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0. Introduction

In this paper, we shall be looking at a special class of bordered (algebraic) varieties that
are contained in the bidisk D? in C2.

Definition 0.1. A non-empty set V in C? is a distinguished variety if there is a
polynomial p in Clz,w] such that

V={(z,w)eD?: p(z,w) =0}

and such that .
Vno(D?) =VNn (D)% (0.2)

Condition (0.2) means that the variety exits the bidisk through the distinguished
boundary of the bidisk, the torus. We shall use 8V to denote the set given by (0.2):
topologically, it is the boundary of V' within Z,, the zero set of p, rather than in all
of C2. We shall always assume that p is chosen to be minimal, i.e. so that no irreducible
component of Z, is disjoint from D? and so that p has no repeated irreducible factors.
Why should one single out distinguished varieties from other bordered varieties?

One of the most important results in operator theory is T. Andd’s inequality |7) (see
also [12] and [24]). This says that if 77 and T5 are commuting operators, and both of
them are of norm 1 or less, then for any polynomial p in two variables, the inequality

|p(T1, T2) || <llplip> (0.3)

holds. And®’s inequality is essentially equivalent to the commutant lifting theorem of
B. Sz.-Nagy and C. Foiag [23]—see, e.g., [20] for a discussion of this.
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Our first main result, Theorem 3.1, is that if 77 and 75> are matrices, then the
inequality (0.3) can be improved to

Ip(Ty, T2)ll < fipllv.

where V is some distinguished variety depending on Ty and 75. Indeed, in the proof
of the theorem, we construct co-isometric extensions of the matrices that naturally live
on this distinguished variety. So when studying bivariable matrix theory, rather than
operator theory, one is led inexorably to study distinguished varieties.
Conversely, in Theorem 1.12. we show that all distinguished varieties can be repre-
sented as
{(z,w)eD?: det(¥(z)—wl) =0}

for some analytic matrix-valued function ¥ on the disk that is unitary on dD. This
shows that the study of distinguished varieties leads back to operator theory. Consider
the natural notion of isomorphism of two distinguished varieties, namely that there is a
biholomorphic bijection between them.

Definition 0.4. A function $ is holomorphic on a set V in C? if, at every point A
in V, there is a non-empty ball B(\,¢) centered at A and an analytic mapping of two
variables defined on B(A, €) that agrees with ® on B(A, e)NV.

Definition 0.5. Two distinguished varieties V; and V5 are isomorphic if there is a
function ® that is holomorphic on V; and continuous on V; such that ® is a bijection
from V; onto V, and such that ®! is holomorphic on V5.

(The requirement that ! be holomorphic does not follow automatically from the
holomorphicity of ®-—consider, e.g., Vi={(2,z): 26D} and Va={{2?%, 2%): 2€ D}, which
are not isomorphic.)

By the maximum modulus principle, ® must map the boundary of Vi onto the
boundary of V5. It follows that ®=(¢1,¢2) is a pair of inner functions, i.e. a pair of
holomorphic scalar-valued functions that each have modulus one on V). So studying
isomorphism classes of distinguished varieties is closely connected to the rich structure
of inner functions.

W. Rudin has studied when an arbitrary finite Riemann surface R is isomorphic to
a distinguished variety, in the sense that there is an unramified pair of separating inner
functions on R that are continuous on R [22]. His results show, for example, that a
finitely connected planar domain is isomorphic to a distinguished variety if and only if
the domain is either a disk or an annulus. He also showed that for every n>1, there is a
finite Riemann surface R that is topologically an n-holed torus minus one disk, and such
that R is isomorphic to a distinguished variety.
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In §2 we show that, under fairly general conditions, a pair of “inner” functions
(¢1,92) on a set X must map X into a distinguished variety (i.e. the algebraic relation
on the ¢;’s comes for free).

Another reason to study distinguished varieties comes from considering the Pick
problem on the bidisk. This is the problem of deciding, given points Ay, ..., Ay in D?,
and values wy, ..., wy in C, whether there is a function in H*°(D?), the bounded analytic
functions on D?, that interpolates the data and is of norm at most 1. The problem is
called extremal if there is an interpolating function of norm exactly 1, but not less.

If an extremal Pick problem is given, the solution may or may not be unique (see
§4 for an example). Our second main result is Theorem 4.1, where we show that there is
always a distinguished variety on which the solution is unique.

One can think then of the Pick problem as having two parts:

(a) Solve the problem on the distinguished variety where the solution is unique.

(b) Parametrize all the extensions of the solution to the whole bidisk.

We give a formula (4.10) for problem (a). The extension problem (b) is non-trivial:
unless the distinguished variety is isomorphic to a disk, there will always be some func-
tions that cannot be extended to the whole bidisk without increasing the norm [5]. Obvi-
ously a function arising from a Pick problem will be extendable, but what distinguishes
such functions remains mysterious.

