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We discuss the existence of periodic solutions for nonautonomous second order differential equations with singular nonlinearities.
Simple sufficient conditions that enable us to obtain many distinct periodic solutions are provided. Our approach is based on a

variational method.

1. Introduction

Differential equations with impulsive effects appear naturally
in the description of many evolution processes whose states
experience sudden changes at certain times, called impulse
moments. There is an extensive bibliography about the
subject. For recent references, see [1].

Variational methods have been successfully employed to
investigate regular second order differential equations with
impulsive effects; See, for instance, [2-8]. In particular, the
paper [8] considers the existence of n distinct pairs of nontriv-
ial solutions. However, very few papers have used variational
methods to investigate the case of impulsive second order
boundary value problems with singular nonlinearities. In
fact, it seems that the work [9] is the first paper along this
line. Singular boundary value problems without impulses
have attracted the attention of many researchers; see [10] for
details and references. This paper is devoted to the study
of the existence and multiplicity of periodic solutions for
impulsive second order differential equations with singular
nonlinearities. More specifically, we consider the following
impulsive problem:

W)+ Af (ut) =0, t#t, tel,

M () =1 (u(t), j=12....p,

u(©) =u(), u(0)=u(T),

)

where I denotes the real interval [0, T], withT > 0,0 =1, <
fp <o <ty <ty = T, A is a positive parameter,

A () = o (t;) —u' (t;), 2)

and f: I xR — R presents a singularity with respect to its
second argument at u = 0.

Throughout this paper we will use the following nota-
tions. LP(I) is the classical Lebesgue space of measurable
functions u : I — R such that |u(-)|” is integrable, and for
u € LP(I) we define its norm by

T 1/p
s = (jo Iu(t)lpdt> . 3)

Let |lull,, = sup{lu(t)|;t € I} denote the norm of u € C(I),
the space of real-valued continuous functions. WH(I) is the
classical Sobolev space of functions u ¢ L2(I) with their
distributional derivatives 1’ € L*(I). We set H} = {u €
WY2(1);u(0) = w(T)} and for u € H% we define its norm
by

1/2
o) (4)

el = (|}’



2
Wirtinger inequality
Ty
lullz < E"u o (5)
implies that we can consider on Hy. the norm
lull = '] .. (6)

H} endowed with the norm || - | is a reflexive Banach space.
We introduce the following assumptions on the nonlin-
earity.

(H1)

(i) f: I x(0;+00) — Risan Ll—Carathéodory
function;
(ii) lim,, _, o+ f(t,u) = —oco for almost every t € I;
(iii) there existuy > 1 ,a,b > 0,and y € (0,1) such
that f(¢,u,) = 0, and for almost all ¢ € I and all
u € (uy, +00)

|f (t, u)| <a+bu; (7)

(iv) inf,y,, ., [; F(tu)dt > 0, with F(u) =
[ ft,9)ds;

(v) (OF/0t)(t, u) exists and is nonpositive for almost
allt e Tandallu € R;

(i) lim,_ o0 [ F(t,u)dt = +00.

The jump functions [}, j = 1,2,...
ing:

, D> satisfy the follow-

(H2)

@G I iR — Ris odd, continuous, and bounded;

(i) f, I;(s)ds < 0.

Definition 1. A solution of (1) is a function u € C(I) such that
forevery j=1,...,p,
uj= u|[

(8)

Eitj]

is absolutely continuous with its derivatives

j
L*(t j»tj+1) and satisfies the differential equation in (1) for f €
I\{t},ty,...,t,}; the limits u/(t;) and u'(t}r), i=12...,p,
exist; the impulsive conditions and the boundary conditions
in (1) hold.

and u;' €

2. The Main Result

In this section we state and prove our main result.

Theorem 2. Suppose that conditions (H1) and (H2) hold. Then
for any n € N, there exists A,, such that for A > A,, problem (1)
has infinitely many distinct nontrivial solutions.
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Proof. To give the proof of the main result, we first modify
problem (1) to another one which is not singular.

For & € (0, min(1,u,/4)), define a function f; on I x
[0, +00) by

f(t’E) . i
fettw = 4 sin2m Gug) g CEEER ()
f (t> u)) u > u,.

