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We consider the generalized forced Liénard equation as follows: ((pp(x'))’ + (f(x) + k(x)xx" + g(x) = p(t) + s. By applying
Schauder’s fixed point theorem, the existence of at least one periodic solution of this equation is proved.

1. Introduction

Liénard equation is a kind of differential equations which
has a broad set of applications in physics, engineering, and
so forth. The existence of at least one periodic solution
of this equation has been studied by a number of authors
(see, e.g., [1-6]). Forced Liénard equation can be considered
as an important generalization of Liénard equations. This
one appears in a number of physical models such as fluid
mechanics and nonlinear elastic mechanical phenomena.

In this paper, we deal with a generalized forced Liénard
equation:

(¢ () +(f @) +k@) )& +g@) = p®) +s, ()

where f, k, and g are real functions on R such that g €
Cl([Rl,Rz],IR), p is a T-periodic real function on [0, T],
T > 0,and ¢, : R — R is an increasing homeomorphism
with ¢,(0) = 0 such that p > 1 and s € R. Actually, we
show that the methodology of [5] can be adopted for more
general classes of forced Liénard equations. The application of
these equations is in physical models such as classical forced
pendulum equations. As an example, consider the following
forced pendulum equation:

x" +cx' +asin(x) = h(t) (: h+h (t)) , (2)

wherec > 0,a > 0,and h(t) = h + h(t) is T-periodic function
for T > 0, where h is the mean value of h and h(t) has the
property (1/T) jOTE(t)dt = 0. By taking f(x) = ¢, k(x) = 0,
and </5P(x') = x', (2) can be considered as an example of

(1). This problem is investigated in [7] (see [5] for another
example).

2. Existence of a Periodic Solution

In this section, we state and prove the existence of at least one
periodic solution of the generalized forced Liénard equation
by using Schauder’s fixed point theorem (see [8-10]). In order
to do this, at first consider the following generalized forced
Liénard equation:

(6, () +(f ) +k@x)x +g(x) = pO +s. 3

Suppose that f, k, and g are real functions on R which are
locally Lipschitz such that g € C'([R;, R,], R) and g'(x) > 0.
Also, suppose that p is a nonconstant, continuous, and real
function on [0, T]. Suppose that M, is the maximum value of
[pl on [0,T], and M;, M,, and M; are the maximum values
of | I, 1gl, and |k| on [R;, R,], respectively. Also, suppose that

(1/7) jOT p(t)dt = 0. Actually, we describe the set of mean
values s for which (3) has at least one T-periodic solution.
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Similar to [5], choose a new variable y = g(x) — s; then,
(3) can be written as follows:
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We now integrate (4) to have
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where C is a constant.
In the next step, for all t € [0, T], we define the operator
S by

t !

S[y](®) = Ly(r)—p(mf(g’1 (y”))m

+ Ty +s y—l 2 7).
6" 0+9) (G ) 4 p

So by (6), (5) can be written as follows:

Y=g (g (+9))¢, (-ShI®+C). @)

One now integrates (7) to get

t
() = L 7 (67 (v +9) 65 (S @ +C)dr+D, (8)

where D is a constant. _
Suppose that X = C([0,T],R), where C stands for T-
periodic continuous functions with zero mean value and

I = max|y ] ©)

Note that (X, || - ||) is a Banach space. Now, define the set Q as
follows:

Q={yeX:y®)el[g(R)-sg(R)-sl}. (10)

One can show that ) is a closed, bounded, and convex
subspace of X. Define the operator @ : O — X by

011 =[ (47 (+9)8; (SHI@ +C)ar+D,
(11)
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First, by Lemma 1 of [5], there exists a unique choice of C and
D, such that ®[y](t) € X. Now, we prove that ® : O — Q.
In order to show this, let M be the maximum value of | p| on
[0, T], and let M, M,, and M, be the maximum values of | f|,
lgl, and |k| on [Ry, R, ], respectively. Using (6), we have

!