If one starts with an inner function on V' and wants to extend this to a rational inner
function on D?, there can be more than one extension. However, there is a restriction
on the degree, given by Theorem 2.8. If the variety is of rank (ni,n.), i.e. there are
generically np sheets above every first coordinate and ng above every second coordinate,
then any regular rational inner extension of degree (dy, d2) must have din;+dang equal
to the number of zeroes that the original function had on V.

An admissible kernel K on aset {\1, ..., \x} in D? is a positive definite N x N-matrix
such that

[(I=X[M})Ki5) 20, r=1,2.

It is known [1}, [4] that studying all the admissible kernels on a set is essential to un-
derstanding the Pick problem. A key idea in the proof of Theorem 4.1 is that every
admissible kernel automatically extends to a distinguished variety.

Distinguished varieties have been studied in a somewhat more abstract and general
setting by J. Ball and V. Vinnikov [9]. They have a determinantal representation that is
analogous to Theorem 1.12.

We would like to thank the referees for many valuable remarks.
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1. Representing distinguished varieties

Let V be a distinguished variety. We say that a function f is holomorphic on V if, for
every point of V, there is an open ball B in C? containing the point, and a holomorphic
function ¢ of two variables on B, such that ¢|gnv =f|prv. We shall use A(V') to denote
the Banach algebra of functions that are holomorphic on V and continuous on V. This is
a uniform algebra on 8V, i.e. a closed unital subalgebra of C(0V') that separates points.
The maximal ideal space of A(V) is V.

If p is a finite measure on a distinguished variety V, let H?(u) denote the closure
in L?(u) of the polynomials. If Q is an open subset of a Riemann surface S, and v is a
finite measure on Q, let A%(v) denote the closure in L?(v) of A(f2), the functions that
are holomorphic on © and continuous on 2. We say that a point A is a bounded point
evaluation for H2(u) (or .A%(v)) if evaluation at A, a prior:i defined only for a dense set
of analytic functions, extends continuously to the whole Hilbert space. If A is a bounded
point evaluation, we call the function k) that has the property

the evaluation functional at .

The following lemma is well known. It is valid in much greater generality, but this
will suffice for our purposes. If the boundary of £ consists of closed analytic curves,
the lemma follows from J. Wermer’s proof [25] that A(£2) is hypo-Dirichlet, and the
description of representing measures for hypo-Dirichlet algebras given by P. Ahern and
D. Sarason in [6]. (Actually Wermer’s proof extends without difficulty to the case where
the boundary is just piecewise C2, but we shall not need this fact). For a detailed
description of the measures in this case, see K. Clancey’s paper [10].

LEMMA 1.1. Let S be a compact Riemann surface. Let QCS be a domain whose
boundary is a finite union of piecewise smooth Jordan curves. Then there exists a measure
v on ON) such that every X in §) is a bounded point evaluation for A%(v), and such that
the linear span of the evaluation functionals is dense in A%(v).

Proof. Because its boundary is nice, 2 is regular for the Dirichlet problem (see, e.g.,
(14, §IV.2]). Let v be harmonic measure for 2 with respect to some fixed base-point.
Then by Harnack’s inequality, harmonic measure for any other point in the domain is
boundedly absolutely continuous with respect to v. As harmonic evaluation functionals
are a fortiori analytic evaluation functionals, we get that every point of {2 is a bounded
point evaluation (with an L™ evaluation functional) for A%(v).

Ahern and Sarason [6, p. 159] proved that the span of the evaluation functionals is

dense. Their argument, in brief, was to find an exhaustion 2, of €2, i.e. an increasing
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family of open sets, each contained compactly in the next, whose union was Q. Let v,
be harmonic measure for each €2,,, with respect to the same fixed base-point. Then they
showed that for every u in L'(09,v), its norm was equal to

lim [ |4 dvy,
n—oo 8Qn

where 4 is the harmonic extension of u to Q. In particular, any function in A%(v) that
vanishes identically on £ must be the zero function. O

LEMMA 1.2. Let V be a distinguished variety. There is a measure y on OV such
that every point in V is a bounded point evaluation for H?(u), and such that the span of
the evaluation functionals is dense in H?(u).

Proof. Let p be the minimal polynomial such that V is the intersection of Z, with D
Let C be the projective closure of Z, in CP?. Let S be the desingularization of C. This
means that S is a compact Riemann surface (not connected if C is not irreducible) and
there is a holomorphic function ¢: S—C that is biholdmorphic from S’ onto C’ and
finite-to-one from S\S’ onto C\C’. Here C’ is the set of non-singular points in C, and
S’ is the preimage of C’. See, e.g., [15] or [17] for details of the desingularization.

Let Q=¢"1(V). Then 8 is a finite union of disjoint curves, each of which is analytic
except possibly at a finite number of cusps. Let v be the measure from Lemma 1.1 (or
the sum of these if {2 is not connected).

