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A generalized metric in space of set of fuzzy sets is introduced. We prove some common fixed point for contractive iterate at the
point and orbitally contractive at the point fuzzy mappings and subfixed point results for family of mappings satisfying generalized

contractive conditions in generalized metric fuzzy spaces.

1. Introduction

Uncertainty regarding some experiments may essentially
have two origins. It may arise from randomness due to the
natural variability of observation or it may be caused by
imprecisions due to partial information, for example, expert
opinions or sparse data sets. An incomplete data set delivers
an imprecise assessment of the information which should be
expressed by a [0, 1]-fuzzy set instead of a number. In other
words, the system is complemented with extra dimension of
uncertainty provided by fuzzy set theory. Fuzzy logic is the
principal component of an array of methodologies for dealing
with problems in which uncertainty and imprecision play
important roles.

Fixed point theory in uncertain systems can be treated in
different ways and one of them is by using the fuzzy logic.
Depending on which segment of the problem is plagued with
some sort of uncertainty the appropriate structure of the basic
space in which the problem is considered could be used. If the
distance between elements is imprecise, then the fuzziness is
included in metric, as it was done in the definition of fuzzy
metric spaces by Kaleva and Seikkala [1]. This model has a
lot of similarities with probabilistic metric spaces (Menger
spaces). Fixed point techniques, methods, and results are
closely related in these two structures. Some of fixed point
results in fuzzy metric space could be found in [2-7].

If affiliations of elements are imprecise, then the system
could be treated as a fuzzy system. Appropriate structure is
introduced depending on the related problem. The treatment
of the problem involving fixed point theory has to be placed
in spaces with adequate topological structure.

We denote by %'(X) the set of compact subsets of X and
by F(X) the set of fuzzy sets with compact «a-levels defined
over X, where X has some metric structure. Mustafa and Sims
[8] introduced the definition of a generalized metric space,
briefly, G-metric spaces. In [9] the G-metric is introduced
in #(X) and, in [10], the similar construction is made to
establish the G-metric in the set % (X). In both cases the
structure of the basic G-metric space [3-5] is used to define
the Hausdorff G-metric by the metric dg derived from G-
metric G. In our paper the basic space is the metric space
(instead of G-metric space) and, using the same idea as in
[9, 10], the Hausdorff G-metric € is introduced, but metric
d of the original metric space (X,d) is used instead of the
derived dg; metric. In spite of the fact that the relation of
the basic and the derived spaces is simpler than in [10]
the structure of generalized metric space (#(X), &) is not
reduced. Further, we analyse the existence and uniqueness of
a common fixed point for the family { f;} of self-mappings in
the set of fuzzy sets #(X) endowed with generalized metric
Z. The different type of generalized contractive condition is
considered using a nondecreasing, right continuous function



®: [0,00) — [0, 00). Putting different additional conditions
on @, we can follow how @ influences the other conditions,
related technique of proving, and the final fixed point result.
For more fixed point results for mappings defined in G-
metric spaces of fuzzy sets, we refer the reader to [10-12].

2. Preliminaries

Definition 1 (see [8]). Let X be a nonempty set, and let G :
X x X x X — R be a function satisfying the following
properties:

(G1) G(x, y,2) =0ifx = y = 25

(G2) 0 < G(x,x, y), forall x, y € X, with x # y;

(G3) G(x,x, ) <G(x, y,2), forall x, y,z € X, with z # y;

(G4) G(x, y,2) = G(x,2,y) = G(y,2,x) = -+, (symmetry
in all three variables);

(G5) G(x, y,2) < G(x,a,a) + G(a, y,z), for all x, y,z,a €
X.

Then function G is called a generalized metric, abbreviated G-
metric, on X and the pair (X, G) is called a G-metric space.
If G(x,y,y) = G(y,x,x) for all x,y € X, then (X,G) is
symmetric.

Clearly, these properties are satisfied when G(x, y, z) is
the perimeter of the triangle with vertices at x, y,and z € R%
moreover taking a in the interior of the triangle shows that
(G5) is the best possible.

Example 2 (see [8]). Let (X,d) be an ordinary metric space;
then (X, d) defines G-metrics on X by

G, (x,y,2) =d(x,y)+d(y.2) +d (x,2),
ey
G,, (x,y,2) =max{d(x,y),d(y,z),d (x,2)}.

The following useful properties of a G-metric are readily
derived from the axioms.

