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We introduce two kinds of Kantorovich-type g-Bernstein-Schurer-Stancu operators. We first estimate moments of g-Bernstein-
Schurer-Stancu-Kantorovich operators. We also establish the statistical approximation properties of these operators. Furthermore,
we study the rates of statistical convergence of these operators by means of modulus of continuity and the functions of Lipschitz

class.

1. Introduction

In 1987, Lupas [1] introduced a g-type of the Bernstein oper-
ators and in 1997 another generalization of these operators
based on g-integers was introduced by Phillips [2]. Thereafter,
an intensive research has been done on the g-parametric
operators. Recently the statistical approximation properties
have also been investigated for g-analogue polynomials. For
instance, in [3] g-Bleimann, Butzer, and Hahn operators;
in [4] Kantorovich-type g-Bernstein operators; in [5] g-
analogue of MKZ operators; in [6] Kantorovich-type g-
Szasz-Mirakjan operators; in [7] Kantorovich-type discrete g-
Beta operators; in [8] Kantorovich-type g-Bernstein-Stancu
operators were introduced and their statistical approximation
properties were studied.

The main aim of this paper is to introduce two kinds
of Kantorovich-type g-Bernstein-Stancu operators and study
the statistical approximation properties of these operators
with the help of the Korovkin-type approximation theorem.
We also estimate the rate of statistical convergence by means
of modulus of continuity and with the help of the elements of
the Lipschits classes.

Before proceeding further, let us give some basic def-
initions and notations. Throughout the present paper, we
consider 0 < g < 1. Forany n = 0,1,2,..., the g-integer
[n]q is defined as (see [2])

[n,=1+q+--+4"", (n=01,2..), [0,=0 (1)

and the g-factorial [n] g as

=[], 2], [, (1=12..), [0]!=1 (2

For the integers n, k, n > k > 0, the g-binomial or the
Gaussian coefficient is defined as

n| _ [”]q!
[kL RCEITEDE ©

For an arbitrary function f(x), the g-differential is given
by

dof () = f (%)~ f (). ()

The g-Jackson integral in the interval [0, b] is defined as
(see [9])

(o)

b . .
JOf(t)dqt:(l—q)Zf(qu)q], 0<gq<l, (5)

=
provided that sums converge absolutely.

Suppose 0 < a < b. The g-Jackson integral in a general
generic interval [a, b] is defined as

b b a
Lf(t)dqt:L f(t)dqt—JO Fdt 0<q<1. (6
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2. Construction of the Operators

For anyn € N, p a fixed nonnegative number and «, 8 a real
parameters satisfying the conditions 0 < « < 8, we introduce
the Kantorovich-type g-Bernstein-Schurer-Stancu operators
K,(l‘)’;’ﬁ)(f; x) : C[0, p + 1] — C[0, 1] as follows:

n+p

K(a .X')_ ank(q’

! t qlk+al,
on f([n+1+[3]q i [n+1+ﬁ]q>d
x €[0,1],
(7)
where p, (g x) = [”+P] H"+P g - q’x).

The moments of these operators Kn‘j;ﬁ )( f; x) are obtained
as follows.

Lemmal. For Kﬁf”;ﬁ)(ti; x),i=0,1,2, one has
©@B) (1. ) —
Kn()xqﬁ (13-x) - 1: (8)

[1’[+p]q tx+1x

K(a)ﬁ) (t;x) = g
nq
[n+1+p],

)
()
[n+1+B], \ 2], 1)’
@B (tz;x) _ [+ p]q [n+p- 1]q 2043, 2
i [n+1+ ﬁ];
[n+p],
+ —
[n+1+ /3]2
x iqoﬁ-l +q2+0c (2 [OC] +qzx) x
2], g
1 1 2qledy 2)
" [n+1+[3]2 <[3]q " (2], vl )
(10)
Proof. It is obvious that
! B 1 Yo 1
J, 1dgt =1, Jotdt—[z] Ltdqt—@.
(11)
For i = 0, since ZZ:g Pnx(@x) =1, (8) holds.
Fori =1,
( ) n+p_
K (6:2) = 3 Py ()
k=0
! t qlk+al,
xL ([n+1+ﬁ]q ! [n+1+[5]q>dqt
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S
nk B X 0[”+1+/3]q 1
np 1 q[k+cx]
+kZ=(:)Pn,k (Qxx)J md