The desired measure 4 is the push-forward of v by ¢, i.e. it is defined by u(FE)=
v(¢7 (E)). Indeed, if X is in V and ¢(¢)=A, let kv be a representing measure for ¢
in A(2). Then the function kcop ! is defined u-a.e., and satisfies

/ plkeod™) dp= / (pod)ke dv=pod(C) =p(N). 0
ov a8

Note that {go¢:g€ A(V)} is a finite-codimensional subalgebra of A(2). For a de-
scription of what finite-codimensional subalgebras look like, see Gamelin’s paper [16].

For positive integers m and n, let

A B "
U:(C D).C eC” — C"aC (1.3)

be a unitary (m-+n)x(m+n)-matrix. Let

V(z)=A+zB(I-zD)~'C (1.4)
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be the mxm-matrix-valued function defined on the unit disk D by the entries of U. This
is called the transfer function of U. Because U*U =1, a calculation yields

I-0(2)"¥(z)=(1-|z|))C*(I-2D*)"*(I-2D)"'C, (1.5)

so ¥(z) is a rational matrix-valued function that is unitary on the unit circle and con-
tractive on the unit disk. Such functions are called rational matrix inner functions, and
it is well known that all rational matrix inner functions have the form (1.4) for some
unitary matrix decomposed as in (1.3)—see, e.g., [4] for a proof.

Let V be the set

V ={(z,w) € D?: det(¥(z)—wl) =0}. (1.6)

We shall show that V is a distinguished variety, and that every distinguished variety
arises in this way.

LEMMA 1.7. Let

D* B*
U = ( ):C"@C’" — C"eC™,

C* A*
let
V' (2) = D*+2B*(I-zA")"'C*
and let
V' ={(2,w)€D?: det(¥ (w)—2I ) =0}.
Then V=V",

Proof. The point (z,w)€D? is in V if and only if there is a non-zero vector v; in C™
such that
[A+2zB(1—2D) ' C|vi=wu;. (1.8)

CramM. (1.8) holds if and only if there is a non-zero vector vy in C™ such that
A
(e n)()-(2) @9
C D 202 U2
Proof of the claim. If (1.9) holds, then solving gives (1.8). Conversely, if (1.8) holds,

define
Vg = (I—zD)_ICvl.

Then (1.9) holds. Moreover, if vy were 0, then v; would be in the kernel of C and be
a w-eigenvector of A. As A*A+C*C=1, this would force |w|=1, contradicting the fact
that (z,w)eD2 O
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Given the claim, the point (z,w) is in V' if and only if there are non-zero vectors v,

(10) i:> (ﬁl) - (ZU?) ' (1.10)

Interchanging coordinates, (1.10) becomes

(5 5))-()

Clearly, (1.9) and (1.11) are equivalent. O

and v, such that

Note that if C' has a non-trivial kernel A, then (1.5) shows that ¥(z) is isometric on
N for all 2z, and so by the maximum principle is equal to a constant isometry with initial
space N. If C has a trivial kernel, we say that W is pure. Every rational inner function
decomposes into the direct sum of a pure rational inner function and a unitary matrix—
see, e.g., [24]. Since A*A+C*C=1I, we see that C has no kernel if and only if |4 <1.
Since AA*+BB*=1, this in turn is equivalent to B* having no kernel. Therefore VU is
pure if and only if ¥’ is pure.

THEOREM 1.12. The set V, defined by (1.6) for some rational matriz inner func-
tion ¥, is a distinguished variety. Moreover, every distinguished variety can be repre-
" sented in this form.

Proof. Suppose that V is given by (1.6), and that (z,w) is in V. Without loss of
generality, we can assume that U is pure. Indeed, any unitary summand of ¥ would add
sheets to the variety det(¥(z)—wlI)=0 of the type Cx{wg}, for some unimodular wp.
These sheets are all disjoint from the open bidisk D?.

If |2} <1, equation (1.5) then shows that ¥(z) is a strict contraction, so all its eigen-
values must have modulus less than 1, and so |w|<1 also. To prove that |w|<1 implies
|z| <1, just apply the same argument to V’. Therefore (0.2) holds, and V is a distin-
guished variety.

To prove that all distinguished varieties arise in this way, let V' be a distinguished
variety. Let p be the measure from Lemma 1.2, and let H?(u) be the closure of the
polynomials in L?(x). The set of bounded point evaluations for H?(u) is precisely V.
(It cannot, be larger, because V is polynomially convex, and Lemma 1.2 ensures that it
is not smaller).

Let T=(Ty,T3) be the pair of operators on H%(u) given by multiplication by the

coordinate functions. They are pure commuting isometries(') because the span of the

(1) A pure isometry S is one that has no unitary summand; this is the same as requiring that
N2, ran(S*) ={0}.
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evaluation functionals is dense. The joint eigenfunctions of their adjoints are the evalu-
ation functionals.

