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Convergence and multiplicities
for the Lempert function

Pascal J. Thomas and Nguyen Van Trao

Abstract. Given a domain QCC", the Lempert function is a functional on the space
Hol(D, Q) of analytic disks with values in ©, depending on a set of poles in . We generalize
its definition to the case where poles have multiplicities given by local indicators (in the sense of
Rashkovskii) to obtain a function which still dominates the corresponding Green function, behaves
relatively well under limits, and is monotonic with respect to the local indicators. In particular,
this is an improvement over the previous generalization used by the same authors to find an
example of a set of poles in the bidisk so that the (usual) Green and Lempert functions differ.

1. Introduction

We assume throughout that €2 is a bounded domain in C™. Let I stand for the
unit disk in C. The classical Lempert function with pole at a€€, [7], is defined by

l,(z) :=1inf{log |(| : there exists ¢ € Hol(D, ) such that ¢(0) =z and ¢(¢) =a}.
Given a finite number of points a; €1, j=1, ..., N, Coman [3] extended this to
N
U(2):=Lya,,....an}(2) = inf{z log |¢;| : there exists ¢ € Hol(D, )
(1) =
such that ¢(0) =z and ¢({;)=a;,j=1,..., N}.
The Green function for the same poles is

g:=sup{u € PSH(Q,R_):u(z) <log|z—a;|+C;
for z in a neighborhood of a;,j=1,..., N},

This work started when the second author was visiting the Université Paul Sabatier, with
the help of the program Formath Vietnam.
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where PSH(Q,R_) stands for the set of all negative plurisubharmonic functions
in . The inequality g(z)</(z) always holds, and it is known that it can be strict,
see [2], [9] and [14]. If £ ever turns out to be plurisubharmonic itself, then ¢ must
be equal to g, [3].

There are natural extensions of the definition of the Green function. In one
dimension, considering a finite number of poles in the same location a, say m
poles, it has a natural interpretation in terms of multiplicities: the point mass
in the Riesz measure of the Green function is multiplied by m. Locally, the Green
function behaves like log | f|, where f is a holomorphic function vanishing at a with
multiplicity m.

Lelong and Rashkovskii [6] and [10] defined a generalized Green function. The
function log |z| was replaced by “local indicators”, i.e. circled plurisubharmonic
functions ¥ whose Monge—Ampere measure (dd“¥)™ is concentrated at the origin,
such that whenever log|w;|=clog|z;| for all j€{1,...,n}, then ¥(w)=c¥(z). This
has the advantage of allowing for the consideration of non-isotropic singularities such
as max(2log |z1|,log|22]), but the “circled” condition privileges certain coordinate
axes, so that the class is not invariant under linear changes of variables. We will
have to remove this restriction to obtain a class large enough to describe some
natural limits.

In several complex variables, we would like to know which notion of multiplicity
can arise when we take limits of ordinary Green (or Lempert) functions with several
poles tending to the same point. This idea was put to use in [14] to exhibit an ex-
ample where a Lempert function with four poles is different from the corresponding
Green function. The definition of a generalized Lempert function chosen in [14] had
some drawbacks — essentially, it was not monotonic with respect to its system of
poles (in an appropriate sense) [14, Proposition 4.3] and did not pass to the limit in
some very simple situations [13, Theorem 6.3]. We recall that monotonicity holds
when no multiplicities are present, or more generally when a subset of the original
set of poles is considered with the same indicators, see [17] and [14, Proposition 3.1]
for the convex case, and the more recent [8] for arbitrary domains and weighted
Lempert functions.

In Section 2, we successively define a class of indicators, a subclass which is
useful to produce “monomial” examples, a notion of multiplicity for values attained
by an analytic disk, and a generalization of Coman’s Lempert function to systems
of poles with indicators, different from [14]. In Section 3, we state our two main
results: monotonicity, and convergence under certain restrictive (but, we hope,
natural) conditions. Further sections are devoted to the proofs of those results.

Finally, in Section 7 we summarize the differences between our new definition
and that given in [14].
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2. Definitions
Definition 2.1. ([6]) Let WePSH(D™). We call ¥ a local indicator and write

Vel if
1. ¥ is bounded from above on D";
2. U is circled, i.e. W(z1,...,2,) depends only on (|z1], ..., |zn]|);
3. for any ¢>0, U(|z1]%, ..., |2n]9)=c¥(|21], ..., |2n])-

As a consequence, (dd“U)"=7ydy for some 7y >0.

Notice that if 1 e PSH(D™), ¥5€PSH(D™), and they are both local indicators,
then

U(z,2") :=max(¥q(z), Ua(2"))

defines a local indicator on D™,
We need to remove the restriction to a single coordinate system in Defin-
ition 2.1.

Definition 2.2. We call ¥ a generalized local indicator, and we write W7 if
there exists a neighborhood U of 0, ¥y€Z, and a one-to-one linear map L of C™ to
itself such that L(U)CD™ and U=Wgo L.