Proposition 3 (see [8]). Let (X, G) be a G-metric space; then
for any x, y, z, and a from X it follows that

(1) if G(x, ¥,2) =0, then x = y = 2,

(2) G(x, y,2) < G(x, x, ) + G(x, x, 2),

(3) G(x, y, y) <2G(y, x, x),

(4) G(x, y,2) < G(x,a,z) + G(a, ¥, 2),

(5) G(x, y,2) < (2/3)(G(x, y,a) + G(x,a,z) + G(a, ¥, 2)),

(6) G(x, y,2) < G(x,a,a) + G(y,a,a) + G(z,a,a).
Definition 4 (see [8]). Let (X, G) be a G-metric space; and let
{x,,} be a sequence of points of X. A point x € X is said to be

the limit of the sequence {x,} if lim,,, , ., G(x, x,, x,,) = 0,
and one says that the sequence {x,,} is G-convergent to x.

Proposition 5 (see [8]). Let (X, G) be a G-metric space, then
for a sequence {x,} € X and a point x € X the following are
equivalent:
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(1) {x,} is G-convergent to x,

(2) G(x,;, x,,x) = 0asn — oo,

(3) G(x,, x,x) = 0asn — oo.
Definition 6 (see [8]). Let (X,G) be a G-metric space; a
sequence {x,} is called G-Cauchy if, for every € > 0, there

is N € N such that G(x,,, x,,,, x;) < €, for all n,m,l > N, that
is, if G(x,,, x,,,, x;) — Oasn,m,l — oo.

Proposition 7 (see [8]). In a G-metric space (X, G), the follow-
ing are equivalent:

(1) the sequence {x,} is G-Cauchy,
(2) for every € > 0, there exists an n, € N such that G(x,,,
Xyp> X,) < & for all nym > ny,.

A G-metric space (X, G) is G-complete (or complete G-
metric) if every G-Cauchy sequence in (X, G) is G-convergent
in (X, G).

Proposition 8 (see [8]). Every G-metric space (X, G) defines
a metric space (X, dg) by

dg(x,y)=G(x, 5, ¥)+G(y,x,x), Vx,yeX. (2
Note that if (X, G) is a symmetric G-metric space, then
dg (%) =2G (x, 3, y),

However, if (X, G) is nonsymmetric, then by G-metric
properties

Vx,y e X. (3)

3
EG(x, »y)<dg(xy) <3G(x,9,y), Vx,yeX, (4

and in general these inequalities cannot be improved.

Proposition 9 (see [8]). Let (X, G) be a G-metric space; then
the function G(x, y, z) is jointly continuous in all three of its
variables.

In [13] it was shown that if (X, G) is a G-metric space,
putting o(x, y) = G(x, y, y), (X, 0) is a quasi-metric space
(generally, ¢ is not symmetric). It is well known that any
quasi-metric induces different metrics and mostly used are

(W) u(x, y) = o(x, y) + o(y, x),
(p) p(x, y) = max{o(x, ), o(y, x)}.

The following result is an immediate consequence of the
above definitions and relations.

Theorem 10. Let (X,G) be a G-metric space and let D €
{u, p}. Then
(1) {x,} € X is G-convergent to x € X if and only if {x,}
is convergent to x in (X, D);

(2) {x,} ¢ X is G-Cauchy if and only if {x,} is Cauchy in
(X, D);

(3) (X, Q) is G-complete if and only if (X, D) is complete.
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Recently, Samet et al. [14] and Jleli and Samet [13] observed
that some fixed point theorems in context of G-metric space
can be proved (by simple transformation) using related
existing results in the setting of (quasi) metric space. Namely,
if the contraction condition of the fixed point theorem on
G-metric space can be reduced to two variables, then one
can construct an equivalent fixed point theorem in setting
of usual metric space. This idea is not completely new, but
it was not successfully used before; see [15]. Karapinar and
Agarval in [16] continued to develop Jleli-Samet technique
in G-metric space, but, on the other side, they proved fixed
point theorems on the context of G-metric space for which
Jleli-Samet technique is not applicable. So, in some cases,
as it is noticed even in Jleli and Samet paper [13], when
the contraction condition is of nonlinear type, this strategy
cannot be always successfully used. This is exactly the case
in our paper where in fixed point results the use of Jleli-
Samet technique does not give satisfactory results. If, for
instance, the function f in (17) is not independent of the
variable y € F(X), then n(y), y € F(X), the exponent
factor in contraction conditions in our theorems, is not the
constant function (as it is the case in our paper), implying that
conditions which the contractor @ in related metric space
must satisfy become significantly more restrictive if the Jleli-
Samet technique is used. But, using directly G-metric G, the
proofs of theorems in our paper are given. The conclusion is
that results from our paper cannot be deduced from the usual
one in metric or quasi-metric space and cannot be derived
from the results of Samet et al. [14] and Jleli and Samet [13].

