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We analyse half-linear difference equations with asymptotically almost periodic coefficients. Using the adapted Riccati transforma-
tion, we prove that these equations are conditionally oscillatory. We explicitly find a constant, determined by the coefficients of a
given equation, which is the borderline between the oscillation and the nonoscillation of the equation. We also mention corollaries

of our result with several examples.

1. Introduction

We intend to study the oscillation behaviour of the second-
order half-linear difference equation

Ar® (Ayi)] + px® (Yesr) = 0, ¢))

where ®(y) = |y|P " sgny, p > 1, and r #0 for all consid-
ered k. Throughout this paper, we consider integers k > m
for a sufficiently large m € N. Concerning the oscillation
and nonoscillation of these equations, many results have been
obtained in the last years. The basic facts of the oscillation
theory for (1) are established in [1]. Several criteria for
(non)oscillation of (1) are proved, for example, in [2-6] (for
(1) with r, = 1, see [7-9]; for the continuous case, see [10-
12]). Oscillatory properties of slightly more general difference
equations are investigated, for example, in [13, 14]. A detailed
literature overview can be found in [15].

The oscillation theory of half-linear difference equations
is motivated by the continuous case and by the linear case.

Equation (1) is the discretization of the half-linear differ-
ential equation

[ro(y O)] +pwo(y®)=0 r@>0 @

The first occurrence of an equation of this form is dated
back to 1961 (see [16]). But [17, 18] are regarded as the basic

papers in this field. For a comprehensive overview of half-
linear differential equations, we refer to [19] with references
cited therein. Note that techniques needed in the discrete
theory are often more complicated than their continuous
counterparts. In this paper, we apply the Riccati method
which is used in the continuous case as well. Comparing this
paper with its continuous counterpart [20], one can see that
the discrete method requires several nontrivial extra steps
and is technically more exacting. Particularly, we cannot use
the fact that the ranges of considered solutions are intervals.
Equation (1) is a generalization of the linear equation

A(redye) + Py =0, 1 #0, 3)
whose oscillation theory is well described in the literature
(see [21, 22] and references therein). There are limitations of
the tools known from the theory of linear equations (e.g.,
the transformation theory and the Casoratian identity). These
limitations are more or less consequences of the fact that
the solution space of half-linear equations is not additive.
Nevertheless, it remains homogeneous (likewise in the linear
case). This observation motivates the term “half-linear”

Actually, we consider (1) in the form

Vs
SO () =0 (@)

A
Afr@ (Aye)] + 1)



where {r,}, {s,} are positive sequences, y > 0, and k'”’ stands
for the so-called generalized power function. Our objective
is to prove that (4) is conditionally oscillatory and to find
the corresponding oscillation constant. We recall that (4) is
conditionally oscillatory if there exists I' > 0 with the property
that (4) is oscillatory for y > I' and nonoscillatory for y < T.
In this case, I is called the oscillation constant of (4). Note that
we consider the form with the generalized power function
1/(k + 1)(P ) because we want to be consistent with previous
results and our method is much more transparent in this case.

According to the best of our knowledge, the first result
about the conditional oscillation of a second-order equation
was proved by Kneser back in 1893 (see [23]). In [23], it is
shown that the differential equation

Y 0+ Ly® =0 )

is conditionally oscillatory with the oscillation constant I' =
1/4. The corresponding difference equation

Ayt —L g =0
is conditionally oscillatory with the oscillation constant I' =

1/4 as well (see [24]). In [25], the previous Kneser result is
generalized for the equation

)

[re)y ®] + )

where r,s : R — R are positive periodic continuous fun-
ctions. We can also mention [26] and more generally [27, 28].
For the discrete linear equation

S
A(riAyy) + (kf_—i)kykﬂ =0, (8)

we refer to [29], where the corresponding result is obtained.
Nevertheless, the first discrete version of the result of [25] was
proved in [30]. The oscillation constant from [30] coincides
with the one from [29] if the considered coeflicients are
asymptotically constant. In fact, the conditional oscillation of
(8) with almost periodic coeflicients is proved in [29]. The
oscillation constant for the periodic half-linear equation

Foe(y @) + e

O (y(1)= ©)
is derived in [31] (see also [32]) and the oscillation constant
for (9) with asymptotically almost periodic coefficients is
obtained in [20]. Our aim is to prove the discrete counterpart
of the main result of [20]; that is, we find the oscillation con-
stant for (4) with asymptotically almost periodic coeflicients.
We add that this result is new in the periodic case and in the
linear case as well.