We will concentrate on a class of simple examples. Given two vectors z, weC",
their standard Hermitian product is denoted by z-w :22?21 zjw;. We also write
ll2]l:=]2-2]"/2.

Definition 2.3. We say that U is an elementary local indicator if there exists
a basis {v1,...,vn} of vectors of C™ and scalars m;€R., 1<j<n, such that for
zeD™,

2 U(z) = og |27,
(2) (2) = max m; log|z-7;]

One easily checks that any elementary local indicator is a generalized local
indicator. The most interesting case is the one for which the basis is orthonormal.
In fact, it is essentially the only case.
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Lemma 2.4. Given an elementary local indicator ¥ as in Definition 2.3 there
exists an orthonormal basis {U1,...,0n} of C™ such that the associated indicator

\T/(z):zmaxlgjgn my; log|z-0;| satisfies V—WeL>(D").

As a consequence, we could have restricted the map L in Definition 2.2 to be
unitary, and it would not have changed things in any essential way.
The proof of Lemma 2.4 is given in Section 4 below.

Lemma 2.5. ([6, example in Section 3] and [10]) If ¥ is an elementary local
indicator, then Tg=m1...My,.

We take the same definition of the generalized Green function as in [6].

Definition 2.6. Let Q be a bounded domain in C". Given

S:={(a;,¥;):1<j< N}, wherea;€Q,a;Fayforj#k, and ¥, €7,
its Green function is

Gs :=sup{u € PSH(Q,R_):u(z) < ¥;(2)+Cj,
for z in a neighborhood of a;,j=1,...,N}.
To generalize the Lempert function, the first step is to quantify the way in

which an analytic disk, i.e. an element of Hol(ID, §2), meets a pole provided with
a generalized local indicator.

Definition 2.7. Let a€D, a€Q and ¥ €Z. Then the multiplicity of p€Hol(D, Q)
at a, with respect to a, is given by

: e YelatO—a) _
m1n<7'\1,,111g1_>151f og €| , if p(a)=a,

0, if p(a)#a.

Mipa,0 (@) 1=

Notice that if ¥;—W¥s is locally bounded near the origin, then my o v, ()=
m%a,‘I’Q(O‘)'

The quantity liminf. o U(o(a+¢)—a)/log|¢| is exactly the Lelong number
at 0 of the subharmonic function Woyp, compare with [11, pp. 334—335]. Truncating
at the level of the local Monge-Ampere mass 7¢ will turn out to be convenient in
Definition 2.10, and the proofs that use it.

It is useful to see what this means in the case of elementary local indicators.
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Elementary example. Suppose that a=0, a=0, and that
U(z)= i1 i
(2) [ 2RX M og |z
We write

SO(C) = (4101 (C)’ ) <)07L(C))7

and define the valuations

1= (0. 0) =min i (i)kmm “0}.

Then we have

(3) M0,v(0) =min <1I<I}i£1n m;vj, l_llmj).
=

Ezxample 2.8. If m;=1 for all j, then
1, if ¢(0)=0,
0, otherwise.

mep.0,w(0) = {

This is the basic case where one just records whether a point has been hit by the
analytic disk or not.

Example 2.9. In more general cases, the use of an indicator will impose higher-
order differential conditions on the map ¢. For instance, if m;=2 and m;=1,
2<j3<n, then

0, if ¢(0)#0,
my,0,w(0) =19 1, if p(0)=0 and ¢(0)#0 for some je{2,...,n},
2, if 9(0)=0 and ¢;(0)=0 for any j€{2,...,n}.

Definition 2.10. Given a system S as in Definition 2.6, we write 7;:=7y,.
Let oeHol(D, Q) and A;CD, 1<j<N. We say that (¢, {4;}1<j<n) is admis-
sible (for S and z) if
0(0)=2; A; C ¢ *(a;) and Z My a; v, (@) <75, 1<j<N.
OtEAj

In this case, we write (with the convention that 0-co=0)

N
Sl A h<jen) =Y Y mpayu,(a)loglal.

j=1 OtEAj

Then the generalized Lempert function is defined by
LL(2):=Ls(2) :=nf{S(p, {A;}1<j<n): (¢, {Aj}1<j<n) is admissible for S, z}.
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Notice that we allow any of the A; to be the empty set (in which case the jth
term drops from the sum).
Consider the single poles case where

(4) Ui(z)= max log |z1| or ¥;(z)=log||z|| for each j

— it is the same, since both functions differ by a bounded term near 0; in fact, one
could use any norm that is homogeneous under complex scalar multiplication.

In this case, 7;=1 for every j. With a slight abuse of notation, we write
S={ai,...,an}. Then Lg(z)=ming/cs s (%), where {s was defined in (1). And in
fact ming g €s(2)=~Cs(z) [8] (see also [16] and [17] for the case when the domain
is convex).

