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Two new iterations with Cesaro’s means for nonexpansive mappings are proposed and the strong convergence is obtained asn —
00. Our main results extend and improve the corresponding results of Xu (2004), Song and Chen (2007), and Yao et al. (2009).

1. Introduction

Let C be a nonempty closed convex subset of a real Banach
space E and let T be nonexpansive mapping from C into itself
(recall that a mapping T : C — C is nonexpansive if |Tx —
Tyl < llx = yl, Vx, y € C). We denote fixed points of T as
F(T); thatis, F(T) = {x € C: Tx = x}.

Recall that a mapping f : C — C is contractive if there
exists a constant 3 € (0, 1) such that || f(x)— f(MI < Bllx—yl,
Vx,y € C.

In 1975, Baillon [1] proved the first nonlinear ergodic
theorem.

Theorem 1. Suppose that C is a nonempty closed convex subset
of Hilbert space EandT : C — C mapping such that F(T) # ¢;
then Vx € C, and the Cesaro means

n

T,x = ! ZTix 1

n+l&

weakly converges to a fixed point of T.

In 1979, Bruck [2] showed the nonlinear ergodic theorem
for nonexpansive mapping in uniformly convex Banach space
with Fréchet differentiable norms.

In 2004, Xu [3] introduced the following viscosity itera-
tive scheme {x,} given by

Xn+1 = ‘an (xn) + (1 - ‘xn) Txm (2)

where parameter {a,} C [0, 1], satisfying

(X1) lim, .,
(X2) Y2y &, = 003

(X3) either Y02 lot,,; — a,| < 00, orlim, _, o (&, /ex,) =
1.

o, =05

He proved that the explicit iterative scheme {x,} converges
strongly to a fixed point p of T in uniformly smooth Banach
space.

In 2007, Song and Chen [4] defined the following viscosity
iteration {x,} of Cesaro means for nonexpansive mapping 7"

R
Xny1 = (xnf (xn) + (1 - (Xn) mZT X (3)
i=0

and they proved that the sequence {x,} converges strongly to
some point in F(T') in a uniformly convex Banach space with
weakly sequentially continuous duality mapping.

In 2009, Yao et al. [5] introduced the following process
{x,}:

Xpyp = O,u+ Box, +9,Tx,, n=0. (4)

They proved that the sequence {x,} converges strongly to a
fixed point of T under the following control conditions of
parameters:

(YLZ1) «, + B, + ¥, = 1, forall n > 0;

(YLZ2) lim,, _, oo, = O and Y2 o, = 005

(YLZ3) lim = 0.

n%oo))n
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Motivated by the above results, we propose the following
new iterations with Cesaro’s means for nonexpansive map-

pings:
IR
Xpy1 = QU+ B, + yn—lz:T'xn, n>0, (5
n+lizo

and viscosity iteration:

1 w
Xpr1 = (xnf (xn) + ﬁnxn + YanTlxn; n=>0. (6)
i=0

Some examples are given to show the generation of our
new iterations with Cesaro’s means as follows.

Example 2. If n = 1, iteration (5) with Cesaros means for
nonexpansive mappings is x, = a;u + Byx; + ;- (1/2)(x; +
Tx,), which is reduced as the same iteration of Yao et al. [5].
If n > 2, iteration (5) can be written as follows:

Xpt1 = KU + ﬁn'xn

(7)

2
+yn-n+1(xn+Txn+T xn+-~+T”xn),

which is a generation of Yao et al. [5].

Example 3. Let E = R with the usual metric, nonexpansive
mapping defined by Tx = sin x, the fixed contractive map-
ping f(x) = (1/2)x, and the parameters are defined as «,, =
1/2n,y, = 1/4n,and 3, = (4n—3)/4n. The new iterations with
Cesaros means which is related to iterative step n can be
written as follows:

1 4n-3

xn+1:%u+ 4n Xn
+—— (x, +Tx, +T?x, +---+T"x,),
4n(n+1)( " " " ”)
(8)
1 1 4n -3
Tnel = o 5% T T X
1

2 n
+m(xn+Txn+T xn+---+T Xn).

