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We define a class Tk [A, B, a, p] of analytic functions by using Janowski’s functions which
generalizes a number of classes studied earlier such as the class of strongly close-to-convex
functions. Some properties of this class, including arc length, coefficient problems, and a distortion
result, are investigated. We also discuss the growth of Hankel determinant problem.

1. Introduction

Let A be the class of analytic functions satisfying the condition f(0) = 0, f'(0) —1 = 0 in the
open unit disc E = {z : |z| < 1}. Let f(z) and g(z) be analytic in E. Then the function f(z) is
said to be subordinate to g(z), written as f(z) < g(z) if there exists an analytic function w(z)
in E with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)) in E. If g(z) is univalent in E,
then f(z) < g(z) is equivalent to f(0) = g(0) and f(E) C g(E).

A function p(z), analytic in E with p(0) = 1 is said to be in the class P[A, B, p], -1 <
B<A<1, 0<p<1,ifand only if

1+ [(1-p)A+pB]z

E. (1.1)
1+ Bz , ZE

p(z) <

Itis noted that for p = 0, the class P[A, B, p] reduces to the class P[ A, B] which was introduced
by Janowski [1], and for p = 0, A = 1, and B = -1, we obtain the well-known class P
of functions with positive real part. Now, we consider the generalized class Pc[A, B, p] of
Janowski functions which is defined as follows.
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A function p(z) € Px[A, B, p] if and only if

p(z) = <§ + %)pl(z) - (Z - %)Pz(z), (1.2)

where pi1(z), p2(z) € P[A,B,p], -1 < B< A <1, k>2and0 < p < 1. Itis clear that
P,[A,B,p] = P[A,B,p] and Pi[1,-1,0] = P, the well-known class given and studied by
Pinchuk [2].

We define the following classes as

R[A, B, p] = {f(z) L f(2) € A, ij(g) € P [AB,p], z€ E},
, . (1.3)
_ , (zf'(2)
Vil[A,B,p] =1 f(z): f(z) € A, W € P[A B,p], z€ E}.
For A = 1,B = -1, and p = 0, we obtain the well-known classes of bounded boundary

rotation Vi and bounded radius rotation Ry, for details [3-8]. The classes Vi[A, B,0] and
Rx[A, B,0] have been extensively studied by Noor in [9-11]. Also V,[A, B, p] = S*[A, B, p]
and R:[A,B,p] = C[A,B,p], where S*[A,B,p] and C[A, B, p] are the classes studied by
Polatoglu in [12].

Throughout in this paper, we assume that k > 2, -1 < B <A <1, and 0 < p <1 unless
otherwise mentioned.

Definition 1.1. Let f(z) € A, then f(z) € Tx[A, B, a, p] if and only if, for & > 0, there exists a
function g(z) € Vi[A, B, p] such that

f'(2)
g'(z)

aJr
> 71

zeE. (1.4)

|arg

Fork=2,p=0, A=1, and B = -1, fz(l, -1,a,0) is the class of strongly close-to-convex
functions of order a in the sense of Pommerenke [13]. Also T>(1,-1,1,0) is the class of close-
to-convex functions, see [14].

In [15], the gth Hankel determinant H,(n), g > 1, n > 1, for a function f(z) € Ais
stated by Noonan and Thomas as follows.

Definition 1.2. Let f(z) € A, then the gth Hankel determinant of f(z) is defined forg>1, n >
1by

an an+l * Onig-1
A+l Ap+2  *° Apig-2

Hy(n) =| | . e (1.5)
An+g-1 On+g-2 °°° On+2g-2

The Hankel determinant plays an important role, for instance, in the study of the singularities
by Hadamard, see [16, page 329], Edrei [17] and in the study of power series with integral
coefficients by Pélya [18, page 323], Cantor [19], and many others.
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In this paper, we will determine the rate of growth of the Hankel determinant H,(n)

for f(z) € Ty [A, B,a,p],asn — oo. This determinant has been considered by several authors.
That is, Noor [20] determined the rate of growth of H,(n) as n — oo for a function f(z)
belongs to the class Vi. Pommerenke in [21] studied the Hankel determinant for starlike
functions. The Hankel determinant problem for other interesting classes of analytic functions
was discussed by Noor [22-24].

