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The aim of this paper is to introduce an iterative algorithm for finding a common solution of the
sets (A + M,)™'(0) and (B + M;) ™ (0), where M is a maximal accretive operator in a Banach space
and, by using the proposed algorithm, to establish some strong convergence theorems for common
solutions of the two sets above in a uniformly convex and 2-uniformly smooth Banach space. The
results obtained in this paper extend and improve the corresponding results of Qin et al. 2011 from
Hilbert spaces to Banach spaces and Petrot et al. 2011. Moreover, we also apply our results to some
applications for solving convex feasibility problems.

1. Introduction

Let E be a real Banach space with norm || - || with the dual space E* and let (-,-) denote the
pairing between E and E*. Let C be a nonempty closed convex subset of E. We define the
generalized duality mapping J; : E — 2F by

Jox) = {f € B (x, f) = 1%l | f ]| = %1}, vxeE, (1.1)

for all g > 1. In the special case, for g = 2, we called the mapping J, as the normalized duality
mapping and as usual we write J, = J. The following is the well-known properties of the
generalized duality mapping J;:
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(1) J4(x) = l|x]|77% J2 (x) for all x € E with x#0;

(2) J4(tx) =77 J,(x) forall x € E and t € [0, 0);

(3) J4(=x) = —J4(x) forall x € E.

It is well known that if X is smooth, then J is single valued, which is denoted by
j. Recall that the duality mapping j is said to be weakly sequentially continuous if, for each
sequence {x,} with x, — x weakly, we have j(x,) — j(x) weakly*. We know that, if X
admits a weakly sequentially continuous duality mapping, then X is smooth. For the details,
see [1-3].

LetU = {x € E : ||x]| = 1}. A Banach space E is said to be

(1) uniformly convex if there exists &6 > 0 such that, for any x,y € U and, for any ¢ €
(0,2], |lx — y|| > e implies ||(x +y)/2|| <1-6.
We can see that every uniformly convex Banach space is also reflexive and strictly
convex.
(2) Smooth if lim; _,o(||x + ty|| — ||x||) /t exists for all x, y € U.

(3) Uniformly smooth if the limit is attained uniformly for x,y € U. The modulus of
smoothness of E is defined by

1
p(T) = sup{§(||x+y|| +|x-y|)-1:x,y€E x| =1|y| = T}, (1.2)

where p : [0,00) — [0, o0) is a function. In the other way, E is uniformly smooth if
and only if lim, o p(7)/7 = 0.

(4) g-uniformly smooth if there exists a constant ¢ > 0 such that p(7) < ¢7? forall 7 > 0
where g is a fixed real number with 1 < g < 2. (see, for instance, [1, 4]).

We note that E is a uniformly smooth Banach space if and only if J, is single valued
and uniformly continuous on any bounded subset of E. Examples of both uniformly convex
and uniformly smooth Banach spaces are L?, where p > 1. More precisely, L? is min{p,2}-
uniformly smooth for any p > 1. Note also that no Banach space is g-uniformly smooth for
q > 2 (see [1, 5] for more details).

Let A: C — E be anonlinear mapping. The mapping A is said to be

(1) accretive if

(Ax- Ay, J(x-y)) >0, Vx,yeC, (1.3)

(2) A-strongly accretive if there exists a constant a > 0 such that

(Ax - Ay, J(x-v)) 2A||x—y||2, Vx,y €C, (1.4)
(3) M-inverse-strongly accretive if there exists a constant a > 0 such that

(Ax - Ay, J(x-y)) > \||Ax - Ay|>, Vx,yeC (1.5)
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Definition 1.1. Let M : E — 2F be a multivalued maximal accretive mapping. The single-
valued mapping Jp1, : E — E defined by

Imp() = (I+pM) "' (w), Vu€cE, (1.6)

is called the resolvent operator associated with M, where p is any positive number and I is the
identity mapping.

