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1. Introduction

A basic question in the theory of nonlinear partial differential equations is: when can a
singularity form and what is its nature? The typical well-posedness result (see e.g. [23])
asserts that either a solution of a PDE exists for all time or else there is a time T'<oo
such that some norm of the solution becomes unbounded as ¢ 1T'; the latter phenomena
is called (finite-time) blow-up.

The behavior of the solution as the blow-up time is approached is of particular
interest. A simple kind of singularity occurs when the solution itself becomes unbounded
in a finite time. For models describing water waves we say that wave breaking holds if
the solution (representing the wave) remains bounded but its slope becomes infinite in
finite time: the profile will gradually steepen as it propagates until it finally develops a
_point where the slope is vertical and the wave is said to have broken, cf. [35].

Blow-up techniques are quite particular to each type of equation; there is no general
method [34]. We present now a quite representative sample of methods to accomplish
blow-up for nonlinear wave equations; see also the recent surveys (2], [3], [34].

The functional method (see [17], [22]) consists in introducing an appropriate func-
tional F' of a solution, depending on time, and using the PDE to get a (first- or second-
order) differential inequality for F' which implies finite-time blow-up for well-chosen initial
data; surveys can be found in [21], [34].

A more sophisticated method than the functional method is the averaging method:
introducing appropriate coordinates it is sometimes possible to prove the breakdown of
certain averaged quantities (see [2], [33]).

For semilinear equations it is possible to define the maximal domain of existence of a
solution and to try to understand the behavior of the solution near the boundary of this
domain; for the equation . —ug, —|uP=0 with 1<p<oo, any solution which blows up
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in fact becomes infinite on a noncharacteristic C!-curve in the (¢, z)-plane [5]: near this
blow-up curve the solutions are governed by the ODE wu;;=|ulP (see also [2]).

By analyzing the behavior of solutions of the scalar conservation law u;+ f(u),=0
along characteristics and using blow-up results for ODE’s, a proof of the blow-up of the
first derivative (even if the initial data are C*°) was given by Lax [26] and developed in
[20] and [27]; a somehow similar idea was used in [25].

Another well-established method refers to the search of blow-up for solutions of a cer-
tain given form containing undetermined coefficients or functions and a small parameter
(see [2], [18], [19]).

We need a different approach to prove blow-up (in the form of wave breaking) for
some physically relevant equations modelling shallow water waves and for which wave
breaking was conjectured. Let us first present the equations under consideration.

The problem of long water waves dates back to the experimental work of Russell
(1844). The Korteweg—de Vries equation (KdV) was introduced in 1895 to model the
behavior of long waves on shallow water in close agreement with the observations of
Russell:

{ut+6uuz+umz20, (L1)

u(0, z) = uo(z),
with u(t, z) representing the wave height above a flat bottom. The KdV model admits
solitary waves which present soliton interaction: two solitary waves keep their shape and
size after interaction although the ultimate position of each wave has been affected by
the nonlinear interaction (see [35]). KdV has a bi-Hamiltonian structure which permits
to obtain very precise information about the structure of the equation by the inverse
scattering method, the equation being integrable (see [28]).

However, as soon as ug€ H(R), the solutions of (1.1) are global, cf. [24], and it is
known that some shallow water waves break! Whitham [35] emphasized that the breaking
phenomena is one of the most intriguing long-standing problems of water wave theory,
and since the KdV equation can not describe breaking, he suggested the equation

{ut+uuz+ /R Ko(z—€)us(t, €) dE =0, )

u(0, z) =ug(z),

with the singular kernel

neV/?
Ko(z) = 5- /R (“’m5 5) e dg,

as a relatively simple model equation combining full linear dispersion with long wave
nonlinearity, and conjectured that it describes the effect of breaking of waves.
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It seems quite natural to generalize (1.2) by replacing Whitham’s integral operator
by an arbitrary pseudodifferential operator, considering instead of (1.2) the equation

