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We prove that a smooth solution of the 3D Cahn-Hilliard-Boussinesq system with zero viscosity

in a bounded domain breaks down if a certain norm of vorticity blows up at the same time. Here,
this norm is weaker than bmo-norm.

1. Introduction

Let Q C R3 be a bounded, simply connected domain with smooth boundary 0€, and n is
the unit outward normal vector to 0Q2. We consider the following Cahn-Hilliard-Boussinesq
system with zero viscosity in Q x (0, o0) [1]:

O+ (u-Vyu+ Vo =uVe + 0es, (1.1)

divu =0, (1.2)

00 +u-VO = A6, (1.3)
Op+u-Vo=Ap, (1.4)

~Ap+f1(P) = (1.5)

u-n=0, %:%:2—’2:0 on 0Q x (0,00), (1.6)

(u,0,¢)(x,0) = (uo, 60, 0)(x), x€Q, (1.7)
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where u, the fluid velocity field, 0, the temperature, ¢, the order parameter, or, and the
pressure are the unknowns. e3 := (0,0, 1)%. y is a chemical potential. f(¢) := (1/4)(p* - 1)2 is
the double well potential.

When 0 = ¢ =0, (1.1) and (1.2) are Euler equations. Ogawa-Taniuchi [3] proved that
a smooth solution breaks down if a certain norm of vorticity blows up at the same time. Here
this norm is weaker than bmo-norm.

Before presenting our results, we introduce some function spaces and some notations.

Let n,¢;,j = 0,£1,42,43,... be the Littlewood-Paley dyadic decomposition of unity
that satisfies

neCF(BO,1),  $eCy (Bm,z) \B<O,%>>, B0 = (272),
o (1.8)
1)+ 29 =1,

for any ¢ € R?, where B(x, r) denotes the ball centered at x of radius r.
We first recall the space of Besov type introduced by Vishik [2].

Definition 1.1 (see [2]). Let O(a)(>1) be a nondecreasing function on [1,). Vo = {f €
S5 fllve < oo} is introduced by the norm

<¢ff )V

)], -

= su L=/ (1.9)
1 lve = sup- o)
where f and f denote the Fourier and inverse Fourier transforms.
We note that
£ llve < Cllf ... < Cllfllomo < Clfllier i ON) 2 N. (1.10)

Now let us introduce the space of bmo type in [3].
Definition 1.2. Let f(r) be a positive function on (0,1], and Q C R? is a domain with 0Q € C*.

(1) bmoy(R?) is the space defined as a set for an L} _(R?) function f such that

f(y) _?B(x,r) dy

1
||f||bm0p(R3) T Sup W B(x,r)

0<r<1,xeR3

(1.11)

+sup

1 e
vez [B(x, 1)) B(x/1)|f(y)| y

where 73 = (1/|B) [ f(y)dy.
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(2) On Q c R?® we define bmoy as restrictions of the above space bmog (R3):

bmoy (Q) = { flo; f € bmog <R3> } (1.12)
where f|q is the restriction of f on Q. The norm of this space is defined by
R = . = 3 . = _ .
[F[—— 1nf{ Hf“bmo,,<Rs>'f € bmog(R?) with f = f in Q} (1.13)

In particular if p(r) = 1, we write bmog(R?) = bmo(R?) and bmog(Q) = bmo(Q).
Obviously, bmo C bmog if > 1.

Definition 1.3. Let ©(a)(>1) be a nondecreasing function on [1, o0)

Yo (@) = {f € L) | fllyo e < 0} (1.14)
where
o Ml
”f”y@(sz) : S,g? o(p)’ (1.15)
Mop(Q) = {f e LY(Q); Fllmo < OO}’
where

1 ,
e e Gl MU 1{001 ) N
B(x,r)nQ

s
p>1 @(P) O<r<1,xeR3
We note that these spaces have the following relations:
”f”M@(Q) < C”f“y@(gz) < C”f“bmo(Q)' (1.17)

From now on we impose the following assumptions.

Assumption 1.4. Let f(r) := ©(log(e +1/r))/log(e +1/r).

(H1) O(a) is a positive and nondecreasing function on [0, co) satisfying

+0oo d[x

o@ =0, O(a)2>a. (1.18)

(H2) For all s > 1 there exists C(s) such that

O(sa) < C(s)O(a), Va>1. (1.19)
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(H3) pB(r) is a nonincreasing function on (0, 1].