Finally, we require f;(t,—u) = —f¢(t,u) for allu € R and
almost ¢ € I, to make f; odd. Then f; satisfies the following:

(j) feisan L'-Carathéodory function and is odd in u;

(jj) thereexista > 0,b > 0, v >0, and y € (0, 1) such that
Ife(t,u)l < a+ bu? for all u € (—00, —uy) U (14, +00)
and almost t € I and |f(t,u)| < bluforall u €
(—ug, uy) and almost all ¢ € I;

(jji) for almost all £ € I and all u € R, F(t,u) :=
fu fe(t, s)ds is such that
Uy

U 2

. 2m
sin —s ds
0 Uy

F (£,0) = Jo fe(t.s)ds = sin(27'f£/”o)j

_Clﬁﬁ_ﬂ>
~ \ sin (2728 /u,) 27

for almost all t € I,

rﬂ —sin{d{ =0,

0

Fe(tou) = | f(t.9)ds

—u

- (JO fet,s)ds+ L”(’ JAD) ds)
J

wmwﬁﬂ=LﬁmOﬂ

= Luo fe(t,s)ds + r fe(t,s)ds = Fe (t,u),

for almost all t € I, all u € R,
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T
inf J F (t,u)dt
0

u>uy+1

T
= inf J F(t,u)dt >0,

u>uy+l Jo

Fe (t,u) <0, for 0 < u < u, for almost all ¢ € I.
(10)

We study the modified problem
u' () + M (tu() =0, t#t, tel,
M () =T (u(t), j=12....p, (1)

u(0) = u(T), u' (0) =/ (T).

Consider the functional gy : Hy — R, defined by

1 ) T
pe ) = Sl =2 | Feucor
(12)

P u(t;)
- Z J I;(s) ds.
=1

0
Clearly ¢; is an even functional, ¢¢(0) = 0, and is Frechet

differentiable, whose Frechet derivative at the point u € H}
is the functional (pé(u) € (qu-)* given by

! T ! ! T
@ (u)-v= JO u (t)-v (t)dt—)tj0 fe(u()-v(t)dt

(13)

Obviously, goé is continuous. If u € Hy. is a critical point
of the functional ¢, then u is a solution of problem (11).
First, we show that ¢; is bounded from below. Define a

subset Q) of H} as follows:

Q= {u EH%,min(u) >1 +u0}

(14)
U {u € Hy,max (1) < - (1 +u,)},
noticing that
0Q={ueHy, u(®)21+u,vtel,
3, € I with u(t,) =1+ u}
(15)

U{ueH}, u(t) < —(1+uy) Vtel,

3, eITwithu(t,)=-(1+u)}.

3
For u € ), we have
1 2 T p u(t;)
P (1) = ul —/\L F (t,u(t))dt_zjo I,(s) ds
j=1
> 1 2 A ! b y+1 d
_E"u“ - . (a|u(t)|+ u ()| ) ¢
> Il = AaT Ju = AT 2 > oo,
(16)

If u ¢ Q, we use the partition of the interval I = I; UL, U I,
where

L ={tel; u(t)e[~upu},

L={tel u(t)€fuy 1+u] U[-(up+1), —uy]}, 17)

Li={tel; u(t) e (-o00,—(1+uy| U[l+uy-c0)}.

By (H2) and (jjj), we have

1, .2 T
pc ) = Il =1 | F o

u(tj) 1
3 R ACEEE

=170 18)

- }LJ (alu@®]+blu@]™")dt

I
-2 L Fy (6u (1)) dt - A L Fy (tu (1)) dt.

From (jjj), F¢(t, u(t)) < 0 on I}, which implies

e 2 3 =2 | alu)

(19)
Fblu Ot -2 | F (o ©)d.
L

If t € I, then u(t) € [uguy + 1] U [—(uy + 1), —u,]. This
means that u(t) is bounded uniformly in ¢ € I,. Since f; is a
Caratheodory function, it follows that F; is bounded by some
positive constant C. Hence,

0 () 2 Sl = AaT”
(20)

—bA- TPy~ AC > —co.
This shows that ¢; is bounded from below.

Remark 3. There exists m > 0 such that inf, 500 (1) > —m,
whenever & € (0, min(1, uy/4)).

Our next step is to show that ¢; satisfies the Palais-Smale
condition. For this purpose, let (), be a sequence in Hy.
such that (¢(1.)), is bounded and limy _, , . ¢’ (1) = 0. Then,



there exists M > 0 such that |g;(1)| < M. In view of (16), if
u; € Q, we have

M> %Ilukll2 2T Juy ] = oA - TE 2 ', (21)
and if u;, ¢ Q, we can proceed as above to show that

o - AaT ] - b2 - TP 1 < 2
(22)
< @ () < |‘P§ (”k)' < M.

