |+ RPC, Jim o} = ¢
Hence, by using (34), (44), and Lemma 10, one has
ct+o(l)=0(u,)
= (D(Rvn) * <% B R—22> <®, (un)’un>
2| |
R
-2 JRN F (x,Rv,) dx w5)
1 R ) ,
3" (@' ()14,
<2 2w |’
2 R—2—£+0(1) > E+o(1)
2 -7 . )

which is a contradiction. Thus, 6 > 0.
Going if necessary to a subsequence, we may assume the
. N 2
existence of k,, € Z" such that J’ma(kn) [v,|°dx > §/2. Let

w,(x) = v,(x + k,). Then it follows that

é
J [ *dx > . (46)
By, yx(0) 2
Now we define #,,(x) = u,(x + k,,), then %, /|u,| = w,, and
lw,ll g @y = Il g vy /syl < C4 for some C, > 0. Passing
to a subsequence, we have w, — w in H'(RY), w, — w
in L}, (RY), 2 < s < 2*, and w, — w ae. on R". Thus,
(46) implies that w # 0. Hence, it follows from (34), (S3), and
Fatou’s lemma that

c+o(l)

- @ ()
"

T

) 1 F(x+k,,) ,
= lim | = —J — " M dx
n—oo | 2 RN ufl n
(47)
1 F(x+k,u
< = —lim infj sz dx
2 n—00  JpN uz n

n

IN

1 .. F (x + kn> ﬁn) 2
— - J lim inf ————w’ dx = —oo0,
2 RN n— 00 ufl n

which is a contradiction. Thus {u,} is bounded in H LRM).
O

Remark 14. In the proof of Lemma 13, (S3) is used only in
(47). Hence, it can be weakened to (S3) if f(x,t) is 1-periodic
in each of x,x,,..., Xy

3. The Proofs of Theorems

Proof of Theorem 2. Lemma 12 implies the existence of a
sequence {u,} C HY(RN) satistying (34), by a standard
argument; we can prove Theorem 2. O

Proof of Theorem 3. In view of the proofs of Lemmas 12 and
13, we can show that the conclusions of Lemmas 12 and 13 still
hold if ® and ./ are replaced by @, and ./, respectively.
Hence, there exists a bounded sequence {u,} < H'(R™M)
satisfying

O () — o [OL @)1+ ) — 0 @8

where ¢, = inf,., @, (u). The rest of the proof is standard,
so we omit it. O

To prove Theorems 4 and 5, we define functional @, and
@, , as follows:

D, (u) = % JRN (qu|2 +V, (x) uz) dx - JRN F, (x,u) dx,

ueH' (RY),

(49)

O, ()= % JRN (IVul2 +V, (%) uz) dx - JRN Fy (x,u")dx,
ueH (RN) ,

(50)

where Fj(x,t) := Iot fo(x,s)ds. Then (V2), (S0"), and (S1")
imply that &, € C'(H'(R™), R) and

<<Dg (u), v> = J (VuVv + Vy (x) uv) dx
RN

- J fo(x,u)vdx, u,ve H' (IRN).
RN
(51)

Proof of Theorem 4. Lemma 12 implies the existence of a
sequence {u,} ¢ H HRY) satisfying (34). By Lemma 13, {u,,}
is bounded in H'(RY). Passing to a subsequence, we have
u, — uy in H'(R"). Next, we prove u, # 0.

Arguing by contradiction, suppose that u, = 0; that is,
u, — 0in HYRY), and so u, — 0in LSIOC(IRN), 2<s<25,
and u, — 0a.e.onRY. Forany ¢ > 0, it follows from (V2)



that there exists R, > 0 such that |V;(x)| < ¢ for |[x] > R
Hence,

e*

J |V1 (x)| “f; dx
RN

= J lV1 (x)| ufl dx + j lV1 (x)| ui dx
By, (0) RN\B (0) (52)

