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The behavior of well-defined solutions of the difference equation x, = a,x,x/(b, +

CnXn-1-**Xn-k), 1 € No, where k € N is fixed, the sequences a,, b, and ¢, are real, (b,, c,) # (0,0),
n € Ny, and the initial values x_g, ..., x_1 are real numbers, is described.

1. Introduction

Recently there has been a huge interest in studying nonlinear difference equations and
systems (see, e.g., [1-33] and the references therein). Here we study the difference equation

_ Xn-k
bn + CnXn-1"" " Xn-k

Xp , neNp, (1.1)

where k € N is fixed, the sequences b, and ¢, are real, (b, c,) # (0,0), n € Ny, and the initial
values x_g, ..., x_; are real numbers. Equation (1.1) is a particular case of the equation

anxnfk
x1’l == N 7 ne NO/ (12)
bn + CnXn-1""" Xn-k
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with real sequences a,, En and ¢,,. For a, = 0, n € Ny, the equation is trivial, and, for a, #0, n €
Ny, it is reduced to equation (1.1) with b, = b, /a, and ¢, = ¢,/ a.
Equation

Xn-k

xn =
b+cxp1 Xk

, neN, (1.3)

where b, ¢ € R, which was treated in [32], is a particular case of equation (1.1).

As in [32], here, we employ our idea of using a change of variables in equation (1.1)
which extends the one in our paper [21] and is later also used, for example, in [4]. For similar
methods see also [22, 25]. Equation (1.3) in the case k = 2 was also studied in [1, 2], in
a different way. The case when the sequences b, and ¢, are two-periodic was studied in
[31] (some related results are also announced in talk [3]). For related symmetric systems
of difference equations, see [27, 29]. For some other recent results on difference equations
and systems which can be solved, see, for example, [6, 7, 2022, 30, 31, 33]. Some classical
results can be found, for example, in [11].

Equation (1.1) is a particular case of the equation

Yn=fYn-1,-- s Yn-ks M) Yn-k, 1 €Ny, (1.4)

where f : R¥! — R is a continuous function. Numerous particular cases of (1.4) have
been investigated, for example, in [9, 21, 23]. In this paper we adopt the customary notation

Hf:kﬂgi =1land Zf:kﬂ &8 = 0.

2.Casec, =0, neN

Here we consider the case ¢, = 0, n € Ny. In this case equation (1.1) becomes

Xn = , ne NO/ (21)

b, #0,n € Ny, from which it follows that for each i € {1, ..., k}

X

H;‘n:l bkj—i ’

Xkm—i = m € Np. (2.2)

Using formula (2.2) the following theorem can be easily proved.



Abstract and Applied Analysis 3

Theorem 2.1. Consider equation (1.1) with ¢, = 0, b, #0,n € Ny. Then the following statements
are true:

(a) if
lim inf [b o] = pi > 1, 2.3)
forsomeie€ {1,...,k}, then xxpm-i — 0asm — oo;

(b) if, foreachi € {1,...,k}, the limits p; in (2.3) are greater than 1, then x,, — 0asn — oo;

(c) if bxm-i = 1, for every m € N and for somei € {1,...,k}, then Xip-i = x_;, m € Ny;

(d) if bxm-i = -1, for every m € N and for some i € {1,...,k}, then xgm—i = (=1)"'x_,
m € Ny;
(e) if
lim sup |bgm-i| = gi € [0,1), (2.4)

and x_; 20, for somei € {1,...,k}, then |Xgm—i| — oo, as m — oo;

(f) if, foreachi € {1,...,k}, the limits q; in (2.4) belong to the interval [0, 1) and x_; #0, then
|x,| = c0casn — oo.