2. Preliminaries

Throughout the paper, let E be a real Banach space with norm
|- . The normalized duality mapping J : E — 2F" is defined
by

J ) ={f € E, (x f) = Il | £]- el = [ £}
Vx € E,

where E* denotes the dual space of E and (-, -) denotes the
generalized duality pairing. We will denote the single-valued
normalized duality mapping by j.

Let S := {x € E : |x| = 1} be the unit sphere of a Banach
space. The space is said to have a Giteaux differentiable norm
(or E is said to be smooth), if the limit

. L e ] (10)
t—0 t
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exists for every x, y € S, and E is said to have a uniformly
Gateaux differentiable norm if for each y € S the limit (10)
is attained uniformly for x € S. Further, E is said to be
uniformly smooth if the limit (10) exists uniformly for
(x,y) € SxS.

The following two results can be found in [6].

If E is smooth the duality mapping J is single-valued and
strong-weak” continuous.

If E is Banach space with uniformly Géteaux differen-
tiable norm, then duality mapping ] : E — E" is single-
valued and norm to weak star uniformly continuous on
bounded sets of E.

In order to prove our main results, the following lemmas
will be used.

Lemma 4 (see [7]). Let C be a nonempty closed convex subset
of a uniformly smooth Banach space X. LetT : C — Cbea
nonexpansive mapping with F(T) # 0. For each fixedu € C and
everyt € (0, 1), the unique fixed point z, € C of the contraction
C > x + tu+(1-t)Txast — 0convergesstrongly tox™ € F(T)
which is the nearest to u.

Lemma5 (see [1]). Let X be a uniformly smooth Banach space,
C a closed convex subset of X, T : C — C a nonexpansive
mapping with F(T) # ¢, and f : C — C a fixed contraction.
Then x, defined by x, = tf(x,) + (1 — t)Tx, converges strongly
to a unique fixed point in F(T) ast — 0.

Lemma 6 (see [3]). Let E be a real Banach space and let ] be
the normalized duality mapping. Then for any given x, y € E,
one has

o+ y* < sl + 2 (5, (x + ) 5
Vi(x+y)eJ(x+y).

(1)

Lemma 7 (see [8]). Assume {a,} is a sequence of nonnegative
real numbers such that

Apyy < (1 - Yn) a, + Yn(sn’ nz0, (12)

where {y,} is a sequence in (0,1) and {8,,} is a sequence such that

(1) ZZZO Vn = 005
(2) limsup,,_, .8, <O0.

Then lim,, _, . a, = 0.

3. Main Results

Let C be a nonempty closed convex subset of a uniformly
smooth Banach space. Let T : C — C be a nonexpansive
mapping such that F(T) # ¢. Let {«,}, {,}, and {y,} be three
real sequences in (0,1) satisfying

(i) «,+ B, +7y,=1foralln > 0;

(i) lim,, _, oo, = Oand Yo o, = 00;

(iii) lim, _, ¥, = 0.
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In the following, we will present the first main result. For
eachn > 0andt € (0,1), let x; , be the unique fixed point of
the contractive mapping T} , given by

T xz(l_“")tm(l_t)”" ! iTix. 13)

o Yn + tﬁn Yn + tﬁn n+ 1i:O

That is,

t,n

1- t —t 1
_(za)t -0y, ZT Xpp  (14)
R P P T R

From Lemma 4, for fixed n, we have

lim x,, = p € F(T), (15)

which is the unique fixed point.

Theorem 8. Let C be a nonempty closed convex subset of a
uniformly smooth Banach space X. Let T : C — C be a non-
expansive mapping such that F(T) # ¢. Let {a,,}, {B,,}, and {y, }
be three real sequences in (0,1) satisfying conditions (i)-(iii).
Then, for given x, € C arbitrarily, let the sequence {x,} be gen-
erated iteratively by (5). Then the sequence {x,} defined by (5)
converges strongly to a fixed point of T.

Proof. Taking a fixed point p € F(T), we have

%t = Pl = ot = ol + B | =

1 1 Z (Tixn _ Tip)”

i=0

(16)
<y flu = pll + B llx = 2l + v [ -

= a, Ju-pl +(1-a,)|x, - p|
< max {[u- p|, |x, - pll} -

By induction, we get that {x,} is bounded. We observe that
(14) can be rewritten as follows:

n

1 .
X, =tu+(1-1t) P Xpp+ i ZT’xm] ,

l-a, l-a, 1+nZ

tlirr%)xmzpeF(T), Vn > 0.

