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1. Introduction

The chordal Schramm-Loewner evolution (SLE,,) is a 1-parameter family of probability
measures on curves : [0,00)—H, where H denotes the complex upper half-plane. It
was invented by Schramm [21] as a candidate for the scaling limit of 2-dimensional
lattice models from statistical physics that satisfy conformal invariance and a Markovian
property in the limit. Several lattice models have since been shown to have scaling limits
that can be described by SLE. Examples include loop-erased random walk and the
uniform spanning tree [14], the percolation exploration-process [22], and the FK-Ising
model [23]. We refer the reader to [8], [10] and [24] for surveys and further references.

The properties of the SLE curves themselves has been the focus of much research
since their introduction in [21]. For example, Rohde and Schramm [20] proved existence
and Holder continuity in the standard parametrization, and an upper bound on the
Hausdorff dimension. Beffara [1] later proved the more difficult lower bound on the
dimension. Lind [16] found the lower bound on the optimal Holder exponent and the
present authors [5] proved that this exponent is sharp.

In this paper we will be interested in the behavior at the tip (¢) of the growing
SLE curve. Since the curves are fractals, one cannot make sense of derivatives. Instead,
the natural approach is to consider the behavior of |g;(z)| for z near v(t), where g; is a
uniformizing conformal map from the complement of the curve to the upper half-plane.
For technical reasons it is often easier to consider f;=g, ! near V;, the pre-image of the
tip on the real-line. Our main goal will be to derive the almost sure tip multifractal

spectrum for SLE. For a suitable interval of «, it is defined, roughly speaking, as the
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dimension of the subset of the curve corresponding to t for which y|f/(V;+iy)| decays
like y* when y—0%. We shall see that the tip multifractal spectrum is closely related
to the multifractal spectrum of harmonic measure at the tip of the growing curve. As a
function of «, this spectrum measures the size of the part of the curve that corresponds
to t for which the harmonic measure of a ball of radius € centered at the tip decays
like e* as e—0". We remark that both these spectra are independent of the particular
parametrization of the curve.

The multifractal spectrum of harmonic measure has been studied extensively in the
physics and mathematics literature. For example, in the case of the paths of Brow-
nian motion, the spectrum is determined by the Brownian intersection exponents, see
[11] and the references therein. In two dimensions these exponents were established by
Lawler, Schramm and Werner in [11]-[13]. In the case of the SLE curves, Duplantier has
predicted, using non-rigorous so-called quantum-gravity methods, a harmonic measure
spectrum for the tip of an SLE curve, see [4, §7]. However, this spectrum is different from
the ones we will work with, as it describes the local dimension of harmonic measure in a
radial setup; it corresponds in some sense to the analog of our function o(3) for a radial
SLE curve at the bulk point. (See §3 for the definition of p.) Duplantier and Binder also
used quantum gravity arguments to predict the spectrum of harmonic measure for the
bulk of SLE, see [3]. Roughly speaking, this spectrum is defined as the dimension of the
subset of the curve away from the tip where, for a given «, harmonic measure in a ball
of radius € decays like ¢* as e—07". Beliaev and Smirnov [2] made a start to proving this
result by establishing the average integral means spectrum for SLE. To get the almost
sure multifractal spectrum from the average integral means spectrum, one can formally
apply the so-called multifractal formalism [17] and find the bulk spectrum by taking a
Legendre transform of the average integral means spectrum. This approach is believed
to be valid for SLE, although it has not been proved in this case. Indeed, to the best of
our knowledge the present paper is the first to establish almost sure multifractal spectra
for the SLE,, family.

The starting point of our analysis is estimation of moments of the derivative of f;
using the reverse-time Loewner flow; this was started by Rohde and Schramm in [20]
and extended in many places, e.g., [2], [5], [6], [9] and [16]. (This is the analogue of the
average integral means spectrum result for our problem.) In order to get almost sure
results, one needs second-moment estimates. The ideas for that appear in [9] and they
were used in, e.g., [5]. These ideas are also important in understanding the so-called

natural parametrization of SLE curves, see [15].
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1.1. Multifractal spectra for the tip

We now proceed to discuss in greater detail the multifractal spectra that we will consider.
To motivate our definitions, we will start out in a slightly different setting than the one
we will work with in the rest of the paper.

Suppose that ¢ is a boundary point of a simply connected domain D. We say that
¢ is accessible (in D by n) if n:[0,1]—C is a simple curve with 7(0)=¢ and 7((0,1])CD.
If ¢ is accessible by 7, let h be a conformal transformation of D onto C\(—o0,0] with
h(¢)=0. By h({)=0, we mean h(n(0*))=0. We now specialize to the following situation:
Let 7: (—00,00)—C be a simple curve with ¥(t) =00 as t—+o0. For each ¢, we consider
the “slit” plane D;=C\7¥((—o00,t]), which is a simply connected domain whose boundary
contains ¥(t) and co. The (non-tangential) tip multifractal spectrum which we describe
in this subsection is one way to describe the behavior near ¥(t) of the conformal map
uniformizing Dy, for different values of t. Clearly, the boundary point J(t) is accessible
in D; by the curve n)(s)=5(t+s).

Remark. For endpoints of slits like ¥(¢) in Dy, there is only one possible meaning
for h(5(t))=0, but for general D a boundary point ¢ might be approached from different
directions that correspond to different values of h(¢). Formally, this can be understood
using prime ends (see, e.g., [19, Chapter 2]). In the case at hand, the curve 7 specifies a

particular direction/prime end.

Let D=Dy, take (=7(t), and set g(z):i\/m7 where the branch of the square root
is chosen so that v/1=1. Then g is a conformal transformation of D onto the upper
half plane H with g(¢)=0. The map g is only unique up to composition with a Mdbius
transformation, that is, if ¢ is another such map, then §(z)=(T-g)(z), where T is a
Moébius transformation of H fixing 0. Similarly, h is not unique.

Let n*(s)=g(n(s)). Then n*: (0,1]—H is a curve with n*(07)=0. If n}: (0,1]—H is
another curve with nj(07)=0, and 7:(s)=g~(n;(s)), then n;(0*)=¢ and ( is accessible
by 71. (This uses the fact that the curve 7 exists and that we are considering a domain
slit by a curve.) We say that n* satisfies a weak cone condition if there is a subpower
function (see §2.1) v such that, for all s>0,

Rew (9] < (i ()0 s )

Imn*

and we say that n is weakly non-tangential if gon satisfies a weak cone condition. It is
not difficult to see that this definition is independent of the choice of g. One example of

a weakly non-tangential curve for D is

n(s)=g *(si), 0<s<l.
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We will use this particular curve to define the tip multifractal spectrum but the definition
will be the same for any weakly non-tangential curve.
Next, we let f=g~!, so that f is a conformal transformation of H onto D. Since

f(is)=n(s), s>0, is a simple curve, the length of 5((0, s]) is given by

o(fss) = / | F i) dy. (L.1)

A sufficient condition for the existence of a limiting (=n(0") is that v(f;0%)=0 which is
equivalent to
v(f;t) <oo, t>0.

We can also use the plane slit by the negative real axis as uniformizing domain and write
f(w)=F(=w?), where F:C\(—00,0]— D with F(0)=¢. Then F~1(n((0,s]))=[0,s?]. In
particular, the length of F~1(n((0,s])) is s?, and the length of f~1(n((0,s])) is s.

We say that the (non-tangential) scaling exponent at the boundary point ¢ is 6 if

o(f;s)~* s, s—0".

In particular, if D=C\(—o0,t], then the scaling exponent at ¢ equals 1. (Recall that
f:H—D and see (2.1) for the definition of &*.) More generally, if v is differentiable
at t, then #=1 at t. Note that the Beurling estimates (see Lemma 2.6) imply that 6<1.
(In fact, the same bound holds for a limsup version of the definition of §.) The scaling
exponent is closely related to the behavior of | f/(iy)| as y—07. Indeed, if y|f’(iy)|~*y*~#

for some <1, then, as we will show in Proposition 2.7,
o(fiy) =yl y =0,

so that
9=30-9).

Although the definition of v(f;y) depends on the choice of the conformal map f, it is
not hard to see that the scaling exponent 6 is independent of the choice.

Returning to the curve 7, we can consider Ty, the set of ¢ such that the scaling
exponent of D; at 7(t) equals . The tip multifractal spectrum can then be defined to

be either of the following two functions:
0— dlIIlH (Tg) and 0O+ dlmH [ﬁ(Tg)],

where dimy denotes Hausdorff dimension. The first function depends on the choice of the

parametrization of 4 and the second is independent of the parametrization. One could
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also define lim inf and lim sup versions of this. The main goal of this paper is to compute
the tip multifractal spectrum for the chordal SLE path. For technical convenience, we
will use an alternative definition in terms of the behavior of |f(iy)| as y—0" and we will
use ( rather than 6 as our variable.

Suppose now that y=+(t) is a curve in H with v(0*)€R. Let H; be the unbounded
connected component of H\~([0,¢]). One way to define the multifractal spectrum of
harmonic measure at the tip is as the function

a — dimg [y(T2™)],

where T'™ is the set of ¢ such that the normalized harmonic measure from infinity of
a ball of radius £>0 about the tip v(¢) scales like e* as e—0". We will both use this
definition and a slightly different (non-equivalent) definition that is more closely related

to the tip multifractal spectrum that we described above. See §2.3 for precise definitions.

1.2. Main results

Let ft(z):ft(z—i—Vt), where f;:H— H; is the chordal SLE,, Loewner chain. That is, f;

solves, for t>0, the chordal Loewner partial differential equation

a

atft(z)szt/(z)z_i‘/; fO(Z):Zv

where a=2/s and V; is standard Brownian motion. Further, for —1<8<1, let

o) =gy [ (52 ) 1]

and set

s
SR (NE S a—
fe 124 5F 4R+

Define
Op={te(0,2]:ylfi(iy)| =" y' 7}.

See §2.1 for the definition of ~*.

THEOREM. (Tip multifractal spectrum) Suppose that >0 and B_<PB<[,. For
chordal SLE,,, almost surely,

2—0(0)
1-3

2—0(8)
2

dimy (©4) = and  dimp[y(©5)] =
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See the precise statement in Theorem 3.1; we prove more than we state here.

Notice that we obtain Beffara’s theorem on the dimension of the SLE,, curves [1] as
a special case of Theorem 3.1.

Using the tip multifractal spectrum and some additional work, we can derive the
almost sure spectrum for harmonic measure at the tip, see §2.3 for more details. Although
we modify the definition of the spectrum somewhat, we prove in Theorem 3.2 the stronger

almost sure version of the theorem. To state it, define

T1-Bs
where 31 are as above. Let hm,(-)=lim,_,~ y hm(iy, -, H;) be the renormalized harmonic
measure from infinity in H;. For each t>0, let y(t)=lim,_o+ ft(zy) be the tip at time ¢

of the growing SLE,, curve and set

Ohm = {t € (0,2]:hmy(E; ) ~* £},
where E; . is the part of 0H, that contains v(¢) as the prime end corresponding to V;
and is separated from oo by dB(v(t),e)={z:|z—~(t)|=ec}. We have the following result.

THEOREM. (Multifractal spectrum for harmonic measure at the tip) Suppose that

x>0 and a_<a<a,. For chordal SLE,,, almost surely,

dimys [y (©"™)] :a<1—i> +(4;’:)2—’8{(2§‘i1>. (1.2)

In §6 we prove Theorem 3.3 which together with Theorem 3.2 and a Beurling estimate
shows that the right-hand side of (1.2) gives the harmonic measure spectrum for a (one-

sided) version which is closer to the usual definition, but for a smaller range of «.