The Lempert function is different from the functionals considered by Poletsky
and others in that it is restricted to one pre-image per pole a; (thus the Lempert
function can fail to be equal to the corresponding Green function). In our definition,
the number of pre-images per pole is bounded above by the Monge-Ampeére mass
at that pole of its generalized local indicator. In [14], each pole could only have
one pre-image, but (essentially) ¢ had to hit the pole with maximum multiplicity
at that pre-image.

Although Definition 2.10 may seem contrived, it is required to obtain the
reasonable convergence Theorem 3.3. See the discussion in Section 7.

We remark right away that the usual relationship holds between this generalized
Lempert function and the corresponding Green function.

Lemma 2.11. For a bounded domain 2, for any system S as in Definition 2.6,
for any z€Q, Gg(2)<Ls(z).

Proof. If peHol(D,?), and uePSH_(2) is a member of the defining family for
the Green function of S, then ueoy is subharmonic and negative on . Furthermore,
if (p,{4;}1<j<n) is admissible (for S and z) and a€A;, then given any £>0, for
|¢| small enough,

wop(a+() <O+ ¥ (plat()—a;) < Cj+(myp.a;.w, (@) =€) log (]
So uop is a member of the defining family for the Green function on D with poles
a and weights m, 4, v, (o) —€ at o. This implies that

=

N
uo @(C) < Z Z (m%aw‘l’j (O‘)_E) log 1—Ca :

j=1a€cA;
Letting € tend to 0 and setting (=0, we get u(2) <S(p, {4;}1<j<n).
Passing to the supremum over u, and then to the infimum over (¢, {4, }<j<n),
we get the lemma. [
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3. Main results

We start with a remark.
Lemma 3.1. If S is as in Definition 2.6, I<N'<N, and
S":={(a;,¥;):1<j<N'},
then for any z€Q, Lg/(2)>Ls(2).

Proof. If we take A;=@ for N'+1<j<N, any member of the defining family
for Lg/(z) becomes a member of the defining family for £g(z), and the sum remains
the same. 0O

The above lemma goes in the direction of monotonicity of the Lempert function
with respect to its system of poles. For the Green function, it is immediate that the
more poles there are, the more negative the function must be. More generally the
more negative the generalized local indicators are (removing a pole corresponds to
replacing a local indicator by 0), the more negative the function must be. This is
not immediately apparent in Definition 2.10, but it does hold for elementary local
indicators.

Theorem 3.2. Let ) be a bounded domain in C",
S:={(a;,¥;):1<j< N}, S§:={(a;,¥}):1<j< N}, wherea;€Q,

and V; and V' are elementary local indicators such that V; <W’+Cj in a neigh-
borhood of 0, C;€R, 1<j<N. Then Lg/(2)>Ls(z) for all ze.

The proof is given in Section 5.

Now we turn to a result about the convergence of some families of (ordinary)
Lempert functions with single poles, whose limits can be described naturally as
generalized Lempert functions. Note that the proof of this next theorem does not
require the relatively difficult Theorem 3.2, only the easy Lemma 3.1.

For zeC™\ {0}, we denote by [z] the equivalence class of z in the complex
projective space P*~ 1.

Theorem 3.3. Let Q) be a bounded and convex domain in C*. Let 0<M <N
be integers. For € belonging to a neighborhood of 0 in C, using the simplified no-
tation of the single pole case (4), let

S(e):={aj(e):1<j < M}YuU{al(e),aj(e) : M+1<j< N} C Q.
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Suppose that all the points of S(e) are distinct for any fized e, that

limaj(a)zajEQ, 1<53<M,

e—0
liir(l)a;-(a) zlii%a;’(a) =a; €Q, M+1<j<N,
and that
(5) lim[a () —aj (2)] = [v,],

where the limit is with respect to the distance in P"~1 and the representative v; 18
chosen of unit norm. Let W;(z):=log||z||, 1<j<M. Denote by m; the orthogonal
projection onto {vj}J-, M+1<j<N, and by ¥; the generalized local indicator

U, (z) :=max(log ||7;(2)|],21log|z-v;]), M+1<j<N.
Set S:={(a;,V;):1<j<N}. Then
lli?%és(@(Z)leg%ﬁs(s)(z)zﬁs(z) for all z€ Q.

Remarks. (a) As in the comments after (4), one could replace ¥; by an elem-
entary local indicator; (b) The convexity requirement is imposed by Lemma 6.1,
and we conjecture that it is not essential.

Note that in the case where a; (€)=a; does not depend on ¢, the hypothesis (5)
means that the point a}’(s) converges to a limit in the blow-up of C™ around the
point a;.

It seems to us that this is the only reasonable convergence result that can
be obtained for a family of ordinary Lempert functions. If (5) is not satisfied,
one can find two distinct limit points for our family of Lempert functions. Thus
hypothesis (5) is required.

We are restricting ourselves to the case where no more than two points converge
to the same point: examples where three points converge to the origin in the bidisk
are explicitly studied in [12], and show that the situation leads to results that
probably cannot be described in terms of our generalized local indicators.