Lty(r)—p(rﬂf(g‘1 (y+s))m

+ Ty+s y—' 2 T (12
Ha 0 (Grgra) 10

< T(lg (Rz) —s| + M, + Mr +M3r2),

where r = max(, 1 |z’ (t)|. Hence, for all t € [0, T]
IS @] < T (|9 (Ry) = 5| + My + Myr + Myr®),  (13)
)
—(T(]g (Ry) = s| + My + Myr + Myr*) + C)
<Slyl®-C (14)
< T(]g (R)) —s| + My + M;r + M3r2) -C.
Also, we have
—|T (19 (Ry) = 5| + My + Myr + Myr®) + C| < S[y] () - C
< |T(|g (Ry) —s| + My + M;r + M3r2) - C| .
(15)
Set

A= —|T(|g(R2) - s|+ M, +M1r+M3r2) +C|,
(16)
B:= T (|g(R,) - 5| + My + Myr + Myr®) - C|.

Hence, for each y € Q and t € [0, T], we have
A<S[y]@t)-C<B. 17)

Using the same method of [5], one can prove the existence of
at least one T-periodic solution of (1) as follows.

Theorem 1. Suppose that f, k, and g are real functions on R
which are locally Lipschitz such that g € Cl([Rl, R,,R) and
g'(x) > 0 for real numbers R, and R, in which R, < R,,
p is a nonconstant, continuous, and T-periodic real function
on [0,T] for T > 0, and ¢, : R — R is an increasing
homeomorphism with ¢,(0) = 0, and s € R. Let ®, Q, A,
and B be defined by (11), (10), and (16), respectively. If

se [g(Rl) +T max |g' (x)| ¢, (B—A)+|DI,
[Ri.R,]
(18)
9(R,) - T max |g' (x)|¢,' (B-A)-ID||,
[RiR, ]

2 (T o |g' )|, (B-A)+ |D|> <lg(R) - g (Ry)|,
(19)

then (3) has at least one T-periodic solution on Q.
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Proof. According to the definition of ® and (17),® : Q — X
is continuous. Hence, in order to use Schauder’s fixed point
theorem, we need to prove that ® is compact and maps Q
into itself. For y € Q and t € [0,T], we have

@ [y] ()] < T ma, 9" (9]¢, B=A)+IDI, (50

because
-B<-S[y]@#)+C < -A, (21)
o)
0<-S[y](t)+C+B<B-A; (22)
hence,

=S[y]()+C<-S[y]()+C+B<B-A. (23)
Now, by (18) for all t € [0, T,

g(R)-s<®[y] (1) < g(Ry) —s. (24)

Sod:Q — Q.

We recall a given sequence {¢, ()} of functions from [a, b]
to R, which is called equicontinuous if for every € > 0 there
exists § > 0 such that for alln € N and for all ¢,t, € [a,]]
if [t; — t,| < & then |¢,(t,) — ¢,(t,)| < €. Now, we recall the
Ascoli-Arzela theorem as follows. O

Theorem 2 (Ascoli-Arzela). Let ¢,,(t) be a sequence of func-
tions from [a, b] to R which is uniformly bounded and equicon-
tinuous. Then, ¢,,(t) has a uniformly convergent subsequence.

In the sequel, we show that @ is a compact operator on
Q. For this, we show that each bounded sequence {y,} in
Q has a convergent subsequence {y, } in Q. Suppose that
{y,} is a sequence in Q. It is clear that {y,} is bounded. Set
maxp | Ig/(x)lgb;,l(B — A) = N, for given € > 0; then, there
exists § > O such that0 < N§ < eand, for everyt,,t, € [0,T],
if [t; — t,] < 6, then

D [y,] (t,) - @ [y,] (£,)| <Nty -t < e (25)
So,

l© [y (6) - @[] ()] < e (26)

Therefore, {®[y,](t)} is an equicontinuous sequence on
[0, T]. By the Ascoli-Arzela theorem, there exists a subse-
quence {y, (£)} of {y,(t)} such that {®[ Y 1)} i uniformly
convergent on [0, T]. Hence, @ is a compact operator.

Now, we recall Schauder’s fixed point theorem as follows.

Theorem 3 (Schauder’s fixed point theorem). Let X be a
Banach space and Q a closed, bounded, and convex subset of
X IfS: Q — Qisacompact operator, then S has at least one
fixed point on Q.

Therefore, by Schauder’s fixed point theorem, there exists
y € Q such that ®(y) = y. This means that x = g~ (y +s) is
a solution of (1).

When g'(x) < 0, Theorem I is satisfied by the following
changes:

Q={yeX:y®)e[g(R)-sg(R)-sl}. (27)

Suppose that A, B are defined by

A:==|T(|g(R) = s| + My + Myr + Myr®) +C|,
(28)
B:=T(|g(R,) - s| + My + Myr + Myr*) - C|,

where r is defined by r = max, 1 |z’ (t)]. Now, we have the
next corollary.