By the Sz.-Nagy-Foiag model theory [24], T; can be modelled as M, multiplication
by the independent variable z on H*®C™, a vector-valued Hardy space on the unit circle.
In this model, T5 can be modelled as My, multiplication by ¥(z) for some pure rational
matrix inner function ¥. A point (z,w) in D? is a bounded point evaluation for H?(u)
if and only if (2, @) is a joint eigenvalue for (T}, 75 ). In terms of the unitarily equivalent
Sz.-Nagy—Foias model, this is equivalent to @ being an eigenvalue of ¥(z)*.

Therefore

V ={(z,w)eD?: det(¥(z)—wl) =0},

as desired. 4

If ¥ is the transfer function of a unitary U as in (1.3), and ¥ is pure, we shall say
that V is of rank (m,n). This means that generically there are m sheets above each z,

and n sheets above each w.

2. Inner functions

Rudin’s results [22] show that planar annuli can be mapped isomorphically into distin-
guished varieties by a pair of inner functions. The advantage of doing this is that the
coordinate functions are then easier to deal with than the original inner functions. In-
ner functions on a finite bordered Riemann surface can be shown to satisfy an algebraic
equation. In this section, we show that even without the Riemann surface structure,
inner functions must satisfy an algebraic equation. The result is reminiscent of Livsic’s
Cayley—Hamilton theorem for a pair of commuting operators with finite-rank imaginary
parts—see, e.g., the book [19].

Let X be a set. By a kernel on X we mean a self-adjoint map k: X x X —C that is
positive definite, in the sense that for any finite set {A1, ..., Ax} of distinct points in X,
the self-adjoint matrix k(A;, A;) is positive definite. Given any kernel k, there is a Hilbert
space Hj, of functions on X for which k is the reproducing kernel, i.e.

(f(),k(-,A))=f(\) forall feH, and A€ X.

(For details of the passage between a kernel and a Hilbert function space, see, e.g., [4].)

Let ¢ and ¢, be functions on X with modulus less than one at every point. Assume
that we can find some kernel k on X so that multiplication by each ¢; is a pure isometry
on Hy, with finite-dimensional cokernel. For example, X could be a distinguished variety,
the ¢;’s could be the coordinate functions, and Hj, could be the closure of the polynomials
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in L?(8X). Or, X could be a smoothly bounded planar domain, the ¢;’s could be inner
functions that are continuous on X and have finitely many zeroes, and H;, could be the
closure in L?(8X) of the rational functions with poles off X.

Let ey, ...,en be an orthonormal basis for (¢;Hx)*. Then

{#ie;:ieN, 1<j<m}

is an orthonormal basis for Hy. So by Bergman’s formula {4, Proposition 2.18],

NN i (e (T € (©es ()
k<<,A>—§j21¢1(<)e,(<)¢1(A)eJ(A>— O 0] (2.1)

Similarly, if f1,..., f» is an orthonormal basis for (¢aH)™, we get

Z] 1f3( )fJ(A)
1-2(¢)p2(N)

Equating the right-hand sides of (2.1) and (2.2), and cross-multiplying, we get

k(C, M) = (2.2)

>_ei(Qe N+ 01O f(On N L) = 2@(0%(4 P2(Ne; (V) +Z F(ORD)
7=1 =1 7=1 (23)
Let f(¢) be the vector in C™ with components f1(¢), ..., fn(¢), and let

e(¢) = (e2(C); - em(€))"-

Then (2.3) can be rewritten as saying that the map

A B m
U (C D) C"opC" — C"pC™,

<¢1((3C()C;(C)> 7 <¢2(J§()5(C)>

is an isometry on the linear span of the vectors

Km(?)?(@) e }

Even if these vectors do not span all of C"&C™, we can always extend U to be unitary
from C"&C™ onto C™@®C™, and we shall assume that we have done this.
Let
U(2)=A+2B(I-zD)"'C (2.4)
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be the mxm-matrix-valued function defined on the unit disk D that is the transfer

function of U. Moreover, we have

U(e1(C))e(C) = #2(¢)e(C)-
Therefore the points (¢1(¢), ¢2(¢)) all lie in the set
V ={(z,w)eD?: det(¥(z)—wl) =0}, (2.5)

which we know from Theorem 1.12 is a distinguished variety. Thus we have proved the

following theorem:

THEOREM 2.6. Let H; be a reproducing kernel Hilbert space on a set X. Let ¢
and ¢y be multipliers of Hy such that multiplication by each ¢; is a pure isometry with
finite-dimensional cokernel, and such that |6:(C)|<1 for all (€X. With notation as
above, the function

¢ (61(€), 92(¢))
maps X into the distinguished variety V given by (2.5).

Note that applying Theorem 2.6 to H?(u), the space in Lemma 1.2, we get the
second part of Theorem 1.12.