Then Ogawa-Taniuchi [3] proved the following blowup criterion:

T
[ 1 Ollmey )+ 1ot = <o, (1.20)

where w := curl u and for all € > 0 and Q. := {x € Q; dist(x,0Q) < ¢} or
T
fo llew () lbmoy(cse) + lw )l v (s + ||pw(t)||vdt = 0o, (1.21)

forall0 < e < e andall p € C*(R3) withp=1in Q\ Q¢ and p = 0in R? \ Q. ¢y is a small
positive constant depending only on €.
Since p(r) > 1, we see

”.f”bmo,;(Q) S ”f”bmo(Q)' (122)

By this inequality and (1.17), (1.20) implies
T
[ 1Ot = . (1.23)
0

The aim of this paper is to prove a similar result for the problem (1.1)—-(1.7). It is easy
to show that the problem (1.1)—(1.7) has a unique local smooth solution. Thus, we omit the
details here. However, the global regularity is still open, which this paper aims to study. We
will prove that.

Theorem 1.5. Let ug € H?, 6y € H?, ¢o € H*, divug =0in Q, ug-n = 86y/0n = d¢y/0n =
Opo/0n = 0 on 0Q. Suppose that (u,0, ¢) is a local smooth solution to the problem (1.1)—(1.7) on
[0,T). If T is maximal, then (1.20) and (1.21) hold true.

In Section 2, we will give some preliminaries. Section 3 is devoted to the proof of
Theorem 1.5.

2. Preliminaries

Lemma 2.1 (see [4]). Forany u € W with div u =0in Qand u - n = 0 on 0Q, there holds

lltllysr < Cllully + lleurl uflyyer,), (2.1)

forany s >1andp € (1, 00).
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Lemma 2.2 (see [5]). Let s > 1.

1) If f, g € H*(Q) N C(Q), then

”fg”Hs(Q) < C<||f"H5(Q)”g”L°°(Q) + ||f"L°°(Q)||g| HS(Q)>‘ (2.2)
(2) If f € H*(Q) N CY(Q) and g € H"1(Q) N C(Q), then for |a| < s,
ID*(fg) - fDag”LZ(Q) < C<||f| Hs(g)”g”Lw(g) + ”f”wlm(g)”g”Hs—l(g)>' (2.3)
Lemma 2.3 (see [3]). Forall € > 0, there holds
1Vl ey < C(1+ Nty + lleurl gy + lourl wlygoqa,)) s

X @<log<e + ||u||H3(Q)>>,

forallu € H*(Q) with div u =0in Qand u-n =0 on dQ.

Lemma 2.4 (see [3]). There exists a constant ey depending only on Q such that the following holds.
Forall 0 < e < ey, and for all p € C*(R3) withp=1in Q\ Qe and p = 0in R® \ Q, there
exists constant C depending only on €, p, Q and © such that

Vil oo ) < C<1 + [|ull 2q) + llcurl ”||bmoﬂ(g35) + [leurl u|| p1g ()

(2.5)
+lpeurl ull, ) (log (e + ullr) ),

forallu € H*(Q) withdiv u=0in Qand u-n =0 on 0Q.

Lemma 2.5 (see [6]). Let ¢ be nonnegative function on (0,T) with J'OT @(t)dt < oo, let O(ax) be a
positive and nondecreasing for a > 1 and f+°°(da/®(a)) = co. Assume that v € C([0,T)) and

0<o(t) <v(0)+ J‘t p(s)O(v(s))ds VO<t<T. (2.6)
0

Then, sup,,0(t) < co.

3. Proof of Theorem 1.5

In this section, all the integrations with respect to spacial variable are on the domain w (we
omit it for simplicity).
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Since the proof of (1.21) is similar to that of (1.20), we only need to prove (1.20). By
the standard argument of continuation of local solutions, it suffices to prove that if

T
f ||w(t)||bmoﬂ(g) + lw(®)ll po(0,)dt < oo for some e >0, (3.1)
0

then
uel® (0, T; H3), fel> (o, T; H2> nI> <o, T; H3>, peL® (o, T; H4>. (3.2)
First, by the maximum principle, it follows from (1.2) and (1.3) that
101l 0,750y < C. (3.3)
Testing (1.3) by 0, using (1.2), we see that

1d (., _
EEIQ dx+f|v9| dx =0, (3.4)

whence
101l 20,711y < € (3.5)