The paper is organized as follows. In Section 2, we recall
elements of the theory of almost periodic and asymptoti-
cally almost periodic sequences, which we will use later. In
Section 3, we mention basic definitions from the oscillation
theory and we derive the adapted Riccati equation. Using the
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prepared Riccati technique, we prove the announced result in
Section 4. Then, we state its corollaries and we illustrate them
by examples. We also show a way how the main result can
be applied for equations with coefficients which change their
signs.

Henceforth, let p > 1 be arbitrarily given and let g € R
be such that

+-=1, lie,p+q=pq. (10)

<
|

Thus, for ®(x) = |x|F! sgn x, we have O (x) = |x|T! sgn x.
For the reader’s convenience, we recall the generalized power
function (sometimes called the falling factorial power)

I'(k+1)
A A -1,k), keN,
IF'k+1-«) € ( ) ¢ ()
where
I'(x) = J e hds, x>1, (12)
0

and the identities

k((x+1)
AV = (a0 + 1) K@ =k-a,
Je(e) (13)
€ (-1,k), keN,

which we will often apply later. We also refer to [22,
Chapter 2].

2. Asymptotic Almost Periodicity

We begin with the notion of almost periodicity. The funda-
mental results of the theory of almost periodic sequences can
be found, for example, in [33, Section L.6].

Definition 1. A sequence { fi}c7 € Riscalled almost periodic
if, for every ¢ > 0, there exists an integer p(e) with the
property that any set consisting of p(e) consecutive integers
contains at least one number / for which
|fin—fil <& kez (14)
Definition 2. A continuous function f : R — R is called
almost periodicif, for every e > 0, there exists anumber p(e) >
0 such that any interval of length p(e) of the real line contains
at least one point s satisfying
|[f+s)-f(t) <& teR. (15)
Theorem 3. A necessary and sufficient condition for a seq-
uence { filrez C R to be almost periodic is the existence of an

almost periodic function g : R — R with the property that
fi = 9g(k) forallk € Z.

Proof. See [33, Theorem 1.27]. O
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Theorem 4. Any almost periodic sequence is bounded.

Proof. The statement of the theorem follows from Theorem 3
and from the boundedness of any almost periodic function
on the real line (see, e.g., [33, Theorem 1.2]). O]

Theorem 5. A sequence { fi.},c, C R is almost periodic if and

only if any sequence of the form {{ fi., iy tkeztnen» where h(n) €
Z, has a uniformly convergent subsequence with respect to k.

Proof. See [33, Theorem 1.26]. O
The following result is a consequence of Theorems 4 and 5.

Corollary 6. The sum and the product of two almost periodic
sequences are almost periodic as well.

Theorem 7. If{ fi }ic7 is almost periodic, then the limit
lim ~ Y f (16)
k—ook * i

is finite and exists uniformly with respect to j € Z.
Proof. See [33, Theorem 1.28]. O

Theorem 8. If{f;}..» C Risalmost periodicand F : R — R
is a uniformly continuous function on the set { fi; k € Z}, then
the composition {F( fi)} ez is almost periodic.

Proof. The theorem follows, for example, from [34,
Theorem 2.4]. O

As a direct generalization of almost periodicity, we
consider the asymptotic almost periodicity. We refer to [35],
where asymptotically almost periodic sequences were intro-
duced with their basic characteristics.