If V is a distinguished variety, an inner function on V may or may not extend to an
inner function on D?. If it does extend, the extension may not be unique. It is curious,
however, that there is a rigidity in the degree of this extension. Let ¢ be a rational inner

function on D?. Then it can be represented as

_¢?p(1/Q)

for some polynomial p that does not vanish on D? [21], where {(=((1, {2) and d is a multi-
index. The representation is not unique—e.g. taking p(z, w)=1i(2?—w?) and d=(2,2),
one gets the constant function 1. The representation will be unique if p is restricted so
that Z,NT? is finite. In this event, we shall call d=(d1,dz) the degree of ¢.

If ¢ is an inner function in A(D?), then it is rational and, moreover, the function p

will not vanish on D? [21, Theorem 5.2.5]; we shall call such a function regular.

THEOREM 2.8. Let V be a variety of rank n=(ny, n2), and let ¢ be a regular rational
inner function on D? of degree d. Then ¢ restricted to V has ezactly n-d=n1dy+nads

zeroes, counting multiplicities.

Proof. By applying an automorphism of D?, we can assume that (0,0) is not in V/
and that all points with first or second coordinate 0 are regular.
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Consider first the case ¢(z, w)=2%w?, i.e. p=1in (2.7). Then each of the n; points
in V' with second coordinate 0 has a zero of multiplicity d;, and each of the ny points
in V' with first coordinate 0 has a zero of multiplicity ds.

Now let p be an arbitrary polynomial that does not vanish on D?, normalized so

that p(0,0)=1. Let p,.({)=p(r{) and

¢“or(1/C)

br (C) = Dy (C)

As 7 increases from 0 to 1, the function ¢, changes continuously from ¢? to ¢. As each
¢r is in A(V) and is inner, the number of zeroes must remain constant. O

Ezample. Let V be the distinguished variety {(z,w):2?=w?}, of rank (3,2). The

2

inner function ¢(z,w)=2% can be extended to either the function 2% of degree (2,0), or

w® of degree (0,3). In either event, n-d=6.

3. A sharpening of Andd’s inequality

THEOREM 3.1. Let Ty and T be commuting contractive matrices, neither of which has
eigenvalues of modulus 1. Then there is a distinguished variety V such that, for any
polynomial p in two variables, the inequality

Ip(Ty, )l < llpllv (3.2)

holds.

Proof. Let the dimension of the space on which the matrices act be N.
(i) First, let us assume that each T, has N linearly independent unit eigenvectors,
{v;});. So we have
Trvj=Xv;, r=12, 1<j<N,

for some set of scalars {A7}. As each T’ is a contraction, we have that I —TT.. is positive
semi-definite, so

(I-T}T)vs,v:) = (1= X[ A% ){vj, vi) 0. (3.3)

As the matrix in (3.3) is positive semi-definite, it can be represented as the Grammian
of vectors u;, which can be chosen to lie in a Hilbert space of dimension d, equal to the
defect of 7). (the defect of T} is the rank of I—T*T,). So we have

(L=XX) (v, v) = (uj, uf), (3-4)

3
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Multiplying the first equation by 1—AZA? and the second equation by 1—Al\}, we see

7 1777

that they are equal. Therefore
(1=NA) (w2, u2) = (1= X2A2) (e, ud). (3.6)
Reordering equation (3.6), we get
(u},u})+5\%/\;<u§,u?> = (uf,uf)+/_\3/\]2(u]1,uzl) 3.7
Equation (3.7) says that there is some unitary matrix

A B
U= - ChgpCd: ChgpC® 3.8
< c D) @ — C"g (3.8)

1 2.1
(o 0)(ie) =) @9
C D )\juj uj

If the linear span of the vectors u@Alu? is not all of C'@®C?%, then U will not be

unique. In this event, we just choose one such U. Define the djxd;-matrix-valued

such that

analytic function ¥ by
V(z)=A+zB(1-zD)"'C. (3.10)

For any function © of two variables, scalar- or matrix-valued, let
e (Z,W):=[e(Z*,W*)]*.

Let ®=UY, so that
®(z)=A*+2C*(1-zD*)"'B*.

Equation (3.9) implies that
\II(AJl)qu = [@(X;)]*u]l = A?u]l (3.11)
Let s be the Szegd kernel in the Hardy space H? of the unit disk, so that

sx(z)=——. (3.12)

Let k; be the vector in H2®C% given by

|
k; = 8510u;.
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Consider the pair of isometries (M, Mg) on H?®@C%, where M, is multiplication by the
coordinate function (times the identity matrix on C%) and Ms is multiplication by the
matrix function ®. Then

M:ij '—))\}kj,

M ky— M2k;.

Therefore the map that sends each v; to k; gives a unitary equivalence between (T1,73)
and the pair (M}, M}) restricted to the span of the vectors {k;}}_;. Therefore the pair
(M3, M}), acting on the full space H2®C%, is a co-isometric extension of (11, T3).

