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Exact propagators for some degenerate
hyperbolic operators

Richard Beals and Yakar Kannai

Abstract. Exact propagators are obtained for the degenerate second order hyperbolic
operators 8t27t2lAz, l=1,2,..., by analytic continuation from the degenerate elliptic operators
8t2+t21 Az. The partial Fourier transforms are also obtained in closed form, leading to integral
transform formulas for certain combinations of Bessel functions and modified Bessel functions.

1. Introduction

Among the methods for obtaining propagators for hyperbolic operators are
several that involve analytic continuation from the elliptic case; see, for example [7]
and [8]. In this paper we use continuation from the Green’s functions [5] for degen-
erate elliptic operators of the form

(1.1) Z +y|?+ Za—

with n=1 and t=y; to produce formulas for propagators for the degenerate hyper-
bolic operators

2
_ 2k—2 _
(1.2) Lm_— § 8x2, =2.3,....

(We treat k as fixed and omit it from the notation.) Continuation is carried out
in the “space” variables x;. For even m, the propagators are piecewise algebraic
functions (or distribution derivatives of piecewise algebraic functions). This idea
was discussed briefly in [4], but the result as stated there is only correct for ¢
sufficiently close to the starting time s.
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We remark that continuing in x,, alone as the “time” variable, leads to explicit
propagators for the singular hyperbolic operators

8 m—1
L=Lpm=|y|**~ Qaﬂ Z —|y[?k 22 e =2,3,....

This will be carried out in a subsequent paper. The details of the procedure, and the
form of the result relative to the original Green’s function, are somewhat different
from the degenerate case (1.2) that we consider in this paper.

By a propagator for (1.2) we mean a distribution W,,,=W,,(z, t; y, s) such that
for each test function f=f(x) the function or distribution

u(z,t) = X Win(, 5y, 5) f(y) dy

is the solution of

ou

Lyu=0, t#s; u(x,s)=0, E(m,s):f(x)

In this section we give an explicit formula for the propagator for m even. The
case m odd can be obtained by the method of descent. As in the classical case,
the results are easier to state in low dimensions, where the propagator is a locally
integrable function. In Theorem 1 the result for the case m=2 is stated. The result
for the general case is stated in Theorem 2. The support and singular support of
the propagator are identified in Theorem 3.

To state the results we introduce functions of two variables

Bi(R,0)= (REVRZ=0?)"*, R>0>0,

which we extend to other real values of R by continuation into the upper half-plane
for fixed o>0:

(Rii\/ o2 —R2)1/2k, —o<R<o,

(1.3) Bi(R,0)= { eiiﬂ/Qkﬁi(lRLU)’ R<—

Using these values we define a locally integrable function W, where

B+ (R,0)+sgn(st)B_(R,0)

(1.4) Wz, t;y,s) = s

on the region I defined by the inequality

k2o —y[? < (1t ~]s]")?



Exact propagators for some degenerate hyperbolic operators 193

and

. _ cos((a+m)/2k) ot/
(1:5) Wity 8) = = o) Vo — T2

on the region I1_ defined by the inequalities

([t]" =1s[*)* < K*lo—y|* < (|t +s]*)?, st <0

and
(1.6) W(z,t;y,s) =0, otherwise,
where
Re Rla—y.t,5) = t2k+82k_2k2|x_y|2 ;
oc=o(t,s)=|st|* and a=a(x—y,t,s)=arccos(R/c).
Theorem 1. The propagator for the operator Lo with pole at (y,s), s#0, is
(1.7) Wg(x,t;y,s):sgn(t—s)%W(m,t;y,s).

We consider W as a distribution, and take distribution derivatives to obtain
the propagator for arbitrary even m.

Theorem 2. For arbitrary even m, the propagator for the operator L., is

—2)/2
(1'8) Wi =cm ol/2k (l 8£>(m ! (U(M_Q)/Q—l/QkW).
R Oc
where
(m72)/2 m—1
1 k

Theorem 3. The singular support of the propagator W,, of Theorem 2, m
even, is the union of the set defined by the equality

ke —y[? = (t]" ~s*)?
and the set defined by

K la—yl? = (1t +]s]")?,  st<0.
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To fix ideas, take s<0 here. Then for ¢<0 the operator is strongly hyperbolic
and the singular support of the propagator is what it must be: the union of the
characteristics from the pole (y,s). At t=0 the operator is weakly hyperbolic,
and the singular support of the propagator now picks up all forward characteristics
from the points (x,0) with k?|x—y|>=s?*. This is an example of the phenomenon of
branching of singularities at multiply characteristic points, introduced and studied
extensively in [1], [2], [3], [9], [10], [12], [13], [14], [15], [16] and [17].