1.3. Overview of the paper

Our paper is organized as follows. The next section discusses some preliminary facts.
After setting some notation about asymptotics in §2.1, the deterministic Loewner equa-
tion is discussed in §2.2. Much in this subsection is standard but we have included this
in order to phrase the results appropriately for our purposes. Also, we want to separate
estimates that deal only with the Loewner equation itself from those that are particular
to SLE. In this subsection, there are three kinds of results: those that hold for all con-
formal maps of H for which we use the letter h; those that hold for all solutions of the
chordal Loewner equation for which we use ¢g; and fi=g, . and towards the end facts
about solutions of the Loewner equation for driving functions that are weakly H'(')lder—%.

We also formally define the tip multifractal spectra in this section.
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Figure 1. Multifractal spectrum of harmonic measure at the tip for SLE,., »x=2,4,6. The
maximum is the Hausdorff dimension of the curve.

The main theorem is not stated in full until §3, where the Schramm-Loewner evolu-
tion (SLE) is discussed. From here on a value of the SLE parameter s is fixed and a large
number of s»-dependent parameters are defined. Although we do not discuss it directly,
what we are doing is establishing the guess for the value of the multifractal spectrum in
terms of the Legendre transform of a logarithmic moment generating function.

The basic proof of the main theorem can be found in §4. This section is relatively
short because it relies on estimates on the moments of the derivative, some of which were
established in [5] and [9]; the necessary additions are proved in §5. To make the paper
self-contained we have also included an appendix that discusses a key result from [9].
86 uses the forward Loewner flow to prove a result on the harmonic measure spectrum
stated in §3.3. We warn the reader that some of the notation in §6 does not agree with

the earlier sections and that the assumption <8 is made there.

1.4. Acknowledgement
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2. Preliminaries
2.1. Notation

In order to avoid writing bulky expressions with ratios of logarithms, we will adopt the

following notation.
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We call a function v: [0, 00) — (0, 00) a (positive) subpower function if it is continuous,
non-decreasing, and
lim z7%Y(x2)=0

T—00

for all ©>0.

If f and g are positive functions tending to zero with y, we write

fly)="gly), y—0", (2.1)

if there exists a subpower function 1 such that
1\ 1
o(5) sm<sm<e(F)ow. voon

We write
fy)<g(y), y—0,

if

1
lim sup 089(y)

<1
y—0t+ lOg f(y)

3

and we write

fW) Sio.9(y), y—07,

if
logg(y) _

Ny

lim inf
y—0+ log f(y)

Here “i.0.” stands for “infinitely often”. Clearly f(y)=<g(y) implies that f(y)=<i.0.9(y),

but the converse is not true. Similarly we write f(y)=g(y) and f(y)=i.0.g9(y) for

1 1
lim inf 089(y) >1 and limsup 089(y) >1,
y—0+ log f(y) y—o+ log fy)

respectively. We write f(y)=g(y) if f(y)=<g(y) and f(y)=g(y), that is, if

log g(y)
1im
y—0+ log f(y)

Note that, if 5>0, then
fy) =y’ = fly)~"y°

We will also use the notation for asymptotics for functions f(n) and g(n) as n—oo

along the positive integers. We summarize the notation in the following table:
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Notation Definition, as y—07

Yy Yy
log g(y)
fw)<g9(y) hiliilip og £ (1) <1
. log g(y)
F(y)<io.9(y) lzrg(l)grlf Tog f(1) <1
F@)=9(w) lim inf 1289W) - )

y—o+ log f(y)

89(y)
F(Y)=i0.9(y) h;if)lip logf(y) >1

2.2. Chordal Loewner equation

In this section, we review some facts about conformal mappings and the chordal Loewner
equation. See [8, Chapters 3 and 4] for proofs of theorems stated without proof here.

Let 7: (—o00,00)—C be a simple curve as in the introduction. The chordal Loewner
equation describes the evolution of ¥((0,00)) given 7((—o0,0]). Let § be a conformal
transformation of C\¥((—o0,0]) onto the upper half-plane H with §(~v(0))=0 and g(co)=
oo. In order to describe 7(t),t>0, it suffices to describe

V(1) :=g((1), 0<t<oo,

and this is what the Loewner equation in H does. For the remainder of the paper, we will
consider a curve 7 in H as above. (In general, however, we will not assume it is simple.)
The Riemann mapping theorem implies that there is a unique conformal transformation
g+ of H\~((0,t]) onto H with g:(z)=z40(1) as z—00. We can expand g; at infinity,
a(t _
02 =2+ 2D L0121 72)
where a(t) by definition is the half-plane capacity of v((0,¢]). It is continuous and strictly
increasing. We make the (slightly) stronger assumption that a(t)—oo as t—oo. Then

the chordal Loewner integral equation states that

b da(s)
gl z :Z+/ — 5 thZa
t( ) 0 gs('z>_‘/s
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where Vy=g,(7(s)) and T,=inf{t:Im g;(2)=0}=inf{t:¢:(z)—V;=0}. It can be shown
that s—Vj is a continuous function and it is called the Loewner driving function (or
term). It is convenient to choose a parametrization of ~ such that a(t)=at for some

a>0, in which case we arrive at the Loewner differential equation

Drg1(2) = go(2) == (2.2)

a
9e(2) =V’
Let

fi(2)=g71(2) and  fi(2)= fi(z+ Vi) = g; (24 VA).
By differentiating both sides of f:(g:(z))=z with respect to t, we see that

Qu(z)= () (2:3)

where we used the notation f{(z)=09.f¢(z). Since g;(y(t))=Vz, we get
Y(t)=fu(Vi) = lim_fu(Vitiy)= lim_f(iy). (24)
y—0~+ y—0~+

We let ,
ve(y) =v(fiy) :/0 | /1 (iw)] du.

Note that if g; satisfies (2.2) and g/ =g¢/,, then

* _ 1 * _
atgt(z)_gzk(z)_‘/t*’ gO(Z)_Z7

where V"=V, ,.

Conversely, we can start with a continuous function t—V; and a>0, and define a
Loewner chain (g¢,t>0) by (2.2). We define v(¢) by (2.4) provided that the limit exists.
As mentioned above, if v;(y)<oo for some y>0, then v,(0")=0 and the limit in (2.4)
exists. More work is needed to determine whether ~ is a continuous function of ¢ or not.
We say that the family of conformal maps ¢, is generated by a curve if 7, as defined by
(2.4), exists and is a continuous function of ¢. We do not assume that the curve is simple.
If H; denotes the unbounded component of H\~((0,t]), then g is the unique conformal

transformation of H; onto H satisfying
at 9
gt(z):z+z+0(\z| ), z—o00.
LEMMA 2.1. For every t and every y>0 with v;(y)<oo,

2yl fi Gy < Iy (6) — fuliy)| < vely). (2.5)
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Proof. The second estimate is immediate from the definition of v;(y) and the first
inequality follows from the Koebe—% theorem applied to ft on the open disk of radius y
about y. O

LEMMA 2.2. If f; satisfies (2.3) and z=x+iy€H, then, for s=0,
OISOV AOT (2.6)
In particular, if s<y?, then
e fl( < frys () < fi(2)].

Proof. Without loss of generality, we may assume that a=1. Differentiating (2.3)
with respect to z yields

1 1

t+ft/(2) (Z—V;)Q'

Oul(2) =11 () —

Note that |z—V;|>y. Applying Bieberbach’s theorem (the n=2 case of the Bieberbach

conjecture) to the disk of radius y about z, we can see that

|ﬁun<3ﬁ@»

and hence

5
10 f1(2)] < ?\f{(Z)I,
which implies (2.6). O

The Koebe distortion and growth theorems are traditionally stated in terms of uni-
valent functions defined on the unit disk (see, e.g., [19, Chapter 2]). We will use these
theorems for univalent functions on H, and the next proposition gives the appropriate

results.

ProrosiTION 2.3. Let h:H—C be a conformal transformation, x€R, y>0 and
r>1. Then

(@ +4) 2|1 (iy)| < [P (y(@+1)| < (2 +4)% |1 (i), (2.7)
|h(y(z+1)) —h(iy)| < 3 (2 +4)*Pyla| W (iy)], (2.8)
3 (i) | < |B (iyr)| < r|b/(iy)], (2.9)

(iy) 2.10)

|h(iyr) = h(iy)| < 5 (r* =)yl (iy)]. (2.10
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Proof. By scaling, we may assume that y=1. Let

G(z)= 27—1:’ G'(z)= 2

z+1i (z+1i)2’

which is a conformal transformation of H onto the unit disk D with G(i)=0 and |G’ (i)| =3

We can write
hz)=f(G(2)), N(2)=f(G(2))G(2),

where f is a univalent function on D. The distortion theorem tells us that

14w

|f (w)\\( e sIF70)], |wl<1,
and the growth theorem states that
|w]
If(w)—f(0)|\< I I O) fw]<1.

As |G/ (i)| =3, we get
2|G" ()| (4G (=)])

o) < AEECHEEN gy, (2.11)
wd 21G(:)|
|h(2)—h(i)| < W|h/(i)\~ (2.12)
Since
Ed 2

Gla+i)] =

and |G/ (z+1i)| =

Va?+4 244’

we plug this into (2.11) and see that
W (z+1)| < 15 (Va2 + —Haﬁ|) |R'(3)] < (z44)2|h (3)].

This gives the second inequality in (2.7) and the first follows easily by real translation.

Plugging into (2.12) gives
h(z+i)— < Zla|Va+4(Va2+a+a) [0 (1) < $ (224422 1 (7).

Since r>1, we obtain

, |G ()| =

2 7 o2
d "=1= .
T ™ ‘G ()‘ 1)

Plugging this into (2.11) and (2.12) gives (2.9) and (2.10). O
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COROLLARY 2.4. If h:H—C is a conformal transformation, then, for every y>0,

v(hyy) = M (2.13)

2 —n - — T\ (s0—] 8 .o—n
F(m 27 <Y 2 W (27 < gu(hs27").

Jj=n

Proof. We write
00 2—.7
w2 =Y [ Wl dy
=m0
Using (2.9) (which holds for r>1), we get

y 1 1 .
)= [ Ws)as=y [ Girglarz o' [ rar= 22

" 1
d

[ wtitay<enn) [ 5 =3,

r/2 12 85 2

" 1

3

[ Wity i) [ sds= ). 0
r/2 1/2 8

We define the following measure of the modulus of continuity of V;:

A(t,s)= sup /s 2(Vipr—V;)2+4.

0<r<s?

Note that A(¢,s)>2, and it is of order 1 if

sup [Viio—Vil~s.
0<r<s?

The definition of A(¢,s) with the 4 has been chosen to make the statement of the next

proposition cleaner.

PROPOSITION 2.5. If t>0 and 0<s<y? with vi(y)+viss(y)<oo, then
V() =y ()] S ve(y) +orss (W) +> (i) [ AL ) 'y (2.14)
Proof. By the triangle inequality and (2.5), we have

[y (t+r) =y ()| < | fe(iy) = ()| +| frrs (i) =y (t+ )|+ | fo (iy) = frrs (iy)]
< Ut(y)+vt+s(y)+ |ft+s(vt+s+iy) _ft(Vt‘Fin'
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Also,

| fers (Vigs+iy)— fe(Vit+iy)|
K ftrs Vs +iy) = fro s (Vitiy) |+ s (Vitiy) — fe (Vi +iy) .