The proof is given in Section 6.

4. Proof of Lemma 2.4

Multiplying one of the vectors v; by a scalar only modifies the function ¥ by
a bounded additive term, so it will be enough to exhibit an orthogonal basis of
vectors complying with the conclusion of the lemma.
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Renumber the vectors v; so that we have 0<m;<...<m,,. Using the Gram—
Schmidt orthogonalization process, we produce an orthogonal system of vectors vy
such that Span(?y, ..., 0x)=Span(vy, ..., v;) for any k, 1<k<n.

We proceed by induction on the dimension n. When n=1 the property is
immediate. Assume that the result holds up to dimension n—1. Write

Uy(z):= max mjlogl|z-7;| and \Tll(z)::l<rjn<ar>l<7 m; log |z 0.

1<j<n—1 1

Set z,:=2-0p,.

It is enough to obtain the estimates on a neighborhood U of 0. We choose it
so that ¥y (z)<0 and ¥;(z)<0 for z€U with |z,|<1. Since v, =0, —w, where we
Span(v1, ..., Un—1), we have
(6)  W(2)=max(¥y(2),mplog|zn—2"wl), ¥(z)=max(¥;(z), my log|z]),
where 2z’ is the orthogonal projection of z onto Span(vy, ..., Vn—1)=Span(v1, ..., n—1).
By the induction hypothesis, ¥1=¥;+0O(1), so it is enough to prove that

U/ (2) :=max(V1(2'), my log |2,])

differs from ¥(z) by a bounded additive term.

There is a constant Cp>0 such that ¥1(z")>m,_1log ||z’||—log Co, for 2’€U.
Choose a constant A>1 large enough so that ||w||(Co/A)Y/™n-1< 1.

Then, since ¥1(2)<0 and m,,_1 <my,,

! /
@l ey e SEED) < ullc e e T,

n—1 mnp

Case 1. W1(z")>mylog |z, |—log A.

By the inequality above, U'(z)<¥;(z')+loga <¥(z)+logA. On the other
hand, using (7), we get

o2 @] < (A ]| Gy ™ exp(Wa (),
s0 ¥(2)<¥1(z")+0(1)<¥'(2)4+0(1).
Case 2. U1(z")<my log|z,|—log A.
Then (7) and the choice of A imply that

log A 1
IZ’~w|SIwllcé/m“"lexp<10glznl— - )S—lznl,
m 1 2

and thus (6) implies that

V' (2)+mylogd <W(z) <W'(2)+m,log 3.
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5. Proof of Theorem 3.2

Without loss of generality, we may assume that TJ/- >0 for all j. We have ¥; <
¥’ +Cj in a neighborhood of 0 and

supp(dd°W;)" C {0} and supp(dd°¥})" C{0}.

Thus it follows from Bedford and Taylor’s comparison theorem [1], [5, p. 126, The-
orem 3.7.1], that 7;>7/>0. For any a and aj,

(8) M a0, () > Mg.a;, v, ().

Therefore
N

9) DD Ml log|a|<2 > mya;w(a)logal.
j=1a€A; j=1a€A;

To finish the proof, it suffices to show that the family over which we take the
infimum is smaller for Lg/(z) than the one for Lg(z). This can be checked for
each j separately, hence we drop the index j.

Lemma 5.1. Let Q be a bounded domain in C". If ¥ and V' are ele-
mentary local indicators such that ¥<U'+C and 7":=7¢. >0, if ACD, a€Q and
peHol(D, Q) satisfy

Z Mepaw (o) <7

acA

then

Proof. Since the point a plays no role, we assume a=0 and write m o v (@)=
me w(). By (8), we may assume that m, w(a)>0 and the sums in (9) will not
change.

Using Lemma 2.4, we reduce ourselves to the case where the elementary local

133

indicators are given by orthonormal systems of vectors. We use the same “valu-

ations” as in the elementary example:

o) =vyfa ) =mind b () 0 2@ 20},

and l/j/. () is defined analogously using the vectors v}.
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Case 1. There exists ag such that my, o (o) =7".

Then the hypothesis of Lemma 5.1 implies that for all a€ A\ {ao}, my, v () =0,
so that min;<k<, m}v;(a)=0. Since 7' >0, we have m} >0 for all k, so there must
exist k such that v} (a)=0. Then ¢(a)#0, which implies that m v(o)=0, and

Z My, w(a) =me w(ao) <7,
acA

by definition of the multiplicity.
Case 2. For all a€ A, my, g (o) <7’

Therefore m, g (o) =mini <<, myv; (a), and since we always have me, v (o) <
ming <<, MrVg(@), it becomes enough to work with the quantities in (9). By div-
iding by 7 and 7/, respectively, it will be enough to prove the following lemma. [

Lemma 5.2. Under the hypotheses of Lemma 5.1 and Case 2 above, for each
a€A,

ming <<, myv;,(a) S ming <p<, myvg(a)

n 7 - n
[Ir=1 m} k=1 Mk

Proof. Since we are now dealing with a single «, we also drop it from the
notation.