Theorem 1 is proved in Section 2 below, Theorem 2 is proved in Section 3, and
Theorem 3 is proved in Section 4.

It is natural to take advantage of translation invariance of L,, in the x variables
to calculate the partial Fourier transform of the propagator or, in more general sit-
uations, to construct a parametrix; this approach is used, in particular, in [12], [16]
and [19]. In Section 5 we calculate the partial Fourier transform of the propagator
and of the Green’s function for the associated degenerate elliptic operator and find
the relationship between the two. This provides a check on the results in Sections 2
and 3.

The calculations in Section 5 apply equally well to the generalized degenerate
elliptic operator and generalized degenerate wave operator

dt dt

p7e] —t2*727  and p7e)
where T is any nonnegative selfadjoint operator. We obtain a Green’s function for
the first of these operators and a propagator for the second. In Theorem 4 we relate
the two via analytic continuation in the variable ¢.

Having computed Green’s functions and propagators and also their partial
Fourier transforms, in Section 6 we obtain formulas (some possibly new) for some
integral transforms of certain combinations of Bessel functions and modified Bessel
functions.

+t2k_2T,

2. Proof of Theorem 1

We assume throughout this section that s#0.
The degenerate elliptic operator

2 2 2
(2.1) L:3_+t2k2<8_+8_>
xXr

has a unique Green’s function with pole at (y, s) that is homogeneous with respect
to the dilations

(z,t;y,8) — Az, \Ft; Ay, AFs), A >0.
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Up to a multiplicative constant, this Green’s function is the algebraic function
6—%— (ROa 0)2 _6— (R()v 0)2

2.2 Ko(z,t;y,s) = ’
22) ) = S 15, (Rov o) (Rovo)—2ot]

where
t2k+82k+k2|x—y|2
2 )

Ro=Ro(z—y,t;s)= o =|st|*;

see [5]. Note that 8,5 =c'/*=|st|, so
ﬁi“‘ﬁ% —2st= ﬁi‘f‘ﬁg —sgn (st) B, B =[B; —sgn (st) ﬁ—]Q-

Therefore Ko can be written in the form
(23) Ko(x, t; v, S) _ 6+(R0($—y, ta S)a U(Sa t))—l—sgn (St) ﬁ— (RO(x_yv ta S)a U(tv 8)) )
\/RO(x_yv ta 8)2_U(t7 8)2
We modify the operator (2.1) by taking z; to ei0/2xj and 0/0z; to e*i9/28/8xj,
0<#<m. This gives the operator

0? ; 0?02
09 L —iepk—2 9 | O
R ((’h% * 5\%%)

and the function Ky(t, z;y, s) given by (2.3) with Ry replaced by

2k 2k 02012
Rolt, 2y 8) = — +e2 l2=yl”

The limit case L™ is the operator Lo of (1.2).
Lemma 1. For 0<6<m, the function Ky is smooth except at t=s and x=y.
Proof. Let
fi(R,0)=REt\VR?—02, R>0>0,

and consider the continuations for Im R>0. If f.(R)=a€R then R=(a?+0?)/2a,
so R is real. It follows that Im f.(R, o) has fixed sign on the upper half plane, and
it can be seen that the sign of +Im f. is positive. The same is true for S., which
is defined using the principal branch of the root.

A singularity can occur only where R2=0¢2, which does not happen for z#y,
since x#y implies that R is in the upper half plane. If x=y, then

A(R?—0?) = (25 +5%)2 = 4(st)? = ([t"+1s[")? (1t]" = |s[").
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This vanishes only if |t|=|s|. But for st<0, fix R#0 and assume that

e=+/1-0?/R?*—0.

Then

Ky

1/2k (1 1/2k _ (1 _g)1/2k 1/2k /4
RV (1) (1) R ( 0(5)>.