Definition 9. We say thata sequence { f; }cn C R is asymptot-
ically almost periodic if it can be represented in the form f; =
fi+ f2, k € N, where { £} is almost periodic and { £ }xen

has the property that lim _, sz = 0. The sequence {f}'} is
called the almost periodic part of { f;}.

Considering Theorem 7, we immediately obtain the foll-
owing.

Corollary 10. Let an asymptotically almost periodic sequence

{filken be given, and let {f}ic, be its almost periodic part.
The limit

]+k 1 ]+k 1

({fk)—hm—Zf,—lgn—Zf (17)

is finite and exists uniformly with respect to j € N.

Definition 11. The number M({f.}) introduced in (17) is
called the mean value of an asymptotically almost periodic

sequence { fi}ren-

Remark 12. According to Definition1 and (17), we have
M({f}) > 0 for any positive asymptotically almost periodic
sequence { f }ry With the property that lim sup ;. _,  fi > 0.

Corollary 13. If { fi }icn is an asymptotically almost periodic
sequence satisfying

inf {fi; ke N} >0, (18)

then the sequence {gi}en, defined by the formula g, = f¢, is
asymptotically almost periodic for arbitrarily given « € R.

Proof. Let fi = fi + f7, k € N, where {f; },c7 is the almost
periodic part of { f;.}. Considering Definition 1, we have

inf {f}; ke z}=inf {f; ke Zk>a}, acR, (19

and therefore (see (18))

inf {f}; k € Z} > inf {fi; k e N} > 0. (20)

If we put g, := [fkl]a, k € Z, then Theorems 4 and 8 imply

the almost periodicity of {g; }xc7- Since

lim (g - g,) = lim ([f+ fe] - [f]) =0 @
we know that {g,} can be expressed as the sum of the almost
periodic sequence {g, } and the sequence {g,—g; } vanishing at

infinity. It means that {g, } is asymptotically almost periodic.
O

3. Half-Linear Riccati Equation

In this section, we recall the oscillation behaviour of half-
linear difference equations and we introduce the (adapted)
half-linear Riccati equation. For more details, we refer to [15,
Chapter 3] or [19, Chapter 8] (with references cited therein).
We remark that the (adapted) Riccati technique is an essential
tool to prove the following given Theorem 17.

Let us consider the equation

A [r® (Axg)] + pr®@ (x41) = O, (22)

where 1y, p,. > 0 for all considered k and the sequence {r;} is
bounded. We say that an interval (/,/ + 1], 1 € N, contains
the generalized zero of a solution {x;} of (22) if x; #0 and
x;x;,; < 0. Equation (22) is said to be disconjugate on a set
{I,1+1,...,l+n} provided any solution of (22) has at most one
generalized zero on ([, [ +n+ 1] and the solution {X}} given by
the initial value X; = 0 has no generalized zero on (I,[+n+1].
Otherwise, (22) is said to be conjugate on {I,1 + 1,...,1 + n}.
The Sturm type separation theorem is valid for (22) (see
[1, Theorem 3]). Thus, the oscillation of an arbitrary solution
of (22) implies the oscillation of all solutions of (22). It means
that we can categorize (22) as oscillatory or nonoscillatory.

Definition 14. Equation (22) is called nonoscillatory if there
exists n € N with the property that (22) is disconjugate on
{n,n+1,...,n+i} forall i € N. In the opposite case, (22) is
called oscillatory.



Now, we turn our attention to the half-linear Riccati equ-
ation. Using the substitution

W, = 1, ® < Ax > , (23)

Xk

we transform (22) into

()] )o@

According to [15, Lemma 3.2.6, (Iy)], if wy, + 1. > 0, then

(wk)])

_ (=) [w*|B] "
[0 (r) + 7 (wy)]

where 8, is between dfl(rk) and (Ifl(rk) + d)fl(wk); that is,
for wy + 1, > 0, we can rewrite (24) in the following form:

(p— 1) il |8 ”
O [@7 (1) + 07 (wy)]

T
Aw, +p,+w,. | 1-
k¥ Pr "( O[O (r)+D

( L k

Next, putting
Ck = —k(p_l)wk, (27)
we obtain

Ale==A (K" Vw) == (p - 1) k" Pwy - (k+ )PV Awy,

(28)

and then, applying (26), we obtain the adapted Riccati
equation

1

M= s

x| (p=1) + (k+ 1)(P)pk

e+ (p= D)8 "1 }
]

O [07 () + @7 (<G/kPY)
(29)

[k

where f3; is between <D71(rk) and d)’l(rk) + q)*l(_(k/k(pfl))_

4. Conditional Oscillation

To prove the announced theorem, we need the following two
lemmas.