We introduce a binary relation on the index set {1,...,n}.
Definition 5.3. Given k,l€{1,...,n}, we say that kRl if and only if vy -v;#0.
Lemma 5.4. If ¥'+C>T and kR, then mi>mj.
Proof. For any nonzero A\eC,
V' (\vp) = mjlog |A|+mj log ||vi %,

while, for |A| small enough,

W(Aef) = max (m; (log || +log fu;-7{])) = (%Illmk) log [A|+0(1),

therefore by letting A tend to 0 we see that mingr; memf. O

Lemma 5.5. If ¥'+C>V, then
1. v/>min{vg:kRI},
2. yp>min{v]:kRI1}.



194 Pascal J. Thomas and Nguyen Van Trao

Proof. We will use and prove Part 1 only. Part 2 has a similar proof.
Since v] is orthogonal to vy unless kRI, we must have complex scalars ¢, such
that v;=>, »; ckvx. Thus for ¢ as in Lemma 5.1,

0(Q)-1 =Y ep(C) .

kRI

Now take m<vip=vi(q, ) for all k such that kRI. Then

(&) = a(x) eome-o

kRI

so we must have v; >m, which proves the result. O

Now renumber the vectors v; so that min;<g<,(m}v;)=mjvi. Pick an index
ko such that koyR1 and vg, =mini<p<n{vk:kR1}. By renumbering the vectors vy,
we may assume that kg=1. By Lemma 5.5, we may assume that v{>v;.

The conclusion of Lemma 5.2 thus reduces to

7 1

> .
[Treomy — szz Mk

This is a consequence of the next result.

(10)

Lemma 5.6. There exists a bijection o from {2,...,n} onto itself such that for
any l€{2,...,n}, o(l)RI.

This lemma will be proved below. It implies that
n n n
H my :Hma(l) Zngv
k=2 1=2 1=2
by Lemma 5.4, so (10) holds and this concludes the proof of Lemma 5.2. O

Proof of Lemma 5.6. Set A:={awi}o<ki<n:={vk 7]} 2<ki<n. First we prove
that this matrix is non-singular. Let 7 be the orthogonal projection on {v}}+.
If rank{nm(vy):2<k<n}<n—1, there exists we{v;}+, w#0, such that wln(vy),
2<k<n. This implies that w_Lvy, 2<k<n. Since we have orthogonal bases, v; =Aw
for some AeC. So v;-v1=0, which contradicts the fact that 1R 1.

We construct the bijection o by induction on n. For n=2 it is obvious. Suppose
that the property holds for n—1. Then

0 75 det A= Z(—l)kakg det Ak,
k=2
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where A, stands for the minor matrix with the first column and the kth row re-
moved. There must be some k for which age det Ax#£0. Let o(2)=Fk; the induction
hypothesis gives us a bijection ¢’ from {3, ..., n} to {2, ..., n} \ {k} such that a, ) #0,
and this finishes the proof. [J

6. Proof of Theorem 3.3

First observe that we can relax the conditions used in Definition 2.10.

Lemma 6.1. Let Q be a conver bounded domain in C™ containing the origin,
and let z€€).
(i) Let a; €, V;€Z and, as in Definition 2.6,

SZ{(CL],\I’J)lgjgN}

Suppose that for any §>0, there exists a map ©° holomorphic from D to (1+6)Q
and sets {A;j(8)}1<j<n such that (¢, {A;(8)}1<j<n) is admissible for S and z with
respect to (1+6)Q and

S(¢°, {A;j(6) h<jen) < E+h(9),

where h(8)>0 and lims_o h(6)=0. Then L2(z)</.
(ii) For e in a neighborhood V' of 0 in C, let a;(c)eQ, 1<j<N, and

S(e):={(aj(e), ¥;):1<j<N}.
Let g: V—R* be such that lim._,o g(¢)=0. Then

(1+9(5))Q(Z)'

lir?jélp ﬁg(s) (z) <limsup Lsie

e—0

Proof. Without loss of generality, we may assume that z=0. Let
Q, :={e(¢): ¢ €Hol(D, ), »(0) =0 and || <r}.

A bounded convex domain is Kobayashi complete hyperbolic [4, Proposition 6.9(b),
p. 88], so Q, is relatively compact in Q. Let pq stand for the Minkowski function
of Q:

pa(z) ::inf{r>0: ; EQ}.

We set y(r):=supq_pa. The function + is increasing and continuous from (0, 1) to
itself.
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For any pe(0,1) and ¢cHol(D,C™), set ¢,(¢):=¢(u¢). Note that for any
points and indicators, mg, o w(o/p)=mge . v(a).

Take ¢° as in Part (i) of the lemma, in particular ¢°(0)=0, so by the construc-
tion of ~,

m@i(ﬂ)) Cy(p)2.