R : 7 \x"

Therefore Ky is only singular where x=y, |t|=|s|, and st>0. O

To evaluate the limit K, as #—m we distinguish four regions, two of which

were identified above:

Lo Re—y<(jt]"~]s")%

IL: (JtfF—s*)2<k?z—y[2<(|t|F+]s]%)?, Lst>0;

O k2 |lz—y)?> ()tF+]s]F)2
As 0— 7, continuation from region I leads to limiting values of R>o, continuation
from regions 11, leads to values —o <R <o, and continuation from region III leads
to values R<—o.

The limiting values of v R2—02 are ivo2—R2 for —oc<R<o and —VR2—02
for R<—o. For R<—o the limiting value of R+vR%2—02 is

R¥VR?—0? = —(|R|+V/R?—0?)

Therefore the limiting values of 5. as R—R are as in (1.3):

(RtivV 02—R2)1/2k, —o0<R<o;
eiz’w/Qkﬁi(lRD, R<—o0.

ﬁ:(:(Ra U) = {

In the region R2<o?,
B.(R,0)=0c'?*[cos(a/2k)+isin(a/2k)], a=arccos(R/o).

It follows that the real parts Re K of the limiting values of Re Ky are
B+ (R,0)+sgn (st) B_(R,0)

in I;
R2_ o2
0 in II;
1/2k o
ot/#F sin(«/2k) 7 m 10
Vo2—R2
—COS(’/T/2I€) ﬁ+(|R|7J)+Sgn (St) ﬁ—(|R|ﬂO—) in III

RZ—02
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The imaginary parts Im K of the limiting values are

0 in I
1/2k
T cos(a/Zk)’ i 1L
Nz
0 in I0:
o Sln(ﬂ'/2k) 6+(|R|7 J)_Sgn (St) 6—(|R|’ U) in III
R2_o2

Lemma 2. The limiting value K is locally integrable.

Proof. Tt is enough to show that 1/v/R?—0? is locally integrable for s#£0. At
points where R%2+402#£0 the gradient of R?—0? is not zero, so 1/v/R2—02 has an
integrable singularity. At R=0=0 we have x#0, so the gradient of R and the
gradient of S=st are independent. Therefore the integral of 1/v/R?—0c2 near such
a point is dominated by

k

1,8 1,1 1 1
dRdS // dRdS . / K
—t ——= arcsinl1dS+ [ arcoshS™"dS
/0/0 VSZ_Rr2 " Jo Jor VRZ=S2F  J, o
which is finite, since arcosh S~™¥~—klog S as S—0. [
Lemma 3. LyK,.=0 (as distribution) except possibly at =0, t=s.

Proof. Tt follows from estimates like those in the proof of Lemma 2 that Ky
converges in L11OC to K as 60—, so Ky also converges as distribution. The identity
LyoKy=0 holds at #=0, except possibly at the singularity at x=y and t=s. By
continuity this identity continues to be valid for 0<f<m, and therefore it is valid
in the limit 6==7. O

Since Lo has real coefficients, both the real and imaginary parts of K, are
annihilated by Lo away from the pole, and therefore are candidates for propagator,
as are linear combinations of the two. On general principles, the support of the
propagator should be the closure of the region I for st>0 and lie in the closure of
the union of region I and region I1_ for st<0. However, according to Lemma 2, no
nontrivial linear combination of the real and imaginary parts will eliminate region
III. To do so we take advantage of the fact that s is simply a parameter in the
equation Lo K =0. Replacing s by —s leaves R and ¢ unchanged. The combination

(2.4) W(z,t;y,s) =Re K(x,t;y,s)—cot(n/2k) Im K (z,t;y,—s)

is annihilated by Lo away from z=y and t=+s. Lemma 2 implies that the support
of W is precisely the closure of the union of region I and region II_. It can be
checked that the values of W are those given in (1.4)—(1.6).
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Proof of Theorem 1. We have observed that LoW =0 except possibly at x=y
and t=+s. However Im K (z,t,y, —s) vanishes identically near x=y and t=—s, so
taking the combination (2.4) does not introduce a new singularity at that point;
thus LoW =0 at x=y and t=—

To complete the proof we need to check the behavior of

u(z,t)= [ Wt zy,s)f(y)dy.
Rm
as t—s, where f is a test function. For st>0 this is

(2.5) / GB0)H5 (Bao) 4 g,

VRZ—o2

with 2R=t%F+ s2F — 2|z —y|? and o=(st)*.