(17)
By (14), we have
Xt = Xn = t(u - xn)
+ (1 - t) /3n (xt,n - xn)
Yn 1 . i
— T - .
st S ()]
(18)

Applying Lemma 6 to (18), we have
"xt,n - xn“

< (1 - t)z % (xt,n - xn)

n

Vn 1 C i
+l—ocn1+n;(Txt‘"_x”)

+2t <Ll — Xp» ] (xt,n - xn)>

< (-1 [% —

n

Yo 1 O
el ni:ZO 7" -

&

1 o ’
e L |

+2tx,, - xn“z + 2t U — Xy j (X0 —

2 Y LS
<(1-%) ["xt)n - x| + ! _”“ = nz “T'xn -
n i=0

X))

2

+ 2‘t"‘xt,n - xn”z +2t <1/l ~ Xt ] (xt,n - xn)>

= (1+6) e =

0 f>(1_a Haslssd)

+2(1—t)

+ 2t <u - xt,n’ ] (xt,n - xn)>
Y
< (1 + t2) ||xt,n — xn“z + 1__n‘an

+2t <u ~ Xt ] (xt,n - xn)> >

where Q is some constant such that

1 &y
Sup{l+n;'

n .
12, -l ) [T,
i=0

Hence, we get

. t 1
(= % (5= 3)) < 520+ 5

1

1 &y
"xtn n“ <mzo "Tlxn - x”")
i

(19)

<o

(20)

LQ), (1)
s



where Q is a constant such that
sup {|x,,, — x|, n>0,0<t <1} < Q. (22)
It follows that

lim sup lim sup (u — x,,, j (x,, -

t—0 n—oo

~ X)) 0. (23)

By the fact that the order of limsup, _, , and limsup,,_, . is
changeable, we have

liiriso%p (u-p.j(x,-p)) <o. (24)

Finally, we prove x,, — p. Indeed, applying Lemma 6 to (5),
we obtain

e = 2l

2

an(u _P) +ﬁn(xn _P) +Yn<

1 &,
T'x, —
n+1l.:z0 n P)

2
1 i i
< ﬁn(xn _p) +Yr1m;)(’r Xn _Tp)
+2(xn <u _p’j(xnﬂ _p)>
< (ﬂn "xn - P“ T Vu ”xn - P")2

+ Z(Xn <u - p’j(xnﬂ - p)>

2 )
S(1_0671)”"(:71_17" +2(xn<u_p’1('xn+l_p)>'
(25)
Hence, by Lemma 7, we have that x, — pasn — oo.
The proof is complete. O

Now we will give the second main result. In order to prove
the strong convergence of viscosity iterative (6), we assume
that z, , is the unique fixed point of the following contractive
mapping T, , given by

( n)t t) Vn 1 i
T, = T x.
SRS e S Vn+fﬁn n+1; * 9
That is,
z :(1 %) ¢ f(z:0) + A=ty 1 Zn:Tz . (27)
b L+, Ztn B, nt 1 b

From Lemma 5, for fixed n, we have

= p e F(I), (28)

lim z
t—0 b1
which is the unique fixed point.

Theorem 9. Let C be a nonempty closed convex subset of a
uniformly smooth Banach space X. Let T : C — C be a non-
expansive mapping such that F(T) # ¢. Let {a,.}, {B,,}, and {y,}
be three real sequences in (0,1) satisfying the following control
conditions (i-iii). Then, for given x, € C arbitrarily, the
sequence {x,,} defined by (6) converges strongly to a fixed point
of T.
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Proof. Taking a fixed point q € F(T), we have

||xn+1 - q"
< a, |1 () = all + Bu %, - gl

n

E)

=0

<a, (|f () = f (@I +11f (@) - al)

+ B llxn = all + vl — al (29)
< a,Bx, — gl + o, || f (9) - 4]