<sup |V, (x)|J ul dx +£J ul dx
RN B, (0) RN \Bg, (0)
<o(l)+ s"un"i <o(1) +Cse.
Since € > 0 is arbitrary, we have
. 24
nlhrréo JRN Vi (%) u,, dx = 0. (53)

Similarly, by (S1), one has

nlLHéoJ F, (x,u,) dx =0,
’ (54)

n— 00

lim J fi (x,u,)u, dx = 0.
RN
Note that

Dy (u) = O (u) - % JRN Vi (x) wdx
+ JRN F, (x,u)dx, Vue H' (RN) R
<d)(') (u) ,v> = <<D' (u), v> - JRN Vy (x) uvdx

+ JRN fiou)vdx, Vu,ve H' (RN).
(55)

From (34) and (53)-(55), one has
|5 ()

By a standard argument, we may prove that there exists
k, € ZN, going if necessary to a subsequence, such that

q)0 (un) -6 (1 + ”un“) — 0. (56)

0
J |u,[*dx > = > 0. (57)
Bl+m(kn) 2

Let v, (x) = u,(x + k). Then IIVnIIHl(RN) = IIunIIHl(RN), and

6
j [va[fdx > . (58)
B yx(0) 2

Since V(x) and f,(x, u) are periodic, we have

@, (v,) —c, “d)(') (vn)” 1+ |v) — 0. (59)
Since {v,} is bounded in H HRY), passing to a subsequence,

we have v, — vin HYRM), v, — vin LSIOC(IRN), 2<s<2%,
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andv, — Vva.e.on RY. Obviously, (58) implies that v(x) # 0
for x € B, /x(0). By a standard argument, we can prove that
CD&(T/) = 0 and @y (V) < ¢ by using (59).

Since v # 0, it follows from Lemma 9 that there exists ¢, =
t(v) such that t,v € /4, and so O(t,¥) > c. On the other hand,
from (49), (51), (V2), (S1'), and (S4"), we have

c=> O, ()

= D, (t,v)

+ fo M)V + Fy (x,t,7) - F, (x, V) | dx
RN 2

> @, (t,v)

2
= (tyv) - 50 JRN Vi (x) Vdx + JRN F, (x,t,7)dx

> O (t,7) > c.
(60)

This contradiction implies that u, # 0. By a standard argu-
ment, we can prove that ®'(u,) = 0 and ®(u,) = ¢ = inf , .
This shows that u, € H'(RY) is a solution for problem (1)
with ®(y,) = inf , @ > 0. O

Proof of Theorem 5. Similar to the proof of Theorem 3, there
exists a bounded sequence {u,} ¢ H Y(RY) satistying (48).
Passing to an appropriate subsequence, we have that u, — u
in H'(R™N). Next, we prove u #0.

Arguing by contradiction, suppose that # = 0; that is,
, — 0in HYRY). Then, u, — 0in LSIOC(IRN), 2 <
s < 2%, and u, — 0 ae on RY. Analogous to the proof
of Theorem 4, we can demonstrate that there exists a v €
H'(RM) \ {0} with %(x) # 0 for x € B, 5(0) such that
q)ﬁr’o () = 0and @, ,(v) < c. By a standard argument, we can
show that v > 0.

Since v > (#)0, it follows from Lemma 9 that there exists

t, = t(v) such that t,v € A4, and so ®,(¢,¥) > c. On the
other hand, from (49), (51), (V2), (S1), and (S4"), we have

u

c2D,,(V)

1-
2

t2
% fo (x,9) ¥

=@, (tv) + JRN [

+ Fy (x,tyv) - Fy (x,7) ] dx (6D

>, ,(tv)
t2
=@, (t,v) - 50 j V, (x) 7 dx + J F, (x,tyv)dx
RN RN
> @, (t,7) > c.

This contradiction shows that 77#0. In the same way as
the last part of the proof of Theorem 1, we can deduce that
q);(ﬁ) = 0and O,(u) = ¢ = inf/V+CD+. By a standard
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argument, we can demonstrate that # > 0. Therefore, i €
H'(RY)isa positive solution for problem (1) with @, () =

inf ; @, > 0.

O
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