Corollary 4. Suppose that f, k, and g are real functions on
R which are locally Lipschitz such that g € C'([R,,R,],R)
and g'(x) < 0 for real numbers R, and R, in which R, < R,,
p is a nonconstant, continuous, and T-periodic real function
on [0,T] for T > 0, and ¢, : R — R is an increasing
homeomorphism with ¢,(0) = 0, and s € R. Let ®, Q, A,
and B be defined by (10), (27), and (28), respectively. If

2 (T max 9" (0|, (B~ 4) + |D|) <|g(R) =g (R,)],

s¢€ [Q(Rz) +T max |g' (x)|¢,' (B-A)+ D],
[RiR, ]

g(R)—T max |g' (x)|¢,' (B-A)- |D|] :
[RiR, ]

(29)

then (3) has at least one T-periodic solution on Q.

Proof. Set

Q={yeX:ymelg(R)-sg(R)-sl}.  (30)

Now, one can prove the existence of at least one T-periodic
solution of (3) by the same argument in the proof of
Theorem 1. 0

Now, we consider a special case ¢(x) = x and prove the
existence of at least one T-periodic solution of the equation

x"+(f(x)+k(x)x')x'+g(x):p(t)+s, (31)

where f, k, and g are real functions on R such that g €
Cl([Rl, R,],R), pisa T-periodic real function on [0, T], T >
0, and s € R. Consider that f, k, and g are real functions on
R such that g € C'[R;, R,] and g'(x) > 0. Suppose that M,
is the maximum value of |p| on [0,T] and M,, M,, and M,
are the maximum values of | f|, |g|, and |k| on [R;, R,]. Also,
suppose that ¢ is defined by (11). In the following, it is shown
that (31) has at least one T-periodic solution.



Define a new variable y = g(x) — s; thus, (31) can be
rewritten as follows:

(rora)

(e ) k(e 049) )

!

)

—_— t)=p().
IACRI R AR

(32)
Then,

!

y
g (g (y+59))

= J:P(T)—y(r)—f(g_l ()’+5))m

!

~k(g™ (y+s))< 2 ))>2d(r)+C,

g g (y+s
(33)

where C is a constant.
Now, define the operator S, for all ¢ € [0, T], by

Syl @)

= JSY(T)—P(T)+f(9_1 (J’+5))m

+ Ty+s y—’ 2 7).
a0+ 9) (i) 40 "

Also,

Y=g (9" (y+9)(=S[yl®)+C). (35)
So,

(1) = L d (57" (7+9)(=S[y] () +C)dr+ D, (36)

where D is a constant.
Consider that X = C([0, T],R) and || - || is defined by (9).
Define Q by

O={yeX:yMelg(R)-sg(R)=s]}.  (7)

Qis aclosed, bounded, and convex subspace of X. Define the
operator @ : O — X by

O [y] () = Jot g’ (gfl (y+ s)) (-S[y](x)+C)dr + D.
(38)

Again, by Lemma 1 of [5], there exists a unique choice of C
and D, such that ¢[y](¢) € X and with the same argument as
before, ®: O — Q.

Now, the following corollary proves the existence of at
least one T-periodic solution for (31) on Q.

Abstract and Applied Analysis

Corollary 5. Suppose that f, k, and g are real functions on R
which are locally Lipschitz such that g € C'([R;, R,], R) and
g'(x) > O(g'(x) < 0) for real numbers R, and R, in which
R, < R,, p is a nonconstant, continuous, and T-periodic real
function on [0,T] for T > 0, and s € R. Let Q, A, and B be
defined by (16) and (37), respectively. If

s€ [g(Rl) +T max |g' (x)| (B-A) +|D,
[RiR]
9(R,) — T max |g' (x)| (B~ A) - |D|] ,
[RiR, ]

2 (T x| |g' ()| (B-A) + D) <lg(R) - g (R)|.
(39)

then (31) has at least one T-periodic solution on (.

Proof. Suppose that ® : QO — X is defined by (38). Now, one
can prove the existence of at least one T-periodic solution of
(31) by the same method of Theorem 1, (case g'(x) < 0is the
same). ]

Remark 6. A good question is to study the stability of T-
periodic solution of (1).
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