I S
(2], [n+1+p],
n+P_ . q[k+(x]q
+kZ:;)pn,k (q’x) [}’l+ 1 +ﬁ]q'

(12)

Using the properties of the generalized g-Schurer-Stancu
operators ([10, Lemma 2])

g k+al, 4" [n+ p] (o],
; - > 13
2P @) [ogl = g g )

we have
[+ p]
@P) g0y — = 714 _a+l
Kog™ (%) = [n+1 +ﬁ]qq *

(14)

+;(L+ [oc])
[n+1+ﬁ]q (2], 11¥q |-

Fori =2,

! t qlk+«al,
.[o ([n+1+/3]qJr [n+1+/3]q> dqt
N

[n+1+ﬁ]2

1 1 1
2 2 2
><<J-O t clqt+2q[k+oc]qj0 tdqt+q [k+oc]qJ’0 ldqt>

1 1 2qlk+al, 2)
S (L :
[n+1+[5];<[3]q+ o, e
(15)
we obtain
K (% x)
I S
[n+1+/3]2

2q [k + «]

n+p 1
sznk(q’ <[3] —[z]q q+q2[k+¢x]2>
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B 1 N [n+ ﬁ]q 2q
(3], [n+1 +[5]2 [n+1+[3]2 (2],

ary [k +al,

x ank(q’ [

+B],
2 2 2
q [n+p], o (k+a]
%) P (4:%) 7
[n+1+ Bl i [n+ B,
In view of (13) and [10, Lemma 2]
ntp [k + oc]
Py, (g x
2P @ +Bl;
[+ p]q [n+p- l]q 21, 2
[n+ I,
o 2
+ —[n+p]qq (2 ], +q0‘)x+ 1y 5

[n+B];

by simple calculation we can get the stated result (10).

Lemma 2. For §,(g; x) := “ﬁ)((t x)*; x), one has

8, (gx) < (%qaﬂ 3 1)

2(1+oc)[n+p]q
+ 2
[n+1+p],

1+ a)?

+ .
[n+1+8],

Proof. In view of Lemma 1, we have

8, (g5 x)

= K’S‘Zﬁ) (tz; x) - ZxKr(ff) (t;x) + x°

[n+1+ﬁ]; [n+1+p],

[+ p] 2 wn e
(et (2 ety o)
q

_;<L+ [])
[n+1+p], \ (2], Ti%q ) )%
q+q2[a]§>

.\ 1 (L .\ 2q [«]
[n+1+ ﬂ]; Bl 2],

(16)

17)

(18)

<h+phw+p—lh¢“3 24" [n+ pl, )z
- 141 |x

3
2
n+
S e
[n+1+ ﬁ]q
2(1+oc)[n+p]q (1 + )
+ + .
[n+1+ﬁ]2 [n+1+ﬁ]2
(19)
O
Now, we consider a sequence q = ¢, satisfying the
following two expressions:
. . 1
A G =L fime =0 (20)

By Korovkin’s theorem, we can state the following theorem.

Theorem 3. Let Kff‘q’f)(f;x) be a sequence satisfying (20) for
0 < g, < L. Then for any function f € C[0, p+1], the following
equality

lim ”Kr(taqf) (fi-) - f"C[O,l] =0 1)

n— 00

is satisfied.