Let T be a mapping from E into itself. We use F(T') to denote the set of fixed points of
the mapping T. Recall that the mapping T is said to be nonexpansive if

|[Tx-Ty| <||lx-y|, Vx,yeE. (1.7)

A mapping f : C — C is said to be contractive if there exists a constant a € (0, 1) such
that

IfC)=fW)ll <allx-yll, VYxyeC. (1.8)

Recently, Aoyama et al. [4] considered the following generalized variational inequality
problem in a smooth Banach space: Find a point x € C such that

(Ax,j(y-x))>0, VYyeC, (1.9)

where A is an accretive operator of C into E. This problem is related to the fixed point problem
for nonlinear mappings, the problem of finding a zero point of an accretive operator, and
so on. For the problem of finding a zero point of an accretive operator by the proximal
point algorithm, see Agarwal et al. [6], Cho et al. [7, 8], Kamimura and Takahashi [9, 10],
Qin et al. [11], Song et al. [12], and Wei and Cho [13]. In order to find a solution of the
variational inequality (1.9), Aoyama et al. [4] studied the weak convergence theorem for
accretive operators in Banach spaces, which is a generalization of the result by Iiduka et al.
[14] from the class of Hilbert spaces.

Theorem AIT (see [4], Aoyama et al. Theorem 3.1). Let E be a uniformly convex and 2-uniformly
smooth Banach space and let C be a nonempty closed convex subset of E. Let Qc be a sunny
nonexpansive retraction from E onto C, « > 0 and A be an a-inverse strongly accretive operator
of C into E with S(C, A) # 0, where

S(C A)={x"eC:(Ax* j(x-x%)) >0,Yx € C}. (1.10)

If {A,} and {ay,} are chosen such that \,, € [a,a/K2]for some a > 0 and a, € [b, ] for some b, c
with 0 < b < ¢ <1, then the sequence {x,} defined by the following manners: x; = x € C and

Xpi1 = ApXy + (1 — ) Qc(xy, — AyAXy), Yn2>1, (1.11)

converges weakly to an element z of S(C, A), where K is the 2-uniformly smoothness constant of E
and Qc is a sunny nonexpansive retraction.
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In 2011, Katchang and Kumam [15] presented an iterative algorithm for finding a com-
mon solution of fixed point problems and a general system of variational inequality problems
for two accretive operators as shown in the following: for alln > 0,

xgo=uecC,
Yn = Qc(xn — uBxy), (1.12)

Xn+l = anf(xn) + ﬂnxn + YnSQC (yn - )LA]/")

They proved that the sequence {x,} generated by the above algorithm converges strongly to
a point X = Qg f (x). Moreover, they apply their theorem to find zeros of accretive operators
and the class of k-strictly pseudocontractive mappings.

Recently, Petrot et al. [16] considered the problem so-called quasivariational inclusion
problem, that is, determine an element u € H such that

0e A(u) + M(u), (1.13)

where A: H — H is a single-valued nonlinear mapping and M : H — 2H is a multivalued
mapping. The set of solutions of the above problem is denoted by VI(H, A, M). Therefore,
they presented a new iterative scheme for finding a common element of the set of fixed points
of a nonexpansive mapping and the set of solutions of variational inclusion problem with a
multivalued maximal monotone mapping and an a-inverse-strongly monotone mapping by
using the iterative sequence {x,} defined as follows:

X0 € H, chosen arbitrarily,
Xn+1 = Onf (Xn) + PnXn + YnSzn,
(1.14)
Zy = ]1){4(]/11 - )LAyn)r
Yn = ]1){4(9(,, - \Axy,), Yn>0,
and, under appropriated conditions, they proved the the sequence {x,} generated by (1.14)

converges strongly to a point zy € H, which is the unique solution in F(S) N VI(H, A, M) to
the following variational inequality:

((f =1)zo,z0—z) <0, Vz e F(S)nVI(H, A M). (1.15)

Very recently, Qin et al. [17] introduced an iterative scheme for a general variational
inequality (VI) and proved the strong convergence theorems of common solutions of two
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variational inequalities in a uniformly convex and 2-uniformly smooth Banach space by using
the following iterative sequence {x,}:

xo=u€cC,

Yn = 64Qc (x4 — pBxy) + (1 = 6,4)Qc(xy — LAXy), (1.16)

Xn+l = Ol + PnXy + YnYn, Yn20.

They proved that the sequence {x,} generated by the above algorithm converges strongly to
a point g = Qviu, where Qv is the unique sunny nonexpansive retraction from C onto VI.

Motivated and inspired by the above recent works, in this paper, we introduce an
iterative scheme for finding zeros of maximal accretive operators. Furthermore, we prove
some strong convergence theorems and also propose applications for solving the convex
feasibility problems. Our results improve and extend the corresponding results of Qin et al.
[17] and Katchang and Kumam [15], Petrot et al. [16], and many others.