Using (2.8) and (2.6), we see that

fes(Vitin) At y) 'y

| frrs (Vigs+iy) — frrs(Vitiy)| < 3

< LY 1 (Vitiy) | At y)ty
1
2

Also (2.6) and (2.3) imply that

10, fors (Vi tiy)| < %ef”“’“/@f (i)l (2.15)
and hence
rrs(Vitiy)— fu(Vitiy)| < |/ (Vi+iy)] /0 ’ 8l
= $ye™| f{ (iy)| (2.16)
< Jye* At y)*|fi(iy)]. O

LEMMA 2.6. There exist ¢>0 such that, for t20 and 0<y<1,

Y 2. VZ2at+1
et < | fiiy) < YT
V2at+1 Y

Proof. We may assume a=1, for otherwise we consider g; =g, ,,. Let wat(iy), that
is, g:(w)=V;+iy, and let Ys=Im gs(w). The Loewner equation implies that ds(Y.2)>—2
and hence Imw<+/2t+1. Similarly, Im~y(s)<v/2t<y/2t+1 for 0<s<t. The Loewner
equation also implies that 9,(Y;/|g%(w)|) <0, which implies that

A Y, Yo
yl fi (iy)| = — 0O —Imw< V2L

= )] S Tghw)]

This gives the second inequality.

For the first inequality, let d=dist(w, v([0,¢])UR). The Beurling estimate [8, Theo-
rem 3.76] implies that there is a ¢, <oo such that the probability that a Brownian motion
starting at w goes distance v/2t+1 without hitting v([0,¢])UR is bounded above by

4 \/2
C*<\/2t+1) '
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By the gambler’s ruin estimate, the probability that a Brownian motion in H starting
at iy reaches I;:={w:Im w=2+/2t+1} before hitting the real line equals y(2v/2t+1)~1.
Since the imaginary part decreases in the forward Loewner flow, it follows from conformal
invariance that the probability that a Brownian motion starting at w reaches I; before
hitting ([0, ¢])UR is at least y(2y/2t+1)~!. Therefore,

d 1/2
Cx > Y .
V2t+1 24/2t+1

The Koebe—% theorem implies that d<4y| ft’ (iy)|, and plugging in we get

O — — m
‘ft(ly” 1662\/@

PROPOSITION 2.7. Let h: H—C be a conformal transformation and v(h;y) be defined
as in (1.1). Then, for every 8<1, as y—07,

ylh' (i)l syt =7 = ey <yt
Yyl (@) 7.y ™7 = v(lsy) eyt (2.17)
ylW' (i) = y' 7 = wlhiy) =ty
Proof. Using Corollary 2.4, all of the assertions follow easily except the fact that

v(h;y)~*y'=# implies y|h/ (iy)|~* y* P, which we will show here. Assume v(h;y)~*y!=5.
By (2.13), we know that y|h'(iy)|<y'~". For 0<e<1-4, let

and note that (2.9) implies, for y sufficiently small, that

Yy

y' e So(hyy) = v(k yl*“)Jr/

y1+u

y
|h'(is)|d8<y1_5+28+/ |h(is)| ds

y1+u

< y17ﬁ+26+y173u|h/(iy)|'
Hence, for all sufficiently small y,
yll' (iy)| > 5y'~PyPuete.

Since u.—0 as e—07, this gives y|h’' (iy)|=y* 7. O
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Definition. For every —1<0<1, let

O ={t€ (0,2]:y|f/(iy)| =10 v},

O5={tc(0,2]:y|fl(iy)| ="y "},

O5={te(0,2]:ylfi(iy)| <y "},

© 5 ={te(0,2]:ylf/(iy)| <50 y' "},
5=1{te(0,2]:0:(y) io.y' 7,

where in each case the asymptotics are as y—07.

If B#1, we can write these sets as the set of t€(0, 2] such that

i log | f/(iy)]

imsup ————
yoot+  log(1/y)
log | /(i

o loglfiiy)]
y—o+ log(1/y)
L

Jimn sup log | f; (iy)]
yoo+  log(1/y)

- log | f/(iy)]
y—ot+  log(1/y)

> 3,
:6,
<0,

<B,

respectively.
Using Lemma 2.6, we can see that for every 8>1,

O5=03=0_43=0_3=0_;=0.
Note that (2.13) implies that ©73;CO 5. By Proposition 2.7, we can also write
Op={te(0,2]:v(y)~"y" " as y—0"},
and similarly for ©4 and ©5. Also, ©5U05=(0,2] and
05 C03N05NO%.

Definition. The driving function V; is weakly Hb'lder—% on [0, 2] if, for each oz<%7 Vi

is Holder continuous of order « on [0, 2].
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Two equivalent definitions are the following.
o If

6(s) =sup{|Vigs—Vi|: 0<t <t+s<2},
then
Y(x)= sup s'/5(s)

s=1/x
is a subpower function.
e There is a subpower function v such that for all 0<t<2 and 0<s<1,

A(t,s)gzp(i).

The next proposition shows that for weakly Hélder—% functions V4, it suffices to

consider dyadic y and corresponding ¢ in the definition of ©g, etc.

PROPOSITION 2.8. Suppose that V; is weakly Hélder-1 on [0,2]. For each t€[0,2]
define

j—1  j-1 j
tn=tn(t)=5gms i o SE< g
Then, for —1<3<1, the following holds:
e we have
Op={te(0,2]:27"|f] (i27")|~" 27",
Op=1{te(0,2]:27"|f] (127" 71027 "0},

©5={te(0.2]:27"|f] (27| <102 "7V},

where the asymptotics are as n—o0 along the integers;
e if teOg, then

v (Y) Fio.y' ™ and |y(t)—fi(iy) Fie. vy P,y =07
e if t€Op, then
v(y) <y 7 and () - filiy) <y y—0% (2.18)
o if t€Og, then

vi(y) ="y and |y(t)- filiy)| ="y P, y—0".
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Proof. Note that
|FG27M) = (Va2 [ S A 27 £ (Vi +i27 ) <A 27 /] (1277,

and similarly
|[fi(@27") = e P A 27 T S, (1270,

Hence, if V; is weakly Hélder—%, then there is a subpower function ¢ such that, for all ¢

and n,

D(2") 7, 27 < | F 27 < @M, 627
This implies the first assertion. The remaining ones, which do not require V; to be weakly
Hélder—%7 follow from (2.5). O

2.3. Harmonic measure at the tip

We will now discuss harmonic measure giving two non-equivalent definitions, one that
is standard and one which is more directly related to the multifractal spectrum we have
discussed.

In this subsection v denotes a curve in H with one endpoint on the real line. We
assume that the curve comes from a Loewner chain driven by a continuous function V;,
so it may have double points but it does not cross itself. Let H; be the unbounded
connected component of H\~([0,t]). As before, we write g;: H;—H for the normalized
conformal mapping so that lim,_,o+ filiy)=7(t), where fy=g; ' and fi(z)=fi(z+V;). If
the curve has double points, we are interpreting (¢) in terms of prime ends, and we then
tacitly understand ~(¢) as the prime end corresponding to V;.

If z€ Hy, then hm, , will denote the usual harmonic measure of RU~((0,¢]) from z,
that is, the hitting measure of Brownian motion starting at z stopped when it reaches
OH;. We let

hm, (U) = lim yhmy;, (U),

Y—o0

which is the normalized harmonic measure from the boundary point at infinity. Note
that for each z€ H;, hm; and hm; . are mutually absolutely continuous. Also, confor-
mal invariance, the normalization at infinity, and the well-known Poisson formula in H
together show that, for bounded U,

hin, (1) = length(g,(0))

Let
fi(t, €) = hmy[B((t), )],
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gt

Vi

Figure 2. The image of 0B(v(t),e) can have many components. The crosscut g¢(o) separates
the interval [z—,z4+]3V; from oo in H and the (normalized) harmonic measure u(t,€) equals
(x4 —z_)/m. By conformal invariance, p(t,€) equals the harmonic measure of the part of 0Hy
separated from oo by o in H;.
where B(z,¢) denotes the open disk of radius ¢ about z with closure B(z,¢). For a>0,
define

Ohm — {1 € (0,2]: fi(t,e) ~* e as e —+ 07 }.
We define the multifractal spectrum of harmonic measure at the tip by
a—s dimg [y(©"™)].

This multifractal spectrum can be hard to compute. One of the difficulties is that
B(~(t),e)NH; can contain many connected components whose images under g; are far
apart. We will give a different definition that is more directly related to the tip multi-
fractal spectrum in this paper.

Fix t>0 and €>0, and let B=B(y(t),¢). Let O=0; . denote the connected com-
ponent of BNH; that contains ~(¢) (considered as a prime end) on its boundary. Let
C be the collection of connected components ¢’ of dBNH; that is in O and such that
o’ separates (the prime end) y(t) from infinity in H;, that is, every curve from ~(¢) to
infinity in H; passes through ¢’. We let c=0. be the unique member of C that separates
all other elements of C from infinity in H;. Let E=FE; . be the part of 0H; separated
from infinity by the crosscut o. Note that F is connected. We will be interested in the

decay rate of the harmonic measure of E as e—0%". Let
To=2_4e<Vi<Ty=Tipc

denote the images of the endpoints of o under g;. (Since g; maps onto the “nice” domain
H, these points always exist; see, e.g., [19, Chapter 2].) In other words, E is the preimage

of the interval [z_, z,] under g;, and we define

Ty—T_
M(t, 6) :hmt(E) = +T



284 F. JOHANSSON VIKLUND AND G. F. LAWLER

It is not necessarily true that ECB(y(t),¢); see Figure 2. However, an estimate using

the Beurling projection theorem shows that there is a c<oo such that

p(t, 3¢) <cilt,e). (2.19)

We define
O™ — {t € (0,2]: u(t, ) " = as =07},

The next lemma makes the connection with the tip multifractal spectrum.

LEMMA 2.9. If %<a<oo, then
OL™ =01 _1/4-

Proof. We will prove that there exist 0<ci,coy<oco such that for all >0 and all

sufficiently small £>0, one has
w(t, 2v(e)) = cre, (2.20)
ult,e)|filip(te)] < cae. (2.21)

The lemma follows immediately from these estimates combined with Proposition 2.7.

Let n. denote the line segment (0,ie]. The harmonic measure from infinity of 7.
in H\7n. equals c¢ie for a specific constant ¢1, and hence by conformal invariance the
harmonic measure from infinity of n}:= ftom in H;\n? is also cie. Since nf is a curve of
length v;(e) and one of its endpoints is (t), the interior of 1 is contained in Oy ,, ().
From this and a Beurling estimate as in (2.19), we get (2.20).

It remains to prove (2.21). To this end, let o.=0. ; be the open arc whose endpoints
are mapped to x_ <z, . as above. Let .=z, .—x_ . and note that u(t,e)=~./m. Set
Ye=VLe and z.=V;+iy.. By the distortion theorem it suffices to show that y5|ft/ (tye)|<ce.
Recall that g;(o.) is a crosscut of H connecting z_ . with z, .. Since y. =/, there is an
absolute constant ¢z >0 such that harmonic measure of g;(o.) from z. in H\g:(o.) is at
least ¢o. By conformal invariance, this is also true for the harmonic measure of o. from
ft(iye) in H;\o.. By the distortion theorem and the Koebe—% theorem, we know that
dist(fy (iy.), OHy)=<ye| f{ (iye)|. Note also that

dist(f; (iy), OH,) < dist( fy (iy<), OH, Uo. ) +2¢,

since o is a crosscut of H; of diameter at most 2. The needed estimate then comes from
the Beurling estimate which implies that in any simply connected domain D, if V. C9OD,
then

diam(V)

h <oy amlY)
mp(z V) <e dist(z,0D)

and this completes the proof. O
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3. Tip spectrum for SLE

Let 3¢>0 and a=2/2. Then the chordal Schramm-Loewner evolution with parameter s
(SLE,,) is the solution to the Loewner equation (2.2) with a=2/s¢, where V; is a standard
Brownian motion. It is well known that, with probability 1, V; is weakly Hélder—%. Let

d:min{l—l—é%,Q}.