Lemma 1.3. Let f(z) € A. Let the qth Hankel determinant of f(z) for g > 1, n > 1 be defined by
(1.5). Then, writting Aj(n) = Aj(n, z1, f(z)), we have

Azq_z (Tl) Azq_g,(n + 1) s Aq—l (1’1 +q- 1)
Azq_3(7’l + 1) Azq_4(7’l + 2) cee Aq_z (Tl +q- 2)
H,(n) = , . . . / (1.6)
Agi(n+q-1) Ago(n+q-2) - Ay(n+2q-2)
where with Ay(n) = ay,, one defines, for j > 1,

Aj(n,z1, f(2) = Aja(n,z, f(2) = Ajoi(n+1, 21, f(2)). (1.7)

Lemma 1.4. With zy = (n/(n+ 1))y and v > 0 any integer,

Ajp(n+m+o,f(z)). (1.8)

j ; —— B
Af<n+v,zl,zf'<z>>=2<]>y (0= (m=1)n)
m=0

m (Tl + 1)m

Lemmas 1.3 and 1.4 are due to Noonan and Thomas [15].

Lemma 1.5. A function v(z) € Vk[A, B, p] if and only if there exist two functions vi(z), v2(z) €
S*[A, B] and v3(z), va(z) € C[A, B, p] such that

(Ul(Z)/Z)((k/4)+(1/2))(1—ﬁ)

V' (z) = (1.9)

(0a(2) /) &0

k/4)+(1/2
~ (Ug(Z))(( )+( )
h (v, (z))(<k/4>7<1/2)> ’
4

v'(2) (1.10)
Using the definition of class Px[A, B, p] and simple calculations yields the above result.

Lemma 1.6. Let f(z) € Vi[A, B, p], then

1+ Br)t 1-Br)h

(L+Bn)" B40, , ( )ml B 40,

(1~ Br)™ <|f(z)|<q 0+Br) (1.11)
e” (/A=A B =, ek/2=p)Ar B =,
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with

= (1—§> <§— %)(1—;)), = (1— %) (Z + %)(1-,;). (1.12)

This result follows easily by using Lemma 1.5 and a result for the class S*[A, B] due to
Polatoglu et al. [12]. This result is best possible.

2. Some Properties of the Class T, [A, B, a,p]

Theorem 2.1. The function f(z) € Ti[A,B,a,p] if and only if there exist two functions fi(z),
f2(z) € TL[A, B, a, p] such that

: (f/ (z))(k/4)+(1/2)
fiz)= ( fz(z)><k/4>—(1/z>' (2.1)
Proof. From (1.4), we have
f'(z) =g (z)p"(2), (2.2)
where g(z) € Vk[A, B, p] and p(z) € P. Using (1.10), we obtain
fl(z) _ (gi (Z))(k/4)+(1/2)pa(z) ~ (gi (Z)pa(z))(k/4)+(1/2) B (flr(z)>(k/4)+(l/2) 03

(@) (g @) D (72

with ¢1(z), £(z) € S*[A,B] and fi(z), fa(z) € TZ[A, B, a, p], which completes the required
result. O

Theorem 2.2. Let f(z) € Tc[A, B, a,p] then f(z) € C for |z| < ro, where ry is the root of
1-(Ay +2a)r — (1+ By)r* + (A1 +2aB)r® + Bir* = 0, (2.4)

with Ay = (k/2)(1 - p)(A - B) and By = pB> + (1 - p) AB.

Proof. From (1.4), we have
f(2)=g(=p"2), g(z) € Vi[AB,p], p(z) € P. (2.5)

Since g(z) € Vi[A, B, p], therefore using (1.9), we have

' (s51(z)/z) (k/D+1/2) (1-p) )
fi(z) = [(s:(z)/z)((k/zt)—u/z)) P (2). 06
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Differentiating logarithmically (2.6) with respect to z, we obtain

GIE) _ o[k, 1)@k 1\zE) |z E)
W_p+(1 p){<4+2> 520D (4 2) sz(z)}-pr(z)' (2.7)

Using the well-known results for the classes P and S*[A, B], we have

L)

R >p+(1- ){<E+l>ﬂ_<ﬁ_l>1“‘r}_ 2ar
iz P PPW\2"2)1-Br \a7 2)T+Br) 1-12 08
2.8
1= (A +2a)r = (14 B)r? + (Ay +2aB?)r® + Byt B0
B (1-B2r2)(1-12) » P70
where Ay = (k/2)(1-p)(A - B) and By = pB* + (1 — p) AB. Let
P(r) =1 (A; +2a)r — (1 +By)r* + <A1 + 2(xBZ>r3 + By, (2.9)

then P(0) =1 >0 and P(1) = —2a(1 - B?) < 0 for -1 < B < 1 and therefore, there exists a root
70 € (0,1). This completes the proofs. O

Theorem 2.3. Let f(z) € Tk[A,B,a,p], thenfor -1 < B <0, -1<A<1,and (1-(A/B))((k/4)+
1/2))y1-p)+a>1,

(2.10)

4

1 (1-(A/B))((k/4)+(1/2))(1-p)+a-1
er(Z) = C(d, P, k, A, B) (m)

where C(a, p, k, A, B) is a constant depending upon a, p, k, A, and B only.
Proof. With z = re',

27
L f@) = [ |=f @ldo
2.11)

201
= 4[0 |zg'(z)p*(z)|d6, g(z) € Vk[A,B,p], p(z) € P.