2. Preliminaries

Note that, if C and D are nonempty subsets of a Banach space E such that D is a subset of a
closed convex subset C and Q : C — D. Then Q is said to be sunny if

Q(Qx +t(x - Qx)) = Qx, (2.1)

whenever Qx + t(x — Qx) € C forany x € Cand t > 0. A subset D of C is said to be a sunny
nonexpansive retract of C if there exists a sunny nonexpansive retraction Q of C onto D. A
mapping Q : C — C is called a retraction if Q* = Q. If a mapping Q : C — C is a retraction,
then Qz = z for all z is in the range of Q (see [4, 18] for more details).

The following result describes a characterization of sunny nonexpansive retractions
on a smooth Banach space.

Proposition 2.1 (see [19]). Let E be a smooth Banach space and let C be a nonempty subset of E.
Let Q : E — C be a retraction and let | be the normalized duality mapping on E. Then the following
are equivalent:

(1) Q is sunny and nonexpansive;
(2) 1Qx - QulIP* < (x -y, J(Qx - Qy)) forall x,y € E;
(3) (x—Qx,J(y—Qx)) <0forallx e Eand y € C.

Proposition 2.2 (see [20]). Let C be a nonempty closed convex subset of a uniformly convex and let
uniformly smooth Banach space E and T be a nonexpansive mapping of C into itself with F(T) #0.
Then the set F(T) is a sunny nonexpansive retract of C.

We need the following lemmas in order to prove our main results.
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Lemma 2.3 (see [5]). Let E be a real 2-uniformly smooth Banach space with the best smooth constant
K. Then the following inequality holds:

[|x + y||2 < |lx|* +2{y, Jx) + 2||Ky||2, Vx,y € E. (2.2)
Lemma 2.4 (see [21]). Let {x,} and {y,} be bounded sequences in a Banach space E and {f,} be a
sequence in [0, 1] with

0 <liminfp, <limsupf, < 1. (2.3)

—
n— oo n— oo

Suppose that xy.1 = (1 = Bp)Yn + Pnxn for all n > 0 and

im sup (|| Yns1 = Ya| = 1Xne1 = xall) < 0. (2.4)

n— oo

Then limy, , o || Yy — Xul| = 0.

Lemma 2.5 (see [22]). Assume that {a,} is a sequence of nonnegative real numbers such that

a1 < (1-ay)a, +6,, Yn>0, (2.5)

where {a,} is a sequence in (0,1) and {6,} is a sequence in R such that
(1) X5l an = oo
(2) limsup,, _, 6/, <0o0r 377 |6,] < 00.

Then lim,, _, wa, = 0.

Lemma 2.6 (see [23]). Let C be a closed convex subset of a strictly convex Banach space E. Let
T, : C — C be a nonexpansive mappings for each 1 < m < r, where r is some integer. Suppose
that "' _ F(T,,) is nonempty. Let {1, } be a sequence of positive numbers with 3., _ A, = 1. Then the
mapping S : C — C defined by

Sx =D AuTyx, VxeC, (2.6)

m=1

is well defined, nonexpansive, and F(S) = N, _, F(T},) holds.

Lemma 2.7 (see [24]). Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space E and T be nonexpansive mapping of C into itself. If {x,} is a sequence in C such that
X, — x weakly and x, — Tx, — 0 strongly, then x is a fixed point of T.

Lemma 2.8 (see [3, 4]). Let C be a nonempty closed convex subset of a real 2-uniformly smooth
Banach space E. Let a mapping A : C — E be A-inverse-strongly accretive. Then one has

1= p22)x = (I = po Ay |1* < || = yl|* + 202 (p2K? = 1) | Ax — Ay]|* (27)

If X > poK?, then I — py A is nonexpansive.
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Proof. For any x,y € C, it follows from Lemma 2.3 that

1T = p2A)x = (I - p2 Ay ||* = || (x = y) - p2(Ax - Ay)||*

< |lx =yl - 202(Ax - Ay, j(x— y)) + 2p2K?|| Ax - Ay ||’

(2.8)
< [lx = yl* - 202| Ax — Ay | + 203K | Ax — Ay
=[x - yII” + 202 (pK” - 1) || Ax - Ay]]".
If A > pK?, then I — p, A is nonexpansive. This completes the proof. O

Lemma 2.9. Let C be a nonempty subset of a Banach space E. Let A be a mapping of C into E, M be
a maximal accretive operator on E and Jpr, = (I + pM) ™" be the resolvent of M for any p > 0. Then

F(Jmp(I - pA)) = (A+ M) (0) forall p > 0.