Lemma 15. If (22) is nonoscillatory, then there exists a
negative solution {(i}isr, of (29) such that

Ck

klgnook(P‘l) = 0. (30)
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Proof. Applying [1, Theorem 1] (see also [15, Theorem 3.3.4]),
we know that the nonoscillation of (22) implies the existence
of a solution {wy}i-, of (26) satisfying wy + 1 > 0, k > k.
Considering [36, Lemma 1, (v) and Theorem 1], we obtain
lim, _, w, = 0. Since the sequence {w;} is decreasing (see
directly (26)), we have w, > 0 for all k > k,. Thus, there
exists a negative solution {(;} of (29). Finally, (27) gives

G
klgnook(P 1)

khm wy = 0. (31)
O

Lemma 16. If there exists a negative solution {{; }ox of (29),
then (22) is nonoscillatory.

Proof. The statement of the lemma follows from [I,
Theorem 1]. O

Now we can formulate and prove the main result.

Theorem 17. Lety € R* be given, and let {r; };.cn and {s;}en
be arbitrary positive asymptotically almost periodic sequences
such that

inf {r;;k € N} >0, limsups, > 0. (32)

k— 0o

Let

P g ()] T )

Consider the equation

Are® (Axy)] + (kﬁcb (%) =0 (34)

+ 1)(1’)

Ify > T, then (34) is oscillatory. If y < T, then (34) is non-
oscillatory.

Proof. We put (see Theorem 4)
= inf {rk; ke N},
r*=sup {r; keN}, (35)
s" = sup {s;; k e N}.

For an arbitrarily given number y #I', we will consider an
integer « > 2 such that

S 5"}) ke, (36)
@ ik
_ 1-p _ -1
~ 1k+oc 1 . 1k+0c 1 |r_)/|
P q
I'-q [;;(ri ;;(si < 5 keN
(37)
That is,
_ 1-p _ -1
ket 1! ly -1l
P q
Y—q [;;{Ti ;;{Si > > 5 keN
(38)
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From Remark 12 and Corollaries 10 and 13, we know that such
a number « exists.

At first, we consider the oscillatory part of the theorem. By
contradiction, we suppose that y > I is given and that (34)
is nonoscillatory. Lemma 15 says that there exists a negative
solution {{;}yy, of the equation

1
M= 2
x| (p=1) i+ ysy
(k+1)(p = 1) Bl "1l ]
Ko=) D[ () v (Le/KP )]
(39)
where

O (r) < B <O (r)+ @ (‘k(i’il) ) k > k,.

(40)

Note that (39) is the adapted Riccati equation associated with
(34) and that (30) holds. Particularly, from (30), we know

® [0 () + 7' (k)]

lim (41)
k— 00 2
and (see (40))
B . B _
klgnooq) (rk) klgnooF =1. (42)

Using (consider, e.g., the Stirling formula)

K KT(k+1-a)

lim
o T(k+1)

k- oo k@

=1, a>0, (43)

k—»oo

we also obtain

k+1

= lim — = limﬁ—l
_k—»oo[kp_l]q_l _k—>oo k = L. (44)

k+1
m —-:
k—»oo[k(p—l)]q_l

Combining (39), (41), (42), and (44), we can find an integer
k > k, with the property that

q-1][p-2] q
1 1 Ck
A(k2m (P‘l)Ck (p ) e i
__p-1
Ck-p+2l Ck+ ¢l ]
p-1 |5k|q
2k—p+2_c 2[r* ]‘11