For some fixed point results in G-metric spaces we refer
to [17-22].

3. Fuzzy Generalized Metric Space

Let (X,d) be a metric space and let #(X) be the set of all
nonempty compact subsets of X. For all x ¢ X and all
A,B € H(X),letd(x,A) = inf,.,d(x,a) and d(A,B) =
inf ¢ 4 e d(a, b). The Hausdorff metric on #(X) is defined
by H(A, B) = max{sup,., d(a, B), sup,.5 d(b, A)}. By #(X)
we denote the set of all fuzzy sets y : X — [0, 1] with
compact a-levels y,, a € (0, 1], where p, = {x € X : u(x) >
a} and bounded support py = Ugye(o1jthe- In the set F(X)
the metric is introduced by 8(p, v) = sup,¢ 1) H(po» Vo). If
p,v € F(X), then (u € v) & (u(x) < »(x)) forall x € X and
(u=v)eo (USrYAY ).

The function @ : F(X)x F(X)x F(X) — R"isdefined
by

G (u,v,n) = max {Z (%, 1), L (1, p,v), L (v, 1, 1)} -

where

Z (uv.m)

- sup {sup {d (ev) +d () +d (x m}} .
a€(0,1] [x€U,
(6)

Lemma 11. For all y,v € F(X), 6(u,v) < E(u,v,v) <
20(u, v).

Proof. Since

Z (u,v,v) = sup {ZSupd(x,va)},

a€(0,1] | x€py
L () =Z (v, ) 7)
-~ sup Jsupd () +d o)}
ae(0,1] | yevy
from (5) and (6), we obtain

G (p,v)

= max{ sup {ZSup d(x, va)} ,

a€(0,1] | X€py

sup {Supd(y,uahd(ﬂwa)}} )

ac(0,1] L ye€vy

= sup {max {ZSup d(x,7v,),supd (v, uy)

a€(0,1] XEUy Y€V«

+d(umva)H-

The next two inequalities,

g (u7.7)

= sup {max {Zsup d(x,v,),supd (y, uy)

a€(0,1] X€py Y€V

+d(/4a,va)H

<2 sup {max {supd(x,va),supd(y,ya)}}

a€(0,1] X€{y Y€V

=2 sup {H (pp %)} =26 (),

«€(0,1]
9)
G (u7,v)

= sup {max {ZSup d(x,v,),supd (y, uy)

a€(0,1] X€Hy Y€V

+d(uwva)H

> sup {max {sup d (x,7,),supd (y, m)”

a€(0,1] X€Hy Y€V

= sup {H (4 %)} =8 (1:),

«€(0,1]

imply the relation (i, v) < Z(u,v,v) < 28(u,v), what we
had to prove. O



Proposition 12. If (X,d) is a complete metric space, then
(F(X), ©) is a complete G-metric fuzzy space.

Proof. Properties (G1), (G2), and (G4) from Definition 1 are
obvious, so the proof is omitted.

(G3) Since d(x, A) < d(x,B) + d(A, B) for all x € X and
all A, B € H(X), we have

Z (u7,7)

= sup {sup {d(x,v,) +d(x,7,) +d (Vg va)}]»
a€(0,1] ([ X€py

(10)
< sup {sup {d () +d (50) + d (e va)}}

a€(0,1] (x€pq
=2 (wv1).

By the same way we show that

Lmuwr)<Zmwr), Ly Sf(%w)(, |
11

which implies that &(u, v, v) < Z(u, v, ).
(G5) To prove that E(u, v, 1) < E(u,0,0) + €(0,v,7), we
consider the related inequality for Z:

Z (u,7,1)

sup {sup {4 (57 + )+ )l

a€(0,1] [ x€pq
< sup {sup {d(x,0,)+d(0,,v,) +d(x,6,)

a€(0,1] [ X€py

14 O +d ()|

< sup {sup {d (x,0,) +supd (t,7,) +d (x.60,) (12

ae(0,1] | x€py teb,

+supd (t,1) + d (e va)} }
teb,

= sup {sup {d(x,6,) +d(x,0,)+d(6,.6,)}

a€(0,1] | X€py

+sup {d (t,7,) +d (t, ) + d (s ”a)}]’

ted,

=% (4,0,0) + £ (0,%,7n).

Analogously, Z(y, u,v) < Z(0,u,0) + £(1,0,v) and ZL(v,
nu) < Z£0,0,u) + £(v,1,0). All three inequalities together
imply that (u, v, 1) < E(u,0,0) + (0,7, 7).