Choose some j(5) such that v(u(5))=(1+6)"1, and set 6‘5::@2(5), then @’e
Hol(D, Q). Note that lims_,o u(6)=1, by the relative compactness of each ;..
Let

A;(5) = {% ‘o€ A;(8) and | <u(5)}.

S(8°, {fl‘( Vh<j<n)—S(°, {A4;(6 )}1<j<N)|

Z Z Mps ;v J |10gM |_Z Z Mys a;,0; )10g|a|

j=1 «a€cA; j=1 «a€cA;
\a|<u(5) \a|2u(6)
N
<2(§jmj>|1ogu<6>|,
j=1

and this last quantity tends to 0, which concludes the proof of (i).
To prove (ii), take maps ¢° and systems of points {4;(¢)}1<;j<n, admissible
for S(g), such that

lif(l)s(‘f’ {A (e )}1<]<N) —hmsupﬁsl(;r)g 5))9(0).

Use the above proof with §=g(&) to construct maps ¢ into 2 and systems of points
{4;(e) }1<j<n, admissible for S(e), such that

IS A (O hesen)— 86 {A; () rzjen)| < (Zm )Ilogu ).

and by definition S(3°, {A;(e)}1<j<n)> L:S( )(O) O

Consider as in Theorem 3.3 a bounded convex domain €2, and distinct points
a; €, 1<j<N. Let zeQ\{a;:1<j<N} (otherwise the property is trivially true).
Again we may assume that z=0. By Lemma 6.1 applied to S(§)=S for any 9, to
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show that
(12) Ls(z) <liminf L) (2) =: 4,

it will be enough to provide: some increasing function g such that g(0)=0 and,
for any 6>0, maps ¢°€Hol(D, (14+¢(5))$2) and subsets {A?}lngN of Q such that
(¢?, {Ag}lSjSN) is admissible for S and z, and that

S(¢°, {ATh<jen) =1.

The systems S(e) all have single poles, so the definition of ¢ means that there
exist ¢, €Hol(D, Q), €, —0, and points aj,m,a;-,m,a;{meﬂ) such that @, (ajm)=
aj(em), 1<j<M, and ¢m (), )=di(em), em(a],,)=a](em), M+1<j<N; and
they satisfy

M N
> loglajml+ Y (logla],,|+loglaf,, ) = €+6(m),
j=1 j=M+1

with lim,, o §(m)=0.

Passing to a subsequence, for which we keep the same notation, we may as-
sume that o, —a; €D, o), —a}eD, of,,—aj €D as m— o0, and that ¢, —@e
Hol(D, Q) uniformly on compact subsets of D. Furthermore, by compactness of the
unit circle, there exists 9;€[v;]NS?"~! such that, taking a further subsequence,

. af(em)—aj(em) -
lim —- : =7;.
m—oo Haj (em) —a; (em)l

By renumbering the points and exchanging a’; and a’} as needed, we may assume

that there are integers M'< M < N; <Ny <N3<N such that
a; €D for 1<j< M,
a; €D for M'+1<j< M,
of=ajeD  for M+1<j< Ny,

i <|af]<1  for Ny+1<j<No,

| <1,]af|=1 for Na+1<j<Ng,

!

| =aff]=1  for Ng+1<j<N.

Then

M N
(= lim (Zlog|aj,m|+ Z (log |} ,,,| +1log |, ))
j=1

m—00
j=M+1
N1 N» N3

M/
:Zlog|aj|+ Z 2log |a|+ Z (log |o;[+-1og [ ]) + Z log |afj|.
j=1 j=M+1 j=Ni+1 j=Na+1
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Now we choose

A ={a;} for 1<j <M,

Aj=0 for M'+1<j< M,
Aj={d}} for M+1<j< N,
Aj=A{aj,a}  for Ni+1<j< Ny,
Aj={a}} for No+1<j< N3,
Aj=0 for N3+1<j<N.

Notice that (¢, {A;}1<;j<n) hits the correct points but does not necessarily produce
an admissible choice, because for some j, N1+1<j< N5, we could have

Mg.a;,¥; (O‘;’)—Fm@aw‘l’j (O‘;’I) >2=1j.

So, in order to apply Lemma 6.1 with §—0, we set A?zAj for any §>0 and

M’ N1 No N3
20 =#(+ic|[Tc-ap IT (e II -apic=ap) II tc-alo
j=1 j=M+1 J=N1+1 j=Na+1

where v€C” is a unit vector chosen such that 7;(v)#0, N1+1<j<Nj. For any a.€
U;.v:l Aj, °(a)=p(a). There is a constant C>0 such that @°(D)CQ+CIB(0,1).

All the following considerations apply when ¢ is small enough.

For 1<j< M/, M3 o, ; (aj)=1, because @° takes the correct value, and the
multiplicity cannot be more than 1=7; in these cases.