(45)

5
and that
. (p [q 1][p- 2]|C |q
Al < m |:)/S +2 e
__ 1 Z(P— 1)|Ck|q 1
k-p+2 e ! = k- p+2
2(p-1 1
% [)/S++ (P )_|1(k| ])
[r]1
(46)

whenever k > k. Let ¢, < —2"“"V¢* for some k > k. In this
case, we estimate

T2l 2T
(47)

|(k| q_ |Ck| i |{k| q-1 >|Ck| . '21/(q_1)r+|
and hence, by (45), we get A{; > 0. Thus, there exists L > 0

satistying
(e (-L,0), k=k,. (48)

Therefore (see (45) and (46)), we have

K —
A —, k=k
Al < i k2 (49)
where
2(p-1)L1
K=(p-1)L+ys" + (p ]q_)l (50)
-
Particularly, (49) implies
DK . ~
)Ck+1 Ck"‘]l m l,]€ {O,...,Oé—l}, ka
(51)
We define
1kJroc—l
Ee== Y0 kzk,
& ik
pk+a—1 -1/q
X = (p —U(—Z q) , (52)
« i=k

pk+oc—1 1/q
Y, = |§k|<; Y r,.“‘1> , k>k

i=k
From (48), we can see

Eoe (-1,0), k=>k, (53)



For k > k,, we compute (see (39))

Afk=éz

=

106
=;Z,;

X [(p—l)(ﬁys,-

MR 1 ]
[T [0 (r) + @71 (/i V)]
N S
k+a-p+1

k+oc1
[(p—l Ek+— Z S;

+lk+¢x71 (1+1) _1)|B|P2|c|q ]
o = [i(P—l)]q o D[ (r,)+ @ (=L,/itPD)]
_ 1
_k+a—p+1

XP q kt+a-1 XP
(I)‘l)fl<*'—k+—k+Z
p g9 «

1 k+a—1

G+ (p-1D)IBI"1)
+; Z (p-1)19"1 -1 -1 (p-1
i [PV @[0! (r)+@7 (=(/it V)]

Y
q
(54)
if A&, > 0, or
1
AEk_k—p+2
xP v k+a-1 XP
X -1 E +_k+_k+z St__
[(P )&k I (X; )
LU G- BTG
o & [ D)0 (r)+ 0 (L,/i#D)]
Y
q
(55)
if A, < 0.
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Since

XY =& (p-1) ==& (p-1), k=k, (56)
it holds
P Yq XP Yq
(p-1DE+ L+ E="E k_Xv.>0, k>k,
p q p
(57)

which follows from the Young inequality.
Using (36), (37), and (38), we have

(58)

It remains to estimate the following:

krac1 G+ 1) (p-1DB| 15" Y

1
& & [0 o0 () + o (L0 D)] 4

i G+1)(p-1) B
& [0 07 (1) + 01 (L)
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B |Ek|q£k+a—1r}7q
i=k 1
_p-1
- [0
+a— ; -2
AL G+ DIAL
7 1 oo () +07 (i)
&l ) k2 ke

(60)
Applying (41), (42), and (44), we can express
1 k+a—1

- Z (i+l)(P_1)|ﬁi|p_2|Ci|q _Y_Z
« 5[ o [0 () + o7 (G )] 4

- p _ 1k+0c—1 a7 1-q q4.1-q
= Z (|(i| [ri + hi]—|£k| ; ), k >k,
i=k
(61)
where the sequence of b; has the property thatlim; _, _h; = 0.
From (48), it follows
Jim ¢ *h; = 0, (62)
and, from (51), we obtain
(a-1K 7.
l(i—£k|<m, Zk,IE{k,...,k-l-(X—l}.
(63)

Since the function y = |x|? is continuously differentiable on
[-L, 0], there exists N > 0 for which

€[~ 1¢]| <NJg-¢|, &Ce Lol (64)