It was proved by Beffara [1] that d is the Hausdorff dimension of the path ([0, 2]). This
will follow as a particular case of our main theorem, so we will not need to assume this

result. However, it is convenient to use this notation.

3.1. Main theorem

Before stating the main theorem, we will define some special values of the parameter (.
See §3.4 for more details. Let

o) =gy | (52 ) 1] )

and define

The maximum value of czﬂ equals 1 and is obtained at

Vo4

=——1.
»+4

By
The maximum value of dg equals d and is obtained at

P
= .
b max{4, »x—4}

We define 8- <Bx <0 <8+ by 0(B-)=0(0+)=2. A straightforward computation gives

By =— (3-2)

Ve
I+
124+5c—4/8+
r

=14+ <0
b 124-5¢+4y/8+ 3

Also —1<f_< B, <1, with equality only for »=8.

(3.3)

Remark. The function (. () determines the optimal Holder exponent for the SLE,,
path in the capacity parametrization: with probability 1, the chordal SLE,, path away
from the base is Hélder-a for a<3(1—/3;) and not Hélder-a for a>2(1—3.). See [5,
Theorem 1.1].
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We recall from §2.1 that

Op={t€(0,2]:ylf/(iy)| ~ v 7},

O ={tc (0,2]:y|f!(iy)| =10 v},

O5={te(0,2:y|f/ (i) <y" "},

0 5=1{t(0,2]:ylf](iy)] <00 ¥ "},
5 =1t€(0,2]:v(y) o y'

where the asymptotics are as y—0%. We can now state our main result.

THEOREM 3.1. For chordal SLE,,, if —1<8<1, the following facts hold with prob-
ability 1:
o If B_<B<B., then

dimp(©5)=ds and dimg[y(©s)] = ds. (3.4)

If By<B<ps, then

i [f ﬂ*gﬁgﬁ-H then
dimy [’Y((:)B)] =dg. (3.6)
o If B_<B< By, then
dimy (6 5) = ds. (3.7)
o If B_<B<LPy, then
dima[y(67)] = ds. (38)
d If 5>ﬁ+, then
65:@
o If B<B_, then
@6:@
3.2. Remarks

e It follows from the theorem that, with probability 1, the results hold for a dense
set of 8. This implies that, with probability 1, (3.5)—(3.8) hold for all 5. However, we
have not shown whether or not for a particular realization there might be an exceptional
B for which (3.4) does not hold.
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e The restriction to t€(0, 2] is only a convenience. By scaling we get a similar result
for t€(0, 00).

e The relationship dimy[y(©g)]=2dimy(©g)/(1—/5) can be understood as follows.
For s small, the image of the interval [t,t+s%] under ft can be approximated by a set
of diameter s|f/(is)| containing f;(is). If |f/(is)|~s 7, then this set has diameter s*=5.

That is to say, intervals of length (diameter) s?

in a covering of O3 are sent to sets of
diameter s'~?. Note that this is in contrast to complex Brownian motion where intervals
of length s? are always sent to sets whose diameter is of order s.

e Since @gCégﬂégﬂ@% and ©5C0O g, it suffices to prove the lower bounds for
Op in (3.4) and the upper bounds for O3, © 5 and 87 in (3.5)-(3.8). The upper bounds
will be proved in §4.1 and the lower bounds in §4.2.

e To prove the upper bound (3.5) it suffices to show that, for each s>0,
dimp (©5N(s, 2]) < dg,

and similarly for (3.6)—(3.8). This is what we do in §4.1.
o Recall that @%CQQ. It is open whether or not

dim[1(@ )] < dp.
e Note that (0,2]=65,U8%,. It follows that
dimy (7((0,2])) = dp, =d.

Hence, Beffara’s theorem on the dimension of the path [1], [9] is a particular case of the
theorem.

e The statements about the dimension of (), ¥(6) and 7(8%) are independent
of the parametrization of the curve.

e Using the Markov property for SLE it is not hard to show that, with probability 1,
either ©4 is dense in (0, 00) or it is empty. Also, dimy[y(©sN][t1,t2])] is the same for all
0<t;<t2<2. In particular, in order to prove the lower bound on dimension, it suffices

to prove that, for all a<dg,
P{dimyu[y(©sN[1,2])] = a} >0.
This is what we will do in §4.2. The proof proves the slightly stronger (for s¢>4) result
P{dimy [HNy(©sN[1,2])] = a} >0.

o If =8, we have 8,=0,=1 and dimy[y(©1)]=2. This is related to the fact that
this is the hardest case to establish the existence of the curve; the curve is almost surely
not Hélder continuous (in the capacity parametrization) when =8 [5]. For other values
of », we have 3, <3, <1.
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3.3. Multifractal spectrum of harmonic measure

Let ©"™ be defined as in §2.3. Let

o B 4 (4+2)?2 »x( o
F“p(a)'_dl‘l/a_a<1_z>+ 8¢ _8<2a—1’

and let a_, o, and «a, correspond to B_, B, and (,, respectively, through the relation

Remark. We can compare the function Fi;, with the conjectured almost sure bulk

spectrum for SLE,, given by

(A4 ()P o?
Foune(er) = ot == 8% \2a-1)

THEOREM 3.2. Suppose that a_ <a<a,. For chordal SLE,,, with probability 1,

dimu[y(04™)] = Fiip(a).

Proof. This is an immediate corollary of Theorem 3.1 and Lemma 2.9. 0

Theorem 3.2 combined with (2.19) gives some information on égm In §6, we will

use the forward Loewner flow to give a proof of the following result.
THEOREM 3.3. If 0<<8 and %gaia*, then, with probability 1, there exists a set
V' such that dimu[y(V)]< Fip(a) and for t¢V, v(t)€H,
a(t,27") 27" n—oo. (3.9)
Let
Thm = {te(0,2]: i(t,27™) = 27" and ~(t) € H}
and note that Theorem 3.3 combined with (2.19) and Theorem 3.2 implies that, for each
a_ <a<ay, with probability 1,

dimp [Y(T2™)] = Fiip ().

Indeed, it follows directly from (2.19) and Theorem 3.2 that the lower bound on the
dimension holds with probability 1. To get the upper bound, notice that fgm is contained
in {t€(0,2]:(t,27™) =i.0.27 "}, which, for those ¢ such that v(¢) €H, in turn is contained
in the set V' from Theorem 3.3.
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3.4. Parameters

In the statement of the main theorem, 3 and g were the parameters used. However, in

deriving the result, it is useful to consider a number of other parameters. Let
8 1 4
r*:min{l,} and r.=—-+—,
x 2 x

and note that
0<r,<re,

where the second inequality is strict unless »=8. Let r<r.; we define A\, {, § and g as
functions of r.
Let
)\:)\(T):T(]rki}f)*é%’f‘z. (3.10)

We write A,=A(r.), and similarly for other parameters. As r increases from —oo to re,
A increases from —oo to
N=142 4 2
32 x
Since the relationship is injective, we can write either A(r) or r(A). Solving the quadratic

equation gives

_ Ade—/(4+5)2—8)x

A
) 2
Also,
A0)=0 and X.=d.

Let

(:C(T):r—%mﬂ:)\(r)—izr, (3.11)
and note that

(«=2—d

We can write ¢ as a function of A,

(4+5x)2—8Ms—4—3
1 .

C) =M+

We now briefly discuss some results from [9] and [5]. The reverse-time SLE,, Loewner
flow hy (see §5.2 for definitions) has the property that, for fixed ¢, the distribution of
|h}(2)] is the same as that of |f](z)|. Let

Zy =X, +iY, = hy(i) = V.
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Then, if r€R and A and ¢ are defined as above, we have that
|7 ()Y (2)  [sinarg Z,(2)] ™"

is a martingale. Typically one expects Y;(i)=<+/t and sin arg Z;(i)<1. If this is true, then
the martingale property would imply that

E[| £ (i) = E[|h (i) =< t.

It turns out that this argument can be carried out if r<r., and this is the starting point
for determining the multifractal spectrum.
We define B=0(r) by the relation

a _

-

A straightforward calculation gives

> >
:—1 —_— d :4 - = .
B(r) +4+x—zr and  ser(08) =4+ 711
Note that § increases with r with
B-o)=—1, B0)=———=fs, Br)=f. ad =1
x0)= ) — 4+%_ #> Ts) = Px all c— 4

where B4 and (. are as defined in the previous section. Roughly speaking, E[| ft’2 (i)|*] is

carried on an event on which | ft’2 (i)|~t? and
P{If (1) t7) =), (3.12)

We emphasize that the relation between r, A and 8 for —oco<r<r,. is bijective, and
in order to specify the values of the parameters it suffices to give the value of any one of
these. For example, we could choose ( as the independent variable and write r(3) and
A(B). This is the natural approach when proving Theorem 3.1, but the formulas tend to
be somewhat simpler if we choose r to be the independent variable.

From (3.12), it is natural to define

%27"2

o=o(r)=((r)+A(r)B(r) = 8(dtr—nr)’

We can also write g as a function of 8 and a computation gives (3.1). Note that

do _ dG dX dr _
d ~ drdp B~
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Let 7 and r_ denote the two values of r for which ((r)+A(r)8(r)=2, with corre-
sponding values S, =0(ry) and f_=pF(r_). Then

4
ry = ;(—2:|Z \/8"‘%),

and 3, and [_ are given as in (3.2) and (3.3). Note that, if x#8, then r, <r..
Define

L 2-0(f)_2-(CHBY
T8 -5
Note that dg is maximized at §=p, (interpreted as a limit for s=8) with d.=d. We can

also define d as a function of r, that is

12,2

H— T
dry=14+—38~" |
(r) +8+z72zr

Straightforward differentiation shows that d’'(r)=0 implies r=1 or r=8/. Note that
1=8/x=r, if =8 and
8 .
l<ry<—, if 22<8,
»
8 .
—<ry<l1, if x>8.
x
From this we can see that d(r) achieves its maximum on (—oo,7,) at r=r,; in fact, d(5)

increases for <8, and decreases for B, <GB<f..

In order to match the notation of [9], let

4

L + (3.13)
=r.—r=—+—-—r. .
1 2 x
Obviously, ¢>0 if and only if r<r.. For future reference, we note that
1—-2q
——=4. 3.14
1+2¢q p ( )

4. Proof of the main theorem

In this section we will present the proof of the theorem relying on estimates about
moments of derivatives of the map f . The upper bounds are proved in §4.1, and the

lower bound is proved in §4.2.
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4.1. Upper bounds

In this subsection (and this subsection only) we write

fj,n == f(j71)2—2n .
For each t€]0, 00), we associate a dyadic time by defining

1 i .
tn:tn(t)=~722n, if ]2% <t<2%.