Let p be any polynomial (scalar- or matrix-valued) in two variables. We have

Ip(Ty, To)|| = [|p(M, Mg)ly k3 | <Ip(MZ, Mg) | 2o

0 ¥ ¥ (3.13)
=p" (M=, Me) |l 20 < Ip” (M=, Mo)| 2gca = llp™ llave,
where V" and V are the sets
VY ={(2,w)€D?: det(®(2) —wl) =0}, (3.14)
V ={(z,w)eD?: det(¥(z)—wl ) =0}. '
Equality (3.13) follows from the observation that
Ip” (M=, Mo) | 2gon = sup 1p° (7, 2(e)]) (3.15)

where the norm on the right is the operator norm on the d; x d;-matrices. Equation (1.5)
shows that, except possibly for the finite set o(D)N'T, the matrix ®(e'?) is unitary, and
so the norm of any polynomial applied to ®(e*®) is just the maximum value of the norm
of the polynomial on the spectrum of ®(e*). By continuity, we obtain (3.13). Taking
complex conjugates, (3.13) gives

llp(T1, To)| < llpllv,

the desired inequality.

By Theorem 1.12, we see that V and V" are distinguished varieties, and by con-
struction, V' contains the points {(A},A3):1<j<N}.

(ii) Now, we drop the assumption that T'=(T},T>) be diagonizable. J. Holbrook
proved that the set of diagonizable commuting matrices is dense in the set of all com-
muting matrices [18]. So we can assume that there is a sequence T =™, T{M) of
commuting matrices that converges to 7' in norm and such that each pair satisfies the

hypotheses of (i), i.e. each T(™ is a pair of commuting contractions that have N linearly
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independent eigenvectors and no unimodular eigenvalues. Each T has a unitary U,
associated to it as in (3.8). By passing to a subsequence if necessary, we can assume
that the defects dy and dy are constant, and that the matrices U, converge to a uni-
tary U. The corresponding functions ¥,, from (3.10) will converge to some function V.
Let g, (2, w)=det(¥,(2)—wl) and q(z,w)=det(¥(z)—wl). Let V be defined by (3.14)
for this ¥, and V,, be the variety corresponding to ¥,. Notice that the degrees of ¢, are
uniformly bounded.

CLAM. V is non-empty.

Indeed, otherwise it would contain no points of the form (0, w) for weD. That would
mean that 0(A)CT, and so B and C would be zero. That in turn would mean that the
submatrices A, in U, would have all their eigenvalues tending to T, and hence by (3.9),
the eigenvalues of T. 2(n) would all tend to T. Therefore T would have a unimodular
eigenvalue, contradicting the hypotheses.

CrLAIM. V is a distinguished variety.
This follows from Theorem 1.12.
CLAIM. The inequality (3.2) holds.

This follows from continuity. Indeed, fix some polynomial p. For every €>0, and for

every nzn(e), we have

i) <e+[lp(T™) <e+pllv,.

We wish to show that

lim |lp|lv, <|lpllv-
n—o00

Suppose the contrary. Then there is some sequence (2,,wy) in Vi, such that

|p(2n, wn)| = |[pllv +e (3.16)

for some £>0. Moreover, we can assume that (z,,w,) converges to some point (zo,wo)
in D2 The point (zp,wp) is in the zero set of ¢, so if it were in D?, then it would be
in V. Otherwise, (20, wo) must be in T?. To ensure that (2o, wo) is in V, we must rule
out the possibility that some sheet of the zero set of ¢ just grazes the boundary of D?
without ever coming inside.

But this cannot happen. For every z in D, there are d; roots of det(¥(z)—wlI)=0,
and all of these occur in D. So as z tends to 2p from inside D, one of the d; branches
of w must tend to wg from inside the disk too. Therefore (zp,wg) is in the closure of V,
and (3.16) cannot happen. d
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Remark 1. If T1 has a unimodular eigenvalue A, then the corresponding eigenspace

H' will be reducing for T5. Indeed, writing

MO0 75 X
T, = y and Typ= o
0 T 0 T3

the commutativity of T} and T5 means X (T —X)=0. As X is not in the spectrum of 7,
it follows that X=0.

Therefore for any polynomial p, we have
Ip(Th, Tp) || = max{{lp(AL, Ty) |, [|P(T7, T2 )} (3.17)

By von Neumann’s inequality for one matrix, the first entry on the right-hand side of
(3.17) is majorized by

2l (A} xD-

So if we allow the matrices to have unimodular eigenvalues, we can still obtain (3.2) by
adding to V a finite number of disks in the boundary of D2. The new V, however, will
not be a distinguished variety.

Remark 2. Once one knows Andd’s inequality for matrices, then it follows for all
commuting contractions by approximating them by matrices—see [13] for an explicit
construction. Of course, the set V must be replaced by the limit points of the sets that
occur at each stage of the approximation, and in general this may be the whole bidisk.

Remark 3. We have actually constructed a co-isometric extension of T that is lo-
calized to V, and a unitary dilation of T with spectrum contained in V.