For N1 +1<j< N3, we have

T ((2°) (0f)) = m; ((B)' () +0pm; (v),

where p; is some complex scalar which does not depend on 4, so for >0 small
enough, this projection does not vanish and we have mgs . v, (a} )=1. An analogous
reasoning shows that mgs . v, (a;’) =1 for N1 +1<j<Ns.

For M +1<j5<Nji, we have

(2°) () = (2)'(e),

and by the uniform convergence on compact sets,

e em(G ) —em(af) o df(em) —af(em)
() ()= lim ; 7 = lm
e Qjm — Yjm e QT A

which must be colinear to v; by definition. Therefore mgs ., ¢, (a);)=2 for M+1<
J<Ni.
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Thus (2%, {A4;}1<j<n) is admissible for S and 0, and S(@°, {4, }1<j<n)=F,
which proves (12).
Now we need to show that

(13) Ls(z) >limsup L (2).

e—0

We use Lemma 6.1(ii). For any 6>0, we need to construct a positive function g
such that lim. o g(¢)=0, and, for € small enough, ¢°€Hol(D(1+g(e))?) and sets
{4;(e)}1<j<n such that (¢, {A;(e)}1<j<n) is admissible for S(¢) and 0 and

S(p%, {4j(e)higjen) < Ls(2)+0.
We start with an admissible choice (¢, {A4;}1<;j<n) for S, such that
)
Sle A4 hzyen) < Ls(2)+5.

To fix notation, suppose that, after renumbering and exchanging the points as
needed, there exist integers M’'<M and Ny, N, N3€{M, ..., N} such that

Aj={aj} for 1<j<M’,

Aj=0 for M'+1<j<M,
Aj={a;}, mpa;,(a) =2 for M+1<j< Ny,
Aj={aj, aj} ol # oj for N1+1<j < No,
Aj={aj},mga;w,(af) =1 for Ny+1<j< N,
Aj=02 for N5+1<j<N.

The definition of ¥; (see the computations performed in the elementary ex-
ample) implies that, for M +1<j<Ni, ¢'(a);)-w=0 for any wEij. We perturb ¢
to make sure that, on the other hand, ¢’(;)-v;#0 in the same index range. For
n(e)€C to be chosen later, set

M’ No Ns
56 =e(@ )| TTc-a) T -aic-ap T[ tc-a]
=1 J=N1+1 j=Na+1
Ny
(C—af) (C—a})?|vj |-
x(j_%:+1|: M+11§:£§N1 b :| )
k#j

The map @ depends on € and is again admissible.
We have positive constants C7,Cy and C3 such that
L. @' (af)=Xju;, with Oy H[n(e)| <[\ < Culn(e)],
2. [|=¢lloo <Caln(e)l,
3. @(D)C (14+Cs|n(e));
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in particular ¢ will be bounded by constants independent of ¢, along with all its
derivatives on any given compact subset of .

For M+1<j<N and ¢ in a neighborhood of 0, @ (¢) —a’;(e) =n;(e)v;(¢), where
llvj(e)]|=1, lim.ovj(e)=v; and n,(e)eC.

For |e| small enough, we now may define

Aj(e):=A4A; for 1<j< M and Ni+1<j<N,

Aj(e):= {a;,ag—f—ng\—(g)} for M+1<j<Nj.
J

We shall need to add to ¢ a vector-valued correcting term obtained by Lagrange in-

terpolation. To this end, we write B(e) ::U?[=1 A;(e), and values to be interpolated,

w(a), for a€B(e). Let

(e)—aj=a;(e)—P(oy) for 1<j< M,
I

(e)—a;=aj(e)—P(a)) for M+1<j< Ny,

(e - i(e )
w(a;—l—n])\( ) ::a}'(a)—go(oz;—i—nj)\(j )> for M+1<j< Ny,

— /,(5)_07»:0,;,(5)—;5(043-) for N1+1§]§N27

(o) =a
w(af):=aj(e)—aj=aj(e)—@(a) for Ny +1<j< Ny,
)i=a

i(e)—aj=al(e)—@(a) for No+1<j< N3.

We denote by P the solution to the interpolation problem
{P(a) =w(a):x € B(e)}.

Let ¢°:=@+ P.€Hol(D, Q¢). The domain Q° will be specified below. By construc-
tion (%, {A4;(e) h<j<n) is admissible for S(e), and for |¢] small enough,

S, {A;(e) h<jcn) < Ls(2)+6,
provided that, for M +1<j<Ny,

1im )

(14) e—0 /\j

Now we need to show that the correction is small, more precisely that we can
choose 7(e) so that the above condition is satisfied and lim_q || P:|cc=0. Then we
can choose a function g tending to 0 such that

Q° = (1+9(¢))2 D (1+Csln(e) )2+ B(0, || Pelloo)-
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Write I, for the unique (scalar) polynomial of degree less or equal to d:=
#B(g)—1 (d does not depend on ¢) such that

My(a)=1 and TII,(8)=0 for any §€ B(e)\{a}.
Then
Po= ) Taw().
a€B(e)

For €< <nrny+1<j<n Ajs the supremum norm |[II, [« is uniformly bounded,
because dist(a, B(e)\{a})>~>0 with v independent of €. It also follows from the
hypotheses of the theorem and the choice of w that

li : L.
Eg%max{nw(a)n ac | AJ} 0
1<j<M
N1+1<j<N

For M +1<j<Nj, we need an elementary lemma about Lagrange interpolation.