{ ustun, +Klu]| =0,
(1.3)

u(0, x) = up(z),
where the operator K is given by

Klul(a) = 5= [ (@)t e,

4(t, &) being the Fourier transform of u(#,z). The function s, defining the operator K,
is called the symbol of the operator. In general, if s is a polynomial then K will be a
constant-coefficient differential operator, while if 5 is not a polynomial then K will be
nonlocal, in the sense that a change in the values of a function g inside an open set U
will affect the values of K[g] at points outside U. For »(¢)=i(£(tanh €))'/2 we obtain
Whitham’s original equation (1.2). With this approach the Whitham-type equations
(1.3) represent, as particular cases, many equations that are of great interest in problems
of modern mathematical physics. For an outline of a number of physical problems leading
to nonlinear equations of type (1.3) we refer to [29].

If, in contrast to KdV, the equation (1.2) describes the phenomenon of wave break-
ing, the numerical calculations carried out for the Whitham equation do not support any
strong claim that soliton interaction can be expected, cf. [13].

Recently (see [7]}, R. Camassa and D. Holm derived an equation modelling the same
phenomena as KdV and Whitham’s equation:

Ut — Utz +3UU = 2UgUgy +Ulgsq,
(1 .4)

u(0, z) = up(zx).

Unlike KdV (which is an approximation to the equations of motion), equation (1.4)
is obtained by approximating directly in the Hamiltonian for Euler’s equations in the
shallow water regime, cf. [§8]. It is a good approximation for the full inviscid water wave
equation—just as consistent in the small-amplitude shallow water regime as KdV or
Whitham'’s equation, cf. [4], [8]

Actually, equation (1.4) was obtained formally more than 15 years ago by Fuchs-
steiner and Fokas (see [15], [16]) as a bi-Hamiltonian generalization of KdV; they also
proved that (1.4) is formally integrable. As noted in [31], the novelty of Camassa and
Holm’s work was that they gave a physical derivation of (1.4) and found that the equation
has solitons. This led to numerous papers devoted to the study of (1.4), see [1], [4], [6],
[11], [31], and the citations therein.
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In [7] Camassa and Holm conjectured that an initial profile having a sufficiently
negative slope steepens and verticality develops in finite time—wave breaking occurs.
§2 will provide the key result to prove this conjecture in §4.

As noted by Whitham [35], it is intriguing to know what mathematical models for
shallow water waves could include both the phenomena of soliton interaction and wave
breaking. The Camassa—Holm equation reconciles these properties which have been
known for different models (KdV and Whitham’s equation, respectively) and has the
potential to become the new master equation for shallow water wave theory, cf. [16].

The formal approach to prove wave breaking for Whitham’s equation (1.2) and
the Camassa—Holm model (1.4) originates in an idea of Seliger [32]. For the nonlinear
nonlocal equation of type (1.3),

u(07 :1?) = 'U'O(:r)v

where K is a regular (continuous and integrable over R), symmetric kernel, monotonically
decreasing on R, Seliger [32] was able to formally show wave breaking by a rather in-
genious argument: consider m; (¢):=minger [tz (f, T)], m2(t) :=max,er [us(t, z)] attained
at =£;(t) and z=£5(t), respectively. By differentiating (1.5) and setting z=£;(t), i=1, 2,
he obtained formally differential inequalities for m; and ms which yield the desired wave
breaking. A similar idea was used recently in [29] to settle the long-standing conjecture
of Whitham [35] regarding wave breaking for the equation (1.2). This formal analysis
is however not mathematically rigorous: it is impossible to guarantee the smoothness of
the curve &;(t) on which min,cg [u,(t, z)] is attained. Therefore, it seems that one has
to assume in addition that the curves £;(t) and &;(¢) are smooth (see the results for wave
breaking in [29, Chapter 1], for example).

The aim of the present paper is to show how one can avoid this additional strong
assumption and therefore to prove rigorously the breaking of waves property conjectured
for various models of type (1.3). We also apply the method to the Camassa—Holm

equation.