4. The uniqueness variety

A solvable Pick problem on D? is a set {1, ..., An'} of points in D? and a set {w;,...,wn}
of complex numbers such that there is some function ¢ of norm less than or equal to 1 in
H°°(D?) that interpolates (satisfies ¢(\;)=w; for all 1<i< N ). An extremal Pick problem
is a solvable Pick problem for which no function of norm less than 1 interpolates. The
points \; are called the nodes, and w; are called the values. By interpolating function we
mean any function in the closed unit ball of H*°(D?) that interpolates.

Consider the following two examples, in the case N=2.

Ezample 1. Let A;=(0,0), A2=(3,0), w1=0 and wp=3. Then a moment’s thought

reveals that the interpolating function is unique, and is given by ¢(z, w)=z.
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Ezample 2. Let A;=(0,0), A2=(3,3), w1=0 and wp=3. Then the interpolating
function is far from unique—either coordinate function will do, as will any convex com-
bination of them. (A complete description of all solutions is given by J. Ball and T. Trent
in [8]). But on the distinguished variety {(z, z): z€ D}, all solutions coincide by Schwarz’s
lemma. For an arbitrary solvable Pick problem, let I/ be the set of points in D? on which
all the interpolating functions in the closed unit ball of H>(D?) have the same value.
The preceding examples show that &/ may be either the whole bidisk or a proper subset.
In the event that U is not the whole bidisk, it is a variety. Indeed, for any Ax; not in U,
there are two distinct values wy41 and wj,,, so that the corresponding (N +1)-point
Pick problem has a solution. By (8] and [2] these problems have interpolating functions
that are rational, of degree bounded by 2(N+1). The set U must lie in the zero set
of the difference of these rational functions. Taking the intersection over all Ayt not
in U, one gets that U is the intersection of the zero sets of polynomials. Therefore U is
a variety, and indeed, by factoring these polynomials into their irreducible factors, we
see that U/ is the intersection with the bidisk of the zero set of one polynomial, together
with possibly a finite number of isolated points. We shall call U/ the uniqueness variety.
(If the problem is not extremal, I is just the original set of nodes.)

We shall say that an N-point extremal Pick problem is minimal if none of the (N —1)-
point subproblems is extremal. The main result of this section is that if the uniqueness
variety is not the whole bidisk, then it at least contains a distinguished variety running
through the nodes. If N=3, it is shown in [3] that either /=D? or the minimal extremal

problem has a solution that is a function of one coordinate function only.

THEOREM 4.1. Let N22, andlet M, ..., ANy and wy, ..., wn be the data for a minimal
extremal Pick problem on the bidisk. The uniqueness variety U contains a distinguished
variety V that contains each of the nodes.

For a point A in D?, we shall write A\l and A? for the first and second coordinates,
respectively. Given a set of points {)1, ..., Ax } in D?, an admissible kernel K is a positive
definite N x N-matrix, with all the diagonal entries 1, such that

[(I—Afj\g)Kij}>0, r=1,2. (4.2)

A theorem of the first author [1] asserts that a Pick problem on D? is solvable if and
only if, for every admissible kernel K, the matrix

(1w @;) Ky (4.3)

is positive semi-definite (see [11], (8] and [2] for alternative proofs). We shall say that
an admissible kernel is active if the matrix (4.3) has a non-trivial null space, i.e. if it is

positive semi-definite but not positive definite.
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LEMMA 4.4. A solvable Pick problem has an active kernel if and only if it is ex-
tremal.

Proof. (=) If the problem were not extremal, then for some p<1 one would have
[(0*] —wiw;) Kij] > 0 (4.5)

for all admissible kernels. Take K to be an active kernel, with v a non-zero vector in
the null space of [(/ —w;®@;)K;;]. Then taking the inner product of the left-hand side of
(4.5) applied to v with 7y gives —(1—p?)|]v||?, which is negative.

(<) As the problem is extremal, for each p<1 there is some admissible kernel K
such that [(0*I —w;w;)K;;] is not positive semi-definite. By compactness of the set of
positive semi-definite Nx N-matrices with 1’s down the diagonal, there therefore exists
some positive semi-definite K, satisfying (4.2), and such that (4.3) is not positive definite.
It just remains to show that this K is actually positive definite, and therefore a kernel.

Suppose it were not, so that for some non-zero vector v=(v!, ..., v ), we have Kv=0.
By (4.2), for each r=1, 2, the vector A™-v (i.e. the vector whose ith component is Aot) is
also in the null space of K. Iterating this observation, one gets that for any polynomial p,
the vector

p(An)v™
is in the null space of K. Taking p to be a polynomial that is 1 at A; and zero on the
other nodes, we get K7;=0, a contradiction. O

LEMMA 4.6. Every admissible kernel on a set {1, ..., A\n} can be extended to a con-
tinuous admissible kernel on a distinguished variety that contains the points {1, ..., An}.