3.Caseb,=0,neN,

In this section we consider the case b, = 0, n € Nj. Note that in this case equation (1.1)
becomes

X, = Xn-k
=
CnXp-1"" " Xn-k+1Xn-k

, nE NO/ (31)

where ¢, #0, n € Ny. If x,, is a well-defined solution of equation (3.1) (i.e., a solution with
initial values x_; #0, i = 1,..., k, which implies x, #0, n € Ny), then

1 Cp1Xp-—2 " Xn-k Cpn-1
= = "% = ™ x,, neN. (3.2)
CnXn-1 (xn—Z T xn—k+1) CnXn-2" " Xn-k+1 Cn

Xn

Hence foreachi € {0,1,...,k -1}

M Ckj-i-1
Xkm-i = %] [——, meN,. (3.3)

Using formula (3.3) we easily prove the next theorem.
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Theorem 3.1. Consider equation (1.1) with b, = 0, ¢, #0, n € Ny. Then the following statements
are true:

(a) if

Ckm—i
Ckm—-i-1

lim inf
m— oo

= ﬁi > 1, (34)

forsomeie {0,1,...,k—1}, then Xym—; — 0asm — oo;

(b) if, for each i € {0,1,...,k — 1}, the limits p; in (3.4) are greater than 1, then x, — 0 as

n — oo;

(¢) if Ckm—i-1 = Ckm-i, for every m € N and for some i € {0,1,...,k -1}, then Xgm—i = x_;,
m € Ny,

(d) if ckm-ict = —Ckm-i, for every m € N and for some i € {0,1,...,k — 1}, then xgpm-i =
(_1)mx—ir me NO/

(e) if

Ckm—i

lim sup
Ckm—i-1

m— oo

=g €[0,1), (3.5)

and x_; #0 for somei € {0,1,...,k -1}, then |xym-i| — oo, as m — oo;

(f) if, for each i € {0,1,...,k =1}, x_;#0 and the limits g; in (3.5) belong to the interval
[0,1), then |x,| — wasn — oo.

4. Caseb,#0and c, #0

The case when b, #0 and ¢, #0 for every n € Ny is considered in this section.
If x_j, = 0 for some iy € {1,...,k}, then from (1.1) we have that

Xim-iy =0, for m € Ny. (4.1)

From (4.1) and (1.1) we have that for eachi € {1,...,k} \ {ip}

Xk(m-1)—-i _ X_i
= — ,
bim-i TTiLibkj-i

Xkm-i = m € No. (4.2)

From (4.1) we see that, for i = iy, (4.2) also holds. Hence Theorem 2.1 can be applied in this
case. Note that if x,, = 0 for some n € Ny, then (1.1) implies that thereis an iy € {1,...,k} such
that x_;, = 0, and by the previous consideration we have that (4.2) also holds.

If x_;#0, for each i € {1,...,k}, then for every well-defined solution we have x, #0
for n > —k (note that there are solutions which are not well defined, that is, those for which
Xp1+*Xn_k = —b,/cy, for some n € Ny).
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Multiplying equation (1.1) by x,-1 - - - x4—k+1 and using the transformation
Yyp= ———, nx-1, (4.3)
we obtain equation
Yn =byYn-1+cn, meNp. (4.4)

Note that from (4.3), for every well-defined solution (x;,),._, of equation (1.1) such that
x_;#0, foreachi € {1,...,k}, it follows that v, #0, n > -1.
Since b, #0, n € Ny, we have that

_(TTw: . neN, 45
<E[ ><yznb> e (&)

From (4.3) and (4.5) we have that

n-1 j
! Yot v+ 353 (e/ TTobi)
Xn = = Xn-k = - Xn—k/ (46)
YnXn1- Xnkel  Yn b, <y_1 30, <c]~ /HLobi))
for every n € N.
Hence, from (4.6), we obtain that
mo e+ S o/ TTobi)
Xmk-i = %] | 0 ; , (47)
b (1/a+ 2 (¢/TTLob) )
for every m € Ngand eachi=1,2,...,k, where
k
a= Hx_l. (4.8)
1=1

5.Caseb,=1,neN,

Here we consider the case b, = 1, n € Nj. In this case, from (4.7) we have that for each
iell,..., k}

m 1+azklll
xmkl_x—ll |

, meN,. (5.1)
=1 1+a2flolc]

Note that this formula includes also the case when x_;, = 0 for some iy € {1,...,k}.
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Now we formulate and prove a result in this case by using formula (5.1).