Proof. Let p > 0 be fixed. Then we have

ue F(Jap(I-pA))u = u=Jp,(I-pA)u=(I+pM) " (I-pA)u
= (I+pM)us (I-pA)u

& pMu > -pAu

(2.9)
& Mu>-Au
—= A+ M)us0
e ue(A+M)H0).
This completes the proof. O
Lemma 2.10. Let E be a Banach space. Then for all x,y € E,
[l +y]1” < Ixll? +2(y, T (x + y)). (2.10)

3. Main Results

In this section, we prove strong convergence theorems for a \-inverse-strongly accretive
mapping A : C — E and a p-inverse-strongly accretive B : C — E in a real 2-uniformly
smooth Banach space E.

In order to prove our main results, we need the following lemma.

Lemma 3.1. Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space E
with the best smooth constant K. Let Jn, p,, I, p, be a resolvent operator associated with My, My,
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where My, My : E — 2F is a multivalued maximal accretive mapping. Let the mappings A,B : C —
E be \-inverse-strongly accretive and f-inverse-strongly accretive, respectively. Let G : C — C be a
mapping defined by

Gx = 6] M, p (X = p1Bx) + (1= 8) agy p, (x — p2Ax), VYxeC. (3.1)

If A > poK? and > p1K?, then G is nonexpansive.

Proof. Since Jp, 5, and Jar, , are nonexpansive, for any x,y € C, it follows from Lemma 2.8
that

1G() = G| = [16Ta1: (x = p1Bx) + (1 = 6) [ty p, (x = p2.Ax)
~6] M (¥ = P1BY) = (1= 6) v (v = p2AY) ||
< 6| Jmy 0 (x = p1Bx) = Iy 0 (y = p1By) ||
+ (1= 6) || I Moz (X = p2AX) = It (v = p2AY) || (3.2)
< 6||Tmipi (T = p1B)X = Tt o, (I = p1B)y ||
+ (1= 8)[[JMzp0 (I = p2A)X = Ity o (I = p2A) Y ||
<lx-yl.

Therefore, G is nonexpansive. This completes the proof. O
Next, we state the main result of this work.

Theorem 3.2. Let E be a uniformly convex and 2-uniformly smooth Banach space which admits a
weakly sequentially continuous duality mapping and C be a nonempty closed convex subset of E. Let
A,B : C — E be \-inverse-strongly accretive and p-inverse-strongly accretive, respectively, and K
be the best smooth constant. Let f be a contraction of E into itself with coefficient a € [0, 1). Suppose
that Q := (A + M,) ™ (0) N (B + M;) ™ (0) #0 and G is a mapping defined by Lemma 3.1. Let p1, pa
be any positive real numbers such that p; < p/K? and p, < A/ K?. For arbitrary xo = x € C, define
the iterative sequence {x,} as follows:

xo=u€ecC,
Yn = 6n]M1,p1 (xn - Plen) + (1 - 6n)]M2,p2 (xn - PZAxn)l (3~3)

Xn+l = anf(xn) + ,ann + YnYn,

where the sequences {a,}, {B,}, and {y,} in (0,1) satisfy the following conditions:

C)ap+Pn+yn=1

(C2) limy—, oy, = 0and 377 oy = 00;

(C3) 0 < liminf, B, <limsup, , pn <1
(C4) lim,,—, .6, =6 € (0,1).
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Then the sequence {x,} generated by (3.3) converges strongly to a point g = Qg f(g), where Qg is a

sunny nonexpansive retraction on L.

Proof. First, we prove that Jar, ,, (I — p1B) and Jar, 4, (I — p2A) are nonexpansive mappings.

Consider the following:

”]erPl(I_plB)x_]Ml'Pl(I_plB)yHZ < ”(x_y) _pl(Bx_By)Hz
< |lx=ylI* - 2p1(Bx - By, J (x - y))

+2K%pf|| Bx - By

<|lx=yII* - 20:]|Bx - By||* + 2K°p} | Bx - By

= [lx=y[I* + 201 (K> - B) | Bx - By’

2
S

Thus, it follows that Jay, p, (I — p1B) is nonexpansive and so is Ja1, p, (I — p2A).