We fix s with 0<s<2 and allow constants to depend on s.
The next theorem states the derivative estimates that we will use for the upper

bounds; a proof can be found in [5].
THEOREM 4.1. ([5]) If r<r., there exists c<oo such that, for all t>1,
E[|f/> ()|} < et (4.1)

COROLLARY 4.2. If B3>[4, there is a c<oo such that, if

Nn,g = Z 1{\fj,n(i2*")\>2"5}’

5221 <j<22n+1

then
E[Ny,p] < 2"79). (4.2)

Proof. The range 32 [ corresponds to A>0. Hence, by Chebyshev’s inequality,

P{If} (27" > 27} <2TPE[ ], (127N = 2B f ()] < e R o,

and hence
ENngl= > P{fj.2>2")}
522n<j<22n+1
< 9—nBA Z j*C/2 < on(2=Br=C) _ 9n(2—0) 0
522n <j<22n+1

COROLLARY 4.3. If B<[(4, there is a c<oo such that, if

Npg= Z 1{\f§)n(i2*")\g2nﬁ}a

s22n <j<22n+1

then
E[N}; 5] < c2"(79), (4.3)
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Proof. This is proved in the same way using A<0. O

The standard technique to find upper bounds for Hausdorff dimension uses an ap-
propriate sequence of covers for a set. We will now describe the covers that we will use.
Let

: Jj—1
I(j,n)= {22,1 72271]-
If b, bR with —1<b<b<1, let B(j,n,b) be the closed disk in C of radius 27(t=1) centered

at fjn(i27™), and let

b):UI(j,n) and B, (s,b,b) UB],nb

where in each case the union is over s22" <j<2?"*+! with \f]'n(z2*”)| >2mb Let

I"(s,b)= | In(s,b) and B™(s,b,b) = UB,stb

n=m

LEMMA 4.4. If —1<b<fB<by<b<1 then, for each m,
05N (s,2] CI™(s,b) and ~(©3NOy,N(s,2]) C B™(s,b,b).

Proof. Suppose that te(:)gﬂ(sﬂ]. By Proposition 2.8, there exists a subsequence
n; — oo such that
|fi, (i2779)| > 2",
nj

In other words, there is a sequence n; such that I(tnj22"f ,n;) €I, (s,b). This proves the
first assertion.
If t€© N6y, N(s,2] and by <u<b, then (2.18) shows that, for all sufficiently large n,

()= foi27m) <270,
The triangle inequality gives
()= fe (127 < Iy () = fe@27™) |+ fr(i27) = fr, (277)],
and estimating as in (2.16), we have, for n sufficiently large,
|fe(i27™) = fi,, (127 <200,
Hence, for n sufficiently large,
y(8) = fe, (127" <2 7D
This implies that, for all sufficiently large j,

v(t) € B(tn,;2%",b,b). O
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PROPOSITION 4.5. If 3> 04, then, with probability 1,
dimy (©5N(s,2]) < dg. (4.4)
Moreover, if 3>, then, with probability 1,
O5N(s,2] =2

Proof. 1t suffices to consider S <3 <1. Suppose that fx <b<fB<1. Using the cover

from Lemma 4.4, we get
H*(©5N(s,2]) ZNMJ 2an

and hence (4.2) implies that
E[H*(©sN(s,2])| <c Y 2ne®g=2en,

The sum goes to zero, provided 2a>2—p(b), and hence, with probability 1,
H*(O5N(s,2]) =0, a> lfég(b).
Letting b— 3 gives (4.4).

For the second assertion, note that

P{OsN(s,2] £ D} < D E[Nyp]<c Y 2n@e®),

n=m n=m

If 3>0,, then o()>2 and we can find b<f with o(b)>2. O
LEMMA 4.6. If Bx<B<bi<1, then, with probability 1,

2—0(p)
1—b;

Proof. Choose b and b with By <b<[f<by <b<1. Using the cover from Lemma 4.4,

we get

dimu[y(©5N604, N(s,2])] < (4.5)

HO (5085, N(s,2)] < Y Ny 2201,

and hence (4.2) implies that o
E[H*(v(©5NO4,N N <e Z 2n(2=e(0))ga(b=1)n_
The sum on the right goes to zero provided
0

1-b -
We now choose sequences of values for b and b that converge to 3 and by, respectively,
to conclude (4.5). O
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ProroOSITION 4.7. If B.<PB<1, then, with probability 1,
dims[1(851(s,2))] < d. (4.6)
Proof. If B=by<b; <by<...<bp<1 with bg>b,, then
_ k
O3 = U b1 ﬂ@b
Therefore, (4.5) implies that
_ 2—o(b;_
dimu[y(©0sN(s,2])] < max{lg(gl) j=1, .., k}
- Y

By taking finer and finer partitions and using the continuity of g, we see that

_ 2—o(b
dimay(Ban1(s,2]) <sup =2 _ g,
b2p 10
The last equality uses 3>, and the fact, which can easily be verified (see §3.4), that

the function
2—0(b)
1-b

is decreasing on the interval [ 5s, 54 ]. O

b—

For f< B4 we use a slightly different cover. Let I(j,n) be as above and let

I*(s,b) UIJ, and B (s,b,b) UB],nb

where in each case the union is over 522" <j<2?"*+! with \fj’n(ZQ*”ﬂ <2™. Let
(oo}
I7'(s,b) = UI*sb and  BJ"(s,b,b) = UB*sbb
LEMMA 4.8. If —1<3<b<b, then
©,5N(5,2]CI™(s,0) and (O (s,2]) C B (s,b,b).
Proof. Suppose that tc© Bﬂ(s, 2]. By Proposition 2.8, there exists a subsequence

n; —+oo such that
|7, (@27 <2, (4.7)
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In other words, there is a sequence n; such that I(t,;2*", n;) €1}, (s,b). This proves the
first assertion.
Now suppose that t€©7M(s,2]CO 5N(s,2]. Then there exists a sequence n; such
that both (4.7) holds and
v (27M) < 2ma D),

Using the triangle inequality as in Lemma 4.4, we see that

V(&)= fo,, (1277)| S0 (27™9) | fi(i27) = fo,,, (12779,

J

and arguing as before we see that, for j sufficiently large,
y(t) = fu,, (i27"9)| < 255D

and
v(t) € B*(tn,;2%",b,b). O

PROPOSITION 4.9. If B<fBx, then, with probability 1,
dimg (© 5N (s,2]) < ds and dimg (V(©@'5N(s,2])] < dg.
Moreover, if B<(_, then, with probability 1,
O,5N(s,2] =2.

Proof. This is proved in the same way as Proposition 4.5 and Lemma 4.6 using
(4.3). O

4.2. Lower bound

In this subsection we prove the lower bound for the dimension in (3.4). We fix r such
that o=A8+(<2 and recall that r<r.. As has been pointed out, it suffices to show that,
with positive probability,

2—0

dimH(950[1,2])>T and dimy[y(©sN[1,2])]

2—p

We will use a standard technique of Frostman to show that, with positive probability,

there exist non-trivial positive measures p and v, whose supports are contained in

©3N[1,2] and ~(©5N[1,2]),
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respectively, such that

2 2
Eap) < o0, 04<TQ, and &, (V) < oo, oz<7g,

1-8
_ ([ wldx) p(dy)
5‘“(”)_// lz—yl®

is the energy integral. It is well known that this implies (4.8); see, e.g., [18, Theorem 8.9].

where

For this subsection, we will adopt a different notation than in the previous subsection.
We let

fin=FioGtyme, G=1,2,...n%
We will be studying |fj’n(z/n)| The proof considers a subset of times in ©gN[1, 2] that
behave in some sense nicely. The hard work is Theorem 4.10 which will be proved in §5.
This theorem discusses the existence of some events £}, on which

)~y nl<y<L
The definition of the events (“good times”) will be left for §5.

THEOREM 4.10. Let p=A3+(<2. There exist 0<cy, co <00, a subpower function
and events

Ejn, n=1,2 .., j=1,..,n%
such that the following holds. Let E(j, n):lEM and

. A
F(i.n)=nS"2f (L] EG.n).
(j,n)=n f],n(n> (jsm)
o If 1<j<n?, then on the event Ejn,
i\t R 1
w(y) < ;,nuy)sw(y)y-ﬁ, nl<y<l. (49)
o If 1<j<k<n?, then
. A
_9 . ¢c—2 2 ? C2
cin * <E[F(j,n)]<n E{f;n(nﬂ }gnz, (4.10)
o If 1<j<k<n?, then
. n2 0/2 n2
E[F(7,n)F(k <n~ — . 4.11
[F(j,n)F(k,n)]<n (k—j+1> w(k—jﬂ) (4.11)

If 1<j<k<n? and E(j,n)E(k,n)=1, then

. -\ [—(2-0)(1-8) 2 (2—0)/2 2 dg
N 7 ~ 1 n n
) — = < . 4.12
fj’"(ﬂ) fk’"(ﬂ)‘ (k—j+1> w<k—j+1) #12)
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Proof. This theorem combines Propositions 5.8 and 5.9 with Lemmas 5.5 and 5.7

proved in §5. O

PROPOSITION 4.11. Under the assumptions of Theorem 4.10, with positive probabil-
ity there exists ACI1,2] such that, for t€A,

Ly Pe(1)y) T < | flGy)| <4y Po(1/y), 0<y<1, (4.13)

and such that
dimy (4) > 2o and dimg[y(A4)] > ﬂ
2 1-3

Proof assuming Theorem 4.10. We use a now standard argument to show that with
positive probability a “Frostman measure” of appropriate dimension can be put on the
set of ¢ satisfying (4.13). The proof is very similar to that of [9, Lemma 10.3], so we omit
some of the details.

Let 15, denote the random measure on R that is a multiple of Lebesgue measure on
I(j,n):=[14+(j—1)n"2,144n"2], where the multiple is chosen to that |p;.|=F(j,n).
Let v; ,, denote the random measure on C that is a multiple of Lebesgue measure on the
disk of radius $n°~14(n?)~! centered at fjn(z/n), where the constant is chosen so that
1l =F(,n). Let

n2 7l2
Hn = Z Hjn and v, = Z Vin-
j=1 j=1
Note that
712
il = l[vall =Y F (G, ).
j=1
From (4.10) and (4.11), we see that
Elllunl]Ze1 and  E[funl*] <co.
Hence, by the Cauchy—Schwarz inequality, there is a constant ¢>0 such that
P{]lpn [ >0} = >0

uniformly in n. In Lemma 4.12 below we show that there is ¢, <oco such that the energy
integrals satisfy

2—0 2—0
Eléa(pin)] < Ca, a< 5 and E[&,(vn)] <oy, a<—

1-8
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We let 1 denote a subsequential limit of the w,, which with positive probability we

know is non-trivial and satisfies &, (p) <oo for all a<3$(2—0). Hence,
dimpy (supp ) > 3(2—0).

Similarly, let v denote a subsequential limit of the v, which is non-zero with positive

probability and satisfies
9_

270
1-8°
We claim that every t €supp p satisfies (4.13). Indeed, the construction shows that, if

dimg (suppv) >

tesupp p, then there is a subsequence ny—o00 and ji€{1,...,n3} such that E(ji,ng)=1
and .
1~ jk‘_l
1m 3
k—o0 ny.

=t. (4.14)
Suppose that, for some t€[1,2] and 0<y<1, we had
. 5. (1
|fi(iy)| =4y~ "y ; .
Continuity would imply that, for all s in a neighborhood of ¢,
. s (1
[fe(iy)| =2y = ).
Y
This implies that there is no sequence (ji,ny) as above with E(ji, ng) satisfying (4.14).
A similar argument shows that there cannot exist t€supp p and y with
-1
e 1 _ 1
| fi(iy)| < Zy B¢<y> )
and this gives (4.13). Similarly, supp v is contained in y(A’), where A’ denotes the set of
te(l, 2] satisfying (4.13). O

LEMMA 4.12. Suppose that the assumptions of Theorem 4.10 hold and let p, and
vy be the random measures constructed in the proof of Proposition 4.11. For every
a<3(2—0) and o' <(2—p)/(1—p) there exist constants co <00 and c, <oo depending

only on « and o, respectively, such that the energy integrals satisfy
Ella(pin)] <co and ElEy (vn)] <o

Proof. We will show the details for v,, the argument for u, being similar. For

j=1,...,n2, let

;[ i Fi.n)
1 n jn
jin=Jin\ — | n= 77 5\ d j,n — s

Zj, i, (n) T 4p(n2) and - ms;, T2
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where ¢ and F are as in Theorem 4.10. Recall that Vn:Z?; Vjn, Where

dv;n(2) = MG (B2 )} dA(z)

and dA(z) is the area measure. Suppose that a<(2—9)/(1—3). By definition,

seon) = 32 s [ o 25).