Proof. We know that K,(;Zﬁ )(f;x) is linear positive. By
Lemma 1, if we choose the sequence q = g, satisfying (20)
and using the equality

[n+pl, =nl,, +a,(pl,

. (22)
[n+1+p], =Inl,y, +q,[B+1],
we have
: (Otﬁ) N _ .
Tim K (5 x) - x ||C[0’H =0, i=0,1,2. (23

Because of the linearity and positivity of Kff;ﬁ)( f;x), the

proof is complete by the classical Korovkin theorem. O

We now redefine K,(ff )(f:x) as

n+p

(fix) = Zﬁn,k (g %)

lef<[n+1t +/3

7 (e, B)
K qﬁ

q([k], +o¢)>dt

m+1], + B
(24)
Let us give some lemmas as follows.
Lemma 4. For Kfl‘,"f)(ti; x),1=0,1,2, one has
T@B) (1. 4) =
K (152 = 1, (25)
_ [n Pl
R&P (t;x) = ——1
< n+1],+ ﬁ
(26)

+;(L+ a)
i+ B\, )



RS (¢44) -

[n+pl, [n+p-1], 2
(n+1 ,8)

. [”H'P]q < 29
([n + l]q + [5)2

Proof. It is obvious that (25) holds.
Fori=1,

n+p

KD (t5x) = Y P (@)
k=0

1 t q([k], +a)
XI <[n+1 [3 [n+1], [S)dt

n+p

t
= ank 4 x )L mdqt

np 1 q([k]q +oc)
+ ];)Pn,k (g5 x) L mdqt
_ 1

2], ([n+1], + B)

nep [k, +a
+ an,k (q;‘x) ( )

frar [n+1], +pB

Taking into account [11, Lemma 1]

n+p

(k], +06_[”+P] «

ZP” T Rl Sl e

we have

@) (p. 1y R
Kog™ (%) = i, + BT [n+1]q+[3([2]q +q“>'

[n+pl, 1 1

Fori =2,

2
Jl t q([k], + o) ",
o \[n+1],+B [n+1],+p ) 1

1

([n+ 1], +ﬁ)2

X <Ll tqut +2q ([k]q + oc)

1 2 1
X JO tdqt+q2([k]q+oc) L ldqt>

(28)

(29)

(30)
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1
- ([n + l]q + ﬁ)
1 (K, +a) 2
< o, 7 +q" ([k], +a) )
(31)
we obtain

REP (253)

.t

([n + l]q + ﬁ)z

n+p [k]
o )
q

2],

1 (nl,+B  2g
= 2t 2121
[3]q([n+1]q+[3) ([n+1],+B) 2

ary gt

ank(q B

2( ) n+ +a
+&niu +m2i’”( <M] B)

(32)
From (29) and [11, Lemma 1]
§ 0 (M)
k:Opn,k Q% [n]q " ﬁ
Cn+pllnrp-1],
- 2 qx (33)
(n1, + B)
[n+pl, 2
— L Qa+ ) xt ——,
Um +B)’ (11, + B)

by simple calculation we arrive at the desired result (27). [

Lemma 5. For Sn(q; X) = K,(I‘f‘q’ﬁ)((t - x)% x), one has
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Proof. From Lemma 4, it is immediately seen that
S, (g5 %)
= Eﬁ:’;’ﬁ) (tz; x) - ZXIA(;(;:;/;) (t; %) + x°

:<[n+p]q[n+p—1]qq3
([n+ 1]q+ﬁ)2

< [n+p],
+
([n+1] +ﬁ

2q[n+p],
- [n+1] +p

1>x2
zi +q (2(x+1)>

(
T G

2(1+oc)[n+p]
([n+1], ﬁ)

1+ a)?

([n+ 1]q+ﬁ)2'

+

(35)
O

We can give the following result, a theorem of Korovkin
type.

Theorem 6. Let q = g, be a sequence satisfying (20) for 0 <
q, < 1. Then for any function f € CI[0, p + 1], the sequence

Er(lf’;nﬁ)(f; x) converges to f(x) uniformly on [0, 1].

The proof of the above theorem follows along Theorem 3;
thus we omit the details.

3. Statistical Approximation of Korovkin Type

Further on, let us recall the concept of statistical convergence
which was introduced by Fast [12].

Letus set K € N and K,, = {k < n : k € K}; the natural
density of K is defined by §(K) := lim,,_, .,(1/n)|K,| if the
limit exists (see [13]), where |K,,| denotes the cardinality of
the set K,,.

