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On the tangential touch between the free and
the fixed boundaries for the two-phase
obstacle-like problem

John Andersson, Norayr Matevosyan and Hayk Mikayelyan

Abstract. In this paper we consider the following two-phase obstacle-problem-like equation
in the unit half-ball

Au= A X{u>0} —A-X{u<0}> Ax>0.

We prove that the free boundary touches the fixed boundary (uniformly) tangentially if the bound-
ary data f and its first and second derivatives vanish at the touch-point.

1. Introduction

1.1. The problem

G. S. Weiss ([W2]) suggested the study of the following free boundary problem:
find a weak solution u€ W12(D) of

(1) Au= A+X{u>0}_)‘7X{u<0}a

in the domain D, such that u—feWol’Q(D) for a given feW12(D). This is the
two-phase analogue of the classical obstacle problem. It has been considered by
N. N. Uraltseva in [U] and H. Shahgholian, N. N. Uraltseva and G. S. Weiss in
[SUW].

In our paper we always assume A >0, and we consider the cases where D is
a ball or a half-ball, as well as the case of the so-called global solution when D=R.
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Equation (1) is the Euler—Lagrange equation of the energy functional
J(u) :/ (|Vu)? +2X; max(u, 0)+2\_ max(—u,0))dz.
D

Note that if the boundary data f is non-negative (non-positive) then the solution u
is so too, and we arrive at the classical obstacle problem (see [C]). In the two-phase
case we do not have the property that the gradient vanishes on the free boundary,
as it was in the classical case; this causes difficulties.

We consider the following problem: let u be a weak solution of (1) in the unit
half-ball By, the free boundary

[y:=(0{z:u(z) >0}Ud{z:u(z) <0})NBY

touches the fixed boundary at 0 and the boundary values of u on the flat part
of the boundary B{N{x:x;1=0}, denoted by f, satisfy the following conditions:
feCc®Pmi(BN{zr:x;=0}) and

(2) F(0)=Vf(0)| =[D*f(0)| =0.

We prove that the free boundary of u approaches the fixed boundary at 0 tan-
gentially. Under some growth assumption, we prove that this approach is uniform
(Theorem B). This growth assumption imposed in Theorem B is necessary, as is
shown by an example. From (2) it obviously follows that |f(2)|/|2|?> <w(]z'|) for
some Dini modulus of continuity w, i.e., the blow-up of f is zero:

fr(x/) = f(:fl) —0 asr—0.

Let us recall the definition of C?Pini(B;NII); these are functions from
C?(B;NII) such that

|D?f(2) =D f(y)| <w(lz—yl),

where D?f is the Hessian of f and w is a Dini modulus of continuity, i.e.,

1
/ w(s)ds<oo.
0 S
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1.2. Notation

In the sequel we use the following notation:

R? {zxeR™:+x1>0},

B(z,r) {zeR"™:|z—z|<r},

B, B(0,r),

B/ R'NB,,

I {zeR":z,=0},

x' (22, ey Tn),

K. {zeR":x1>¢|'|},

Il oo L*°-norm,

€1, ..., En standard basis in R",

v, e arbitrary unit vectors,

D,, D, first and second directional derivatives,
vt v max(v,0), max(—wv,0),

XD characteristic function of the set D,
oD boundary of the set D,

QF {z€D:+u (z)>0},

Ay {zeBf:u(z)=|Vu (z)|=0},

r, (092,009, )N D, the free boundary,
P(...) see Definition 2.

1.3. “Typical” examples

We show here, with some examples, how the situation near a touch point
between the free and fixed boundaries can look like.

Let us fix the ball B and consider the function A|z|?/2n, A>0. Then we
take the radial fundamental solution U of the Laplace equation multiplied with
a constant Cr, such that Cr0,U(R)=AR/n. Then for an appropriate constant C
the function

A
V(z)= 2n|x|2—CRU(|m|)+C

is non-negative in R™, AV=XA—Cgrdy and V=|VV|=0 on 0BR (see Figure 1).
Thus we can construct solutions of (1) in Br\{0} and in R™\ Bg. For instance
in R? we can illustrate some solutions considered in rectangles (see Figure 2). The
dashed curves denote free boundaries I'y,, + denote regions Q7 and 0 the region A,,.
Figure 2 (a) shows a solution with sub-quadratic growth at the touch point. In
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Figure 1. “Ball solutions”.

this case the blow-up of the solution is zero. Figure 2 (b) shows that even if we
have a non-negative boundary data near the touch point, the blow-up still can be
negative. Figure 2 (c) shows that condition (2) is essential for having a tangential
touch.