This shows that [|u; || is bounded. So that, (14;),¢y is bounded
in Hy. From the reflexivity of Hj, we may extract from
(g )reny @ Weakly convergent subsequence, which we label the
same; that is, , — u in Hj. Since the injection of Hy. into
C(I), with its natural norm, is continuous, it follows that v, —
uin C(I) and by Banach-Steinhaus theorem, the subsequence
(U )ieny 1s bounded in H% and hence, in C(I). Moreover, the
subsequence (uy.); is uniformly equicontinuous since, for 0 <
s <t < T, we have

ot (6) = 1 (9)] < Jt i, (¢)] dr

< (t- S)“(E 'uL (T)|2d‘r>1/2 (23)

< (t-9" |u] <ct-9)"
By Ascoli-Arzela theorem the subsequence (i), is rela-
tively compact in C(I). By the uniqueness of the weak limit
in C(I), every uniformly convergent subsequence of (14 )y
converges to u. Thus, (1),cy converges uniformly on I to u.
Next, we will verify that (u;),cy strongly converges to u
in H% By (13), we have

(GDé (we) - <Pé (M)) (e — 1)

-
[ [ 0) £y ar )] 0 -0
P
‘]Zl [1 Qe (1)) = 1 (e ()] (s (2) = u (1))

(24)

The uniform convergence of (14 )y to 1 in C(I) implies

T
A L [fe (614, (6)) = fi (626 (0)] (s () — s (0) dt —> 0,

as k — oo,
3 [ o)1 e )] i ) - 6) —
as k — oo.
(25)
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Since ¢ (1) — Oand uy — u,ask — oo,
Jim (g () = 9 ) (e —u) =0. (26
In view of (24), (25), and (26), we obtain
klirréo (e —u) =0. (27)

Thus, ¢ satisfies the Palais-Smale condition.

Let v,,v,,..., v, denote the eigenfunctions of —u" = Au,
u(0) = u(T), u'(0) = u//(T), corresponding to the eigenvalues
Uis Uys - - - » . We normalize vy, v,, ..., v, so that

T
vl = 1 = e JO v(®)dt, l<k<n (28

Forr > u, + 1, we set

K, (r) = { icmvm; icrzn = rz} , (29)
m=1 m=1

and E = K, (r) N Q. Then, for any u € E, we have for almost
everyt € I, u(t) > uy + 1, or u(t) < —(uy + 1), and

u(t)
Fe(t,-u(t)) = F (tu(t) = J fe(t,s)ds
° (30)
u(t)
=J f(t,s)ds=F(tu(t)).
It follows from (H1)(iv) that, for any u € E,
T
j Fe (t,u () dt > 0. (31)
0

Let

T P u(t;)
an=3€1}fsj Fe (tu (1)) dt, /3,1:%];} I;(9)ds.

0 0

(32)
It is clear that
a, >0, B, <0. (33)
Letting
1 -
A= (57-8,) ' >0, (34)
we see that when A > A, we have, for any u € E,
1 1
@ (1) < Erz -, - B, < 51’2 - A, — B, =0. (35)

On the other hand, there is a constant p € (0,u,) such that
B, = {u e HY |lull < p} is not contained in Q. So Fy(t,u) <0
from (jjj). Hence, using (H2)(ii) we obtain, for u € BBP nx,

where X = [span{v,, v,,...,v,}]",

1. 2 T
0 ) = Sl =2 | Fe(eu )t

(36)

p uk(tj) 1 )
‘ZJ L(©ds> 3p* > 0.
j=170

Remark 4. Sobolev inequality implies that E ¢ K,(r) \ B,, .
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Now, we apply Theorem 9.12 in [11] to conclude that ¢;
possesses infinitely many distinct pairs of nontrivial critical
points. That is, problem (11) has infinitely many distinct pairs
of distinct nontrivial solutions.

Finally, we must prove that there exists & €
(0, min(1,u,/4)) with the property that, for every
& e (&, min(1,uy/4)), any positive solution u of (11)
satisfying ¢z (1) > —m is such that minu > u; and hence u
is a solution of (1). We proceed by contradiction. Assume,
on the contrary, that there are sequences (£,,),,cn and (u,,) ,en
such that

g, <

SI'—‘

u,, is a positive solution of (11)with & =¢§,, (37)

¢, (u,) 2 —m,

minu, < u,.

First, we have

T Poortia "
AL Fo (b1, (0) dt = —ZJ W (s)ds

" +
j=0

(38)

= ilj (w0 (1)) -

j=1

Then, by (H1)(i), there exists ¢; > 0 such that

||ff,, (.’ un ())"Ll < Cl’ (39)

which implies that

!
Up| e < > (40)

for some constant ¢, > 0. Since ¢; (1,,) > —m, it follows that
there must exist two constants R; and R,, with 0 < R; < R,
such that max,;u,(t) € [R;,R,]; otherwise, u,, would tend
uniformly to +co and, in this case, ¢ (u4,,) would go to —oo
(because of (HI)(vi) and (40)) and this contradicts @, (u,) =
—-m. Also, minu, < wu, implies that there exists an integer
k,, > 1such that min u, < uy—(uy/k,). Since u,, is continuous,

there exists Trll such that uﬂ(‘rrll) =u, — (uy/k,). Let Tfl € I be
such that, for n large enough,
1 Uy 2
”n(Tn)—”o_k_<R1—” (T) (41)

n

Multiplying the differential equation in (11) by ., and inte-
grating the resulting equation on [z}, 7], or on [77,7}], we
get