A sequence x = x; is called statistically convergent to a
number L if, for every e > 0, 8{k € N : |[x; — L| > ¢} = 0.
This convergence is denoted as st — lim;x; = L. It is known
that any convergent sequence is statistically convergent, but
its converse is not true. Details can be found in [14].

In approximation theory by linear positive operators, the
concept of statistical convergence was used by Gadjiev and
Orhan [15]. They proved the following Bohman-Korovkin-
type approximation theorem for statistical convergence.

Theorem 7 (see [15]). If the sequence of linear positive opera-
tors A, : Cla,b] — Cla,b] satisfies the conditions

st—lim || A, (e;-) =0 (36)

- ei”C[u,b]
fore(t) =t i=0,1,2, then, for any f € Cla,b],
st = lim A, (f-) - f"C[a,b] =0. (37)

In this section, we establish the following Korovkin-type
statistical approximation theorems.

Theorem 8. Let q = q,, 0 < q,, < 1, be a sequence satisfying
the following conditions:

st— lirIlnqn =1,
st—lirrlnqz =a (a<l)), (38)
st— limL =05
" [nlg,
then for f € C[0, p + 1], one has
st=lim [K2P (fi2) = £ o = O (39)

Proof. From Theorem 7, it is enough to prove that st —
lim[[ K% (e;-) - eillcpon) = 0 fore; = £, = 0,1,2.
By (8) we can easily get

st — hm "K ) (egs) =0. (40)

~ e
Ollcro,1]

From equality (9) we have
(a,8)
[KS (es) = ea] o

o+l

_ | [n+pl,
| [n+1+8],

1 1 (41)
+ ( +q, [o] )
[n+1+ ﬁ]qn (2], In

4" [”+P]q l+a
Y R R Iy
[n+1+ ﬂ]qn (1],

Now for a given € > 0, let us define the following sets:

U= { "K‘Xﬁ)(el;')

gk

—e || > s}
Hcro,1 >

a [k pl,
’ (42)

-12>

N m

1+«

U, = <|k: k], > }

N m



From (41), one can see that U € U; U U,, so we have

oc/3) (61)‘

5 {k <n:|K¢ - e1|'c[0)1] > s}

o+l k+
<6<Ik<n M_lzg}

[k+1+p], (43)

+8{k§n:

By (22) and (38) it is clear that

a,"" [+ p]
st —lim | ————=2 —
m\ [n+1+p],

1)=O,

(44)

So we have

st - lim "Kff‘qﬁ) (e55)

|
e

- e1||c[0’1] = (45)

Finally, in view of (10), one can write

Kf:Zf) (e3) - eZHC[o,l]

+ +p-1
< [n P]‘In [1’1 p ]‘in 2a+3_1‘

[n+1+/3]2n "

[n+p], ( 2

+
[n+1+ ﬁ]:n (21,

1 1 2q,ladg, 5 5 )
' [n+1 +[3]Zﬂ ([3]% ’ (2], tanledy, ).

(46)

qz+1 2+(x (2 [OC] + QZ))

Using (22),
2, qz“ qf:'“ (2 ]y, + qz) <2+ 2a,

1 2q, o], N [“]fz <1+l (47)

+
Bl, 12,

q?l[n+p_1]qn = [n+p]qn_1’

we can write

"K(‘" /3) (ey5°) - 62||C[0,1]

20c+2 200+2

[n+p], q 4 [n+pl,
< + -1
[n+1+ﬁ]qn [n+1+,8];n
2+2a) [n+p],
=+

[n+1 +ﬁ];ﬂ

(1+a)?

[n+1 +[5]2n

+
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200+2

| el 1|

[n+1 +/3]Zﬂ
1+a)

+(3+2a)<1+[l’]%>+ 2
[nl,, [nl,, [n]}

=10, + Y, + 1y

(48)
Then, from (22) and (38), we have
st —lim @, = st —limy, = st —lim#, = 0. (49)
Here for a given ¢ > 0, let us define the following sets:

.

T = {k [KEP (ey3-) - e2||c[0)1] > s} ,

T, = {k:@kzg}, Tzz{k:ykz

&
k: _—}.
{ e =3

Itis clear that T € T; U T, U T;. So we get

o w

T,

ks KIS (o)~ 2 ]

SS{kSn:0k2§}+6{kSn:yk2§} (51)

+8{k£n:11k2§}.