Theorem 5.1. Consider equation (1.1) with b, =1, n € Ny, signc, =signcg, n € N, a #0, and

ach #-1, neNp. (5.2)
j=0
Then the following statements hold:
(a) if for somei € {1,...,k}
o (Cki-i
o~ %, (5.3)
; l+a Z;(EO Cj

lim — 2K, (5.4)

then xy—;i — 0asm — oo;
(b) if (5.3) and (5.4) hold for everyi e {1,...,k}, then x, — 0asn — oo;

(c) if forsomei € {1,...,k} the sum

< ACkl—i

— (5.5)
m1l+a Z;{iol cj

converges, then the sequence X,—; is also convergent;

(d) ifthe sum in (5.5) is finite for every i € {1,...,k}, then the sequences xy,—; are convergent.

Proof. Let (xy),>_x be a solution of equation (1.1). Using condition signc, = signcg, n € N,
it is easy to see that if (5.4) holds for some i € {1,...,k}, there is an my € N such that for
j = mg + 1 the terms in the product in (5.1) are positive and that the following asymptotic
formula

In(1+x) = x + o(x2> (5.6)
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can be used with x being the fraction in the limit (5.4). From (5.1) and (5.6) we have that

1+ azkl -1,
il = |x_,|H #
7 =0 Cj

T 1 Zkl -1,
= |x_i|c(mp) exp
1 1+“Z§dolc]

(5.7)
= ACKI-i
= |x_ilc(mo) exp ;
mZ 1 +a Zflo cj
aci-i(1+o0(1
_ | slc(ms) exp k=i ( 0 1( ) ,
I=mg+1 1 +0cZ -0 C]
where
mo |1 4 g SR
ctmo) =T Z—H (538)
= T+aXigc

Using formula (5.7), the assumptions regarding the sum Z}'Zmo mack-i/ (1+a Zidol ci))
and the comparison test for the series whose terms are of eventually the same sign, the results
in the theorem easily follow. O

6. Case b, = -1, n e N

Here we consider the case b,, = -1, n € Ny. In this case from (4.7) we have

m 1+azkl i— 1( 1)j+1cj
Xmk—i = (_1)mx—zl_[

6.1)
) 1+ kl 1( 1)]+1

forevery m € Ngand eachi=1,2,...,k, where a is defined by (4.8).
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Theorem 6.1. Consider equation (1.1) with a#0, b, = -1, n € Ny, and

ad (-1)"¢j# -1, neN. (6.2)
j=0

Then the following statements hold:

a) if forsomei € {1,...,k}

1)kl l+1

D KL oo, (6.3)

= 1 +azkl l( 1)]+1

. a(-1)"* ey
llim kl-i j+1 =0, (64)
*l+adiy (1) ¢

o) C )
Z kl-i < +oo, 65
=1 (1 +dzkl 1( 1)]+1 >2 ( )

then xp_i — 0asm — oo;
(b) if foreveryie {1,...,k}, (6.3), (6.4), and (6.5) hold, then x, — 0asn — oo;
(c) if forsomeie {1,...,k}

-1 ) kl- l+1 i

i S o, (6.6)

=11+ “Zkl F(-1)¢

conditions (6.4) and (6.5) hold, and x_; #0, then |xyx—i| — ccasm — oo;

d) if for every i € {1,...,k}, conditions (6.4), (6.5), and (6.6) hold, and x_; #0, i €
{1,...,k}, then |x,| — ccasn — oo;

e) if forsomei € {1,...,k} the sum

i a(-1)"" ey

— 1+D(Zkl z( 1)]+1 . (6’7)

converges and condition (6.5) holds, then the sequences Xomk—i and Xom+1)k-i are also
convergent;

f) if for every i € {1,...,k} the sum in (6.7) converges and condition (6.5) holds, then the
sequences Xoxm—j, j = 1,... , 2k are convergent.
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Proof. Let (xy),>_x be a solution of equation (1.1). By (6.4) we see that irrespectively on i €
{1,...,k}, there is an m; € N such that for j > m; + 1 the terms in the product in (6.1) belong
to the interval (1/2, 3/2) and that asymptotic formulae

In(1+x) = x - x; + o<x3) (6.8)

can be used with —x being the fraction in (6.4). From this and (6.1) we have that