Lemma 4. Ast—s#0, the integral (2.5) is

4
T lt-s| @) +0((t=5)?)
Proof. Up to terms of higher order in t—s we have R~s**, R+o~2s%* and
2(R—0) = (t* —s*)2 = k%2 = K2 [s*F 2 (t —5)2 =1,
IV R2— 02~ k‘|8|k[82k72(t—8)2—7'2]1/2,

where r=|z—y|. Therefore, on the support of W ast—s, 8, (R, 0)~|s|, f_ (R, 0)=0,
and

2|s|
Hol/ A=

It follows that as t—s, up to higher powers of t—s we have

Wt z;y,5) = A=|s|Ht—s|.

. _ 2f(z) dy  2f(x) A orrdr
/W(t7x7y58) f(x_y) dyNW e \/m_lﬂsvc,l 0 A2_ 2
_ 2f(=) _ Arf(x)
= RS T 2rA= 3

[t—s]|.

Differentiation of (2.5) with respect to ¢ gives sgn (t—s)4nf(x)/k. This con-
firms the normalization in Theorem 1: the propagator is

k
WZ(tax;say):Sgn(t_s)Ew(tvx;ya 8)' U
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3. Proof of Theorem 2

Up to a multiplicative constant, for even m the Green’s function for the degen-
erate elliptic operator (1.1) with pole at (y, s) is

19
R 0o

see [5]; here Ky is defined by (2.2) or (2.3).

We showed in Section 2 that the function Ky converges in the sense of dis-
tributions to K, considered now as a function of R and o. Therefore derivatives
converge in the sense of distributions. Using the analogous notation we define K9,
0<f<m, so K¢ converges as distribution to a limit K,,, as 6 —.

The degenerate elliptic operator (1.1) annihilates K,,o away from the pole,
and again this persists under the continuation to the degenerate hyperbolic case.
However, because of the division by R the limit appears to have new singularities
at R=0 in the region II_. In fact there are no such new singularities in this region.

(m—2)/2
(3.1) Ko (7,159, 5) =01/2k( ) [o(m=2/2=12k Ko (0, 85y, 8));

Lemma 5. The distribution Ky, is analytic in 11_.
Proof. For >0 and R=0, the function

m-2)/2 (BHiVo? =)V 4 (R—iv/o? — R2)!/"
Vo2 —R?
— p—(m=2)/2,-1+1/2k (n+i/T—n2) Y2k 4 (n—iy/T—n2)1/2k R

n=—-,

1-n? ’ o

has a convergent expansion of the form

(3.2) R-(m=2)/2 Zaj 071+1/2knj _ Zaj o 1=i+1/2k pi—(m=2)/2
§=0 =0

With the factor R~(m~2)/2 removed, the operator that acts on Ky in (3.1) can be
rewritten as

o (m—2)/2 (m—2)/2
(3.3) 01/%(8—) om=D/2g=12%k — g1/2 T (Dy+j) o /2,
g
j=1

where D,=00/00. Now 01/2kD00’1/2k:DU—1/2k, so the operator (3.3) is

(m—2)/2

(3.4) 11 <Dg+j—%>.

j=1
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The operator D+j—1/2k kills ¢=7+1/2# Therefore the operator (3.4) kills the
terms up to j=—14(m—2)/2 in the expansion (3.2), which leaves only terms with
nonnegative integer powers of R. [

The distribution W, of (1.8) is, up to the factor ¢, of (1.9), obtained by
applying (3.3) to W. As t approaches s, W coincides with K,,, restricted to
a neighborhood of the closure of the region I. To complete the proof of Theorem 2,
we need to consider the behavior of the formal integral

over such a neighborhood. In polar coordinates r=|z—y| and w,

(3.5) u(a:,t):/Knm(x,t;y,s) fly)r™ Y dr dw

Here s is fixed. It will be convenient for the moment to take the independent
variables to be R, T=R—o0 and w in place of ¢, and w. Since