Testing (1.4) by ¢, using (1.2) and (1.6), we find that

%%Id’zd“ﬁwlzdx = ff’((b)Aqux = f<¢3 - p)apadx

=3 | ¢*|Vg['dx - | pApdx
[ J >
< _J'¢A¢dx <19l :lla¢],

1 2 1, .12
< lIABIE + 1B
which gives

”¢”L°°(O,T;L2) + ”¢”L2(0,T;H2) <C (3.7)
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Testing (1.1) and (1.4) by u and p, respectively, using (1.2), (1.5), (1.6), and (3.3), we
infer that

a (1 1
= | 51Vl + £ (9) + gurdx+ f |Vu|dax = feeau dx < [0 lullpz < Cllullz, — (38)
which yields
”‘i’lle(o,T;Hl) <C, (3.9)
lull L 0,712 < C, (3.10)
”VP‘”LZ(O,T;LZ) <C (3.11)

In the following calculations, we will use the following Gagliardo-Nirenberg
inequality:

1911z < Cllblge el e (3.12)

It follows from (1.5), (3.11), (3.7), (3.9) and (3.12) that
T
f I|VA¢|2dxdt
0
T 2
- [ [190 @) - Paxa
cc ((vupaxarsc [ (1vf (@)
<c| [ivutaaec [1vr@)lax
T 2
5C+CL f|v<¢3—¢)) dxdt
T
<C+C 2|V dxdt
=0 fofd" Pl (3.13)
2 r 4
<CHCIVlnors [ N0t
T
<cec| ol

T
<cC 1l 1t

T
2 2
< CClpN o [ N0l

<C,
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which implies
||V¢||L2(O,T;L°°) <G

1122 07,) < €

(3.14)

Testing (1.4) by A%¢, using (3.9), (3.10), and (3.14), we deduce that

2dtf|A¢| dx+j|A2¢( dx
= fAf'(sb) : A2¢dx—f(u~V)¢- A%p dx
<([Af (@)l 2 + el 2|Vl 0 (3.15)

<CUIMLNAPN > + 1911Vl NVl o+ 199 )

2%

|8%

1 4 2 2 2 2
< 2827, + CHPIENABIE. + CHBIENTHIE. + V4.,

which leads to
”¢”L°°(O,T;H2) + ||¢||L2(0,T;H4) <C (3.16)

Testing (1.3) by —A0, using (1.2) and (1.6), we infer that

2
2dtJ‘|V9| dx+’[(A9) dx

= I(u -V)0 - ABdx

= Zfa,-((u - V0)i0)dx - > fai(u - V) - 0;0 dx
i i (3.17)

. 1
= fdlv((u -VO)VO)dx — Z j O - VO - 0;0 dx — 5; J u-V(0;0)*dx
= —Zfaiu - V68,0 dx
< C||Vutll | V6.
Equations (1.3) and (1.6) can be rewritten as

AO=g=00+u-VO as Qx(0,00),

(3.18)
% =0, on 0Q x (0,0).
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By the classical regularity theory of elliptic equation, using (3.10), we get

161 < C”g”Hl
< Cllo0l| g + Cllu - VO
S ClloB g + Cllull 2 IVO[ 1 + Cllull s [AOl s + ClIVul| | VO| 2
< Cllo0l[ g + ClIVOI o + Cllull 6| A8 5 + ClI Vel || VOl 2

(3.19)

Now using the following Gagliardo-Nirenberg inequalities:

V6l < ClOIZ el
148112 < CIOIIL 611, (3.20)

3 2
lullze < Cllullzallullgs,
we obtain

10112 < CllOO| g + C + Cllull s + ClIVull | VO 2 (3.21)

Taking curl to (1.1), using (1.2) and (1.5), we have

Ow+u-Vw =w - Vu—curl (ApV) + curl (Be3). (3.22)

Taking A to (3.22), testing by Aw, using (1.2) and (1.6), we derive

1d

o¥ T, f |Aw|*dx = —’[(A(u -Vw) —uVAw)Awdx + f Alw-Vu) - Awdx

- f Acurl (A¢-V¢) - Awdx + f A curl (Be3) - Aw dx

(3.23)
<(|A(u- Vw) —uVAw| 2 + ||A(w - Vu)|| 2

+||A curl (ApV) |- + 1A curl (Bes)ll2) [ Aw]|

=+ L+ I3+ L) Awl| ..
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Using (1.2), (1.6), Lemma 2.2, I; and I, can be bounded as follows:

I = ) || Ad;(uiw) — u;di Aw|| 2

< Cl|Vull o | Aw]| 2 + Cllwl| - || VP 2
3.24
< Cl[Vulelulp, (3:24)
I < Cllwllpe [ull s + ClIVull o [|]] 12
< ClI V| oo 22| 5
Using Lemma 2.2, I3 can be bonded as follows
I3 = ZA curl 6] (8]¢V¢)
j 2
r (3.25)
<Cl[Vol IVl s
<ClVell e bl -
Inserting the above estimates into (3.23), we obtain
1d 9
¥ T} |Aw|*dx < C([Vullpellullgs + | VO Lo | @] 115 + 101l ) | Ac]] 2
< CIVull Nl + Cl| V|2l Aw]Z: + CllAw]?: (3.26)
+6[1ll7s + 611817,
forany0< 6 < 1.
Testing (1.1) by 0¢u, using (1.2), (1.6), (3.3), (3.10), and (3.16), and noting that
j(ﬂ V)¢ dudx = - j APV - dudx, (3.27)
we reach
[10eull 2 < 16l + 1t - Vull 2 + | ApV ||
< C+CllullpsIVullp: + CllAd| [ VOl -
(3.28)

2/3 1/3 1/2 1/2
< C+ Cllaal 722l - llall 22l + ClI Ve

< C+Cllull}? +C|| V|| .o
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Here, we have used the Gagliardo-Nirenberg inequality:
IVullgs < Cllullpa el - (3.29)
Taking 0 to (1.3), we see that
070 +u- V010 — A0 = —0u - V0. (3.30)

Testing the above equation by 0,0, using (1.2), (1.6) and (3.3), we have

1d

S f 10,02 dx + f |Vo,0)2dx = — f O - VO -9,0dx

= fatu -0V0,0dx

3.31
< 101l I3yl 190,61 (331
< Clloul| 21V 00| 2
1
< 51V30IL: + Cllowlzz,
whence
% f 0:0)*dx + f V6 dx < C + Cllul%s + C|| VY[ (3.32)

By the classical regularity theory of elliptic equation, it follows from (1.4), (1.5), (1.6),
(3.16), and (3.10) that

9l < CILF (@) = pell
< ClF @ s + Cllall

<CIf @l +Cllog +u- Vo[l

(3.33)
< C+Cll¢ll s + Cllodll g + CIVull = [[VPl 2 + Clluallpz || Al

< C+Cll¢ll e + Clloll i + Cllullzrs

<C+Clipllp el +Clldell e + Cllullyre,
which implies

|l ;s < C+Cl|019|| 1 + Cllnall - (3.34)
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Here, we have used the Gagliardo-Nirenberg inequality:

1/3 2/3
1l < Cllpll e 1l (3.35)

Taking 0 to (1.4) and (1.5), we have

07 +u-Vop = Adpu—0u- Vo, (3.36)

209 +0,(9° - ) = o (3.37)

Testing (3.36) by 0:¢, using (3.37), (1.4), (1.6), (3.16), and (3.28), we arrive at

1d
5 J‘ |0:p|*dx + J' | A0, dx

- fat(¢3-¢) : Ab@dx—fatu-V(i)-atd)dx

= j<3¢2 ~1)3ip- Adygp dx + fatu " PpVOrpdx (3.38)

<[ -1

|0l 1 20| 2 + 1Orsell 2 | 9] o [| T O -

< Clloepll | 406l 2 + CllOwallp: [ VO 2

L

< Cllawll a8l 2+ C(1+ Il + 1Vl . ) [ VO] 2
whence

d
= J 01| dox + f |A8:p|*dx < C||8:][7. + C + Cllull?s + C|| V|3 (3.39)

Here, we have used

Iv0IL. < Cllapl,: 180l (340)

Combining (3.17), (3.21), (3.26), (3.32), (3.34), and (3.39), using Lemmas 2.1, 2.3, and
2.5, we conclude that

3.41
lll oo 0,7;05) < G (3.41)

101l Lo 0,511y + 10601 1o 0,7:12) + 10Ol 120,101y < C, (3.42)

0l - 0,712 < C- (3.43)
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It follows from (1.3), (3.41), and (3.42) that
fel™ (0, T; H2> N L2 (0, T; H3). (3.44)
It follows from (1.4), (1.5), (3.41), and (3.43) that
N1l Lo o.1.04) < C- (3.45)

This completes the proof.
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