First consider the case where j=k:

// dl/kn dukn( // dA( )dA( )
lz—wl|* 7727“4 B2k i) xBlzonra) 120

One can check that there is a constant c<oo such that the right-hand side is bounded by
cF(k,n)?r,®. Taking the expected value, using (4.11) and writing e=(2—p)/(1-03)—q,

we see that
E {F(/c, n)?

«
TTL

:| < Cn7275(17ﬁ)w1 (n2),

where 1 is a subpower function. Consequently, since f<1, we conclude that there is a
constant ¢; <oo depending only on « such that

Sl [ et

uniformly in n. Now let j<k. We have

//dujn 2) dvg,n(2) F(]7 n)F(k,n) // dA(z) dA(w)
|Z w'a 7(27"4 B(2j,n,mn)XB(2k,n,rn) |Z w|a .

Since j <k, we can bound the last integral by a constant times

4

n

2,0 = 28,n]*

Using (4.11) and (4.12), this gives

// dv; n(2) dvg n(2) <e niQ '

|z —w| k—j+1
We conclude by noting that the sum over 1<j<k<n? of this last quantity is uniformly
bounded in n. O
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5. Estimating the moments

In this section r<r. with corresponding values of {, 3, ¢ and A. All constants may
depend on r. Let us give an overview of the section. We begin by discussing the reverse-
time Loewner flow and how it relates to f;. We then go on to define the “good times”
which, roughly speaking, are T' for which the reverse flow driven by t—Vp_, —V; behaves
“as expected”. (Here, V; is a two-sided Brownian motion.) We make this precise in a
number of lemmas that show how the derivative of the map and the flow of suitable
points can be controlled on the event that T is “good”. The needed correlation estimates
can then be derived using moment bounds from [9] and [5]. However, to have the paper

self-contained, we discuss some of the critical bounds in Appendix A.

5.1. Reverse Loewner flow

Here we state the basic lemma that relates the reverse Loewner flow to the forward flow
for SLE. We will estimate the moments for h and h rather than for f.
If V; is a continuous function, define g; to be the solution to the forward-time

(chordal) Loewner equation

Ohge(2) = g0(2) = 2. (5.1)

_*r
9:(2)= Vi’
Let fi(z)=g; '(2) and f,(2)=f,(2+V;). If U, is another continuous function, let h; be

the solution to the reverse-time (chordal) Loewner equation

a

8tht(z) = m’

ho(z) =z. (5.2)
The next lemma relates the forward-time and reverse-time equations; although versions
of this have appeared before, we give a short proof. We point out that this is a fact about
the Loewner equation itself; no assumptions are made about the function V' other than

continuity.

LEMMA 5.1. Assume that Vi, —oo<t<oo, is a continuous function with Vo=0. For
each T>0, let
Uyr=Vr_i—Vr.

Let g, 0<t<o0, be the solution to the forward-time Loewner equation (5.1), and let
ft and ft be as above. Let hyr, 0<t<oo, be the solution to the reverse-time Loewner
equation (5.2) with Uy=Uy . Let

Zt,T(Z) = ht,T(Z) *Ut,T-
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Then
hrr(2) = fr(z)—Ve = fr(2)+Ur,

and, if 0<SLT and z,weH, then

hr1(2)=hs,s(Zr—sr(2))+Ur—s T, (5.3)
fr(z)— fs(w) =hs s(Zr_s1(2))—hs,s(w). (5.4)
In particular,
Wpr(2) = s s (Zr—s5,7(2))hp_s,7(2)-
Proof. Fix T and write
Ut = Ut,T and ht = ht,To
For 0< ST, we have
Uis=Vs_1—Vs=Ur_s4+—Ur—s.

Let uy(2)=hr_¢(2)+Vr. Then wu; satisfies

a a

T ()~ (Vi Vr)  u(z) -V,

(9tut(z) = —(9thT,t(z)

with initial value ug(z)=hr(2)+Vr. Thus we see from (5.1) that us(z) and g;(z) satisfy

the same ordinary differential equation but with different initial values. However,
t(2) :=ge(hr(2)+Vr)

and u;(z) does satisfy the same ordinary differential equation with the same initial con-

ditions, and so it follows that
ur(z) = gr(hr(2)+Vr).
On the other hand, as ur(z)=ho(z)+Vr=2+Vr, we get
2+ Vr=gr(hr(2)+Vr),
and since fT(z):g;1(2+VT), we can write this as
hr(2) = fr(z)=Ve = fr(z)+Ur.

For 0<s<T, define hgs) by
Bty =h{Voh,.
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By (5.2), we see that

a a

S (2)—U,) = = s
K Ut+57h£é)(z) Ut+stsf[hi(& )(Z)ng]

hés) (2)—Us=2—Us.

)

Therefore,
W (2) = Us = b (2= Uy), (5.5)
which implies that
hsyvi(2) =her—s(Zs 7(2))+Us. (5.6)

Setting s=T—S and t=S gives (5.3), and setting s=S5 and t=T"—S gives

fr—s(w)=hr_s(w)—Ur_sr—s=hr_sr—s(w)—(Ur—Us),

fT(Z) = hT(Z) —Ur= hTfS,TfS(ZS,T(Z))+US_UT~

Subtracting these equations gives (5.4). The final assertion follows from (5.3) and the
chain rule. O

The preceding lemma holds for all continuous V;. If V; is a standard Brownian

motion, then so is Uy 1 for each T'. We get the following corollary.

LEMMA 5.2. Let 0<S<T and let g, 0<t<T, be the solution to (5.1), where V; is
a standard Brownian motion. Let U; be a standard Brownian motion and let h and h be

the solutions to

Dihe(2) = m ho(z) = z, (5.7)
Oy (2) = ﬁ%h(z) hio(2) =z,

where ﬁt:UT,SH —Ur_g. Then

hr—s41(2) =he(hr—s(2)—Ur_g)+Ur_s.

Moreover, the joint distribution of the functions

(f&(w), Im fs(w), f7(2),Im fr(2), fr(z) = fs(w))

is the same as the joint distribution of

(As(w), Im hs(w), Ks(Z)hy_s(2), Im hs(Z), hs(Z) =hs(w)),

where Z=Zrp_g(z)=hp_s(z)—Up_s.
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5.2. Good times

Let T>0 and let hy=h; r be defined as in the proof of Lemma 5.1. More specifically, g:
is the solution to the forward-time Loewner equation (5.1) with a (two-sided) Brownian
motion V; as driving function, and h; is the solution to the reverse-time Loewner equation
(5.2) with Uy=U; 7=Vp_,—Vr as driving function. Let

Zi(2) = X (2)+Yi(2) = hy(2) = Us.
Recall from Lemma 5.1 that we have
hiys(2) =hets,1(2) = he r—s(Zs(2)) +Us.
Note that

hiys(2) =hyp_o(Zs(2)h(2). (5.8)

If v is a subpower function and 0<d<1, we let

5 . t 1 t/6), if t <\,
dur-minfo(2) (1)} - 0
B t PY(1/t), if t>/0.
Note that, for every subpower function ¢ and every c<oo, there is an M <oo such that,
for all §>0,
R 1
Ys(t) <M, if §<t<cd or t}E. (5.9)
Roughly speaking, 1[)5(15) is O(1) for t comparable to ¢ or comparable to 1, but can be
larger for other d<t<1.

Definition. We call a time T 1)-good at ¢ if the following conditions hold for hy="h;
with 1[):1,25 and Zy=X;+1Y,=Z,(67):

Yie 2 t(t) 7", §<t<2, (5.10)
| Xp2| < (t46)1p(t), 0<t<2, (5.11)
tY Y
(5) v << (5) weo. s<i<2, (5.12)
-3 -1 |h£1(i5)| TN -B
t 1/’(75) < |h22 (16)| - |h47152,Tft2 (Zt2>| <t 7/’@)7 d<t<2. (513)

This definition depends on 1 and §. Note that if T is ¢-good at & and ¢ is a
subpower function with ¥ <¢, then ¥s<¢s and T is ¢-good at . In the remainder
of this subsection, we derive some properties of ¥-good times. These will be used to

estimate first and second moments for |h},(87)|* on the event that 7" is ¥-good at é.
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PROPOSITION 5.3. For every subpower function 1 there is a subpower function ¢
such that, for all §>0, if T is 1-good at I, then

1
Utz|§t¢<t>, S<t<2. (5.14)

Proof. Let X;=X(i6) and Y;=Y;(id). We let ¢ denote a subpower function, but it

may change from line to line. From the Loewner equation, we know that

aXt
Hence,
* X, ds
‘Ut2| g |Xt2\—|—a/0 7X52+Y92 .

By (5.11), it suffices to show that

/t2 ‘X9|d5 <¢ 1
o X24+Y2 TT\t)

Using (5.10) and (5.11), we have

X _o(1/s)
X34Y2 T s
and hence
2 t? )
| Xs|ds / #(1/s)ds _3/2 ~(1
el g TS de=o( = )t,
/O Xs2+Y52 0 \/g t—2 d)(l‘)l‘ z=¢ t
where )
3 1 _1/t #(1/s)ds
t) tlo Vs
It is easy to check that (Z) is continuous and decays faster than x¢ for each . O

LEMMA 5.4. If v is a subpower function, there is a ¢>0 such that, for every 0<d<1,
if T is 1-good at & and Y;=Y:(di), then
Y52 > (1+c¢)0. (5.15)
Proof. Using (5.10) and (5.11), and the fact that Y= increases with ¢, we see that
there is a ¢y <oo such that

|Xt2‘<01(5<61}/,52, O<t<(5

The Loewner equation (5.2) implies that

aYs a 1
Yo 32 BT v
X24Y2 7 3+1Y,
from which (5.15) follows. O

as}/s: Sgéza
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LEMMA 5.5. For every subpower function v, there is a ¢ such that, if 0<d<1 and
T is 1-good at §, then

|h4—t2,T—t2 (th) _h4—t2,T—t2 (5l)| > C(ﬁg (t)72t17ﬁ, o<t<2.

Proof. Using (5.10) and (5.15), we see that there is a ¢; >0 such that if B denotes
the open disk of radius ¢;t5(t)~' about Z, then di¢B. Using (5.13) and the Koebe
1-theorem, we see that hy_s2 77— () contains a disk of radius iclﬁg(t)”tl’ﬁ about
ha—y2 7_42(Z2). Since hy_2 p_42(6i) € B, the result follows. O

LEMMA 5.6. For all subpower functions v and ¢ there is a subpower function
such that, if T is 1-good at §, then the following holds for all 6 <t<2. Suppose that

1
w(i) <y<t¢<1) and |z|<<t+6>¢(1>.

(1Y (1
t_ﬁ¢(t> < ‘hil—tQ,T—tz (z+iy)| < t_ﬁ¢<t>~

Proof. By Proposition 2.3 and conditions (5.10) and (5.11),

Then

(1Y , (1
3(3) W e(@)| < Wiz sl <03 ) W o (2]

where Zy2=Z;2(id). The result then follows from (5.13). O

LEMMA 5.7. For all subpower functions v and ¢ there is a subpower function
such that, if T is v¥-good at §, then the following holds for 1<t<2. Let w=x+1iy with

2
1
S<y<l and <x> +1<¢<>.
y y

-1
yP s (1) < o (w)] <y~ (1)
Yy Yy

Then,

In particular,
e (AN 5 (1
y s ; < he (1Y) <y~ 745 Z . (5.16)

Proof. We will do the case t=2; the argument is similar for 1<t<2. We let v
denote a subpower function in this proof, but it may change from line to line. Since
(x/y)?+1<¢(1/y), we can see from Proposition 2.3 that

w(;)_lmgz (i)l < ()| <6 i
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so we may assume that =0. Let s=y. Using the Loewner equation (5.2), we can see
that there is a ¢c<oo such that

y<Imhg(iy) <cy, |Rehge(iy)|<cy and |h.(iy)|<ec.
The last estimate and (5.8) imply that

|h£1(7’y>| = |h4752,T752 (Zs2 (Zy)) ‘

Using (5.14), we see that
1
Re Zes (i) <y [cw (y)] .