E*r?=tF 4+ s?F 2R = (|t|F —|s|")2 -2

we have k*r dr=—dr and (3.5) for tas is

u(z,t) = R MK (z—y,t;5)] f(y) r™ 2 dr dw,

k2 >0
where M is the differential operator

(m—2)/2

H _0—2_'_ ‘_i
) ar ok )
J=1
with transpose
(m=2)/2
0 1
M= — —
jI;[l ((97' g 2/<:>’

Thus we may rewrite (3.5) once more as
1
(86)  ul@t)=-13 / R™M=D2K (2, t;y, s) MU[f(y) r™ 2] dr dw.
>0

Lemma 6. The integral (3.6) is
47.rm/2
km—1

(3.7) (—2)m=/2 [t=s| f(2)+O((t=5))

as t—s#0.
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Proof. As in the proof of Theorem 1, on the domain of integration, as t—s#0
we have

k27“2 < k2|x—y|2 < (tk_sk)Q ~ k‘282k72(t—8)2

so 7=0(t—s). Therefore up to terms of higher order in t—s, we may assume that
all differentiations /97 in (3.6) fall on

)

m—2 (tk_sk)Q_ZT (m=2)/2
r = T

leading to

[(m—2)/2]! (_i_‘ZT)(m_Q)/ ® _ Lm/2) ( ig)(m_Q)/Q-

On the domain of integration R~o, so we may replace (3.6) by

2
(3.8) —(—2)m=2)/2 kZ}/Q/ Wz, t;y, s) dr dw

2)
= (—2)m=2)/2 k:g / Wz, t;y,s) rdrdw

_ (—2)(m-2)/2 (7’”23 Gl 1/ W(z, t;y, s)rdr,

where o, 1=21"/2/T'(m/2) is the volume of the unit (m—1)-sphere. As in
Lemma 4, up to terms of higher order in ¢t —s the last integral is

(3.9) 2 / rdr 24 2lt—s|
' klslF=t Jrca VAZ=22  E[sF-1 Tk

Combining (3.8) and (3.9), we obtain (3.7). O

Differentiation with respect to ¢ gives

%(m,t): (—2)(m=2/2 t:” " sgn (t—s) f(z)+0(t—s).

This confirms the normalization in Theorem 2.
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4. Proof of Theorem 3

The assertion about the support of the propagator is a consequence of Lemma 2
and the construction of the function W of (2.12). As shown in Section 2, W can
only be singular where R?=¢?, which, in the support of W, is precisely the union
of the boundary of region I and the boundary of region II_. On the other hand,
the singular support clearly contains the boundary of the support, so we only need
to examine the common boundary of regions I and II_, i.e. the set where R=c
and st<0. The calculation in Lemma 1 shows that as one approaches the common
boundary from region I, WaR~1*+1/2% /.. However the evaluation (1.5) shows that
as one approaches the boundary from region II_, W —+occ.

This proves Theorem 3 for the case m=2. According to Lemma 3.1, passage
to the propagator for m>2 does not introduce any new singularities. Moreover the
derivatives that relate W,, to W5 are transverse to the boundaries of I and II_,
so they do not kill the singularities on those boundaries. Therefore the singular
support is the same as for m=2, and Theorem 3 is valid for general even m.

5. Partial Fourier transform and spectral resolution

As noted in the introduction, a natural way to attack the propagator is to
take advantage of translation invariance in the z; variables and compute the partial
Fourier transform

(5.1) Ug|(t,s)= /Wm (& t;8)= / e EW,, (2,10, 5) da.

m

This is to be the solution of the Cauchy problem

02U _
oo Pl
oU
U|§|(t,§;s)|t:520 and ﬁ(t,s) =1.

8t t=s

Fix ¢ for the moment, and use the Lommel transformation [11]:

k
(5.3) Upe/(8) = |"/** F (), T=sgnt—|§|]|f| .

The differential equation in (5.2) for Uy is equivalent to Bessel’s equation for F:

7_2F//(7_)+7_F/(7-)+<7—2_4L]€2>F(7')=0.