Step 1. We show that {x,} is bounded. For any p € Q, we have

lyn = pll = 162 [Jn1,0 (X0 = p1Bxy) = p] + (1 = 64) [I My 0 (X0 = p2AXn) = p] ||
< 6n||]M1,p1 (xn - Plen) - P” + (1 - 671)”]M2,P2 (x” - pzAx”) - P“
< Sullxtn = p|| + (1 = 64) [|xn —p|

< [lxa =pll-
It follows by induction that

[l2nsr = Il = llewnf (en) + B + yaym = pl|
< anl| f@n) =PIl + Ballxn = pll + vallyn =
< aay||xn = pl + anllf(p) =PIl + Ballxn = Pl + vullxn =
< aay||xn = pll +anllf(p) =PIl + Ballxn = pll + vullxn =
= (1= an + aay)||xn = p|| + aul| £ (p) = p|

Ilf(p) -pll

2(1_an(1_a))||xn_p”+“n(1_“) 1_

(3.4)

(3.5)
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< s p, 221
< s L2201

(3.6)

Thus the sequence {x,} is bounded and so is {y,}.

Step 2. We show that lim,, oo [|x4:1 — Xp|| = 0. Let uy, = Jar, o, (I = p1B)x, and v, = I, p, (I -
p2A)x, for each n > 0. Then we have

Ynel1 = Yn = (6n+1un+l + (1 - 6n+1)vn+1) - (6nun + (1 - 6n)vn)

(3.7)
= 6n+1 (un+l - un) + (6n+1 - 6n)(un - Un) + (1 - 6n+1)(vn+l - Un)/
and so
||yn+1 - anI < 6n+1||un+1 - un” + |6n+1 - 6n|”un - Z771” + (1 - 6n+1)||Un+1 - Un”
< Opitl|Xnir — Xull + |6ns1 = 64| M1 + (1 = Ops1) || X041 — X | (3.8)

= ||xn+1 - xn” + |6n+1 - 6n|M1;

where M ia an appropriate constant such that My > sup, . { [t — vall}-
Next, let z,, = (X1 — Pnxn)/ (1= p,) for all n > 0. Then we have x,,.1 = (1 - ) zn + PuXn
for all n > 0. Now, we compute

_ Xni2 — ﬂn+1xn+1 Xn+1 — ﬁnxn

Enel T En = 1- ,Bn+1 - 1- ﬂn
_ an+1f(xn+1) + Yn+1Yn+1 _ anf(-xn) + YnYn
1- ﬁn+1 1- ﬁn
(3.9)
_ an+1f(xn+1) + (1 —Ansl — ﬁn+1)]/n+1 3 “nf(xn) + (1 —an — ﬁn)yn
1- ﬁn+1 1- ﬂn
‘xn+1f(xn+1) — Ap+1Yn+l anf(xn) — anYn
= - + Yni1 — Yn,
1- ﬁn+1 1- ﬁn Yn1 =Y
and so
Ay
1201 = 2zall < 1 _;ﬂ 1f (enir) =y [l + 5 ||f(xn) Yall + [yne1 = yal|- (3.10)
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Substituting (3.8) into (3.10), we get

s

=71 ,ﬁ ”f(xn+1) yn+1” + "f(xn) y"”
(3.11)

+ ||xn+1 - xn” + |6n+1 - 6n|er

||Zn+1 Zn”

that is,

Zns1 = Zall = %011 — x| < ”” IIf(xn+1) yn+1ll+1 5 | f xn) = Y| + |6ns1 — 60| M.

1-
(3.12)
From the conditions (C2) and (C3), it follows that
liinés;p(llzml = Zp|| = [|%n+1 = x4]]) < 0. (3.13)
Thus, from Lemma 2.4, it follows that
lim ||z, — x| = 0. (3.14)

From the definition of x,.; in this step, we observe that x,.,1 — x, = (1 - f,) (24 — x,). Then we
have

_ﬂlijrc}o”xnﬂ - Xl = nh_]i%o” (1 - ﬂn)(zn - Xp) ”
(3.15)
=0.

Step 3. We show thatlimsup, ,_((f-I)q, J(x,—q)) <0, where g = Qq f(g). Define a mapping
G :C — Cby Lemma 3.1 Then, it follows that G is a nonexpansive mapping such that

F(G) = F(]Ml,p1 (I-p1B)) N F(]MM,2 (I-p2A))=(B+ M)_l(O) N(A+ M)_l(O) =Q. (3.16)
Consider the following:

Yn — Gxp = 6,05 + (1 = 6p)tty — (60, + (1 - O)uy)
= (6, — 6)(vy — Uy).