Lemma 6.2. Let zq,...,zq4€D and wy, w; €C™. Suppose that there exists v>0
such that |zo—x1|<7v and dist([zo, z1], {22, ..., xa})>27, where [xo,x1] is the real
line segment from o to x1.

Let P be the unique (C™-valued) polynomial of degree less or equal to d such
that

P(zo)=wo, P(z1)=w1 and P(z;)=0, 2<j<d.

Then there exist constants L1 and Ly depending only on v and d such that

w1 —Wo

sup | P(O)l < L | |+ Lollwoll.
¢eb

1
T1—To

We will prove this lemma a little later. It yields, for M +1<j<Ny,

sup| Mo (Q)w(a) +as 4 (o) /5, (Qw (a}%—ng\—(é)) H
¢eb J
< 1| 25 et -2 o5+ 5 ) - s 01t Lol €)1

We now estimate the first term in the last sum above. By the Taylor formula,

0)-3( i+ 42 )~ @)~ Bl05) =€)~ 6) =+ ol

=n(€)(vj(e) —vj) + Ra(e),
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where || R2(¢)|| <C|n;(e)|?|A;] 2 with a constant C independent of £ by the bounded-
ness of the derivatives of ¢. Finally
I AWRL| ., 1(e)
a_;. (C)w(a3)+ a;-—&-nj (&)/X; (C)w O[j +
< C(llvj(e)=vjllIn(e)l+Ing () In(e)| = +llaj(e) — asl)-

To satisfy (14), we need to have lim._,gn;(e)/n(e)=0; to make sure, in addition,
that the whole sum above tends to 0 as € tends to 0, it will be enough to choose
1(e) going to zero, but more slowly than |n;(e)|=|a’/ () —a)| for M +1<j<Ny.

sup
¢eD

Proof of Lemma 6.2. Let

d X—x
X, V)= ==,
Q(X,Y) gy_xk

Then @Q and all of its derivatives are bounded for X €D and Y €[xg, z1], and

X—(Eo
Z1—7%o

P(X) = S22 Q(X mJun+ 2= QX 0o

w1 —wWo

Q(X,71)—-Q(X, 900))
wo

(X =) QUE. )+ (@) + (¥ -y LTI

T1—xo

Then the conclusion follows from the boundedness of ) and @’ and the mean-value
theorem. [

7. Comparison with previous results

Denote by Lg the old-style generalized Lempert function defined in [14]. Since
it was not monotonic, we also needed the following definition.

Definition 7.1. Let
S:={(a;,¥;):1<j<N} and S :z{(aj,\Il}):lgjgN},
where a;€Q and ¥; and \Ilj1 are local indicators. We define
Ls(z):=inf{Lgi(2): \Iljl >U;+C;,1<j< N}

Lemma 7.2. If S={(a;, ¥;):1<j<N}, where the ¥; are elementary local
indicators, then for any z€€Q), Ls(z)<Lg(z).
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We skip the easy proof, which makes use of Theorem 3.2.
We now return to the study of the example presented in [14]. Let us recall the
notation. For z€D?,

Uo(z) :=max(log |z1],10g |z2]) and Py (z):=max(log|z1|,2log|z2|).
For a,b€D and e€C, let

Se = {((CL, 0)’ \IIO)’ ((b7 0)’ \IIO)’ ((b7 6)7 \I’O)’ ((a7 6)7 \I’O)},
S= {((CL?O)’ \IIV)’ ((b70)’ \I/V)}

Here the Green functions are explicitly known and the following is proved in [14,
p. 397].

Proposition 7.3. If b=—a and |a|*<|y|<|a|, then Gs(0,7)<Ls(0,7).

It follows from our Theorem 3.3 that for any z€D?, lim. o Ls_(2)=Ls(z).
It is a consequence of [14, Theorem 5.1] that for b=—a and |a|*/?<|y|<|a|, then
L5(0,7)>Gs(0,7); therefore Lg_(0,7)>Gs.(0,7) for || small enough.

On the other hand, when || <|a|?/2, the old generalized Lempert function does
not provide the correct limit of the single pole Lempert functions.

Proposition 7.4. For b=—a and |a|?<|y|<|a|*/?, £5(0,~)<Ls(0,7).

We omit the proof. We note that the mappings ¢ exhibiting the strict inequality
are obtained with #A4;=2 and #A2=1, but ¢ has multiplicity 2 at the single point
of AQ.

A complete computation can be found in [15].
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