Now it suffices to consider (32), (48), (53), (61), (62), (63), and
(64) which imply the existence of an integer k > k such that

1 G+D(-DIBI G v
@ & [0 () r o (L)) 4

 MUshly-T]
8

1 k+a—1

)

, k>k
(65)

Altogether (see (54), (57), (59), and (65)), we have

O+ M({seh) [y -] /4 - M (fse}) [y - 11/8
k+t+a-p+1

 M{sh -]
8(k+a—-p+1)

A&

&)

k>
(66)

7
Summing (66) from k to an integer [ > k, we obtain
M ({sih) [y - T § 1
El+1>Ek+ 3 I;;k*'(x—P*'l. (67)
Thus (see also (53)), it is valid that
. M{shly-TIg 1
ll;glolgffmz -L+ k8 k%;ck+(x—p+l =00
(68)

Particularly (consider (52)), {; has to be positive for infinitely
many k. This contradiction proves that (34) is oscillatory if
y>T.

Let y < T, and let k(1) € N be given. In this part of
the proof, our objective is to show that there exists a negative
solution {{,} of (39) for all k > k(1), where

o 1-p
Sy = _<gz”il_q) : (69)

Evidently, it is true that
1
A > — - 1 >
G2 s (- 1)

Al

1
< —
k-p+2

Gk + 1) (p= 1) Bl el
KO0 [0 ()40 (-G, /k00)
(70)

x | ys"+

for all k > k(1) for which {(;} is negative. Thus (consider (41),
(42), and (44)), we can assume that k(1) is so large that

20y < Cryri <0, i€ {L,...,af. (71)

In addition, as in the first part of the proof (see (49)), we can
estimate

A

|A kil < K-ps2 '€ {0,..,a-2},  (72)
for some A > 0. From (72), it follows
Ala-1) .
'QmH_QmH|<EHTTEIE’IJE{QHW“_”‘
(73)
If we denote
lk(l)ﬂx—l
§ky = = Z €8 (74)
& 2k
then
Alx-1) .
|Ck(1)+i_Ek(1)| < ———m, 1€ {0,...,06— 1} (75)

k(1)-p+2



Again (see (54)), we estimate

A&y
1

S e

k(1)-p+2

xP )& k(1)+a—1 xP
k() | " k1) Y k(1)
x [ (p=1) &) + +— z Si
[ q " i=k(1) p

1 k(1)+a—1

! G+1)(p=1) |8l
@ [0)TI0 07 )+ 07! (i)

q
Yk(l)
q
(76)
if Agyqy > 0, or
A&y
1
< -
k()+a-p+1
i( )
1
(p- )5k(1) +—
q - P
Y, yk(1)+oc 1 Xt
g & k) p
1k(1)+o¢—1 (z+1) _1)|/3|P 2|C|q
+ —
o o
& Ay [{P ] (07 (r)+ 07 (¢ /it D)]
q
Yk(l)
q
(77)
if Agy(qy < 0, where
JLOEE -1/q
Xiy = (p - 1)<— Z r; q) ,
& k)
(78)
pret /g
_ -q
= (& <; > > :
i=k(1)
If
k(1)+a—1 ) o .
r, 1= Zri E
i=k(1) i=1 (79)
Ck(l):{k(l)‘*']’ jE {1,...,06—1},
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then it is valid that

XP Yq
(P—1) & + D 4 %

-plq
l)p Pa 1-q g
(z

« 1-p
I\, 1-q
1 = .
) (‘xi_zlr1 >

N —p/ ql1-p]
. (P_—l)p<lzr;—q> " ((@egt, i)
p xi q

=(p- 1)Ek(1) + (.