2. The abstract key result

The result in this section regards the time evolution of the slope (in z) at an inflection
point for a function v(t,- )€ H?(R) with a C'-dependence on the time parameter ¢; later
on, v(t,z) will be a solution of a Whitham-type equation (1.3) or of the Camassa—Holm
equation (1.4).
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THEOREM 2.1. Let T>0 and veC([0,T); H*(R)). Then for every t€[0,T) there
exists at least one point £(t)ER with

m(t) = lnlf.:l [Um(t’ iL‘)] =z (t’ f(t)),

[AS

and the function m is almost everywhere differentiable on (0,T) with
dm
d—t(t):vtz(t,§(t)) a.e. on (0,T).

Proof. Let ¢>0 stand for a generic constant.

Fix t€[0,7) and define m(t):=inf cg [v.(t,z)]. If m(t)=0 we have that v(t,-) is
nondecreasing on R and therefore v(t,-)=0 (recall v(,- )€ L?(R)), so that we may as-
sume m(t) <0. Since vg(t,- )€ H'(R) we see that lim; o v4(t, 2)=0 so that there exists
at least a £(t)eR with m(t)=v,(¢,£(1)).

Let now s,t€[0,T) be fixed. If m(t)<m(s) we have

0 < m(s)—m(t)= nf [v2(5,)] 0z (0, £(8) < va(s, 60—, ECO),
and by the Sobolev embedding H'(R)C L™ (R) we conclude that

[m(8) —m(t)] < vz (t) —vz(8)| Lo (r) < € V2 (t) —v2(8) | H1(R)-

Hence the mean-value theorem for functions with values in Banach spaces—H'(R) in

the present case—yields (see [12])

- < - 3 ) .
m(t)-m(o)] <cle=s| _max (loa(lmm) 6s€0.7)
Since v, €C([0,T), H}(R)), we see that m is locally Lipschitz on [0,T) and therefore
Rademacher’s theorem (cf. [14]) implies that m is almost everywhere differentiable on
(0,7).

Fix te(0,T). We have that
Ve (t+h) —us(t)

b —vtx(t)‘ —0 ash—0,
H(R)

and therefore
Vg (t+h’ y) —Ug (t7 y)
h

sup
yER

—vw(t,y)jﬁo as h—0, (2.1)

in view of the continuous embedding H*(R)C L*(R).
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By the definition of m,
m(t+h) = v (t+h, £(t+h)) vz (t+h, &(1)).

Consequently, given h>0, we obtain

m(t+h)—m(t) _ vz (t+h, £(t) —va (4, £(2))
~ h .

) Cvnlte®), te(©T). (2.2)
On the other hand,

m(t—h’) :vz(t_h7£(t_h)) <'Ua:(t—ha5(t))7

and thus
m{t)—m(t—h) | va(t60)-valt=h€E) o
h h
Letting h—0% and using (2.1), we find
min OB S e, e 0,1, (23
—0

Since m is almost everywhere differentiable, relations (2.2) and (2.3) enable us to conclude

dm

E(t):vm(tg(t)) a.e. on (0,7T),

and the proof is complete. U

Remark 2.2. In addition to the hypotheses of Theorem 2.1, let v be of class C? in the
space variable x and assume that there is a C*-curve £(t) on which m(t):=inf cr [vz (¢, z)]

is attained. We would have

dm

_ €
_d?(t) - Utl‘(tv é(t))—’_vzz(ta g(t)) E(t) - ’Uta:(ta é(t))

since vy, (t, £(t))=0, m(t) being a minimum for v (¢,-)€C?. However, cf. [29], it is
impossible to guarantee the smoothness of such a curve £(t). Moreover, it is not hard
to see (by means of some pictures) that there is no reason why the minimum should be
attained along a curve. In this context, Theorem 2.1 shows that the general situation is
not far from the optimal one described before—what we are really interested in is the
time evolution of the slope at the inflection point: dm(t)/dt=wv:.(t,£(t)) a.e. O
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3. Breaking of waves for Whitham-type equations

Various results of wave breaking for equations of Whitham type (1.3) were recently
obtained in [29] under the assumption that the minimum of the slope of the solution
is attained along a smooth curve. We will show now how Theorem 2.1 enables us to
eliminate this assumption.