The completeness of (#(X), &) is a consequence of the
completeness of (#(X), §) and inequality from the previous
lemma. O
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Proposition 13. G-metric fuzzy space (¥(X), &) is not sym-
metric.

Proof. We prove that &(u, v,v) + €(v, u, u). If

sup sup d(x,7,) = A,
a€(0,1] XEpq

sup supd (y,u,) = b, (13)

a€(0,1] y€vy

sup d (v, ) = C,

ae(0,1]
then
@ (u,v,v) = max {2A, B + C}

AN
= max {2B, A + C}.

(14)

4. Fixed Point for Contractive Iterate at
the Point and Orbitally Contractive at
the Point Fuzzy Mappings

A generalization of the contraction principle can be obtained
using different type of a nondecreasing right continuous
function @ : [0,00) — [0,00). The most usual additional
properties imposed on @ are given using a combination of
the next seven conditions:

(¢1) ®(0) =0,
(¢,) D(x) < x, forall x > 0,
(¢5) lim; _, , ®*(x) = 0, for all x > 0,

(¢4) {x;} € [0,00) is a sequence such that x;,; < D(x;);
then lim; _, ,, x; = 0.

(¢5) for any x > 0 there exists a y(x) > 0, y(x) =
sup,.o{y < x + @(y)},

() lim, _, o (x — ®(x)) = 00,

(¢,) T2, D'(x) < oo, for all x > 0.

Some of the noted properties of ® are equivalent, some
of them imply other, and some of them are incompatible.
The next lemma discusses some of the relations between

properties (¢,)-(¢,), especially those which are used in this
paper to define a generalized contraction.

Lemma 14. Let ® : [0,00) — [0,00) be a nondecreasing
right continuous function. Then

(@) (9,) & (¢3) & (¢y),

(i) (¢,) = (¢) = (¢,), where k € {2,3,4},
(iii) (¢s) + (¢,) = (¢,) and (¢g) + (¢,) = (¢,),
(iv) (¢,) = (¢s) and (¢;) = (¢e).
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Proof. (i) It is enough to prove that (¢,) = (¢,) © (¢;) =
(by).

(¢,) = (¢;). We assume that for some x > 0, lim; _, ., ®*(x) =

a > 0. Since {®'(x)} is nonincreasing sequence, by
the right continuity of ®, ®(a) = @lim;_, D'(x) =
lim, ,  ®*'(x) = a > 0;thatis, 0 < a = ®(a) which

contradicts (¢,).

(¢3) = (¢,). If for some x > 0, (_D(x) > x, then, knowing that
® is nondecreasing, d)’(x) >0 x) > > Ox) > x> 0.
It means that lim; _, ., ®*(x) # 0, which contradicts (¢).

(¢3) = (¢y). Let {x;} < [0,00) be any sequence such‘that
X1 < @(x;). Then x; < D(x;_;) < P*(x;,) < -+ < D'(x,)

and lim, _,  x; < lim;_, _, ®*(x,) = 0.

(¢by) = (¢,). If (¢,) does not hold, that is, there existsa y > 0,
y < O(y), then putting x; = y, foralli = 0,1, ..., we have the
sequence with y = x;,; < ®(y) = O(x;), but that sequence
does not converge to 0.

(ii) is obvious, so the proof is omitted.

(iii) Function

~ {(n +2), (m+1)?

37 l1<x

Sx<n71,neN,

(15)

satisfies (¢s), (¢¢) and (¢,) but not (¢,).

(iv) Function

®urrKEY’°Sx<l (16)

x—-1, 2<x

®

satisfies (¢);) but not (¢5) nor (¢). O
Theorem 15. Let (X,d) be a complete metric space, let
(F(X), ©) be related G-metric fuzzy space, and let B < F(X).
Further, let { f;} be the sequence of self-mappings of F (X) such

that, for alli € N, f,(B) < B and for each u € F(X) there
exists an n(y) € N such that

7 (Y00, £ (W), £ ()
< ® (max {% (v, ),
27 [ (0 £ (W), 11 (W)
+& (w11 (), 11 ()]
2 g (7 ) 17 (W)

v (f1 o) mu)]})s

foralli,j € Nand all v € B, where O satisfies (¢p,). If there

exists u* € 9B such that fl."(”*)(‘u*) = y" foralli € N, then
p" is a unique common fixed point for { f;} in B and, for every

17)

i € F(X), the sequence p,, = fin(M )(ptj), i € N, converges

tou*.

Proof. First we prove that y* is a unique point in & with
the property that fl.n(“ )(y*) =p'ieNIfve B, vty
fi"(” )(v) =v,1i € N, then

Gt i) <G (£ 0, £ (), £ ()

<O(G(np'u)).