+azkl i— 1( 1)j+1cj

|xiem-il = |X_1|H kl l( 1)]+1

1+azkl i— 1( 1)j+1 X
= |x_i|c1(mq) exp
1

1+azkl l( 1)]+1

m 1 kl-i+1 .
= |x_i|c1(my) exp< Z < " +“Li Z?{Z l( T;lf*lc >>
I+ j

i a(- 1)kl—i+1ckl P a2 Ckl [(1+0(1))
i\ TS U762 (1 et ()/7e)’

= |x_i|c1(m1) exp

(6.9)

where

1

am)=]]

=1

1+azk111( 1)j+1c]_

T asiy (1), (6.10)

Using formula (6.9), the assumptions of the theorem and some well-known
convergence tests for series, the results in (a)—(f) easily follow. O

7. Case b, = b,.x, ¢, = Cpak, N €Ny

In this section we consider equation (1.1) for the case b, = by, ¢n = cnsk, 1 € Ny, that is,
when the sequences b, and ¢, are k-periodic.
First we show the existence of k-periodic solutions of equation (4.4). If

Yo Vs V) (7.1)
is such a solution, then we have that

yl = blyo +Cq, yZ = bzyl +Cy,..., yO = bkyk—l + Ck. (72)
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By successive elimination, or by Kronecker theorem (note that system (7.2) is linear), we get

k-1 j—1
_ 2o coti(y [ Ti-obots1 i)

Yi . , i=1k, (7.3)
1- H;‘:lbf
if ]_[;-‘zlbj #1, where 0 is the permutation defined by
o(iy=i-1, i=2k, o(1) =k, (7.4)

and ol = ¢ o o[, 6l = Id, where Id denotes the identity.
It is easy to see that (4.4) along with k periodicity of sequences b, and ¢, implies

k k-1 j-1
Yim+i = <Hbj> Yim-t)+i + Doty | [oteiiys (7.5)
i=1 =0 5=0

foreveryme Npand i€ {1,2,...,k},such that k(m-1) +i > -1.
Since (7.5) is a linear first-order difference equation, we have that when H;‘:lbi #1,its
general solution is

k " IT5.b;) k1
Yimsi = <Hbj> yi+ ( ~ ) ————— > ,)Hbg[s] (7.6)
j=1

1- H] lb j=0

By letting m — oo in (7.6) we obtain the following corollary.

Corollary 7.1. Consider equation (4.4) with b, = bk, ¢y = Cpik, 1 € No. Assume that

k
[ 1] < (7.7)
j=1
Then for every solution y, of the equation we have that
W}ignwykmﬂ =Y, (7.8)

foreveryie {1,2,...,k}, that is, y, converges to the k-periodic solution in formula (7.3).

Let

k-1 j-1
Li:= > coiiy] [botiy, i=Lk, — q:=]]bs: (7.9)
j=0 5=0
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From now on we will use the following convention: if i, j € Ny, then we regard that
L; = L;,ifi = j (mod k). Also if a sequence (m]-)]-ENO is defined by the relation m; = f(L;),
where f is a real function, then we will assume that m; = m;, if i = j (mod k).

Using (7.6) and notation (7.9) in the relation x, = (Yn-1/Yn)Xn-k (see (4.6)), for the
case g #1, we have that

= (yi—l - Li—l/(l - C]))G]] + Li_l/(l - q)
Xkm+i = Xi- -
¢ kE)[ (vi-Li/(1-q))q/ +Li/(1-q)

‘ (7.10)
mpoo 1+ ((1=q)yia/Lis-1)g
:xikaLi-l, +((1-9)yi1/Lia-1)q
j=0 i 1+ ((1-q)yi/Li-1)g/
for every m € Ny and each i € {2,...,k}, and
m (e - Li/(1-q))g~" + L/ (1 -
ka+1=x1_k1_[(y" k/(1-9))q"" + L/ (1 - q)
0 n-Li/(1-q))9 +Li/(1-q)
(7.11)

. ﬁLk 1+ ((1-q)yx/L-1)q""
=x1k| |+ —.
ol 1+ (A-qy/Li-1)q

Now we present some results, which are applications of formulae (7.10) and (7.11).

7.1. Case q = -1

If g = -1, then by (7.5) we get
Yimsi = —Ykm-1)+i + Li = Li = (Li = Yk(m-2)+i) = Ykm-2)+i, M EN, (7.12)

for k(m — 2) +i > —1; that is, Ykm+i is two-periodic for each i € {1,...,k}. Hence y, is a
2k-periodic solution of equation (4.4), in this case.

