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Using Mountain Pass lemma, under some appropriate assumptions, we establish the existence of one nontrivial solution for a class

of p-Kirchhoff-type elliptic equations in R,

1. Introduction and Main Result

In this paper, we consider the existence of solution for the
following elliptic problem:

- <a +b J g (x) |Vu|de> div (g (x) |Vu|P_2Vu)
RN

+ h(x) |ulp_2u =f(xu), xc¢€ RY, @

u(x) — 0 as |x| — oo,

wherea > 1, b > 0, N > 3, g(x), and h(x) are positive
functions, f(x,t) : RN x R — R is continuous function,
and further assumptions will be listed later. Problems like
(1) originally came from the stationary problem of a model
introduced by Kirchhoff [1]. Due to the existence of the
integration over the whole space, problems like (1) are also
called nonlocal problems.

In recent years, the Kirchhoff-type equations with p-
Laplacian operator has been considered by many authors;
see [2-6]. When h(x) = 0, the authors in [6] considered
the following similar Kirchhoft-type elliptic problem on the
bounded domain O ¢ RY

- [M (L |Vu|‘odx)]P_l div(|Vu|P_2Vu)

= f(x,u),
u(x)=0

)

x € Q,

on 0Q.

The function M(t) in (2) is required to meet the condition
of my < M(t) < m, for some constants mg,m,; > 0. The
authors proved that problem (2) has at least one positive
solution under some other additional conditions. Problem
(2) was also considered in [3], where the function f(x,u) is
odd about u. For p = 2, we refer to [7-9]. The authors in [8]
studied the following Kirchhoff type problem:

—(J a+b|Vu|2dx>Au+u=f(x,u), x e RY,
a 3)

u(x) — 0 as |x|] — +oo.

By the Fountain theorem, the author proved the existence
of infinitely many solutions. Note that one of the assumptions
made on the function f(x,u) in (3) is that f(x,u) =
—f(x,—u) for any (x,u) € (RN R). In the present paper,
however, the function f(x,u) is not required to be odd
about u as that of [3, 8]. Whena = b = 0 and g(x) =
1, problem (1) becomes the p-Laplacian elliptic equations
without nonlocal term, and this kind of problem is also
studied by many authors. For these works, we refer to [10-14]
and the references therein. In [15], Liu discussed the following
elliptic problem:

—div (|Vulp_2Vu) +V () [ulPu = f(xu),
(4)
u(x) e WhP (RN).



The author proved that problem (4) has at least one
ground state. The weight function V(x) is required to be
bounded; more precisely, there exist constants «, 3 > 0 such
that

Vx)eC(RY), o0<asV(x)<B<+co.  (5)

We point out that the weight function h(x) in problem (1)
is permitted to tends to infinity.

In this paper, inspired by [4, 8, 15], we consider the
existence of solution of problem (1). By the variational
method, we will prove that problem (1) has at least one
nontrivial weak solution. Since problem (1) is considered in
the whole space R", the loss of compactness of the Sobolev
embedding renders the variational technique more delicate.

In this paper, we make the following hypothesis:

(A)) g(x) =2 1, h(x) = hy > 0and h(x) — +co as
x| — oo,

(A,) there exists g > 2p such that 0 < uF(x,t) <
tf (x,1), where F(x,1) = [} f(x,5)ds,

(A;) there exist constants ¢ > 0 and p < g < p* such
that | f(x, £)| < c|t|77.

Remark 1. Throughout this paper, we denote by ¢ the constant
which may vary from line to line but remains independent of
the relevant quantities. Note that there exist many functions
g(x), h(x), and f(x,t) such that satisfy the assumptions of
Theorem 3, for example, g(x) = 1 + Xt h(x) = exz, flxt) =
P71 + X,