We want to emphasize the method and not the technicalities. For this reason we
focus on the case of a regular kernel (Seliger’s formal approach); it is not hard to see
then how the method applies to the more complicated cases handled in [29] (including
Whitham’s equation (1.2)).

Let us now give a rigorous mathematical proof of the occurence of wave breaking
(for formal proofs see [32}, [35]) for the equation (1.5).

The method of successive approximations yields the following result regarding the
Cauchy problem for the initial value problem (1.5):

THEOREM 3.1 [29]. Assume that K€ C(R)NL}(R) is symmetric and monotonically
decreasing on Ry, K#0, and let ug€ H*(R). Then for some tu>0 there is a unique
solution u(t,z) of (1.5) in the class C*([0,to]; H(R)). The solution can destruct only

as a result of breaking of waves.

The destruction of the solution as a result of breaking of waves should be under-
stood as follows: if the maximal existence time 7'>0 of the solution is finite, we have
SUP (1 z)e0,7) xR |U(t, )| <oo while sup g |uz(t, z)|—00 as tTT.

We will now prove the following blow-up result for (1.5):

THEOREM 3.2. A sufficiently asymmetric initial profile yields wave breaking. More

precisely, if up€ H®(R) satisfies

Jnf [up(2)] + sup [ug(z)] < ~2K(0) <0,

then for the solution of (1.5) with initial data ug we observe wave breaking.
Proof. Let T>0 be the maximal existence time of the solution u(¢,z) of (1.5) with

initial data uge H°(R), as given by Theorem 3.1. Define for t€(0,T),

my (t) = Zlglfl[u’ﬂl (ta z)] = uw(t7 61(t))7

ma(t) 1= sup [ug (¢, )] = u, (£, &2(8)),
z€ER

where £;(t), i=1,2, are some points in R,; see Theorem 2.1 for the existence of &;(t)—
an analogous result clearly yields the existence of &»(t).
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Differentiating (1.5) with respect to z and evaluating the resulting equation at
z=¢;(t), i=1,2, we obtain

dmi

—E+mf+/R K(n)uz(t,&(t)—n)dn=0 ae. on (0,T), (3.1)

taking into account Theorem 2.1 and the fact that u,,(¢,&(t))=0 for i=1,2.
By Lebesgue’s dominated convergence theorem we have that

n

lim [ K(n)use(t,&(t)—n)dn= /R K(n)usa(t,&(6)~n) dn. (3.2)

n—oo
-n

If [a,b]CR is an interval where K is monotone and f:[a,b]—R is continuous, by
the second mean-value theorem (cf. [30]) there is some c€|a, b] such that

b ¢ b
/ K(z)f(x) d:c:K(a)/ f(z) dx+K(b)/ f(z)dz.
We therefore find, for n>1 and i=1, 2, points a?€[—n,0], '€ [0,n] such that

0
[ K(ﬂ) Uz (t7 §i(t) —77) d77 = —K(_n) [ux(ta £i(t) ‘a?) —uz(tv éz(t)_f_n)]
—K(0) [usg(t, &i(8)) —ua(t, &:(1) — 7))

(3.3)

and

fo 'k () ez (t, & () —n) dn = — K (0) [uz (¢, &(8) = B57) —u= (8, &(1)]
— K (n)[uz(t, &(t) —n) —ua(t, &(8)—57)],

respectively. Recalling the definition of m;(¢) and ma(t) we deduce by adding (3.3) and
(3.4) that

n

K () usa(t, &(t)—n) dn=K(0)[us(t, &(t) — o) ~ua(t, &:() = 5]

-n

(3.4)

+K (—n) [ug (8, &(5)+n) —us (8, &i(t) — 7))
+E(n)us(t,&(t)—B") —ua(t, &i(t) —n)]
< K(0)[me(t) ~ma(t)]+2K (n)[ma(t) —mi(t)], n2>1,
since K is nonnegative on R as a consequence of the monotonicity of K€ L!(R) on Ry,

K being also symmetric. Furthermore, the conditions on K force lim, ., K(n)=0.
Letting n— oo in the previous inequality we therefore obtain in view of (3.2) the estimate

/RK(n)um(t,éi(t)—n)dnéK(O)[mz(t)—ml(t)J, te(0,T), i=1,2,
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and from (3.1) we infer the inequalities

d
% < -—mi+K(0)(my—m1) ae. on (0,T),
d
% <—m2+K(0)(ma—my) a.e. on (0,T).