Hence from the relation x,, = (Yu-1/Yn)Xn-k (see (4.6)), for each i € {1,2,...,k}, we
have

km—i-1 km—i-1 Yk(m-1)—i-1
Xkm-i = Sl Xkm-i-k = Sl O Xkm—i-2k, (7.13)
Yiem—i Yim-i  Yk(m-1)-i

fork(m-1) >1i.
From (7.13) and by 2k periodicity of y,, we get

!

i-1Yj+k-

Xokl+j = M xj, leNy, (7.14)
YiYj+k

foreachje {-k+1,...,-1,0,1,...,k}.
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From (7.14), the behavior of solutions of equation (1.1), in this case, easily follows. For
example, if

i—1Yj+k-1
_ Yk g (7.15)
YilYj+k
foreachje {-k+1,...,-1,0,1,...,k}, then the solution (x;),; of (1.1) is 2k-periodic.

7.2, Case q=1

If g =1 and a #0, then from (7.5) we obtain

ykm+i = yk(m—1)+i + Li/ me NO/ l = 1/ 7 (716)

when k(m — 1) +i > -1, from which along with (4.6), it follows that

y11+]L11 .
X _x|| , meN,i=2k,
m+i l]1 y1+]L

(7.17)

m .
ye+ (- 1)Lk

X =x I |—., m € N.

km+1 1]-=1 y1+]L1

Corollary 7.2. Consider equation (1.1). Let g =1, a #0, and p; := L;-1/Li, i € {1,...,k}. Then the
following statements hold true.

(a) If Ipil <1, for somei e {1,...,k}, then Xgmei — 0asm — oo.

(b) If |pil > 1, or L; = 0and Li_1 #0, for some i € {1,...,k}, then |Xi+i| — o0asm — oo,
if x; #0.

c) Ifpi =1, for somei € {2,...,k}, and (yi-1 —y,;)/Li > 0, then |Xgm4i| — c0asm — oo,
if x; #0.

d) If pi =1, for somei € {2,...,k}, and (yi-1 — yi)/Li <0, then Xjpsi — 0asm — co.

(@) If pi = 1, for some i € {2,...,k}, and y;1 = y;, then the sequence (Ximsi)men, i
convergent.

) Ifpr=1,and (yx — L1 —y1)/ L1 > 0, then |xXgm+1| — o0asm — oo, if x1 #0.
g) Ifp1 =1, and (yx — L1 — y1)/L1 <0, then xime1 — 0asm — oo.

h) If p1 =1, and yx = L1 + y1, then the sequence (Xkm+1) e, 1 convergent.

Proof. The statements in (a) and (b) follow from the facts that

= ief2,... k) (7.18)

m | Y= 1+jLig
yi+jLi

]_>°°
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if L; #0,
i .Li .
‘% — 4o, i€{2...,k) (7.19)
]_’OO i
if L,’ =0and L,'_l 750,
+(j—-1)L
lim w = |p1], (7.20)
j— o Y1 +]L1
if L1 #0, and
+(j-1)L
fim |2 U= DB (7.21)
j—o y1+jLy

if Ly = 0and Li #0.

Now assume that p; = 1 and let (x,),,_, be a solution of equation (1.1). It is easy to see
that there is an m; € N such that for j > my + 1 the terms in the products in (7.17) are positive
and that the following asymptotic formulae

u+xy1=1—x+o<ﬁ>, mu+x)=x+o<ﬁ) (7.22)

can be applied with x = (yi-1 —y;)/(jLi), when i € {2,...,k} or with x = (yx — L1 —y1)/(jL1).
Using these formulae, for the case i € {2,...,k}, we have that

yz 1 +]L1 1
Xkm+i = le |

i Y +jL;
Z Yi-1 + jLia
= x;jc(my) ex In——
2) exp <;‘-%+1 yi + jL; >
(7.23)
= x;c(my) exp Z ln(l LYY O<12>>
j=ma+1 ] ]
& Yicl— Vi 1
= x;c(my) ex ( - +O<.—>> /
ueE <f=mzz+1 jLi j?
where
i-1 + jLi-
c(my) = IIyl S, (7.24)

i yi+jL;
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Letting m — oo in (7.23), using the facts that