Let us take the boundary data f on 0B; to be odd-symmetric with respect
to z9. Then the solution u will be odd-symmetric too. One might expect that the
free boundary of a symmetric solution has orthogonal touch. Figure 2 (a) indicates
another possibility, when the zero set A, is large near the contact point. This is
indeed the case, as we show in Section 2. A similar argument works also in higher
dimensions for every plane-symmetric domain.

Figure 2. “Typical” examples.
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2. Main results

In this section we state two theorems. The first one says that if the boundary
data satisfies condition (2), then the free boundary can approach the fixed boundary
only tangentially. In the second theorem we assert that this approach is uniform
for a certain class of solutions.

Theorem A. Let u be a solution of (1) in BY with boundary data f on II,
such that condition (2) is satisfied and 0€T’,,. Then the free boundary approaches
IT at the point O tangentially.

Corollary 1. Let u be as in Theorem A, then one of the following limits holds

€2, 0B, €2, NB;| [AuNB/|

—1,
1B |B}| |B;|

—1, —1, asr—0.
Moreover, one of the first two cases is possible only if condition (4), see below, is

satisfied for some co and rg.

Definition 2. Let w be a Dini modulus of continuity and M, ¢y and rg be
positive constants. We define P(M, R, co,19) to be the class of solutions u of (1)
in BY, Hu|\Lw<Bl+)§M, 0€T, such that the boundary data f=u|p€C?*P®(B;NII)
satisfies condition (2),

1
(3) Iflc2(Bynm <R and / w(ss) ds<R.
0
Further, we assume
4 sup |u| > cor?  for 0<r <rg
(4) D [ul :
B

for all ue P(M, R, co, 7).

Remark 3. If u solves (1) in B, 0€T,, and u|=0, then condition (4) is fulfilled
with the constant co=max(As)C, for 0<r<1, where C is a dimension dependent
constant (see Lemma 6 and Corollary 7).

Theorem B. There exists a modulus of continuity o(r) and 7¥>0 such that if
u€P(M, R, co,r0), then

I NBr C{z:az <|2'|o(|2'])}.

In other words the free boundaries of the functions from P approach 11 at the point O
uniformly tangentially.

Here o and 7 depend on the dimension, AL, ¢cg, 79, M and R.
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Figure 3. Non-uniform approach.

Remark 4. Since the main tool we use proving the Theorems A and B is the
blow-up argument, these results can be generalised for domains with smooth enough
boundaries.

Let us, with an example, indicate the necessity of condition (4). In this example
(Figure 3) the boundary data is positive, so we here treat the classical obstacle
problem in R2. Consider a solution with small boundary data f. supported to the
right of the origin as is shown on the Figure 3 (a). This can be done using the
“ball solutions” discussed above. Next consider the function u(z)=} A, (z1—¢)2.
We will get it as a solution of our problem if we take its boundary data on 0BY
(Figure 3 (b)). Consider now the solution u to the problem with boundary data
which is the sum of the boundary data of the previous two examples 3 (a) and
3 (b). €} will look like on Figure 3 (c). So we see that when ¢ tends to zero we are
getting free boundary points on the x;-axis arbitrarily near to the origin, while the
boundary data remain bounded and satisfy conditions (2) and (3) with appropriate
uniform constants M and R.

Remark 5. In order to get uniform tangential touch for a class of solutions we
impose condition (4). This condition, however, can be replaced by the following
one, which is considered in [KKS] for a different problem;

€2, N B

B | >co>0 forr<rg.
T

From Lemma 8 and Corollary 1 it follows that both conditions are equivalent in our
case.
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3. Technicalities
3.1. Non-degeneracy

In this section we introduce some (modified) results from [W2], [U] and [SUW]
as well as prove growth estimates at the boundary (Lemmas 8 and 9).

Lemma 6. Let u solve (1) in By. There exists a dimension dependent constant
C such that || f*| o <A:C implies that 0¢Q7.