Since g(z) € Vi[A, B, p], therefore by using (1.9) with s1(z), s2(z) € S*[A, B], we have

27

zf(s1 (Z))((k/4)+(1/2))(1*f7) (P(Z))a
(Sz(Z))((k/4)—(1/2))(1—P)

do

Lnf@) < |

0

< rP—((k/4)—(1/2))(1—p)(1 _ B)(1—(A/B))((k/4)—(1/2))(1—p) (2.12)

27
XJ Is1.(2)| KA/ |2y a6, B0,
0

Using the well-known Holder’s inequality, with m; = 2/(2 — a) and m, = 2/a such that
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(1/my) + (1/my) =1 and 0 < a < 2, we can write

L, (f(2)) < 2omrp~(K/A=072)0p) (1 _ B)A=(A/B)((/4)-(1/2)(1-p)

1 27 u/2 1 27
2 ((k/2+1)(1=p)/ (2-a)
—_— d P d
8 (271 fo |P(Z)| 9> <297 fo ls1(2) 9)

Also, it is known [13] that, for p(z) € P, z € E,

a2 (213)

1 (> 1+3r?
N

Therefore,

L, (f(2)) < 20mr?~(K/H=0/2)1=p) (1 _ g)(A=(A/B)((k/4)=(1/2))1p)

/2 (2-a)/2
1+32\7° /1 (>
- ((k/2)+1)(1—p)/2—ad9
x <1—7’2 > <2.71' IO |51(Z)|

(1 — B) - A/BN/A-(1/2)(1-p) g 14(a/2)
<

(1 _ r)a/Z
(2-a)/2
2
(T 1 0 (2.15)
2 ), ' LB ie|(HA/B))((k/2>+1)<1—p>/(2—a)
re
77 (1 = B)-A/BY/A=(1/2)(1-p) y1+(a/2)
<
(1- r)"‘/2
(2-a)/2
1
do

20T 1
>< —_—
2 f 0 ( L |Brei9|>(1—(A/B))((k/2)+1)(1—P)/(2—11)

Therefore, we have

1 > ((1—(A/B))((k/2)+1)(1—P)/(2—vc))—1> @72

1 a/2
Lr(f<z>)SC<afPfkafB><m> <<W
(2.16)

Since 1/(1-|B|r) <1/(1 -r), for =1 < B < 0, therefore

(2.17)

7

1\ (-(A/B)(k/4)+(1/2))(1-p)+a-1
L(£(2) < Cap.k A B) (125

which is the required result. O
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Theorem 2.4. Let f(z) € Tx[A, B,a,p], thenfor-1<B <0, -1<A<1,and (1-(A/B))((k/4)+
(1/2))A-p)+a>1,

|an| < Cl (a, P, k, A, B)Tl(l_(A/B))((k/4)+(1/2))(1_'0)+a_2. (218)

Proof. By Cauchy’s theorem, we have

1 2 ,
nla,| < S f |zf'(z)|d6

0
1
 2mrm
1

<
< 2ﬂ_rnC(o«t, p.k, A B) (

L, (f(2)) (2.19)

(1-(A/B))((k/4)+(1/2)) (1-p)+a-1
1—r>

Now putting r =1 - (1/n), we have

|an| =C (a, P, k, A, B)n(l—(A/B))((k/4)+(1/2))(1—p)+a—2’ (220)

which is required. O

Theorem 2.5. Let f(z) € Tk[A, B,a, p], then

(1 + Br) (-A/B)K/H-/2)(1p) /1 _ p\ 520
(1= Br)A-A/B) /) A \1+71 ) ’ 70

o <|f @)
e—(k/2><1—p>Ar<;r> B-0
1+r/) "’ ’
(2.21)
(1= Br) (ZABEA-A/2)(p) /7 | py
() oo
< ] (14 By @B G720 \ 17
- a
o (k/D(1-p)Ar <_1 hl r) , B =0.
1-r
Proof. Since f(z) € Tk[A, B, a, p], therefore
f(2)=g@p"=), g(z) € Vi[A,B,p], p(z) € P. (2.22)

Using Lemma 1.5 and the well-known distortion result of class P, we obtain the required
result. O

Theorem 2.6. Let f(z) € Tk[A,B,a,p], thenfor -1 < B <0, -1<A<1,and (1-(A/B))((k/4)+
1/2))1-p)+a>1,

n(-(A/B) (/) A-p)+a=2 g = 1, 8(9-1)