Summing up, we get
d
a—t(ml—l—mQ) < (ma—my)[2K(0)+(m; +msy)]—2m3  a.e. on (0,T).

Since m1(0)+m2(0)<—2K(0) at time t=0, we see from the previous relation that it
remains so for all time (the proof of Theorem 2.1 shows that m; is locally Lipschitz and
therefore also absolutely continuous, cf. [14], and the same is true for m3). We obtain
that

d
i <~ (mi+K(0)* = K*(0) < —(mi +K(0))* ac. on (0,T).
Defining m(t):=m,(t)+K(0), t€[0,T), we see that m(0)<0 and
d
d—? <—m2(t) ae. on (0,T). (3.5)

As noted before, m; is locally Lipschitz so that m is too, and therefore me VVlifo (0,7),

cf. [14]. Since m(t)<0 on [0, T), it is not hard to check that 1/m is locally Lipschitz, and
thus 1/meW,.>°(0,T). Differentiating the relation m-(1/m)=1, we see that

loc
d1l 1 dm
dt m~ m2 dt

From relation (3.5) we find now

a.e. on (0,7).

1
—2>1 ae on(0,7T),
m

&f=

and integration yields
1 1
— > 4t 0<t<T,
m(®) ~ m(0) " )
so that m(t)——oo before ¢ reaches 1/|m(0)|. This proves that the wave u(t, z) breaks

in finite time. g

4. Wave breaking for the Camassa—Holm equation

In this section we will use Theorem 2.1 to prove the wave-breaking result for the model
(1.4) conjectured in [7], [8].

We first recall the following result regarding the Cauchy problem for the initial value
problem (1.4):
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THEOREM 4.1 [9]. Given uo€ H3(R), there exists a mazimal T=T(up)>0 and a

unique solution

u=u(-,u0) € C([0,T); H*(R)NC*([0,T); H*(R))
to problem (1.4). Moreover, the solution depends continuously on the initial data, i.e.,
the mapping uo—u( -, up): H3(R)—C([0,T); H3(R))NC([0,T); H2(R)) is continuous.
The solution can destruct only as a result of breaking of waves.

For the precise meaning of wave breaking throughout this section we refer to the
definition of this term given in the context of Whitham-type equations (see §3).

At this point, let us note for further considerations an important conservation law
for (1.4): if up€ H*(R), then |u(t)|3:g)= Jg (u?+u3) dz is conserved in time as long as
the solution exists (see [7], [10]).

To prove wave breaking, it is convenient to write equation (1.4) in the form

ur+uuy + K[ f(u,ug)] =0, (4.1)

where K is the pseudodifferential operator with symbol k(£)=(—if)/(1+£?) and
f(u,v):=u?+3v?. Note that the nonlocal term in (4.1) is nonlinear in u and u, whereas
in the Whitham-type equations (1.3) the nonlocal term is linear in u.