2

J = J u (6 ul () dt

Tn

) J Fe (b1, (O) !, (£)dt = 0

tj+1
> “ uy, (£) - u, (t) dt

ti€l,,72]

(42)

tf+l
) J " fe (tou, ()l (1) dt] .
It is clear that

]=]1+

1 ! - I .+
Z 2 (un (tj+1)2 - un(tj )2) > (43)

1.2
ti€lt,1]

where

=AY JM fe, (bu, () wy, () dt

ti€lt)77] t;
(44)
un(tk-v-l)
Y J fe (t,5)ds.
tje[‘r}l,‘rj] LA

Now, J = 0 and ||u,,||,. < ¢, imply that ] is bounded. Since

e (6 )0 = [ (b, (0] = Dy Fy (1, ),

(45)
it follows that
b ,
=AY fe (tu, (O) w,, () dt
tee(r)12) b
un(tkﬂ)
-y [ g wss
tee(r),z2) “ Ut
- AEg (22, R,) - AFg (ehng - 2 )
" (46)

- AI "D, F; (t,u, () dt

> AF (Tﬁ,Rl) — AF (Tnl,uo - %)
n

uy—(uy/ky,)
= AFE (T R ) - J ffn (T:l,s) ds.



Now, we have that

J'uo—(uo/kn) fEH (T:l’ 5) s

Up
ug—(uo/k,) 2t
J sin —sds
Ug Uy

S8
~ sin (27E,,/uy)

} m{((sz/zo) (o) -eos(1- %)]

It follows from (H1)(ii) that

Ug

(47)

uy—(uy/ky,) .
= J fe, (Tn,s) ds — —00 as n — +00.

(48)

This implies that ], is not bounded. We arrive at a contradic-

tion. This completes the proof of our main result.

3. Example

Consider the boundary value problem

u' () + A(t+1+sint) (Vu () +3) - Inu(t) =0,

t#t;, te I

~Au (t) = —sin (u (tj)), j=123,
u(0) = u(T), u' (0)=u' (T).

() f:

[0,271] x (0;+00) — R, given by f(t,u) =

O

(49)

(t+

1 +sint)(¥/u + 3) - In ¥/u, satisfies (H1) with T = 27,

uy=1a=0 b=8(m+1); y=2/3

(ii) Foru > 1,In vu < vu = (t+1+sint)(5/u+3)In~u <

8(m + 1)u2/3.

(iii) I;(s) = — sin(s) satisfies (H2).

We consider r > e in the definition of K,,(r). We have

u1/3

J (3+\3/§)'1n\3/§ds:J' lnsds+3j x° - In xdx
1 1 1
:ulnu—u+3(\/_) (4lnVu-1)
19
+—.
16

(50)
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Then

inf
u>2

2
J F(t,u)-dt >0,

2
lim J F (t,u) dt = +o0,
0 u— +00

0

2
= }gg L Fe (t,u () dt

“n
2 u(t)
:infj ((t+1+sint)-J (3+\3/§)~1n\3/§ds)dt
u>2 Jo 1
2infrﬂ<ulnu u+3(\/_) (4Inu-1)+ 19)
u>2 Jo 16
x (t) dt
22niidr§£|:<ulnu u+B> (\/_) —1):|
> 7.
(51)
Also,

where Y7_ (1/p) =

2
a, = infj Fe (t,u (1)) - dt
u>2 Jo

= infrn<(t+ 1 +sint) - Ju 3+ %)-ln%ds)dt
1

u>2 Jo

(T 19
S(2n+1)1nfj <ulnu—u+E>

u>2 Jo

3(\3{? (41In u - 1)] dt

T
< (27I+1)-J- Zuz (1) dt
0

SRSy

S(2n+1)§r
4 S 2 Sk

(52)

i @u/2nk)? < Yr_ (1/K) < n.

It is clear that

Ba

. > u(tj) . . >
= }gfz’ - J- sin sds = Lrg]; (cos (u (tj)) - 1) <0,

0

=1
ult;) 3 rult)
B, = inf — J sin sds > inf — Z J sds
u>2 i1 0 u>2 i 0

(53)
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Then
L, 122
An=<5r _ﬁrL)an <;7‘,

1, Lo/1a21 1
et ()2
=\ R >3 ) 3 T

(54)

Applying our main result, we see that when A > A,, for any
n € N*, problem (49) has infinitely many distinct nontrivial
solutions.
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