(3.17)

From the condition (C4), we have

lim ||y, — Gx,| = 0. (3.18)

n— oo
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Next, we consider

1260 = Gxull = | X0 = Xns1 + Xns1 = Y + Y = G|
<lotn = Xns1 |l + || xXne1 = Y| + ||y — G|
< lotn = Xnea | + @]l f(n) = Y|l + Bullxn = Yl + [|yn — G|
< lxn = X | + @ || £ n) = Yo || + BullXn = Gull + |G = | + ||y = G|

(3.19)
Therefore, we have
(1= Bu)llotn = Gl < |3 = xnsall + an|| f o) = Y| + (B + )| Gt =y |- (3.20)
From the conditions (C2), (C3), (3.15), (3.18), and the inequality above, we obtain
im [lxy = Gxal| = 0. (3.21)

Thus, since Qq f(g) is a contraction, there exists a unique fixed point. We denote that g is the
unique fixed point to the mapping Qg f (g) which means that g = Qq f(g).

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, — p, it
follows from (3.21) that

Tim [l — Gaxy, || = 0. (3.22)

Since G is nonexpansive, it follows from Lemma 2.7 that p = Gp we obtain that p € F(G). By
(3.22), we have p € Q.

Furthermore, with the reason that {x,} is bounded, we can choose the sequence {x,,}
of {x,} which {x,,} — p such that

limsup((f -I)q,J(xn—q)) = lhjg«f ~1)q, ] (xn, - 9))- (3.23)

n—oo

Now, from (3.23) and Proposition 2.1(3) and the weakly sequential continuity of the duality
mapping J, we have

limsup((f - 1)q, J (xa — ) = im ((f = 1)q,J (x», - 9))
e (3.24)

=((f-Da.J(p-9)) <0

From (3.15), it follows that

limsup((f -1)q, J (xp1—9)) <0. (3.25)

n—oo
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Step 4. We show that {x,} converges strongly to a point g = Qq f(gq). In fact, observe that

21 = qll* = (w1 =4, ] (xue1 = 9))
= (e (f (xn) = q) + Pn(xn = q) + Yu(yn = 9), J (X1 = 9))
<adn(xn =4, ] (Xni1 = q)) + an(f(q) = 4, J (Xni1 = q))
+ Bulxn =4, ] (Xne1 = ) + Yn(Yn — 4, (Xns1 - q))
< aay||xn = q|||xn1 - 4| + an(f (q) = 4, T (xni1 = q))

(3.26)
+ Pulln = ql[ || 2w = | + vl v = qll |01 = 4]
< (L= an(1 = a)||xn = gl [ xni1 = qll + &n(f () =4, T (xn41 - 9))
1-a,1-a)
< L (llxn = qll* + lxwnr — all®) + an(£ (@) = @, T (xus1 ~ 9))
1-a,(1-a) 1
s ——|Ix -q|*+ 7 % = all* + an(f (@) - 4, T (xni1 - 9))-
Thus it follows that
Ixus = all” < (1= an( = a) lxn = q* + 200(f (@) = 4. ] (xw1 =) (3.27)

Therefore, from Condition (C2), (3.25), and Lemma 2.5, we get ||x, —q|| — Oasn — oo. This
completes the proof. O

Corollary 3.3. Let E be a uniformly convex and 2-uniformly smooth Banach space which admits a
weakly sequentially continuous duality mapping and let C be a nonempty closed convex subset of E.
Let A,B : C — E be \-inverse-strongly accretive and p-inverse-strongly accretive, respectively, and
K be the best smooth constant. Suppose that Q := (A + M>)"1(0) N (B + M;)"1(0) #0, where G is
a mapping defined by Lemma 3.1. Let py, p2 be any positive real numbers such that py < p/K? and
p2 < A/ K2, For arbitrary xo = x € C, define the iterative sequence {x,} by

xo=uecC,

Yn = 6y p (X0 = p1Bxn) + (1= 64) Ity pp (X0 — p2AXy), (3.28)

Xn+l = ApU + ,ann + YnYn, Vn >0,

where the sequences {a,}, {B,}, and {y,} in (0,1) satisfy the following conditions:

C)ap+Pn+ym=1

(C2) limy,—, oy, = 0and 3775 oty = o0;

(C3) 0 < liminf, B, <limsup, , pn <1
(C4) lim,,—, .6, =6 € (0,1).