With p(x):=exp(—|z|), the resolvent (1—82)~! can be represented as the convolution

operator
QI f=(1-8)f=4pxf, feL’R),
where @ denotes the operator 1—82 acting in L?(R) with dom(Q)=H?(R).
Assume now that ug€ H3 and let w€C([0,T); H3(R))NC*([0,T); H*(R)) be the
corresponding strong solution of (1.4). We write (1.4) as

(1—-02) (us+utty) = —2uty — Uglzy = — O (U + %ui)
Applying (1-8%)7! to both sides, we get
Ustutg = -85 (Apx(u*+3u2)) in C([0,T); H'(R)).
Differentiating this relation with respect to x, we find
Uty +Ulge +ul = ~02 (Apx (uP+3ul))

=(@Q-I)(3p*(u*+3u7))
:u2+%ui—%p*(u2+%ui),

that is,

Ute +UUge+ Fus =u?— p* (v?+3u2) in C([0,T), L*R)). (4.2)

We prove now the following blow-up result for (1.4):
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THEOREM 4.2. Assume that the initial profile uo€ H3(R) has at some point a slope
which is less than —(1/v/2)|uo|m(wr). Then wave breaking for the corresponding solution
of (1.4) occurs.

Proof. Let zo€R with v2uj(z¢) <—|uo| Hi(r) and consider the corresponding solu-
tion ue C([0,T), H*(R))NC([0,T), H*(R)) of the initial value problem (1.4). In addi-
tion, choose €€(0, 1) such that

(2—2¢)[ug (20)]* > |uolFn(my- (4.3)

First, note that

A (t, ) =2 (/_;uux —/:ouuz)

</ (u2+ui)+/ (u?+ul) = [ulf(r) = [uo o (R

—0o0

(4.4)

for all (¢, z)€([0,T) xR, since [ (u?+u2) dz is a conservation law for (1.4). The fact that
for u(t,-)e H*(R), u(t,-)#0, we can not have u=+u, on R (as one can easily check)
justifies the strict inequality in (4.4).

Define now m(t):=inf,cr [u.(t,z)] and let £(t)€R be a point where this infimum
is attained (see Theorem 2.1). Clearly u,.(t,£&(t))=0, by the definition of &(t) since
u(t)e H3(R)C C%(R). Hence, setting z=£(t) in (4.2), we obtain from Theorem 2.1 the

relation

dn 1 ,

gt =)= [ peO-nlFenhiden]d ae on (O.1). (45

Observe that the inequality

T

e'z/ e[t (t, ) +ul(t,n)] dn>2e_”/ e"u(t,nu(t,n) dn
oo

—00 —

_— / eﬂg‘%[u%t,n)] dn

—Oo0

=u?(t,z)—e " / e"u?(t,n) dn

— 00

yields

< / " MRt )+ (6, m) dn > 30, ), (4.6)

— 0
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whereas
o o>
e””/ e‘"[uQ(t,n)—kui(t,n)}dn}—26’3/ e Mult, nug(t,n)dn
= —e” e T—[u*(t,n)]dn
| et
o<
=u2(t,x)—ez/ e~ (t,n) dn
leads to

« / e R (e, )+t ) dn > (). (4.7)

Since p(z)=e~!*l, z€R, we obtain from (4.5)—(4.7) that

d—’;‘ <-1lm24+lud(t,£(t) ae. on (0,T). (4.8)

On the other hand, (4.3) and (4.4) imply
u?(t,€(8)) < 3 luolfn(ry < (1-€)[up(20)]” < (1-e)m?(0), te(0,T),  (4.9)

recalling the definition of m.
Observe that m is continuous on [0,7') and absolutely continuous on (0,7 since
meri’coo (0,T), cf. the proof of Theorem 2.1 and {14]. We now claim that

m2(t) > (1-1e)m?(0), te€l[0,T). (4.10)

If this would not be true, there is some to€(0,T") with m?(t)>(1—1e)m?(0) on [0,to)
and m2(tg)=(1-5£)m?(0) by the continuity of m: note that m(0)<0. But in this case,

a combination of (4.8) and (4.9) would give

(Z—TZ <~1em?(0)<0 a.e. on (0,fp).
An integration—recall that m is absoluiely continuous on (0, T)—yields m(0)>m(to).
On the other hand, m(0)<0 and m2(t)>(1-1e)m?(0) on (0,to) force m to be nega-
tive on (0,%g), and therefore we would obtain m2(ty) >m?(0), in contradiction with our
assumption m?(to)=(1-4£)m?(0). This proves that (4.10) holds.