Proof. Let K be an admissible kernel on the set {Ay,...,Axy}. As it is positive
definite, there are vectors v; in C¥ such that K;;=(vj,v;). Because K is admissible,
equations (3.4) and (3.5) hold. Following the proof of Theorem 3.1, one gets that for
every point (z,w) in the variety V given by (3.14), one has non-zero vectors 4! (z, w) and

42 (2, w) such that . .
(& ») () =)

Moreover, as the vector (@!,%2)% must just be chosen in the null space of

A—wl zB
C 2D-1)"
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it can be chosen continuously. When (z,w) is one of the nodes A;, we choose

at (A}, AD) =,

a2\, A7) =ul.

Normalize the vectors so that

14! (2, w)l = V1=l

Now let

k(z,w)=s;®@4' (z,w),

where s is the Szegd kernel on the disk as in (3.12).
The desired extension of K to V is given by

R (¢, A) = (k(X),k(C)).

This is obviously a kernel that extends K, it is continuous on V' xV by construction, and
the fact that it is admissible follows, in the language of Theorem 3.1, from the fact that
M, and My are contractions. O

Proof of Theorem 4.1.

Step 1. By Lemma 4.4, the problem has an extremal kernel, and by Lemma 4.6, this
kernel can be extended to a distinguished variety V that contains all the nodes. Let us
call the extended kernel K.

Let y={7,...,%") be a non-zero vector in the null space of [(1—w;@;)K;;]. Let
’\N+1:(/\}v+1, /\%VH) be any point in V that is not one of the original nodes. Let wy1
be some possible value that an interpolating function can take at Ant1. As the (N+1)-
point Pick problem with nodes Ay, ..., Any41 and values wy, ..., wn41 is solvable, and as
K is admissible, we must have that

[(1—wyw;) K] Y2 > 0.

Therefore, for every teC, we have

(la-wmnk,1(]). (7)) >0 (4.7)

As «y is in the null space of [(l—w,-wj)Kij]f\fj:l, inequality (4.7) reduces to

N
2Re [ZZ (1—@WN+1)KN+1,;’¥1 +itP(1—fwn g *) > 0. (4.8)
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As this holds for all ¢, we must have that the linear term vanishes, and so we can solve
for w41 and get

N N
WN+1 (Z ijN+1,j'Yj) = Kni1,;7, (4.9)
j=1 J=1

N )
ijl Kny1,57
21 WiK N1,

(4.10)

As long as both sides of (4.9) do not reduce to zero, this gives a formula for wy 1, which
must therefore be unique.

Step 2. So far, we have not used the minimality of the problem. Minimality ensures
that no component of v can be zero, for otherwise an (N —1)-point subproblem would

have an active kernel.

Fix one of the nodes, A; say, and consider what happens when Ay, tends to A;
along some sheet of V. By continuity, Kn+1, ; tends to K; ; for each j. If

N
Z@KLj’YJ #0,
=1

then by continuity
N
Z WiKN 1,57 #0
=1

for Ay in V and close to A;, and so formula (4.10) gives the unique value that the
interpolating function must take at Any;.

Assume instead that

N
> @K ;77 =0. (4.11)
j=1

Consider the N-point Pick problem with nodes Ay, ..., An, and values w;+&,ws, ..., wN
for some ¢ in C. If this problem were solvable, then, since K is an admissible kernel, one
would have

[(1-w;@;)Ki;] >0, (4.12)

where

w;, i?él,
w; =

wi+e, t=1.
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Take the inner product of the left-hand side of (4.12) applied to v with . We get

N N
> A-wiw)Kyy'5 =Y (1—ww;)Ki; v’y
i,j=1 i,5=1

. (4.13)
_QRQ[ ’71 ijKl’j,yj:l —|€|2K11|71|2.
j=1

The first sum in (4.13) vanishes because ~ is in the null space of [(1—w;w;)K;;]. The
second sum vanishes by hypothesis (4.11). Therefore for any £#0, (4.13) is negative.
This means that the value w; at A; is uniquely determined by the choice of the other
N —1 values at Ay,...,A\ny. Therefore this (N —1)-point subproblem must be extremal,
contradicting the minimality hypothesis.

We therefore conclude that (4.10) gives a well-defined formula for the unique value
of wyy1 at points Ay in V near the nodes. As we know that some solution to the
problem is given by a rational function, we therefore know that this rational function
gives the unique solution near the nodes. Hence the union of the irreducible components
of V that contain the nodes is a distinguished variety contained in i. |

Question 4.14. Is the distinguished variety constructed in the proof equal to all of U7
Given any function on any subset of the bidisk, the result in [1] tells whether it can be
extended to a function in the closed unit ball of H>(D?). If the set is a distinguished
variety, and the function is analytic on it, is there a better criterion, which one might
think of as solving problem (b) in the introduction?

Question 4.15. How can one tell whether a function on a distinguished variety ex-

tends to all of D? without increasing its norm?
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