By the previous result,

-1
(1 _ . (1) _
5(5) v <@t <5 ), =
Y Y
Definition. If n is a positive integer and j=1,...,n%, we say that (j,n) is ¥-good if
T=1+4(j—1)n"? is ¢-good at n='. We let E;,, denote the event “(j,n) is ¢-good” and

E(j,n) denotes the indicator function of E; .

It is important to note that on the event E; ,,, (5.16) implies that (4.9), the corre-
sponding estimate for | f! [, holds, with perhaps a different choice of subpower function .
Similarly, we note that Lemma 5.5 implies that (4.12) holds on the event Ej ,,. The main

estimate for the lower bound is the following.

PRrROPOSITION 5.8. If r<r., there exist a subpower function v and ¢>0 such that,
for all n>1 and all j=1,2,...,n2,

(2

Remark. For fixed n, the expectation in (5.17) is the same for all j.

A

E(j, n)} >enC. (5.17)

Although the proof of Proposition 5.8 has essentially appeared in [9, Theorem 10.8],
we have included Appendix A which discusses it. We point out that the assumption

r<r. is crucial for the result.

5.3. Correlations

In this subsection we fix a subpower function % such that Proposition 5.8 holds. If n is

a positive integer, we write j and k for positive integers satisfying 1<j<k<n?. We will
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consider E;,NEy , with indicator function E(j,n)E(k,n). If j, k and n are fixed, we
write - %
S=1+l - T=14"—1,
n n

ilt = h/t,S and ht = ht,T,
and recall that this means that izt and h; are solutions to the reverse-time Loewner
equation with Vg_;—Vgs and Vp_;—Vp as driving functions, respectively.
PROPOSITION 5.9. There is a subpower function ¢ such that, for all 1<j<k<n?,
NI NP 2 \(A8+¢)/2 2
~ 7 ~ 7 n n
Ellfr| - =) EGn)EEn)| <n % — .
(D)7 (2)] o] < () o5

Moreover, on the event E; ,NE} p,

L (i e k—j (1-8)/2 n2
fT(n)‘fS(n)Hrﬂ) ¢’(k—j)'

Proof. We write ¢ for a subpower function, but we let it vary from line to line; in

the end we choose the maximum of all the subpower functions mentioned. Recall that

F&i/m)=Rs(i/n), f7(i/n)=hy(i/n) and

A (1 A~ (1 ~ 1 ~ 7
() 5 () e oo (3)) 5 (5)
n n n n
The second assertion of the proposition follows immediately from Lemma 5.5, so we need

only show the first one.
Since T is 1)-good at 1/n, we know from (5.13) that

h/ 3 |y i ,n2 6/2¢ n2
T\n)| ST 5\n k—j k—j )
Therefore,
. NP
Ellfe( =) |fs( = )| BEGn)E®
()] s (2)] BmEwn)]
2 \N3/2 2 . ~ .
<(i5) ()l Gl G)
k—j k—j n n
Note that |hf-_g(i/n)|*E(k,n) and |h%s(i/n)|* E(j,n) are independent random variables.
Therefore,
i =, (1 .
]E[ ITS(ﬂ) hls(ﬂ) E(]un)E(k7n):|

h’s<:l> AE(j,n)]E[ ’TSCL) E(k,n)}.

We now apply Theorem 4.1 to see that the right-hand side above is bounded above by

o<z Y mpe (N <”2>
(15 ) = (5 o)

and this concludes the proof. O

A

A A

E(j,n)E(k, n)] .

A A

A
<
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6. Proof of Theorem 3.3

In this section we will use the forward Loewner flow to prove Theorem 3.3, which we

now restate.

THEOREM 3.3. If 0<»#<8 and %gaéa*, then, with probability 1, there exists a
set V' such that dimy[y(V)]< Fup(e) and, for t¢V, v(t)€H,

a(t,27") k27", n—oo.

Throughout we will fix »=2/a<8. We will write u rather than « (to avoid having
both « and a in formulas). To prove the theorem it suffices to show that for every

bounded domain D CH bounded away from the real line, there is a set Vp with
dimg [y(Vp)] < Fiip(u)

and such that (3.9) holds for t¢Vp with y(t)€D. We fix such a D and allow constants to
depend on D. The basic strategy is typical for establishing upper bounds for multifractal
spectra. We estimate a particular moment of |g} (z)| for an appropriate stopping time,
use Chebyshev’s inequality to get an estimate on probabilities, and use this estimate to
bound the dimension of a well-chosen covering.

We warn the reader again that some of the notation in this section is not consistent
with that in other sections.

We parameterize SLE,, so that the conformal maps g; satisfy
o) = g oz =2, (6.1)
where Uy=—B, is a standard Brownian motion. This is valid for zeC\ {0} up to time
T.€(0,00]. We let H; be the unbounded component of H\~((0,t]).

6.1. Preliminaries

Let
Zt = Zt(2> = Xt‘i’@)/t :gt(z>_Ut-
If zeH, let
/ Y, .
Ar=1g,(2)], YTi=17—~, Or=argZ; and S;=sinO;,.
lg:(2)|

Note that T, equals % times the conformal radius of H; about z (or we can think of it
as the conformal radius normalized so that the conformal radius of H about i equals 1).

The Koebe-i theorem implies that

17, <dist(z, 0H,;) < 27,. (6.2)
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Straightforward computations using (6.1) show that, for z€H,

a(Y2 - XP) 2017
atAt:AtW and 6t’rt:—’rtw.
There exist 0<c; <ca<oo such that, for z€ D,
C1 g TO g C2 and C1 g So g 1. (63)
Let, for u}%,
(w) = 5 —2a—— (6.4
r=r(u)= 3 a T 3’
and let ) )
T 1 T AT 1
)\:>\T:7 1—7 d =¢=—==—= 1_7 . .
2a+r( 2a> and $=&=1=73 2( Za) (6:5)
Note that r increases with u. Define
N _1+ 1
Y= 9 82

Note that @.<ca,=2a/(4a—1). If u<i,, since a>1,
r<r(tc)=1—4a<min{3—-2a,2—3a} and —A<r<Q0.

The following is a straightforward Itd’s formula calculation that we omit.

PROPOSITION 6.1. Let T€R and let A and & be as in (6.5). If zeH and
My =My(z) = | Z YA} = S, 705 AN,

then M; is a local martingale satisfying

’I"Xt

th - Mtw
t

dBy.
Let D,, denote the set of dyadic rationals in C,

Jj .k )
=—4i— keZ.
z 2n+z2n, S

Note that if weC, then there exists z€D,, with |z—w|<27", and hence

B(w,2™") C B(z, 27",
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6.2. Basic strategy

Let
Tn. =inf{s: Ty(z) <2773,

We will only consider n so large that 274 <¢;, where ¢; is the constant in (6.3). Note
that P{r, ,=00}>0. If 7,, ., <oo, (6.2) implies that

272 L dist(z, 0H,, ) =dist(z,7((0, 7,,.])) <274

In particular, if [w—z|<27", then dist(w, 8H,, )>2"""1

Recall that we defined the normalized harmonic measure by
hm (V) = li_}m yhm(iy, V, H)
Yy—00
and fi(t,e)=hm[B(7(t),¢)]. Similarly, we define

by (V) = lim yhm(iy, OV, H\V),
and note that hmt(V)gﬂr;lt(V). Set hm,, ;=hm,, _, and similarly for hm. If
e (t) <27
then 7, . <t, and hence, by monotonicity of harmonic measure, we have
Bt [B(2, 277 > by [B(z, 2771 > ft, 27).
Let D,,(D) denote the set of z€D,, such that dist(z, D)<2™" and

At = Aty = | B2,

n=m =z

where the inner union is over all z€D,,(D) satisfying
hm, - [B(z, 27 ") =27, (6.6)
Then, if vy(t)e D\ AY,, for all sufficiently large n,
At 27 <27,

Hence, for each m, AY is a cover of DNV, where V,, is the set of v(¢) that do not satisfy
(3.9). Let N,,=N,, (D) be the cardinality of the set of z€D,,(D) satisfying (6.6). Then,

for all s,
H(DNV,) < lim (A7) <c lim > N2

n=m

The following proposition follows immediately.
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PROPOSITION 6.2. Let u,s>0 and suppose that
Npo(D)=<2™, n—oo.

Then
dimpg(DNV,) <s.

Proof. The argument above shows that H* (DNV,)=0 for all s'>s. O
In order to show that for SLE
dimg(DNV,) <s
with probability 1, it suffices to show that
E[N, (D) =g2", n—oo.

Indeed, this relation and the Borel-Cantelli lemma imply that, with probability 1,
Npu(D)<2™ for all s'>s. Note that

E[Npo(D)] <cp2®®  sup  P{r,.<oo;hm, .[B(z,2 "1 =27 "}.
dist(z,D)<2-"

Notice that conformal invariance of harmonic measure and distortion estimates imply

that, on the event 7, . <oo,
hm, . [B(z, 27" )] =27"(g;  (2)].
Indeed, g, . (B(z,27"%1)) is a connected set whose diameter is comparable to
27", . (2)];
and whose distance from the real axis is also comparable to
27", . (2)]-
Hence, there exists c<oo such that

ENuu(D)) Sep?  sup  Plrs <ocilgh, (2)] 22" D),
dist(z,D)<2—" '

In the remainder of this section we will show that there exists c=cp <oo such that,
for all sufficiently large n and all z with dist(z, D)<27",

P{7,,. <o0; |g/Tn (2)] = 02_”(“_1)} L2 e, (6.7)

o(u) = <8la+2a—1> <u—;) + (;—816) +m.

Then from the above arguments we know that, with probability 1,

dimy (DNV,,) <2—0(u) = Fyip(u).

where

The second equality is a straightforward calculation. The remainder of this section is
devoted to establishing (6.7).
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6.3. Weighting by the martingale

The local martingale M; is not a martingale because it “blows up” on the event of
measure zero that z is on the path v((0,00)). However, if we choose stopping times 7
such as 7, . which prevent the path from getting too close to z, then the stopped process
M;n- is a martingale. Let P* and E* denote probabilities and expectations with respect
to the measure obtained by weighting by (the stopped martingale) M. The Girsanov

theorem implies that

X
dB, = |TZ—|*2 dt+dW,, 0<t<r,
t

where W; is a standard Brownian motion with respect to the measure P*. In particular,

(1-2a—7)X1Ys g Y:
| Z|* 1Z|

d@t = th

It is useful to use a “radial” parametrization o(t). We write Z:Zg(t), )/(\'t =Xo(t)s

etc. The radial parametrization is defined by
T, := Ta(t) =~ 2at,

Note that

o~

-~ ~ ~ Y2
—QGTt = 8tTt = —2aTt,\7t8t0(t),
|Ze|*
which implies that

2 4
dyo(t) = %
Y;

Note also that
dét = (1 —2a) cot ét dt+d§t,

and the local martingale M; satisfies
d]\A/lt = —th cot (:)t dét.
Moreover, we have that
dO, = (1—2a—r) cot O, dt+dW,. (6.8)

In the above, §t and /Wt are standard Brownian motions with respect to P and P*,

1
2

measure P*, O, never reaches {0,7}; see [8, Chapter 1]. It follows that M, is actually a

respectively. Since 1—2a—r>3, we compare with a Bessel process to see that in the
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martingale. Also, the invariant probability density for the stochastic differential equation
(6.8) equals

f(8) =csin?1=2a=m) g,

Since r<1—4a<3—4a, it follows that sin” § is integrable with respect to f(6) df. The
important fact for us is that there is a ¢ such that, if C:)t satisfies (6.8) with sin @0 >c,
then, for all >0,

E*[S7] <e. (6.9)

Let
7o =inf{t: ¥, =e 2%}

For r<%—2a, we have for all s,
P*{rs <oo}=1.
Then, using (6.9), we have

Ellg. ()} 7 < oo] =E[M,, SE. Y7577 7, < o0] = 2 CFIE[M, ST 5 7, < o]

Ts™Ts Ts™1g0

= 205 (&) Mo (2)E*[ST] < ce? 6+,
Since A+r>0, if e=e2%%, then
P{r, <o0ilgr, (2)| ="'} <em (VIR gL (2) M7 7 <oo] et

where
o(u) =—(u—1)(A+r)—(r+¢).