Exact propagators for some degenerate hyperbolic operators 203

The solutions F' are linear combinations of the Bessel functions J.q /9, [6], [18].
Therefore Uj¢| itself is a linear combination of the two functions

NG & (- [
cet=(7) =3 g (o)

Jj=0

B 1 R S e A A
Sg(t)—sgnt<7) Jl/zk(T)—<@> j_zoj!r(j+1+1/2k)<2k>’

which are even and odd with respect to t, respectively. The solution to (5.2) is

(5:4) Ule|(t) = i [Cle)(8)S)e) (t) = Sje| (s)Cle ()]
Aje; = Ciei(5)S" () =S¢ (5)C" ().

The Wronskian C|5|S"£‘ —S|5|C|’§| is constant, so we may evaluate at s=0 to obtain

/ ! L (lel\"* _sinm/2k) ([g]\*
=00~ w75 e (o)~ we (o)

To see how this relates to analytic continuation from the Green’s function for
the degenerate elliptic operator, we note that the partial Fourier transform of the
Green’s function is the bounded Green’s function G¢|(t, s) with pole at t=s for the
operator

d_2 _ t2k72 |£|2
dt? '

The transformation (5.3) converts this to the modified Bessel’s equation
1
2 / _ 2, = —
TF"(1)+71 F'(7) (7‘ +4k2>F(7) 0.

The solutions F" are linear combinations of the modified Bessel functions 7.1 ,9; [6],
[18]. Therefore G¢| is a piecewise linear combination of the even and odd functions

_ (I N 1 A%
Ajg (t) = <7> Ll/zk(T)—Zj!F(jH—l/%) ( 2k )

=0

LA GRS t A
Byg|(t) =sgnt <7> I o (1) = (ﬂ) Zj!l‘(j+1+1/2k‘) < 2k ) '

Jj=0
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The linear combinations L¢|(t)=A¢|(t)+ B¢ (t) and Ry¢|(t) = Aj¢|(t) — Bj¢|(t) satisfy

lim L\E\( )= OZELI&R‘E‘@),

t——o00

so the bounded Green’s function is

(S)L‘E‘ (t), t<s,
(5.5) Gm(t,s): l |

R (t), t>s,
A|£| (s)Rje|(t)

where A|§| is the Wronskian L\&\R\Ig\ _LTE\RW' Again this may be evaluated at ¢=0:

A ’ 1 1 1/k
Al =—2A1¢(0) B¢ (0) = -2 T(—1/2k) T 1/28) <%) =—2Ap.

i /2k

The continuation t—wt, w=e , converts the degenerate elliptic operator to

a multiple of the degenerate hyperbolic operator. Note that
Ajgj(wt) =Cig (1) and By (wt) = Sjg| (1)
Therefore
L|§| (wt) = C|§| (t)—i—wS‘E‘ (t) and R\f\ (wt) = C\E\ (t) —wS|§| (t)
For t<s

Gl (wt,ws) = Rjg|(ws) Lygj(wt)

1
27

= 2A1£ [Clei(5) —wSie| (9)][Cle) (1) +wS)e ()]
= — 57— [Cle)(5)Cle (1) —w Sje (5) S g (8) +wCle  (5)Sje () —wSje (5)Cley (2],
while for t>s

Gm(wt, ws) Lm(ws) Rm(wt)

1
T2A
A‘ ‘[Cm( )F+wSe(5)][Cle (1) —wSje (1)]

N 2A\§\ [Clei () Cley (£) =S (5) Sje) (£) =wClg) (5) e () +wSg) (5)Cle (1)
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Combining this gives
wGlg (wt, ws) = “aA W Cle) (5)Cle) (8) —wSie (5) Sje (1)]
—% [Cle| (5)S)¢) () = Sje () Cle (B)]-
A similar calculation, using the fact that C is even and S is odd, shows that
W Glgl(wt, ~ws) = —ﬁ[w_lcs (5)Clel (£) +wSie| (5) Siey (1)]
—%’ES) [Cle1 ()¢ (8)+ Sy  (5)Cle (B)]-
Therefore
Relu™ Gl (wt,ws)] = _%Q) Cei(5)S161 (D)~ Siey(9)Cley 0]
—%l/jk) [Cle (5)Cle (1) = Sie  (5)Syey (1)]
and
Imfw ™" G g (wt, —ws)] = —%[@a(s)@a(@—5|5|(8)55 (t)]-
As a consequence we obtain
Refw™ ' G| (wt, ws)] —cot(m/2k) Tm[w ™" G ¢ (wt, —ws)] = —Sgng;s) Ule)(t,&; 5)-

This is in agreement with (2.4), because the normalization constants ¢,, in Theo-
rems 1 and 2 are twice the negatives of the normalization constants (n=1) in [5]

(once one takes account of the factor (—1)("™~2)/2 that should have been included

in (4.15) and (1.11) of [5], from differentiating the denominator of Fq; in [5]).