Let WO1 P(RN) be the usual Sobolev space with the norm
of

1/p
||u||:(J |Vu|p+|u|pdx> . (6)
RN
Denote

E= {u e W, (RV): J (IVul? + h (x) [ul?) dx < oo} .
RN

(7)
Then, E is a Sobolev space with the norm of
1/p
e = (| (vul? +hGolaiax) . @
RN
We give another space
X = {u €E: J (g (x) [Vul? + h(x) |ulf)dx < oo}
RN
)

endowed with the norm

1/p
Jualy = (JRN (9GO IVul? + h () ) dx) . (10
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It is not difficult to check that X is a Banach space. The
Euler functional of problem (1) is

Jw =5 aeomadss (] g Valfd)

+ 1 J h(x) [ulfdx - J F (x) dx,
P Jry RN
(11)
where F(u) = Jg f(x, t)dt. Then, the assumptions (A;)-(A;)
imply that J(u) € C'(X,R"), and for any ¢ € X, there holds

<]' (u) ,<p> =a JRN g (x) |Vu|P_2VuV(pdx

+bJ g(x)qu|pde g(x)qulp_ZVquodx
RN RN

+ J h(x) |u|p_2u(pdx - J f (x,u) pdx.
RN RN 12)

Particularly,

! - p
(J' ), u) = “JRN (0 [VulPdx
N b(JRN 9(x) |Vu|de>2 (13)

+ J h(x) lulfdx - J f(x,u)udx.
RN RN

Definition 2. A function u € X is said to be a weak solution
of (1) if and only if (12) holds for any ¢ € X.

Our main result is listed later.

Theorem 3. Assume (A,)-(As). Then, problem (1) has at least
one nontrivial weak solution in X.

This paper is organized as follows. In Section 2, we
introduce some definitions and prove several lemmas which
will be used later. In Section 3, we give the proof of Theorem 3
by making use of the Mountain Pass lemma.

2. Preliminary Results

In this section, we give some important lemmas, which will
be needed in the proof of our main result. Particularly, one
result of compact embedding on unbounded domain will be
proved.

Lemma 4. Assume (A,) and p < q < p*. Then, the
embedding X — LYRN) is compact.

Proof. We split the proof into two cases.
Case 1(q = p). Let

Br={ueX:|ulxy <R}, By=RV\By (14)
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and g = infB;(h(x); then (A,) shows thaty — +ooasR —
00. Furthermore, one gets that

J |u|de311_IJ h (x) |ul dx, (15)
B By

R

which implies that

1/p 1/p
<J |u|pdx> < ql/P(J h(x) Iulpdx)
B, B,

1/p (16)
< ﬂfl/p(J’ h(x) |u|pdx>
RN
e
It follows from (16) that
lleall Lo pe
lim sup e U 0. (17)
R—ooyexyiop Nullx

Let {u,,} be a bounded sequence of X such that [|u, [, < c.
Then, there exists u € X such that #, — u. Forany ¢ > 0, it
follows from (17) that there exists R, large enough such that

"u""LP(BCRE) < sc_1||un||x <e (n=12,...). (18)

Note that the embedding X — L? (Bg,) is compact.
Therefore, for these € and R,, there exists N, > 0 large enough
such that

et = 4l o s,y < € (19)
for all n > N,. Thus, one can get from (18) and (19) that

“un - u"Lp(RN) < "un - u“LP(BRS)

+ "un"LP(Bi‘g) + “u"Lp(Bize) < 3g,

(20)

which implies that 4, — u strongly in LYRM).
Case 2 (p < g < p*). By the Holder and Young inequalities,
one can get from (A,) that

J |u|quS(J- lulPdx
B B

R R

. (a-p)/(p"—p)
x(J [u|? dx)
By

< n—(P*—q)/(P*—P)(JBC h(x) |u|de
R

. (a-p)/(p"—p)
X J lul? dx
B

C
R

)(p*—q)/(p*—p)

)(p*—q)/(p*—p)

X . alp
< Cr]—(P -q)/(p"-p) |:<J h(x) |u|de>
By

. a/p”
+ <J lul? dx)
B

X . qa/p
< C,,l*(P -q)/(p"-p) [(J h(x) |u|de>
By

a/p
+<J g(x)qu|pdx) :|
By

< Cn—(P*_q)/(P*—P)”u"g('
(1)
Since p< g < p*andy — +ocoas R — 0o, then
lleall e
lim sup B _ 0. (22)
R—ooyexviop Nullx

Therefore, similar to the proof of Case 1, the embedding
E — LYRY)is compact. ]

Now, we give the definitions of Palais-Smale (simply
(PS),) sequence and (PS), condition.