H,(n) = 0(1){ 2, (2.23)

nl(k/2+1)(1-p)+a-1)g-¢* q>2, ~(1-(A/B)(1-p) -

wherek > (2/(1-p))((B(2-a)/(B-A))+2j)—-2,and O(1) is a constant dependingon k, a, B, p, v,
and j only.
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Proof. From (1.4), we have

zf'(z) = z(g'(2))p*(2), (2.24)
where g(z) € Vk[A, B, p], p(z) € P. It follows easily from Alexander type relation that
zf'(z) = g1(2)p*(2), g(z) € Rk[A,B,p]. (2.25)

Using (1.9) with s1(z), s2(z) € S*[A, B], we have

(S (Z))((k/4)+(1/2)) (1-p)
g(z) = [(S:(z))((kﬂ)—(l/z)) ) 026)

Therefore,

/ (51 (z)) K/ 4P
Zf (Z) = I:(S:(Z))((k/4)_(l/2)) p (Z) (227)

Let F(z) = zf'(z), then for j > 1, z; any nonzero complex and z = re®®

F(z)) as defined by (1.7). Then,

, consider Aj(n, z1,

|A]’(Tl, 21, F(Z))| =

21
f (z - zl)jF(z)ei("+j)9d6‘, (2.28)

27r™i | ),

and by using (2.27), we have

k/4)+(1/2)(1-p)—-j
j|51(z)|(( /9)+(1/2))(1-p)-j

1 (7 «
|Aj(n,z1,F(2))] < Y JO (Iz = z1]s1(2)) 52(2) (7072007 lp(z)|"d60

i (1 _ BY((B-A)/B)(k/4)-(1/2))(1-p) '
_2(1-B) ( 1 >J (2.29)
1

2 (k/D)~(1/2)) (1-p)n—j —r

27T
<[ U@ Dz e

where we have used the result proved in [25]. The well-known Holder’s inequality will give
us

i i /2
2i(1- B)(B-A/BXK/-0/2)(1p) ;1 Nif 1 (o o\
. < _
|A](n, Zl,F(Z))| = 2 (K/D=(172) (1=p)n-j <1 _ r) o J; |P(Z)| do

! o (2-a)/2
X <—J |(51(z))|((k/2)+1)(1_p)_2]/2_ad9> '

27 )

(2.30)
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Using (2.14) in (2.30), we obtain

21(1 - B)(B-AVBKA-A/2)1-p) /1 N
|Aj(n,z1,F(z))| < (1 >

27 (/D=7 (1-p)n-j —r
143 5 a/2 1 o (2-a)/2 (231)
r A ((k/2)+1)(1-p)-2j/ (2-a) 4
. < 1_r2> <2Jr [ I .
Therefore, we can write
| A] (Tl, Z1, F(Z)) |
2a+j(1 _ B)((B—A)/B)((k/4)—(1/2))(1—/7) 1 jH(a/2)
<
- 2orriptn ( 1- T)
(2.32)
(2-a)/2
20r
1 J‘ 1 40
2 1\ (1-(A/B))((k/2)+1)(1-p)-2(1-(A/B))j/ (2-a)
2 ), (1—|Bre’9|> P j/(2-a

Now, using a subordination result for starlike functions, we have

2uti (1 = B)(B-A/B((/H-01/2)1-p) ( 1 >j+<u/z>

. <
|Aj(n,z1,F(2))] < P p—— 1—r

1\ (=(A/B)((k/2)+1)(1-p)-2(1~(A/B)j/ (2-a)-1] 20/
X
<1—r)

7

1-r

~ 2a+j(1 _ B)((B—A)/B)((k/4)—(1/2))(1—P) 1 (1-(A/B))((k/4)+(1/2))(1-p)+a-1+(A/B)j
a 27rl=pin

(2.33)

where ¢; is a constant depending on k, a, f, p, v, and j only and ((1 - (A/B))[((k/2) + 1)
(1-p)-2j])/(2—a) > 1. Applying Lemma 1.4 and putting z; = (n/(n+1))e’®, (n — o), r=
1-(1/n),wehavefork > (2/(1-p))((B2-a)/(B-A)) +2j) -2,

| A <n, el f(z)>| = O(1)n-(A/B)(k/4)+(1/2) (1-p)+a+(A/B)j-2 (2.34)

where O(1) is a constant depending on k, a, B, p, y, and j only. We now estimate the rate of
growth of H,(n). For g =1, Hy(n) = a, = Ao(n) and

Hi(n) = a, = O(1)n(-A/BN(k/2+)(=p)+a=2, (2.35)
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For g > 2, we use similar argument due to Noonan and Thomas [15] together with Lemma 1.3
to have

Hy(n) = O()nl0-A/BY G0/ 0p a1l | e 8(q-1) Y (2.36)
(1-(A/B))(1-p)
and O(1) depends only on k, a, B, p, v, and j. O
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