Doing the algebra, we get

1= (20 o) (3-8 s

This proves (6.7) which concludes the proof of Theorem 3.3.

Appendix A. Proof of Proposition 5.8

In this appendix we will discuss the proof of the lower bound for the moments of the

derivative. We shall use the notation from §5. Our goal is to prove the following result.
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PROPOSITION If r<r,, there exist a subpower function 1 and ¢>0 such that, for

all n>1 and all j=1,2,...,n2,
2 1

?

where E(j,n) is the indicator of the event that T=1+(j—1)n"2 is 1-good at 1/n.

A

E(j, n)} >cen” ¢,

Since the proof has essentially appeared in [9], we shall be rather brief and cite several
results. Let h; be the reverse-time SLE,, flow. Scaling implies that the distribution of
(Ihi2(69)],t€[6,2]) is the same as that of (|h{, 4 (9)],t€[4,2]), so it will be sufficient to
study E[|A,(i)]*] for 1<s<t, as t—00. We fix a>0 and 7<r. and let all constants in the

appendix depend on these parameters.

A.1. Setup
Let V; be the driving Brownian motion for h and define

X
Zy=h(i)-V;, X,=ReZ, Y,=ImZ, and Kt:?t.
t

The Loewner equation implies that we can write
L) = exp {a)\ /t(1—22> dt]. (A1)
0 1+ K37 ) | Z4)?
It6’s formula shows that, if A, ¢ and r are as in §3, then
M= W PYE 1+ K7y

is a martingale; see [9, Proposition 2.1]. Note that the Loewner equation implies that
dlogY;/dt=a/|Z;|?, and so the right-hand side of (A.1) suggests that we perform a
time-change t+—0o(t) so that log Y, ;) grows linearly. Set

o(t)=inf{s:log Y, = at},

and let )?t:Xa(t), ﬁ;:h;(t), etc. Differentiating both sides of Yg(t):emt shows that

t
o(t) :/ 2 (14 R2) dt.
0

The equation for K is

d}?t:72a,]/€t dt+\/@d§ta (A'2)
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where B is standard Brownian motion and a time change of V:

R a(®) ¢4
Bt:/ i
o |2

It is now useful to consider a change of variable. Recall that

2+1 4+1
re=2a+-=—+-
2 k2

and let
dJ, = —r, tanh J, dt+dB,. (A.3)

Then It6’s formula implies that I/(\'t:sinh J, satisfies the stochastic differential equation

(A.2). Define
. bo2dt bo2dt
0o 1+K? o cosh” J;

so that |ﬁ;(z‘)|:e“tf. One can check that

Ny =My = e‘”‘ﬁte“a(l +K2)/? = e Legalt cosh” J,
is again a martingale and
dN, = r(tanh .J,) N; dBy;

see [9, Proposition 6.2].

A.2. Change of measure

The martingale property implies that
]E[ea)‘ﬁf cosh” J,] = e,

The idea is to show that this integral is, roughly speaking, supported on an event on
which cosh” J; <1 and L, =ft+O(y/1 ), where f=0(r) is as in §5. We shall use Girsanov’s
theorem to change measure and compute probabilities in the new measure obtained by
weighting by N. For an event E measurable with respect to the o-algebra generated
by Bs, 0<s<t, define the measure P,(E)=E[1zN;]; note that No=1. By Girsanov’s
theorem, if W; is standard Brownian motion under P,, then

dJ, = —qtanh J, dt+dW,, (A.5)

where q:=r.—r. The key observation is that J satisfying the last equation is a positive

recurrent process whenever g=r,—r >0, and therefore has an invariant density.
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LEMMA A.1. Let ¢>0, assume that J, satisfies the stochastic differential equation
(A.5) under the measure P, and let L, be defined by (A.4). Then the following holds:

(i) The process Jy is positive recurrent with invariant density

&

= b
cosh?? g

vg()

—00 <z <00,

where Cy=T"(q+%)/T'(3)T(q). Moreover,

*° 2 1-2¢q
1_ = — = .
[oo < cosh? x)vg(x) de 1+2¢q s

(ii) There exists a constant c<oo depending only on q such that, if jon, k>0 and
u>=1, then

P, {there exists t € [k, k+1] with cosh J; >u} <cu™29.

(iii) There exists c<oo such that, for 0<s<t,

- {exp(@ﬁl)'ﬁ;%ﬁ(”)'ﬂ ..

Proof. By the stochastic differential equation for Jy, we have that the invariant
density v solves the equation
10" (z)—((—gtanh z)v(z))" =0;
see, e.g., [7, §15.5]. A solution is given by v=v,, and one can check that this is an
invariant density for Jp. Next, we note that we get an upper bound for the probability
in (ii) by considering the same probability but with Jo having the law of the invariant
distribution. Indeed, this follows by coupling the two processes. Let z>1, suppose that

Jo has the law of the invariant distribution and, for k>0, set

k+2
Y:Yk;,x:/l; 1{|jt|>w—1} dt

Then,
c

E.[Y]=2 v dy ———.
] /M_l )y < — 5

Using the strong Markov property and the fact that the drift tanh J; is bounded when
Jy is close to (and the fact that J; has continuous paths) it follows that there exists a
0>0 such that

E.[Y | there exists t € [k, k+1] with |.J;| > ] >,
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and consequently
P, {there exists ¢ € [k, k+1] with |J;| >z} <6 'E.[Y].

Using the estimate on E,[Y], this completes the proof of (ii).
We now turn to (iii). Since |L;—L,—B(t—s)|<2(t—s), it is enough to prove the
bound for ¢—s sufficiently large. We shall assume that 4/v/t—s<gq. For r€R, let

S=r(haed)—4r" wnd n=r(b-b) -4

Then It6’s formula shows that the process

Oy = I (Li=B) ((1+38)t oo Ji
is a martingale and so, for s<t,

E. [65@"_ﬁt_ﬂ(t_s))e("+w)(t_s) cosh” J;] = E,[cosh” Jj]. (A.6)

It follows from (ii) that there is a constant c<oco such that E,[cosh” Js]<c. We combine
this with (A.6) with the choice r=4/+/t—s which was assumed to be at most g. We can
therefore Taylor expand § and 7 to obtain

Li—Ls—pB(t— .
E, |exp :tbt"6)(5))(cosh.]t)jt4/“tS <c, (A.7)
Vit—s

where b:=2¢+1. From this it follows directly that

Li—L,—p(t—

E, [exp (btsﬁ(ts))] <e.
Vi—s

The remaining case, when b is replaced by —b, can be easily verified using (A.7) and

condition (ii). O

The next lemma defines the event corresponding to a “good time” (for the time-
changed process) in terms of J and L. The proof is a consequence of the estimates in
Lemma A.1 and the Chebyshev inequality.

LEMMA A.2. ([9], Proposition 7.3) For each u,t>0, let E;,, be the event that the
following estimates hold for 0<s<t:

|J.| <ulogmin{s+2,t—s+2},
o= | < uy/3log(s+2),
|Li—Ly—B(t—s)| <uvi—slog(t—s+2).

Then,
lim inf P, (E:,)=1.

u—o0 t>0
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It remains to transfer these estimates to the processes in their original time-param-

etrizations. Using the lemmas proved in §5, Proposition 5.8 follows from the next result.

PROPOSITION A.3. There exists a subpower function v such that if
tr,s =1p(min{e?*, e?"2}), 120,
and FEy is the event that the following estimates hold for 0<s<t:

Yvez‘“ = €a51/1;sla
|X62“5 | < 6“%,5,
D) e < [z (8)] < (),

w(ea(tfs))flea(tfs)ﬁ < ‘h‘:e?at (7’)| gea(tfs)ﬁw(ea(tfs))
|z (4)] ’
then
Bl a0 (1) ML, = €7,

Proof. We shall use ¥ to denote a subpower function that may change from expres-
sion to expression. In the end we choose the maximum of those that we have used. First
note that Lemma A.2 implies that we can find a u, <oco such that infyso Py (E,, ¢)>3.
Let Ey=FE,, ; and write E(t) for the indicator of E;. Note that on E; we have that
1<cosh J,<c,, where ¢, is a constant depending only on u,; in the sequel we will allow

constants (and subpower functions) to depend on u,. Consequently,
E[|hg ) (1) B (t)] = e, (A.8)

It remains to relate o(t) to the original time parametrization. When s<t, cosh J, is not

uniformly bounded on Ey, but if F(s,t)=2+min{s,t—s}, then taking exponentials gives

1< cosh Js < cF(s,t)", 0<s<t,

on F;. Hence, there is a constant ¢, <oo such that, on Ej,

eQas -1
2a

< / €% cosh® J, ds = o(s) <. F(s, 1) e2*,  0<s<t, (A.9)
0

where the first inequality is immediate. We wish to use this to show that the bounds on
A, () (9)] from Lemma A.2 also hold for |h..(i)| with suitable subpower corrections. It
is enough to consider s so large that o(s)>e??*/4a. Indeed, |h’,..(i)|<1 for s bounded

e2as

by a constant. In terms of Y, (A.9) implies that there is a constant c<oo such that

6asfclog F(s,t) < Y20 < ce®

. 0<s<t. (A.10)
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Write
Os=0s,t— U(S_CIOg F(S7 t))»

where ¢ is as in (A.10) and, for a given subpower function 1, set

¥r.s = 1h(min{e®®, e2t=9)}),
Then we see that there is a subpower function ¢ and re[0, e2**¢; 5] such that

€25 =g 41

Next, note that
|hezas (D) = [(R7°) (Z5.)| |hg, (D)1,

where r—hfs solves the reverse-time Loewner equation driven by V, 4, as in §5. Since
Y, 26“5%7’51 and r<e?%1, 4, it follows that

[rgzas (4)]

rs S )

SV, (A.11)

and we can use Lemma A.2 to conclude that, on Ej,
(€)1 P Bl ba. (1)) < e2P9p(e?®), 0<s<t, (A.12)

and

)
w(ea(tfs))flea(tfs)ﬁ < ||h,e: 122;1 < ea(tfs)ﬁw(ea(tfs)), 0<s<t. (A13)
e2as

A similar argument shows that
NG

G, ()]
which combined with (A.11) and (A.8) shows that
E|hgzar (1) M E(8)] < e,
Finally, recall that cosh? JAS:1+6*2“SX§(S), and so it follows that

szas < cezasz/)t,s, 0<s<t.

This completes the proof. O
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