+(1-a,) [x, -4l

=, |f (@ -ql+ (1= (1= B)a,) |x, —al
< max{ 5 1f (@) =l I -l |

By induction,

1
"xn _ q" < max { -3 "f (q) - 61|| > ||x0 B q”} ’ (30)

n>0

and {x,} is bounded so are {Tixn} and {f(x,)}.
We observe that (27) can be rewritten as

Zt,n = tf (Zt,n)

ﬁn Yn 1 - i (31)

+(1 -t Zi, t+
( )[ —a, " 1-a,1+n&

n

Zt,n >

and lim; ,,z;, = q € F(T), foralln > 0.
From (31), we have

tm = Xn = t(f (Zt,n - xn))

P

+(1-1) [ e (32)

Yo L (g
+1_—n(xnml§0 (let,n - xn)

Applying Lemma 6 to (32), we get

“Zt,n - xn"2

B
. (Zt,n - xn)
1-«

n

<(1-1)?

l—oc lini( )

i=0

+2t <f (Zt,n) = Xp> ] (zt,n - x")>
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<(1-t)7 # (20— %)
n
Yo L Ny
1 —nocn 1+ n; (let’" Tlx")
. 2
Y -
1—ocn1+nl.0( *n x")

+ 2t||Zt,n - xn||2 +2t <f (zt,n) ~Ztw ] (Ztn n)>
]2

n

* 2t||zt,n - xn”Z +2t <f (Zt,n) - Zt,n’j (Zt,n - xn)>

= (1+6) ez~ %
>2

+(1- <
-, 1+n

L .
t2l- t)zlf—nfxn 1+ n,z::‘) “Tlx" - xn" Iz =l

<(1- t)z[nzm - x| +

l-a,l+nz

+ 2t <f (Zt,n) —Ztwn ] (Zt,n - xn))

Yo

< (1 + tz) ||zt,n - xn”2 + —a,

+2t <f (Zt,n) = Ztw ] (Zt,n - xn)) >
(33)

where M is some constant such that

an ] 53 (s,

+4ﬁ%—ﬁwqum)nﬂ%SM.

(34)

1
EM1+—<LM>,
2 \1-a,

(35)

Hence, we have

<f (Zt,n) - Zt,n’j (xn - Zt,n)> <

where M, is also a constant such that
M, > sup {|z,, - x,|n=0, 0<t <1}, (36)
It follows that

lim sup lim sup (f (2,,) = 2e0 (%, = 20)) < 0. (37)

t—0 n— 0o

Since the order of limsup, _, , and limsup,, _, ., is exchange-
able, hence

limsup (£ (9) ~ 4. j (x, ~q)) <0. (38)

Finally, we prove that x, — ¢.Indeed, applying Lemma 6
to (6), we obtain

1 = all

Xn (f (xn) - q) + ﬁn (xn - q)

n 2

Yy 1 i Z (Tixn - Tiq)

n 2

ﬁn('x - )+yn1+ Z(Tixn_Tiq)

i=0

+ 20, <f (xn) -9 ] (xn+1 - q)> (39)

< [Bulxu = all + yu %0 - 4l
+ 20, (f (x,) = (@) (%11 = 9))
+ 20, (f (9) = 3 j (%11 —9))
< (1-a,)|x,—al’
o, (1f () = £ @I + s —al)
+ 20, (f (@) = 3 j (X1 = 9)) -

Therefore, we have

|01 — al”
1—2an+ﬁ2<xn+(xf, 5
g LRt g
+ J(%pe1 = q))
' ﬁZ 2 (40)
1- 2 o, R
<(1- L -+ -l
20 .
Jj(%pe1 =)
<(1-&)|x, - ql* + &P,
Put
2
R
1-«,
(41)
B, = ﬁz ﬁz (f (@)= aj(xp1—9))-
It follows that
I —al” < 0 -&) |x, - q” +&B,.  (42)

It is easily seen from (ii) and (38) that

00
S&-oo
n=0

lim sup/?; <0. (43)
n—00



Hence, applying Lemma 7 to (42), we have that x, — g as
n — 0o.

The proof is complete. 0

Remark 10. Our main result extends the main result of Yao
et al. to Cesaro means and viscosity iteration method. Our
results are new and the proofs are simple and different from
many others.
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