By the property ®©(t) < t,t > 0, since E(v, u", u") > 0, we
have the contradiction; that is, the assumption y* # v is not
correct.

Further, since

£y =14 () =

(18)

SO @) = 7Y (fi(w)),

(19)

it follows that f;(u") = u* foralli € N.
Now, for some p; € 9B, we form the sequence y;,; =

fi”(l" )(.”1)
Ifp, = then p; = 97 (F147)
p* and the sequence {p;} converges to u*.
If ;#p", in order to prove that the sequence {y;}

converges to u”, we consider the sequence &(y;,,, 4", p"),
ieN:

Oy ) =

G (™5 0")
=G (Y ), 747 @) £ ()
< @ (max{9 (u, p",p"),
2N G (o u") + G (0T )],
27 (™ 07) + G (i ™10}
= © (max{¥ (up"> "),

27 (o™ 1) + G (o™ 1)) -
(20)
If we choose the option that
max {G (p "5 1*), 27 [ (o " 1" ) + G (0o 1™ 1)1}

=27 G (up " ") + G (™5 17)] 5
(21)

it implies that

G (upp™s ") <G (pipp’s ") (22)
On the other hand, in that case
G (o p") <@ 27 [F (" 0") + G (o™ 1))

<27'G (o p" p") + 270G (p g )
(23)

that is

G (M u5 1) < G (ppp™p"). (24)



It is obvious that (22) contradicts (24). So,

G (i p 517 ) < O(G (upp™ 1)) (25)

Now, applying that procedure i times and letting i — oo, we
get

G (ot p7) < @ (Z (™5 17)) 06)
< <0G (i u).
Since gy # 4", G ™, p") > 0andlim; , o, G(pypo ") =

0. The last relation proves that the sequence {y;} converges to

*

u .

Theorem 16. Let (X,d) be a complete metric space, f :
F(X) — F(X), where (F(X), €) is related G-metric fuzzy
space, and let © : [0,00) — [0, 00) be a subadditive mapping
satisfying (¢,). If for some y, € F(X) the orbit O(f; ) is
complete and for each u € O(f; py) there exists an n(y) € N
such that

(/"0 ), S () < @ (% (ppp), @27)

forallv € O(f; uy), then the sequence p,,, = f™* (1), i € N,
converges to some u* € F(X).
If inequality (27) holds for all w € O(f;u,), then

fn(,u*)(‘u*) _ M* and fl(['t) N ,”* fOT’ ally c @(f,[lo) If
F(O(f; 4y)) S O(f; thy), then u* is the fixed point of f.

Proof. First, we show that {s};en, € F(X) is a Cauchy
sequence. For sufficiently large m € N, there exist k,r € N,
1 < r < n(yy) such that m = k - n(y,) + r. Using (27), we get

G (f" (1o) o tho)
< @ (9 (o), £ () 5 £ (1))
+ % ("4, o o)
<o (Z (£ (o) pos o)
+ (" () s os o)
O (7 (5 (o), £ (o) s £ (1))

+7 (fn%) (H0) » to> !"0))

+ € (fn(ﬂo

: (.”o)»ﬂml/‘o)
< o’ (? (f(kiz)n%)w (Mo) > Ho> .“0))
+O (? (fn%) (H0) > Ho> !"0)) +9 (fn%) (H0) > to> P‘o)

<. <o (T (f" (1) » oo 1))

k-1
+ 2 (G (", o ) -
i=1
(28)
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Putting A = max{Z(ff(uy), po» tho) : 1 < p < nlyy)}, for all

m € N, the next inequality holds:

G (f" (1) Ho» tho) id)s idﬁ (A) = B < o,
B B (29)
and, consequently,
G (¢t > )
=G (£ () " () »
A ) (30)

< q) ((g (AuM—l’ Mm—l’ fn(ym) ([’lm—l)))

<< 0" (? (AMO’I"O’fn(#m) (Ho))) < O™ (B),

for all m e N. Using the last inequality, for every i,j € N,
i < j, we have
g (.“i’["i’/”j) < G (> > 1)

j (31)
o G (e s ) < ) 07 (B),

s=i

implying that {y;};cy is @ Cauchy sequence. Since (#(X), &)
is a complete G-metric fuzzy space, there existsan u* € F(X)
such that lim; _, o, g; = .