By (49), we have

Sfksn K (o) ey 2 ef =0 )

which implies that
T @B (, .\ _ _
st h;I1n|Kn,qn (e25°) eZ“cm,l] =0 (53)
In view of (40), (45), and (53), the proof is complete. O

Theorem 9. Let q = g, 0 < q,, < 1, be a sequence satisfying
(38); then for f € CIO, p + 1], one has st — limnllK,(l""q’f)(f; ) -
Flicio,y =0
Proof. From Theorem 7, it is enough to prove that st —
lim, IK%P (e;) — ¢llcgony = 0 for e, = £, = 0,1,2.

Using (25), we can easily get

ﬁ) (eO’ 60"C[0)1] =0. (54)
From equality (26) we have
( ﬁ) .
”K o ely ') - el||c[0’1]
qn[n+P] 1+1+(X (55)
[n+1], [5 (n],
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Now for a given € > 0, let us define the following sets:

U= { " nd ? (ers) el"cm,l] 28}’
_ i [k + p]
U, = {k [kk+ s +ng —-1> g]’ (56)

ﬁzz {k:

| m

1+« }
>
(klg,

From (55), one can see that U € U, U U,, so we have

é {k <n: "K A (ens") el”C[O,l] = 8}

Qk[k+P]qk €
S@{kSn'—w—IZE (57)
+8{k<n- 1+“>f}
B L PR

By (38) it is clear that

n+
St—lim M 1]|=0, st—lim1+‘x:0.
(n+1], +pB o (nl,,

(58)
So we have
st~ lim ||Kfloi1ﬁ) (exs) - el"c[o,l] =0. (>9)
Finally, in view of (27), one can write
(o, !3) .
"K 62’ ) B eZ"c[o,]]
|ty tne o1l 5
( (n+1], ﬁ) !
[mepl, (2 (60
+ ( +q, (2x + 1))
([n +1], ﬁ) (21,
1 1 2q,« 2>
+ + qnoc .
([n+1 +/3) ([3] [2]
Using g,[n+ p—1], = [n+ pl, — 1, then we can write
[n+p)y, ln+p-1], o 1‘
(CERIPEY)
(61)

[n+pl, a
(n+1] ﬁ)

+

(el Y
[n+1], +Bq" -

7
So,
(aﬁ) ) —
"K (e2:°) 82"0[0,1]
2
_|( L pl, .
[n+1], +ﬁ%
(62)
(B+20) [n+pl, (144
+ -+ >
( [n+1], + [3) (],
=0, + 7, + 7,
Then, from (38), we have
st - lim 0, =st— limy, = st—lim7, = 0. (63)
Here for a given € > 0, let us define the following sets:
T = @B (o .) =
T = {k "ank (e55°) ez||c[0’l] 28},
—~ ~ & ~ - &€
T1={k:9k25}, T2={k:)/k25}, (64)

Ty

_ &

It is clear that T € T) U T, U Tj. So we get
- eZ”c[o,u = 8}

2}+6{k£n:)‘7k2§} (65)

8{k$n:"fr($f) (e557)
sé{ks:a:@kz

+8{k3n:ﬁk2 f}.
3
By (63), we have

5 {k <n: “ff,“qf) (e5°)

)T eznc[o,ll = 8} =0, (66)

which implies that

st - lim "E:Zf) (e57) = 62“c[o,1] - (67)

In view of (54), (59), and (67), the proof is complete. O

4. Rates of Statistical Convergence

Let f € C[0,p+ 1] foranyt € [0, p + 1] and x € [0, 1]. Then
we have | f(t) — f(x)| < w(f, |t — x[), so for any & > 0, we get
w(f.9), It — x| <9,

2
w(filt-x]) < w<f,(t—6x)), x| 5. (68)

Owing to w(f, A8) < (1+AN)w(f,$) for A > 0, it is obvious
that we have

lfO-f@]<(1+072¢-x)w(f8) (69
foranyt € [0,p+ 1], x € [0,1] and § > 0.