1
— — +00 asm-— o (7.25)

j= m2+1]

and that the series Z;‘Zmz 11 0(1/7%) converges, we get statements (c)—(e).
If p1 =1, thatis L; = Lx #0, then by using (7.22) we get

v+ (j— 1)Lk
Xiemal = X
km+1 1H i+l

- & ye+ (- 1)Lk

(7.26)
m ~L - 1
= x1d(my) exp <]__mzz+1ln<1 e S le1 1 +O<]—2>>>
< (Y- Li-y 1
= x1d(my) exp <]=mzz+1<¥ " O<]—2)>>,
where
d(ms) = Hy”(] DLk (7.27)

j=1 Y1 +]L1

Letting m — oo in (7.26), using (7.25) and the fact that the series Zﬁmz +10(1/?) converges,
we get statements (f)—(h), as desired. O

7.3. Case q# +1

If g# +1, then from (7.6) we get

Yimsi = q"'si+t, meN,, (7.28)
where
Si=Yi+ qLTiT b= %], i=1k, (7.29)
from (4.6) it follows that
Xkmei = xll_[q]S’ L e, (7.30)

j=1 q] Si+ t
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forie {2,...,k},and

X1Yk 1 ¢ sk + e

: ’
gs1 + 1t i q's1+H

Xkm+1 = m € No. (7.31)
Note that t; = t;, ifi=j (mod k).

Corollary 7.3. If0 < |q| < 1, a#0, and g/s; + t;#0, for every j € Noand i € {1,...,k}, then the
following statements hold true.
(a) If |tiz1| < |ti], for some i € {1,...,k}, we have that Xjei — 0asm — oo.

(b) If |tiz1| > |ti|, and s; #0 if t; = O for some i € {1,...,k}, we have that |Xym+i| — oo as
m — oo, if x; #0.

(c) Iftiiy =t; #20, forsomei € {1,...,k}, then Xy is convergent.

(d) Iftin =t; =0, and |si1| < |si| for somei € {2,...,k}, then |xXgm+i| — 0asm — oo.

(e) If t1 = tx =0, and |sk| < |gs1], then xgps1 — 0asm — oo.

(f) Iftics = t; = 0, and |s;_1| > |s;| for some i € {2,...,k}, then |Xip+i| — c0asm — oo, if
x; #0.

(g) Ift1 =t = 0, and |sk| > |gs1|, then |xxma1| — o0 asm — oo, if x1 #0.

(h) Iftig =t; =0,and si_1 = s;#0 for somei € {2,...,k}, then Xm+i is constant.

(i) Ift1 = tx =0, and sk = gs1 #0, then Xy 1s constant.

() Iftics =t; =0, and siq = —s;#0 for somei € {2,...,k}, then xgms+i = (=1)"x;.

(K) Ift; =t = 0, and s = —qs1 #0, then Xgme1 = x1yx(=1)" "/ (gs1).

(D) If tisg = —t;#0, for some i € {1,...,k}, then the subsequences Xoikm+i ANd Xokmsk+i Are
convergent.

Proof. Since we have that

isiq+ti1
g TP T _ b o k) (7.32)
jooo qlsi"'ti t;
when t; #0,
isiq +ti
lim [P o i€ (2,00, K) (7.33)
jme| q'si+t

when |t;1| > t; = 0 and s; #0,

qulsk + b

im— =—, (7.34)
jmo qls1+h 2]
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when t; #0, and

lim —qj_lsk *

jooo

= +oo, (7.35)

qu1 +1h

when |t¢| > t; = 0 and s1 #0, the statements in (a) and (b) easily follow from (7.30)—(7.35).
(C) If ti—l = ti # O, then

| (1 v (“t—s> +o(q )), (7.36)

j=1

forie {2,...,k},and if t; = £, #0, then

U/ o j-1( 2k —9°1 j)
Xkm+1 qsﬁtlg(lw ( h >+O<q) (7.37)

from which the statement in (c) easily follows.
(d)-(k) If ;.1 = t; =0, then

m
Si-1
Xim+i = Xi| | —— (7.38)
j=1 o
forie {2,...,k},and if t; = t =0, then
XYk S
Xt = LT TSE (7.39)
q51 2 951

from which the statements in (d)—-(k) easily follow.
(D) If t;-y = —t; #0, then we have that

(52 @) ew

forie {2,...,k},and if t; = —tx #0, then

o= i (oo (B58) o) o

from which the statement in (I) easily follows. O
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Corollary 7.4. If |q| > 1 and a#0, and g's; + t; #0, for every j € Noand i € {1,...,k}, then the
following statements hold true.