Proof. Consider the “+”-case. Due to the comparison principle a similar argu-
ment is true (and well-known) for the obstacle problem, i.e. it is known in our
case if the boundary data f is non-negative or non-positive. Let us now consider
the related (one-phase) obstacle problem in By with boundary data f*, denote its
solution by v. It is enough to show that Q;CQ). Consider the function w=u—v
in . We have w|89$ <0 and Aw>0 in 2, hence u—v<0 and we are done. [

Corollary 7. Let u be the solution of (1), 1o€Q* and By,(x0)CD. Then

(5) sup ut>A\.Cr?  forr <.
OBy (x0)

Here the constant C is the same as in the previous lemma.
In other words if xo¢int Ay, and By, (xo)CD, then

(6) sup |u| >min(AL)Cr?  forr <.
6B7v(:c0)

Proof. Let us restrict the function u to B,.(zo) and scale it
up(z) =

Then u, is a solution of (1) in By with boundary data u,|sp,. Since 0€Qt we must
have

u(rez+mzg)
r2

sup u, > A, C,
0B1

which in turn implies (5). O

Lemma 8. Let u be the solution of (1) in BY and suppose that for given
constants co and ro, we have

QrNBF
S, +T|ZCO>O for r<mrg.
B/

Then there exists a constant ¢ depending on co, A+ and the dimension such that

2

(7) sup |u| >cr®  forr <.

B



8 John Andersson, Norayr Matevosyan and Hayk Mikayelyan

The same is also true for Q.
Proof. Let Bf =B N{x:2z1>er}. We can fix an >0 such that
Q:NBf| ¢
| “_ ol > % for r<Tp.
| B} | 2
Hence for each >0 there exists xreﬁgﬂé;’m. Applying the previous corollary to

the ball By, (), where d, is the e; component of z,., we get:

C
sup |u| > sup |u| >\, Cd%>e2\, 2.
Bf Ba(a) 4

Thus the lemma is proved with c=e?\,C/4. O

In the proof of the next lemma we use the technique from [A] (Lemma 5), see
also [CKS]. A similar estimate in the interior was proved by Uraltseva in [U].

Lemma 9. Let u solve (1) in B, ||ullo<M and assume that its boundary
data f=uln and the Dini modulus of continuity w satisfy conditions (2) and (3).
Then there exists a constant C=C(M, R) such that

sup [u—De,u(0)z1| <Cr?, 0<r<?.
Bf

Proof. Let us denote by

S;(u):= sup |u—De,u(0)x1]

+
BQ*J'

and M(u):={j:59;(u)<4S;11(u)}. We want to show that S;(u)<C272%. First let
us show this for all jeM(u). The proof is done by contradiction: assume there
exists a sequence {u;}52, of solutions of (1) in By such that

Sk, (uj) > j27 2

for some k;eM(u;). Letting w;(x):=u;(z)—De,u;(0)z1 and

=5
we get
—2k; 9—2k; 4
|Aw;loo < max(Ay) St 1 (uy) <max(As) LS, () < max()\i)j —0.
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We also have

(8) sup |w,|=1.
B},

The condition (D, f(z"))* <|z'|w(|z’|), for any unit vector e€Il, implies that

9) sup |D.w;| < Cr,
B

where C depends on M and R. To check this one should consider harmonic functions
+

vy in B1+/2 with the same boundary data as (D.w;)*. Inequality (9) then follows
from the subharmonicity of (D.w;)* (see [U]) and standard estimates on Green’s
function for the half-ball (see [Wi]). From (9) we have

~ 4C'
(10) sup |D.w;| < "
B

A subsequence of w; converges in C*(B],,) to a harmonic function ug. Due to (10)
we get Deup=0 for all e€Il, thus up=az;. On the other hand D., w;(0)=0 and by
C'-convergence (up to II) the same holds for ug. Hence uo=0, which contradicts (8).