(80)
That is,
P Yq
(P_I)Ek(l)"' E) 2(1)
« 1-p
) [eena (P ) )
= —_ T — —1 + +
<a; > (p-1)q 5 qa”'p
« 1-p
= (lZﬁ”> [—qu Prq P+ —+q "’lp]
aia
1 & o
(1N, 19 -p
_<“;ri > q [pq+q+1+ ]
1 o
=<azr§_q> q’[-pg+q+1+p-1=0
i=1
(81)

For any € > 0, we can find « € N with the property that

k+o—

1 @
1- 1-
PIEED YA R
i=1

i=k

k e N. (82)

Thus, for a given number «, considering (73) and (79), we can
assume that k(1) is so large that

Xi(l) Y,f(l) M ({Sk}) [F - Y]
!(p—l)ﬁk(1)+ » + J I . (83)
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It holds (see (36), (37), and (38))

_ _ -plq
Zk(l)+oc 15 B (P— 1)P(£k(1)§:x 1,,}‘1)
o 1

i=k(1) p % k)
1-p
k(1)+a-1 k(1)+a-1
1 _ 1 1-
_ P q (84)
= Si|Y—4 <_ Z T )
X 2k l & ki
<1k(1)+0c1 -1
(L )
X ik
M({s})y-T

S:

. P
Zk(l)Jroc 1 B Xk(l) . M ({Sk}) [Y — F]
X 2k 1 P !

<0. (85)

As in the first part of the proof (compare (48) with (71)
and (63) with (75)), we can show that

N e S G VIO D11 i o1
ki) —eoja 45 [iD]) T 0[@7! (r,) + @7 (=, /i0D)]
q
(86)
Let k(1) be so large that
1 KQ)ra-1 (i+l)(p—1)|/)’i|P_2|Ci|q
a gy [ D] 0 [0 () + &7 (¢ iPD))] (87)
87
Y| M(sB -y
q 16 '

Finally (consider (77), (83), (85), and (87)), we have

1
k(+a-p+1

y (M({Sk}) [T-y]  M{sHy-T]

Ay <

16 4

16

LM sed) [F—Y])

M ({si}) [y =T

=8(k(1)+oc—p+1) <0

(88)

Hence,

k(1)+a-1
1 Ck(1)+ _Ck(l)
A&y = = Z AG; = = <. (89)
i=k(1) «

That is,

Cryra < Ckr)- (90)

Particularly, if

o I-p
(= _(ﬂz,,il—q> for some k > k(1),  (91)
*ia

then (71) and (90) give

ck) Ck+1) o Ckﬂx < Ck- (92)

Since (73) remains true if k(1) is replaced by an arbitrary
integer k > k(1), to complete the proof, it suffices to find a
number 9 > 0 such that

« 1-p
AN\ 1-q
9 4%, ,
Ck € < ((x;rz )

« 1-p
[ 4y, f k>k(1
<(x;r‘ ) ) or some k > k(1)

+>Chra-1 <05

(93)

implies

k+

K

-1
A; < 0. (94)

Q|-

1

1]
~

Indeed, in this case, we have (92) and, consequently, we have
that {; < 0 for all k > k(1). Then, Lemma 16 says that (34) is
nonoscillatory. Of course, such a number 9 > 0 exists because
the concrete initial value is not applied to obtain (77), (85),
and (87) and because (83) can be proved for a sufficiently
small perturbation of the initial value (the left side of (83)
continuously depends on the initial value (69)). O

Remark 18. The statement of Theorem 17 remains true for y €
R. It suffices to consider the nonoscillatory equation

A[r @ (Ax)] +0- D (x;4) =0, (95)
where r~ is defined in (35). We refer to [1, Theorem 2].

Remark 19. We conjecture that, for y = T in the general
case, it is not possible to decide whether (34) is oscillatory
or nonoscillatory. Our conjecture is based on the existence of
positive almost periodic sequences { fi} e 7> { g frez Satisfying

%ifk <M ({fi})>
n k=1 (%6)
w29 Mo, nen

Such sequences can be constructed applying, for example,
[34, Theorem 3.5].
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Example 20. Leta > 0,b > 1/2, and c¢,d #0. We can use
Theorem 17 for the following equation:
2
k ' o
1 + k? (cos [ak] sin [ak] + b)

(Axk)
(97)

Vk—1+|sin [ck]| +| cos [dk]|
0
(k+1)®?

with asymptotically almost periodic coeflicients (consider
Definition 2, Theorem 3, and Corollaries 6 and 13). It holds
(p=3/2,ie,q=3)

m({r2}) = ({(costaktsin ok b5 ) })

s (98)
8

(xk+1) =0

M ({s})=M ({Vk=1+] sin [ck]| +| cos [dk]| }) = %

Thus, the equation is oscillatory for

6y/3 (862 +1) > V2r (99)

and nonoscillatory for

6y4/3 (8V2 + 1) < V2.