In the second part of the theorem, inequality (27) holds
for all 4 € O(f; ). Then, the elements ; of the sequence
{t4:};eny from the previous part of the proof satisfy the next two
relations:

& (777 () 170 ). 7 ()
<G (e w),
7 (£ () o)
% ("9 () £ (),
£ () (33)
<@ (G (" () ot i )

(Di<?< ) (#0) 5 #0#0))

(32)

IN

By (32)

tim 7 () = £ (") (34)

i— 00

and by (33)

Lim @ (£ () i) = @ (47 (W)op"m") = 0
(35)

Hence, ") (u*) = p
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To show that y* is a unique fixed point of f”(“*) in

*

O(f; ), we assume that there exists another point x** ¢
O(f; uy) with the same property. Then

G w) = (0 O, )
SO(T(x" 0" u7)).

That is x** = p*. Further, if f(O(f;u,)) S O(f; ), then
f[/l* — f(fn(ﬂ )[/l*) — fn(}l )(f[’l*)> 1mp1y1ng that fﬂ* — H*
O

(36)

5. Subfixed Point for Generalized Contraction
Family of Fuzzy Mappings
We say that y* € F(X) is a subfixed point of the mapping
[ FX) - F(X)ifandonlyif y* < f(u").
The proof of the next two propositions is the same as in

[10]; only, instead of the derived metric d, the metric d from
original metric space (X, d) is used.

Proposition 17. If y,, u,,v, € F(X) and y, < w,, then there
exists a v, € F(X) such that Sy, v;,v,) < Sy, V5, 5).

Proposition 18. If u, v, € F(X) and p C v, then

A L(p.n.n) < LW, n.n),
(ii)) L, v,v) < L, 4, 1),
(iii) Z(w, v, v) =0 & u <
In the next two theorems we consider the existence of a
fuzzy set u* which represents a common subfixed point for
the family of self-mappings {f;}, that is, the point such that
p* < fi(u")forallieN.
Let (X, d) be a complete metric space, and let (F(X), &)

be related G-metric fuzzy space. Further, let for all y,v €
F(X)andalli, j e N,i#j,

(£, o), f; (W), f;(w)
<@ (max {(¥ (nup), Z (0 f;0), f;9),
g(”’fj(/’l)’fj(ﬂ)))>

L fi ), f;(W), Z (s £: ), f;M)}),
(37)

where @ : [0,00) — [0, 00).

If yy is any element from & (X) and a y; € F(X) is chosen
such that y; € f;(4,), then, by Proposition 17, there exists a
ty, € fo(4;), such that

G (oo o) < G (f1 (o) o (1) o (1)) - (38)

By the same principle as for the first three members, the
sequence {y;} is formed such that

Hi+1 < fi+1 (/’li) >
G (s thisr> i) < G (f; (Wim1) > fior ()5 fion (1)) - (40)

VieN, (39)

Lemmal9. If© in (37) satisfies (¢s) together with (¢,) or (¢5)
or (¢,), the sequence {y;} defined in (39) is a Cauchy sequence.

Proof. By (37), for any i, j € N, we have

G (1t 11)

<G (fi (i) S5 (1) £ (1))

< @ (max {Z (p1 510 151)
Z (v fi (Wi1)» fi (i) »
Ly fi @Wia)» £ (vi1))
Z (w1 £ (#i1) £ (#51))
Z (wvs £ (51) > £ (i))})

< (max{ (p_yptj 14t 1)
Z (i-v> fi (i) » £ (i) »
AR AN AR E
Z (uj-1 £ (#51) £ (151))
Z (pi-1> £ (1) £ (#5-0))})

<o (max {? (pt,-,l,‘bljfp P‘j—l) >

(41)

L (o bt 1) > L (W10 0 1) »

Z (st t4) Z (oot 17)})

< @ (max {9 (py> pj 1o 151)» G (s o 1) »
G (tono o ) 9 (100150817

 (wvupw)}).

Considering relation (41) for different values k < i, j < n, we
get

sup  {% (i 1 ﬂj>}>’

sup {?(l/‘i’/’t]”‘“])} = @( X
k—1<i,j<n
(42)

k<i,j<n

forall k,n € N, 2 < k < n. Knowing that

sup % (po o 1)}
1<i,j<n

< max{9 (py, phys 1) > G (phpr phr> 1)} (43)

+ sup { (o pjot;)}

2<i,j<n



and using (42) with k = 2, we obtain

sup { (4 1 1)}

1<i,j<n

<max{¥ (p, . 1), G (oo b )} (44)

¥ q>< sup {?(#p.”jn”j)}) :

1<i,j<n

Putting x = max{&(u,, yy, ), (U, 41, 1)} and applying
the property (¢s) in (44), there exists a y(x) > 0 such that

sup {% (up o)} <y (). (45)