Next let us show that S;(u)<4C2727 for all j. Suppose j is the first integer
for which the inequality fails to hold, then

Si_1(u) 4027207 < 48;(u),
ie. j—1eM(u) and
Sj (u) < Sj_l(u) < 02_2(j_1) = 402_2j,

a contradiction. O

3.2. Monotonicity formulae

Here we introduce two monotonicity formulae, which play crucial roles in our
proofs. The first one was presented by H. W. Alt, L. A. Caffarelli and A. Friedman
in [ACF] and was developed in [CKS]. The second one is due to G. S. Weiss [W1],
[SUW]. Andersson ([A]) adapted it to the half-space case, our representation is
analogous. See also [M] for the formula in the parabolic case.
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Lemma 10. (The Alt—Caffarelli-Friedman monotonicity formula) Let hy and
ha be two non-negative continuous subsolutions of Au=0 in Bgr. Assume further
that h1he=0 and h1(0)=h2(0)=0. Then the following function is non-decreasing in
re(0, R),

(S )

More ezactly, if any of the sets spt(h;)NOB, digresses from a spherical cap by
a positive area, then either ¢'(r)>0 or ¢(r)=0.

Lemma 11. (Weiss’ monotonicity formula) Assume that u solves (1) in B,
and u|nnp, =0. Then the function

(12) @(r):r*”*z/ (|Vu|2—|—2)\+u+—|—2)\_u’)—r*"*‘g/ 2u?dH™ !
B,NR" 9B,NR™

is non-decreasing for r€(0, R). Moreover, if ®(p)=®(0) for any 0<p<o<R, then
® is homogeneous of degree two in (B,\B,)NR}.

The proof is analogous to the proof of Lemma 1 in [A].

4. Global solutions

In this section we will classify all solutions of (1) in R} with zero boundary
data and quadratic growth. We will see that the only possible solutions are

A A
(13) w(z)==+""(z1—a)?, a>0, or u(zx)==+ ;x%iam, a>0.

2

The proofs of the next two lemmas adapt the proofs of analogous results in [SU] to
our case.
First let us prove that v is two-dimensional.

Lemma 12. Let u solve (1) in R7 with boundary data u|m=0. Then the
function u is two-dimensional, i.e., in some system of coordinates

u(x) =u(zq, z2),

where the ey direction is orthogonal to II.
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Proof. Let us take any direction e orthogonal to e; and consider functions
(Deu)*. In [U] Uraltseva proved that these functions are subharmonic. Note that
they will remain so if we extend them by zero to R™. Now we can apply the
Alt—Caffarelli-Friedman monotonicity formula to (Deu)*. For r<s we have

o(r,Deu) < (s, Deu) < lim (s, Deu) =: Ce.
S§—00

In [U] it is shown that the second derivatives of u are bounded, thus we can
find a sequence uTj:u(rjx)/r?%uoo, uniformly on compact subsets and in
(W2PNCL)(RPUTD), for any 1<p<oo and 0<a<1. Then we have

loc loc

Ce= lim @(srj, Deu) = lim @(s, Deur;) = @(s, Detioo) for all s> 0.
Tj—00 7j—00
From {z:21<0}C{z:Deu(z)=0} and Lemma 10 it follows that ¢(r, Deuoss)=0 or
@' (1, Detioo) >0 for all >0. Thus C,=0 and we get D.u>0 or D.u<0.

For ey€ll assume that D.,u>0 and let e3€Il be orthogonal to ez. Consider
the unit vector e(¢)=cospes+sinpes€ll, ¢p[0,7]. From the C'-continuity we
have that the sets {¢:Q§E(¢)u7&®} are relatively open in [0, 7]. On the other hand,
they are both non-empty and have empty intersection; this means that there exists
$o€(0,m) such that D, )u=0. Rotating the coordinate system we get Dc,u>0
and D.,u=0. Repeating the above argument for e, k=4,...,n, we get that u is
two-dimensional. O

We prove now the main result of this section under the assumption of homo-
geneity.

Proposition 13. Let u be homogeneous of degree two solving (1) in RY with
boundary data uln=0. Then either u(z)=3X.z} or u(z)=—3A 1.

Proof. We can consider only two-dimensional functions u. So let us rewrite u
in radial coordinates as

u(@) =u(r,0) =r’¢(9), r€[0,00), 6€[0,m].
Then we get the following ordinary differential equation
¢ +4p= )\+X{¢>0} —)\—X{¢<0}

in the interval [0, 7] with boundary data ¢(0)=¢(7)=0. It can be checked that the
only solutions of this ordinary differential equation are (i)(@)::t%)\i sin?9. O

Lemma 14. Let u solve (1) in R} with boundary data u|n=0 and be quad-
ratically bounded at infinity. Then u has one of the representations in (13).
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Proof. If the function u is non-negative or non-positive, then the result we
want to prove follows from Theorem B in [SU]. So let us show that u does not
change sign. We do this by contradiction; assume that u* are both non-trivial.