This derivation can be adapted to calculate the propagator and Green’s func-

tion with the z-Laplacian replaced by any nonpositive selfadjoint operator.

Theorem 4. Suppose T is a nonnegative selfadjoint operator with spectral

resolution

o0
T:/ A2 dE,.
0
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Then the (bounded with respect to t) Green’s function for the generalized elliptic
operator

d2 2k—2

18
o0
Kn(t,s) :/ Ga(t, 5) dB.
0
The propagator for the generalized wave operator

d2 2k—2
— 4T
a2
18
Wt s) = / Us(t, ) dEs.
0

Here Gy and Uy are defined by (5.5) and (5.4), respectively, with |§|=\. They are
related through analytic continuation in t and s by

Wr(t, s) = —2sgn (t—s){Refw ™ K (wt, ws)] —cot(27/k) Im[w ™ K7 (wt, ws)]},

with w=e'™/2k,

6. Some integral transform formulas

Inverting (5.1) with m=2 and taking account of invariance under reflection
and rotation in &, we have

k N e
(6.1) W 0.9 = /Rze Uelt, s) de

1 00 27r‘
z\z\)\COSGU (t ))\dgd)\
€ AL, S
w7 )

1 o0
:—/ Jo(|2]A) U (£, 5) A d,
271' 0

where Uy, is given by (5.4) with |{|=A and W(«,t;0, s) is defined in (1.4)—(1.6).
Both sides of (6.1) simplify considerably at s=0. In fact the region II_ is void.
Moreover, in view of homogeneity we may normalize with t=k'/¥. Then

(6.2) 2R(x,t;0) =k*(1—|af*), B.(z,t;0)=R'?*  o=p_(x,1,0)=0,
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S0
K2(1-|z))2]* )
W(x,t;0,0):W:% 2H/k(1—|x|2) 1+1/2;C7 |x|2<1.

Also

w2k A\ VR

UA(t,O)—m (ﬁ) Cx(0)Sx(t)
7/2k A\ VR 1 A\L/2F
:W(ﬁ) m(g) 1726 (A)

A —1/2k
:F(1+1/2k)k1/k(§> J1 26 (N),

and (6.1) becomes a special case of a known formula [6]:

1 1—p2 —1+1/2k
) [ < 1
(6.3) / Jo(rA) i ok (A) AN 2R gy = F(1/2k)( 2 ) , O=r<d,
0

Oa r>1.

Similarly, we have shown that the partial Fourier transform of the homogeneous
Green’s function K, for the degenerate elliptic operator (5.2) with n=1 and m=2
is G¢| of (5.5), so

k 1 A
_ . - ix-&
(6.4) S Ky(t,z;0, ) )2 /Rze Ge(t,s)d¢
:i/ To(|2]A) Ga(t, 5) A dA

2m Jo

where G is given by (5.5) with |{|=A and K is defined in (2.2) or (2.3).
As before, both sides of (6.4) simplify when s=0. Again we normalize with
t=k'/*. Using the analogues of (6.2), we obtain

Ko(z,t;0,0) = 2k~ 2F1/k (14 |g]2) 1 H1/2k

while

G (1,0) = 7/2k ( A

~1/k
2 —) A5 (0)[Ax (1)~ Ba(1)]

2k
7/2k A\ E 1 A\L/2k
~ 2sin(m/2k) (ﬁ) T(1-1/2k) (5) T2k (N = T2k (V)]
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In the normalization [6] (which differs from that in [18]),

2sin(m/2k)

Iy jon =112k = Ko,

where K, denotes the modified Bessel function of the third kind. Therefore equation
(6.4) becomes a special case of a known formula [6]:

o) 1 1472 —14+1/2k
(6.5) / Jo(r)\)Kl/gk()\))\l1/2kd>\:§1“(1—1/2k)< 5 > :
0
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