1<i,j<n

Taking k = 2 in (42) again, using the last relation, we get

sup {Z (oo 15)} < @ (y (). (46)

2<i,j<n

Continuing this process, we obtain

sup {Z (up )} < @1 (v (), (47)

k<i,j<n

where k,n € N, 2 < k < n. Now, letting k — o0 and
using the properties of @, finally we show that {y;} is a Cauchy
sequence; that is

lim sup {? (‘ui,pt]-,ptj)} < kli_)néo(l)k_1 (r(x)) =0. (4g)

7 O k<i,j<n

Using Lemma 14(ii), property (¢5) can be replaced by (¢,) or
(¢4). O

Lemma 20. If® in (37) satisfies (¢q) together with (¢,) or (¢5)
or (¢,), the sequence {y;} defined in (39) is a Cauchy sequence.

Proof. Using properties of @ satisfying (¢¢) together with
(¢,), we prove by contradiction that

lim sup {?(Mi,#j,#j)}=fgp,{?(ﬂi’#j’#j)} < 0.
<i,j

n—eo 1<i,j<n
(49)
The assumption that (49) is not the case leads to
Jimsup {5 (4 13, 17)} = 00. (50)
1<i,j<n
On the other hand, by (¢;) and (44) we obtain
00 = nlinéo< sup { (5 5> 1)}
1<i,j<n
(51)
5 sop {6 (o))
1<i,j<n

< max{Z (py, thy 1) » G (Hhas phr> 1)} »
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which is a contradiction implying that (49) is true. Now we
define a decreasing sequence {x;} ¢ (0, c0) by

%= sup {9 (ko 114} 52
and, using (41),
X< () < <07 (%), (33)

Letting k — 00, finally we prove that

lim sup {% (s o)} = 0. (54)

k=00,

So, {y;} is a Cauchy sequence. Using Lemma 14(ii), property
(¢,) can be replaced by (¢,) or (¢5). O

Theorem 21. If all assumptions from Lemmal9 or from
Lemma 20 are satisfied, then there exists a v* € F(X) such
that v* € f;(v*) foralli € N.

Proof. In Lemma 19 or Lemma 20 it was proved that {y;} is
a Cauchy sequence and, by the completeness of (#(X), &),
lim; = u* € F(X). To prove that u* < f;(u"), we

i— oo Hi
proceed as follows:

2 £, f; (")
< lim & (u", o ) + Jim L (i, £ ("), f; ("))
= lim & (f; (uia), £ (") £; ()

< lim @ (max{%& (y_, 4", "),

L (pi1s fi (1) > £ (i)
2 £, £ W),
(i £ ("), £ (1Y)
Z (W fi (i) fi (i)}
< lim @ (max{Z (s 47 07), L (1> s ) »
LW ;W) £ W),
(i £ (') £ (1Y)

Z U )}
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<O (max{¥ (u',u"su"), Z (Wi’ i),
2 £, £ (")
LW £ @) f; (W),
Z e )}
= ® (max{0,0,Z (", f; ("), f; ("))
0+3’(/4 S W) £ (u7),0})
LW 1) £ )

(55)

Hence, Z(u", f;(u"), f;(u")) =0 = p* € f,(u"), for all

j € N, what we had to prove. O
Let ¢ : [0, 00)° = [0,00) be nondecreasing continuous

from the right function with respect to each of the five
variables such that

k
keZN(P (t,t,t,2t,0) < 00, (56)

for all t > 0. Obviously, for all t > 0,

lim o" (5,1,1,21,0) =0, @ (t,1,,24,0) < t,

(57)
¢(0,0,0,0,0) = 0.

Further, let (X, d) be a complete metric space, let (#(X), &)

be related G-metric fuzzy space, and the family of self-
mapings { f;} satisty the next inequality:

ACAONAMNAD)
<o(Znmu) . 2 f; ). £, ),
2w fi (1), f; (W)
Z(nfi W), f; (W), Z (s f; ), £ ),
forall y, v € F(X) and all i, j € N.

Using the same arguments as in (39), the sequence {y;} is
formed:

(58)

Hiv1 < fi+1 (/’li) > Vi e N> (59)

with property

G (i i i) < G (fi (isr) s fior () i (1)) - (60)

Lemma 22. The sequence {y;} defined in (59) is a Cauchy
sequence.