Next we consider the shrink down of u; @:=lim; o u;, where u;(x)=u(r;z)/r3,
rj—oo. It is homogeneous of degree two. To verify this we need to use Weiss’
monotonicity formula

O(s,u) = lim D(s,u;)= lim ®(srj,u) = (oo, u).
j—)OO _7—)00
Thus @ equals to one of j:%)\im% by Proposition 13 above. Assume for definiteness
that we have the “+”-sign.
This means that for any >0 there exists Rs such that

(14) Q,\Bg, C{z:x1 <d|za|}.
Let us now take the barrier function
Uz, xo) =2} +x5—623234+C.

For large enough C' we have Q, €€;;. Since u is quadratically bounded, we get from
the comparison principle that u~ (x)<eU(x) for any £>0, and thus Q,=@. O

5. Proofs

Proof of Theorem A. Here we consider only the case when (4) fails to hold. It
follows from Lemma 9 that D, u(0)=0 and
(15) sup |u| < cor®  for r < rg.
B
Now assume that we do not have a tangential touch at 0, i.e., there is an €>0 and
a sequence =/ € K.NT,, 7 —0. Repeating the proof of Lemma 8 we obtain

(16) sup |u| > C’d? for r <ry,

+
Baa,

where d;=|27|. Consider the blow up sequence

u(2d;x
u;(r) = (4d; ),
j

which is bounded by (15). Therefore there is a subsequence converging in C1
to a global solution wuy with zero boundary data. This solution is non-trivial (due
to (16)). As in the proof of Lemma 14, using Weiss’ monotonicity formula we
get that ug is homogeneous of degree 2. This implies that uo(m)::lz;)\i:c%, which
contradicts the fact that x’ e K.. 0O
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Proof of Theorem B. The proof is done by contradiction. Assume there exist
an £>0, functions u; satisfying the conditions of the theorem and a sequence z7 —0
such that 27 €K .NI'y;. Let us consider the blow-up sequence

i (x) _ uj (djm) :
supgy ;]
Lj
where d;:=|z7|. We have that
d?
Uj = ’ A
supps ;]
J
Two cases are possible: either
d?
(17 I -0
: supg: Jus]
J
for some subsequence or
d?
(18 I 40
: supg: Jus]
J

for all subsequences.
Let us consider the first case. From Lemma 9 it follows that

(19) —COr?+ | De,uj(0)|r <sup|u;| < Cr?+ |De,uj(0)|r.
Bt

This together with (17) gives that |De, u; (0)|d;1—>oo, thus we can assume that
(20) |De,uj(0)] > jd;.
From here and (19) we obtain
swpr | o
i 1< —=0.
dj| De, u;(0)] J

We arrive at

supp, |uj Or2d3+| De, 1 (0)|rd,

e supl ;| = | < |
P syl S sy

B

There is a subsequence of %; converging to a function ug in C La which is harmonic
in R? (due to (17)), linearly bounded (due to (21)) and has zero boundary data
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at II. Extending ug by odd reflection to R™ and using Liouville’s theorem we get
that ug(2)=De, up(0)z1 which contradicts the existence of zeros in K.
In the case (18) without loss of generality we can assume
2

dj
(22) —d>0.
supp |ujl

Then we have that a subsequence of i; converges to a function ug in C' and (22)
implies that ug is a global solution with dA. instead of AL and zero boundary data.
Condition (4) and Lemma 14 give us that ug is strictly positive or negative in R?,
which contradicts the fact that 2/ € K.NI'y,. More precisely, the functions ; vanish
at isj::djlxj €K.NT'y;NdB;. Thus we can always choose the subsequence of ;
in such a way that the corresponding subsequence 7; —xo€ K.NI',;N0B; and then
’u,o(lL'o):O. O

Acknowledgement. The authors are grateful to Prof. H. Shahgholian for valu-
able discussions and his kind hospitality.
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