Combining (4.10) with (4.8) and (4.9), we obtain

dm

7 (t) < —3em?(t) ae on (0,7).
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The same approach used in the last part of the proof of Theorem 3.2 enables us to
conclude from here that m(t) — —oo in finite time. O

Example 4.3. Let fo(x):=exp(—nz?) for n>1, z€R, and note that

o] = VB2 and |l =V (G5 Vi +

Choosing n sufficiently large and setting ug:=f,, an application of Theorem 4.2 shows

inf
z€R

that the corresponding solution of (1.4) blows up in finite time. a

Remark 4.4. In [9] we obtained a wave-breaking result for (1.4) for certain antisym-
metric initial data. The method of the proof was different from the one we use here:
it relied on the fact that antisymmetry is preserved by the Camassa-Holm flow, cf. [7].
The above example shows that symmetric initial profiles can also yield wave breaking. O

Acknowledgement. The authors are grateful to Peter Lax, Henry P. McKean and
Jiirgen Moser for stimulating discussions during the preparation of this paper. The

referee’s suggestions and some remarks of Anders Melin improved the initial version.



242 A. CONSTANTIN AND J. ESCHER

References

[1] ALBER, M.S., CaMmassa, R., HoLM, D. & MARSDEN, J.E., The geometry of peaked
solitons and billiard solutions of a class of integrable PDE’s. Lett. Math. Phys., 32
(1994), 137-151.

[2] ALINHAC, S., Blow-up for Nonlinear Hyperbolic Equations. Progr. Nonlinear Differential
Equations Appl., 17. Birkhduser Boston, Boston, MA, 1995.

[3] — Blow-up of classical solutions of nonlinear hyperbolic equations: a survey of recent
results, in Partial Differential Equations and Mathematical Physics (Copenhagen, 1995;
Lund, 1995), pp. 15-24. Progr. Nonlinear Differential Equations Appl., 21, Birkh&user
Boston, Boston, MA, 1996.

[4] Boyp, J.P., Peakons and coshoidal waves: traveling wave solutions of the Camassa—Holm
equation. Appl. Math. Comput., 81 (1997), 173~187.

[6] CAFFARELLI, L. & FRIEDMAN, A., Differentiability of the blow-up curve for one-dimen-
sional nonlinear wave equations. Arch. Rational Mech. Anal., 91 (1985), 83-98.

[6] CALOGERO, F. & FRANGOISE, J.-P., A completely integrable Hamiltonian system. J. Math.
Phys., 37 (1996), 2863—2871.

[7] Camassa, R. & HorM, D., An integrable shallow water equation with peaked solitons.
Phys. Rev. Lett., 71 (1993), 1661-1664.

[8] Camassa, R., HoLMm, D. & HyYMAN, J., A new integrable shallow water equation. Adv. in
Appl. Mech., 31 (1994}, 1-33.

[9] CONSTANTIN, A. & ESCHER, J., Global existence and blow-up for a shallow water equation.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 26 (1998), 303-328.

[10] CoNSTANTIN, A. & McKEAN, H. P., A shallow water equation on the circle. To appear in
Comm. Pure Appl. Math.

[11] COOPER, F. & SHEPARD, H., Solitons in the Camassa—Holm shallow water equation. Phys.
Lett. A, 194 (1994), 246-250.

[12] DIEUDONNE, J., Foundations of Modern Analysis. Academic Press, New York, 1969.

(13] Dopp, R.K., EiLBECK, J.C., GiBBON, J.D. & MoRRIs, H. C., Solitons and Nonlinear
Wave Equations. Academic Press, New York, 1984.

[14] Evans, L. & GARIEPY, R., Measure Theory and Fine Properties of Functions. Stud. Adv.
Math. CRC Press, Boca Raton, FL, 1992.

[15] Fokas, A.S. & FUCHSSTEINER, B., Symplectic structures, their Backlund transformation
and hereditary symmetries. Phys. D, 4 (1981/82), 47-66.