Definition 5. Letc € RY, J(u) € CY(X, R), and X be a Banach
space. The sequence {u,} C X is said to be a (PS), sequence if
there holds

Jw) —e J'(w) =0 inX an—oco (3

A functional J(u) is said to satisfy the (PS), condition if
any (PS), sequence in X contains a convergent subsequence.

Next, we will prove that the functional J(u) satisfies the
(PS).. condition.

Lemma 6. Assume (A;)-(A;). Then, J(u) satisfies the (PS),
condition on X for any ¢ € R'.

Proof. Let {u,} be an any (PS), sequence in X. We divide the
proof into two steps.

Step 1 ({u,} isbounded in X). Note thata > 1; then, it follows
from (23) and (A,) that

|
c+ "un”X Z ](un) - 5 <] (un) ’un>
=(l—i>aj g(x)qun|de
RN
11 p
+ <E - 5) JRNh(x) |un| dx

+ JRN (2—1pf (x,u,) u,, —F) dx



1 pae_ Lyoue
5 [ G0 - 5l

(24)

which implies that {1, } is bounded in X.

Step 2 ({u,,} converges strongly in X). Since {u,,} is bounded
in the separable X, there exist 1, € X and a subsequence of
{u,}, still denoted by {u,}, such that u, — u, in X. Now, we
want to prove that

[, Goot)
N (25)
- J f (x,u,) ugdx — 0, asn— co.
RN
In fact, it follows from (A ;) that
lj y f (% u,)u,dx — J ; f (% u,) ugdx
R R (26)

q-1
< [ Tl b = o]
RN
Thus, in order to prove (25), we need only to prove that
J |un|q_1 |”n - ”o| dx — 0, asn-— oo. 27)
RN

Here, we divide the proof (27) into two cases:

(@)

(N-Dp
< —_—.
<g< N-p (28)
By the Hélder inequality, we obtain that
a1y,
J-RN o, |" |1, — wio| dx
(p-D)/p
< ( J |un|P(q—1)/(P—1) dx) (29)
RN

» 1/p
X (JRN |ty — 1o dx) .

It is easy to check that p < p(q—1)/(p — 1) < p*. Then,
the compact embedding in Lemma 4 shows that

e (p-D/p
(j | PP l)dx) < oo,
RN
(30)

1/p
(J |un—u0|de> — 0 asn— oo,
RN

which gives (27).
(ii)
(N-2)p

N-p <gqg<p". (31)
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LetA, = p*/(q—-2).Since 1 < p < Nand p(N —2)/(N -
p) < q< p”,thereexist p < A, = A; < p* such that

1 1
S — =1
X, (32)

The Holder inequality shows that

1/A
J . |un|q*1 |u,, — up| dx < (J . lunl(q—z))udx> 1
R R

<([., IunlAz)wz (33)

1/2;
X (J |u, - u0|)‘3dx> .
RN

Therefore, the embedding in Lemma 4 implies that

1/
(J . |un|(q72)kldx> < 0,
R
2\
< || > < 00, (34)
RN

"y 12,5
( RN it = x> —0

which also gives (27).
Note that (N — 1)p/(N - p) < p* and

(N-2)p
N-p

(N—z)p<
N-p

>p, p=2,
(35)
p, 1<p<2

Therefore, the previous cases (i) and (ii) imply that (25)

holds forall p < g < p*.
Denote

D, = <]I (un) >un> - <]’ (un) ,u0>
+ jRN I () u,dx - jRN f (5, u,) ugdx.