Proof. In order to prove that {4} is a Cauchy sequence,
we consider the sequence {&(y;, 4;,1> Hi41)}- Using relations

(58) and (60) and the implication y;
filuisy)s fi(pioy)) = 0, we get

< filu) = L

G (bis 1> i)
<G (fi (i) fior (W) > fina ()
<@ (9 (vt i) Z (s fi (pia) > fi (0i1)) »
Z (pi> fier (i) > finr () »
Z (picr> fir (W) > fiar (1)) »
SACSATRVAEY))
<@ (G (vt ) » L (W15 o ) »
Z (pis i1 tis1) > L (Wio1> is1s Hisa) - 0)
< (G (v bt 1) G (i o 1) > G (i i i) »

g ([’li—l’."li+1’[’li+1)’0)'
(61)

Since & (1> s> Hi1) < G (Wit > )+ G (> P> P )> the
next relation holds:

g (F‘vl‘wv/ﬁu)

< (Z (pior> s 1) »
(62)

g (.ui—l’ Hi> !41‘) %7 (Mi’ Hiv1> P‘i+1) >
G (b1 i ) + G (Yo hisr> ti41) 5 0) -

The assumption (g s> phisr) % G (15 s 1), which
is equivalent to Z(y;, Uir> Hiv1) > F(Wi_y> Wir ), leads to
inequality

g (Hz‘» Hiv1> P‘i+1)

< (G (s thisr> Hiv1) » G (s i i1 ) » )

g (P‘i> //‘i+1>.“i+1) .29 (/’li’ Hiv1> P‘i+1) > 0)
g ([’lihl’li+1’tui+1)’

which is a contradiction. In the last transformation we used
nondecreasingness of ¢ and the property ¢(t,t,t,2t,0) <
t,t € R'. Hence, E(u;, Yis1» tiv1) < G(tiy> iy ;). With
notation &(y;_;, y;» i;) = t;> we have

< ¢ (t,,t,,1,,2,,0).
(64)

ti <@ (titpt;,2t,0) <t; <

If uyy = py, then t; = Sy, py4y) = 0. Since
¢(0,0,0,0,0) = 0, from inequality (64) we get (¢y = ;) =
(i = ) = -+ = (g = ) = ---. Further, py = p; €
filpizy) = fi(po), which means that 4 = g, and the proof is
completed.
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If py # py> we prove that lim; _, o, &y, pj, ;) = 0 when-
everi < j:

G (oo 117)
< G (Ui tivrs thisr) + G (His1s Bivos isa)

o G ()

-1 (65)

= Zg (o> a1 i)
k=i

j-1
= Ztkﬂ <
k=i

and, since t; = G(pg, py>py) > 0, limy_, o G, pjo ;) =
0. Also, &(pjp>p)) < 28w pjop;) — 0. So, we have
proved that {y;} is a Cauchy sequence and, consequently,
there exists a y4* € F(X) such that lim; , ,u; = u*; that

is, im; _, oo G p™s ™) = lim; o G(u"s o ) = 0. O

j-1
‘Pk (ty 1,11, 2t,,0),

1

gl

=
Il

Theorem 23. If all assumptions from the previous lemma are
satisfied, then there exists a v* € F(X) such that v* < f;(v")
forallieN.

Proof. If g(y*,fj(y*),fj(y*)) = 0 for all j € N, then
u* < fi(p"). So, assume that, for some j € N, ZL(u",
fiu"), f;(u*)) > 0. Then

AN ANAS)

lim Z (4", pp 1) + 1im Z (g, £ () £ (")

IN

IN

Jim Z(f (1) £ (), £ ()

1im (£ () f; () £ (5°)

Jim ¢ (9 (s 07 17) > 2 (s fi (pi-0) 5 S (1) 5
2 £ W), £ (W)
L (i ;7). f;(07)
Z W fi(ia) > fi (i)

IN

IN

< lim o (& (pio ™ 07)» & (i i 1)
LW £ W), £ (W)
Z (i £ (W), £ (1)
Z (W i i) -

(66)

Ifweputa = Z(u", f;(u"), f;(u")) > 0, since lim; _, o, p; =
p", for every e € (0,a) there exists an i, = max{ij, i, 13,1},
where
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(i) Gy 4" p*) <e<aforalli> i,
(it) L(pi1» py ;) < € < aforalli > i,,

(iti) Loy ;") f;(07) < Ly pp ) + Ly
fiw), (") < (e/2) + a+ (¢/2) < 2a, foralli > iy,

(iv) L(u", ;) < eforalli > iy.
Now, relation (66) becomes

L f; (). f; (1)) < p(eeae+ae)

<¢(a,a,a,2a,¢)

(67)

and, letting e — 0, we geta < ¢(a,a,4a,2a,0) < a, where

a=2W, f;(u), f;(u")). Hence, Z(u”, f;(u"), f;(p")) =
0= " € f;(u"), forall j € N, what we had to prove. O
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