[16] FUCHSSTEINER, B., Some tricks from the symmetry-toolbox for nonlinear equations: gen-
eralizations of the Camassa—Holm equation. Phys. D, 95 (1996), 229-243.

[17) GLASSEY, R., Finite-time blow-up for solutions of nonlinear wave equations. Math. Z., 177
(1981), 323-340.

[18] HORMANDER, L., Lectures on Nonlinear Hyperbolic Differential Equations. Mathématiques
& Applications, 26. Springer-Verlag, Berlin, 1997.

[19] — The lifespan of classical solutions of nonlinear hyperbolic equations, in Pseudo-
Differential Operators (Oberwolfach, 1986), pp. 214-280. Lecture Notes in Math., 1256.
Springer-Verlag, Berlin—-New York, 1987.

[20] Joun, F., Formation of singularities in one-dimensional nonlinear wave propagation. Comm.
Pure Appl. Math., 27 (1974), 337-405.

[21] — Nonlinear Wave Equations— Formation of Singularities. Univ. Lecture Ser., Amer.
Math. Soc., Providence, RI, 1990.

[22] KaTO, T., Blow-up solutions of some nonlinear hyperbolic equations. Comm. Pure Appl.
Math., 33 (1980), 501-505.



WAVE BREAKING FOR NONLINEAR NONLOCAL SHALLOW WATER EQUATIONS 243

[23] — Quasi-linear equations of evolution, with applications to partial differential equations,

[24]

(25]

33

34]

in Spectral Theory and Differential Equations (Dundee, 1974), pp. 25-70. Lecture Notes
in Math., 448. Springer-Verlag, Berlin—-New York, 1975.

KENIG, C., PONCE, G. & VEGA, L., Well-posedness and scattering results for the gen-
eralized Korteweg—de Vries equation via the contraction principle. Comm. Pure Appl.
Maith., 46 (1993), 527-620.

KLAINERMAN, S. & MaJiDA, A., Formation of singularities for wave equations including
the nonlinear vibrating string. Comm. Pure Appl. Math., 33 (1980), 241-263.

LAX, P., Development of singularities of solutions of nonlinear hyperbolic partial differential
equations. J. Math. Phys., 5 (1964), 611-613.

Liu, P., Development of singularities in the nonlinear waves for quasilinear hyperbolic
partial differential equations. J. Differential Equations, 33 (1979), 92-111.

McKEAN, H.P., Integrable systems and algebraic curves, in Global Analysis (Calgary,
1978), pp. 83-200. Lecture Notes in Math., 755. Springer-Verlag, Berlin, 1979.

NAUMKIN, P. & SHISHMAREV, 1., Nonlinear Nonlocal Equations in the Theory of Waves.
Transl. Math. Monographs, 133. Amer. Math. Soc., Providence, RI, 1994.

OSTROWSKI, A., Vorlesungen tber Differential- und Integralrechnung, Vol. IIL. Birkhauser,
Basel-Stuttgart, 1954.

ScHIFF, J., Zero curvature formulations of dual hierarchies. J. Math. Phys., 37 (1996),
1928-1938.

SELIGER, R., A note on the breaking of waves. Proc. Roy. Soc. Ser. A, 303 (1968), 493-496.

Siperis, T. C., Formation of singularities in solutions to nonlinear hyperbolic equations.
Arch. Rational Mech. Anal., 86 (1984), 369-381.

STRAUSS, W., Nonlinear Wave Equations. CBMS Regional Conf. Ser. in Math., 73. Amer.
Math. Soc., Providence, RI, 1989.

[35] WHITHAM, G. B., Linear and Nonlinear Waves. J. Wiley & Sons, New York, 1980.
ADRIAN CONSTANTIN JoacHIM ESCHER

Department of Mathematics Fachbereich 17

University of Ziirich University of Kassel
Winterthurerstrasse 190 Heinrich-Plett-Strasse 40

CH-8057 Ziirich D-34132 Kassel

Switzerland Germany

cadrian@math.unizh.ch escher@serv.mathematik.uni-kassel.de

Received December 12, 1997