Then, it follows from (23) and (25) that D,, = o(1) and

(36)

0(1)=D, = aJ g (x) |Vun|p72VunV (w, — up) dx
RN
+b (J g(x) |Vun|de>
RN
x J 9 (x) Vi, [P VuY (w, - up) dx
RN

B () [Pt (14, — 110) dx

n

|,
+ JRN f(x,u,) u,dx — JRN f (x,u,) ugdx.
(37)
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Since u, — wu, in X, one obtains from the Holder
inequality that

o(l) = —aI 9 () [Vo|P >V V (w, — 1) dx
RN

~o([ 9w 19 fax)

X J 9 () [Vao|P > VgV (, — ug) dx
RN

- J B () [o| Pt (14, — 11g) .
RN
(38)

Thus, it follows from (37) and (38) that
o(l)=a JRN 9 ) ([Vu, [PV,
— Vo |P V1) V (u, — 1) dx
b (JRN 9.() [Vu, [fdx)
< [ g (vl v,
— |Vuto|P V11 ) V (u, — ug) dx

o [0 (il P, = ol ) 1, = )
RN

+ J f(xu,)u,dx - J f (%, u,) updx.
RN RN
(39)

Sincea > 1,b > 0, and g(x), h(x) are positive functions,
we get from (25) and (39) that

J 9 () (Vs |V,
RN

—|Vu0|P_2VuO) V(u, —uy)dx — 0,  (40)
JRN h(x) (|un|P_2un - |u0|‘D_2uo) (u, —uy) dx — 0.

Therefore, we can deduce from (40) and the following
standard inequalities in [16]:

(e~ 1el P E -y for p=2,
-2 -2 2
€27 < {2~ e -0
x([[” + |C|p)(210)/2 for 1< p<2
(41)
that
|t4, — 9] x — 0 as n — oo. (42)

Then, we complete the proof. O

3. Existence of Solution

In this section, the proof of Theorem 3 is mainly based on the
following Mountain Pass lemma [17] (also see [18]).

Lemma 7 (Mountain Pass lemma). Let X be a Banach space
and ] € CY(X, R) satisfies (PS), condition. Suppose that J(0) =
0 and

(I,) there are constant p, « > 0 such that ]aBp > q,

(I,) thereisane € X \ B, such that J(e) < 0.

Then, ] possesses a critical value ¢ > «. Moreover, ¢ can be
characterized as

= inf za>0,
C TR 0= (43

where
I={geC(0,1],X):g(0)=0,g(1)=e}.  (44)

In view of Lemma 6, the functional J(u) satisfies the (PS),
condition. It is obvious that J(0) = O0; then, in order to
apply Lemma 7, we need only to prove that J(u) satisfies the
geometric conditions of the Mountain Pass lemma.

Lemma 8. Assume (A{)-(A,). Then,

(I,) there exist p, > 0 such that J(u) > o > 0 with |lul x =
P)
(L,) thereis an e € X such that |le|lx > p and J(e) < 0.

Proof. It follows from (A,), (As), and the embedding in
Lemma 4 that

a P b p Y
Jw= [, gt mupax 2 p(jRNg(xwm dx)

+ 1 J. h(x) |ulPdx - 1 J lu|ldx
P Jr¥ U JrN

\%

1 j (9 () IVal? + b (x) Jul?) dx - clull
p Jrv

1
= —lul} ~ clul}.
(45)
Since p < g, there exists a sufficient small p > 0O and & > 0

such that J(u) > « > 0 with |lu| x = p. On the other hand, for
fixed u, € X and t > 0, it follows from (A,) that

p
J (tu,) < % J-RN g (x) |VulPdx

2p

2 P
+ %(JRN 9(x) |Vu|de> ‘ % JRN h () |l dxc

-t uy|'dx — —00 as t — +co.
N
R

(46)



Then, there is a large t, > 0 such that [t,u,lly > p and
J(touy) < 0. One may choose e = tu; then, [le]x > p and
J(e) < 0. Thus, the proof of Lemma 8 is complete. O

Proof of Theorem 3. It follows from Lemmas 7 and 8 that the
functional J(u) has a critical point u such that J(u) = ¢ > 0;
that is, problem (1) has at least one weak solution. On the
other hand, J(0) = O0; then, problem (1) has at least one
nontrivial weak solution. O
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