Then the sequence {x,} generated by (3.28) converges strongly to a point g = Qq f(q), where Qg is
a sunny nonexpansive retraction on €.
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Proof. Take f(x,) = u for all n > 1 for any fixed u € C in (3.3). Then, by Theorem 3.2, we can
conclude the desired conclusion easily. O

4. Applications
4.1. Application to Convex Feasibility Problems

In this part, we consider the following convex feasibility problem (CFP): find x € ﬂ].l\i 1Ci,
where j € {1,2,..., N} and C; denotes the set of zeros of a maximal accretive operator.
The following result can be obtained from Theorem 3.2.

Theorem 4.1. Let E be a uniformly convex and 2-uniformly smooth Banach space which admits a
weakly sequentially continuous duality mapping and let C be a nonempty closed convex subset of E.
Let {A;}; = 1N : C — E bean \-inverse-strongly accretive and K be the best smooth constant Let f
be a contraction of E into itself with coefficient a € [0,1). Suppose that Q = "X, (A; + M;) ™' (0) #0,
where G is a mapping defined by Lemma 3.1. Let p; be any positive real numbers such that p; < \;/ K2,
i=1,2,3,...,N. For arbitrary xo = x € C, define the iterative sequence {x,} by

xo=u€C_C,
N

Yn = Z6i,n]Mi/Pi (xn — piAixy), (4.1)
i=1

Xn+l = “nf(xn) + ﬁnxn + YnlYn, Vn >0,

where the sequences {a,}, { B}, and {y,} in (0,1) satisfy the following conditions:

(C1) an+ﬂn+yn—1andzl 16in=1
(C2) limy,—, ity = 0and 3,77 ay = 00;

(C3) 0 < liminf, B, <limsup, , pn <1
(C4) lim,_, ,6;n =6 € (0,1).

Then the sequence {x,} generated by (4.1) converges strongly to a point q = Qq, where Qg is a sunny
nonexpansive retraction on .

4.2. Application to Hilbert Spaces

Assume that H is a real Hilbert space with inner product (-,-) and norm ||-||. Let A: H — H
be a single-valued nonlinear mapping and M : H — 2H be a multivalued mapping. The
problem of finding u € H such that

0 € A(u) + M(u) (4.2)

is called the quasivariational inclusion problem, and we denote the set of solutions of the above
variational inclusion by VI(H, A, M).
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If M = 06¢, where C is a nonempty closed convex subset of H and 6¢ : H — [0, o0] is
the indicator function of C, that is,

0, xe C,
6c(x) = { (4.3)

+00, x¢& C.

Then the variational inclusion problem (4.2) is equivalent to the problem of finding u € C
such that

(A(w),v-u)>0, VoveC, (4.4)

which is the well-known Hartman-Stampacchia variational inequality problem [25].

Theorem 4.2. Let C be a closed convex subset of a real Hilbert space H. Let A,B : C — H be
A-inverse-strongly monotone and f-inverse-strongly monotone, respectively. Let f be a contraction of
E into itself with coefficient & € [0,1). Suppose that Q := VI(C, A) N VI(C, B) #@, where VI(C, A)
and VI(C, B) are the sets of solutions of variational inequality (4.4). For arbitrary xo = x € C, define
the iterative sequence {x,} by

xo=u€ccC,
Yn = 0,Pc (xn - Plen) + (1 - 6n)PC(xn - P2Axn)/ (45)

Xn+l = anf(xn) + ﬁnxn + YnlYn, Yn >0,

where the sequences {a,}, {B,}, and {y,} in (0,1) satisfy the following conditions:
C) an+Pu+yn=1
(C2) limy,—, o, = 0and 377 oty = 00;
(C3) 0 < liminf, , f, < limsup, , B <1;
(C4) lim,, . x6, =6 € (0, 1).
Then the sequence {x,} generated by (4.5) converges strongly to a point Pgoxy.

Proof. Take M = 06¢ : H — 2H, where 6c : H — [0, o0] is the indicator function of C. Let
J(M, p) = I. Then we get

Pc(xn = p1Axn) = Jmp Po(xn — p1Axy),

Pe(xn = p2Baxy) = Jmp, Pe(2tn = p2Bxn).

(4.6)

Thus the conclusion can be obtained from Theorem 3.2 immediately. O
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