Theorem 17 gives a new result also for p = 2 (i.e., for the
linear equations with asymptotically almost periodic coeffi-
cients). This situation is illustrated by the next example. Note
that, in the below given corollaries, we explicitly mention two
other new results which follow from Theorem 17.

(100)

Example 21. For any positive continuous functions f : [-2,
2] - Randg:[-1,1] — R, the equation

. (-1)"
Alf[sin(1-k)+ 7k Axy | +y

kg (cosk) +1 B
(k+ 1)k k17
(101)

has the form of (34) for p = g = 2. Considering [29,
Example 3.4], we have

Sy L (7 dt
M({rk }) - 2ﬂjfnf(sint)’

(102)
1 s
M =— .
({se}) g J 9 (cost) dt
Hence, the oscillation constant is
1 (" dt " !
r=|— t)ydt| . 103
[ﬂz,[nf(sint)Jng(cos ) ] (103)

Corollary 22. Consider (34), where {r}ien and {s;}ren are
positive periodic sequences with period n. Denote

18, e 17
F:=qp[;;ri q:| [ZZS,] .

i=1

(104)

Then, (34) is oscillatory for y > I' and nonoscillatory for y < I.

Abstract and Applied Analysis

Example 23. We apply Corollary 22 for the equation

A [Isin —(Zk_ DL
18

0} (Axk)]
(105)

+ m <1 + COS %)@(xk_u) =0,

wherem > 3isan odd integer. By the following computations:

9 9 . 14
1-q 1 1-q 1 . (21 - 1)71’
M (qr, =—D)r '==)|sin———
1 - -
= - (2‘1 +2sin" 1% 4 2c0s 12
9 18
(106)
g2
+2cos 1 + 1),
9
< 1 ¢ T
M ({s¢}) = —Zs, = —Z <1 + cos —) =1,
i=1 mia
we get the oscillation constant
r=97g? (24 +25sin'™ %
(107)

T _o2m 1=p
+2 cos’ q; +2cos’ q?+1) )

For the general nonzero sequence {r;}cy in (34), we have
to use the full definition of the generalized zero. An interval
(I,1+1],1 € N, contains the generalized zero of a solution {x;}
of (34) if x; #0 and r;x;x;,; < 0. This definition is necessary
for the correct formulation of Corollary 24.

Corollary 24. Consider (34), where {r;}ren and {s }ren are
nonzero asymptotically almost periodic sequences satisfying

inf {|r|; k e N} >0,

lim sup lsel >0 (108)
Let
r=q? M ({n "] M DI 009)

(i) If ry. > O for all k and y < T, then (34) is nonoscillatory.
(i) If s, > O for all k and y > T, then (34) is oscillatory.

Proof. Since {| fil}ren is asymptotically almost periodic if
{fiheen 1s asymptotically almost periodic, it suffices to
use the half-linear Sturm type comparison theorem (see
[1, Theorem 2]) and Theorem 17. O

Example 25. For an arbitrarily given a > 1, Corollary 24 says
that the equation

cosk ysink
A [(T +a> (D(Axk)] + m‘b(xku) =0 (110)



Abstract and Applied Analysis

is nonoscillatory if

arn

y<q?[a ] M @sink T =g )

and that the equation

k [ cosk y|sink]| ~
A [(—1) <T +a> (D(Axk)] + m@(xk_H) =0
(112)

is oscillatory if

-p Tt

y>q?[a ] P IM I sink DI = g a13)
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