Next we will give the rates of convergence of both
) ? 1B £ i
Kﬁ:"qé)( f, x) and Kn‘,’;ﬁ (f;x) in terms of the modulus of
continuity.

Theorem 10. Let g = q,, 0 < q,, < 1 be a sequence satisfying
(38); then for any function f € C[0, p + 1], x € [0, 1], one has

- f ) 52w<f, \E) (70)

S5 = [n+p]% a+1_1 ’
" [n+1+p], T
20+ [n+pl, (140
+ +
[n+1+ﬁ]2n [n+1+ﬁ];

Proof. Using the linearity and positivity of the operator
(B £. ; ;

Kn‘j‘q (f; x) and inequality (69), for any f € C[0, p + 1] and

x € [0, 1], we get

A (f,x)—f(x)|

<KSP(If 0 - f)]5x) 72)
<(1+ 872Kff;/3) (t-x)7%:x))w(£.0).

In view of Lemma 2, take g = ¢,,, 0 < g, < 1 as a sequence

satisfying (38) and choose 8 = /3, in (72); the desired result
follows immediately. 0

KioP (fix

where

(71)

Theorem 11. Let q = q,,, 0 < q,, < 1 be a sequence satisfying
(38); then for any function f € CI[0, p + 1], x € [0, 1], one has

K&P (fx) f(x)|szw<f, @) (73)

where

. [ [n+pl, ’
6"_<[n+1 +,Bq” >

eranepl, o
([n+1]qn+,8)2 ([n+1 +ﬁ)

Proof. Using the linearity and positivity of the operator
K,(lf’;ﬁ)(f; x) and inequality (69), for any f € C[0, p + 1] and
x € [0, 1], we get

D (f,x) - f (%)
sﬁﬁmqfarafunm) (75)
< (1 +872[?ff‘f) ((t—x)z;x))w(f,(S).

In view of Lemma 5, take g = ¢,,, 0 < g, < 1 as a sequence
\/8\; in (75); the desired result
follows immediately. O

(74)

satistying (38) and choose § =
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Finally, we give the rates of statistical convergence of both
Kﬁl‘,’;ﬁ )( f;x) and I?ff‘f )( f; x) with the help of functions of the
Lipschitz class. We recall a function f € Lip,,(A) on [0, p+1],
if the inequality

If - f )| < Mle-xl*,
holds.

t,x€[0,p+1] (76)

Theorem 12. Let f € Lip,,(A) on [0, p+ 1], 0 < A < 1. Let
q =4, 0 < g, <1 be a sequence satisfying the condition given
in (38). If we take §,, as in (71), then one has

fix) - f(x)| < MSM?,

Proof. Let f € Lipy(A) on [0,p +1],0 < A <
K,(f"ﬁ )( f; x) is linear and positive, by using (76), we have

Kt () = £ (0] < K2 (1 0= 7 @]3)
< Kl (1= asx).

If we take p' = 2/A, 4" = 2/(2 - A) and apply the Hélder
inequality and Lemma 2, then we obtain

|K(“ P ( x€[0,1]. (77)

1. Since

(78)

|K'(£;f) (fix)- f(x)| < M(Kr(z(,xéf) ((t— x)z;x)))t/z ”
< M8,

O

Theorem 13. Let f € Lipy(A) on [0,p+1],0 < A < 1. Let
q =4, 0 < g, < 1 be a sequence satisfying the condition given
in (38). If we take 8, as in (74), then one has

A2

ReP (fix) - f (0| < M(8;)"?,

Proof. Let f € Lipy(A) on [0,p +1],0 < A <
Eﬁl""ﬁ )(f; x) is linear and positive, by using (76), we have

Kt () = £ ] < K (1 0 = £ (0] 5%)
< Kol (1t =t"sx)

If we take p' = 2/A, q' = 2/(2 — A) and apply the Holder
inequality and Lemma 5, then we obtain

~(, A2
Rl (fix) - ol (GEORE)))

A2

xe[0,1]. (80)

1. Since

(81)

(x)] < M(
(82)
<M(9,)

O
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