(@) If |si1| < |sil, for somei € {2,...,k}, then xgpmsi — 0asm — oo.
(b) If |sk| < |gs1], then xjme1 — 0asm — oo.

(c) If |si-1| > |sil, or si = 0, s;_1 #0 and t; #0, for some i € {2,...,k}, then |Xjm+i| — oo as
m — oo, if x; #0.

(d) If |sk| > Igsi1l, orif s1 =0, s, #0 and t1 £0, then |xgpe1| — o0 as m — oo, if x1 #0.

(e) If si-1 = s; #0, for some i € {2,...,k}, then the sequence (Xkms+i)men, 1S convergent.

)
)
(f) If si-1 = si = 0 and |ti_1| < |ti| for somei € {2,..., k}, then Xgmei — 0asm — oo.
(g) If s1 = sk = 0and |ti| < |t1], then xigpms1 — 0as m — co.

)

(h) If si-1 = si = 0and |tiq| > |t| for somei € {2,...,k}, then |Xgm+i| — +o0asm — oo, if

x; #0.
(i) If s1 = s = 0 and |tk| > |t1], then |Xgme1| — +o0 as m — oo, if x1 #0.
() If si-1 = si =0and tiy =t; for somei € {2,...,k}, then the sequence X is constant.
(k) If s1 = sk = 0and t; = ty, then the sequence Xim+1 i constant.
() If si-1 = si = 0and t;iy = —t; for some i € {2,...,k}, then the sequence Xy is two-

periodic.
(m) If s1 = sy =0and t; = —ty, then the sequence Xju+1 is two periodic.
(n) If sk = qs1 #0, then the sequence (Xkm+1) men, IS convergent.

(0) If sin = —s5i#0, for some i € {2,...,k}, then the sequences (Xokm+i)men, nd
(X2km+k+i) meny,, AT€ convergent.

(p) If sk = —gs1 #0, then the sequences (Xokm+1) men, A4 (X2km+k+1) men,, @€ convergent.

Proof. (a)-(d) These statements follow correspondingly from the next relations (which are
derived using formulae (7.30) and (7.31)):

im q'sii+tin s

j—o glsi+t; T s (742)
forie {2,...,k}ifs;#0, and
lim |45 (7.43)
joow| glsi +t;
forie {2,...,k}ifs;=0,s;_1#0and t; #0;
9ot b s (7.44)

lim *X——— = —,
jme gls1+h qsi1
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if s1#0, and

i-1
lim g’ sk + :
jo oo

q751 +1h

if s1 =0, sk #0and t; #0.
(e) If si-1 = 5; #0, then from (7.30) we get

Xkm+i = xiﬁ<1 + qij <ti_.91i; ti) + O<q7j>>,

j=1

forie {2,...,k}, from which (e) follows.
(f)—=(m) If s;.1 = s; =0 for some i € {2,...,k}, then fori € {2,...,k} we have

qsia+tion tig

qui +t; T
while when s; = sy = 0, we have

qj‘lsk + ty B by
qfsl +1h - ty

from which the statements (f)—(i) easily follow.
(n) If si = gs1 #£0, then we have

XYk - Sift—h i
ka+1_qsl+tln<1+q ( s1 >+o(q > ’

from which along with the assumption |g| > 1 the statement follows.
(o) and (p) If s;1 = =s; #0, then

i =L T (17 (BL5) (1))

j=1

forie {2,...,k},and

X1Yk te + 1 i )]
e = q51+t1 [ ( ( S1 >+o<q > ‘

From (7.50) and (7.51) the statements in (0) and (p) correspondingly follow.

(7.45)

(7.46)

(7.47)

(7.48)

(7.49)

(7.50)

(7.51)
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