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1. Iniroduction

Given a probability measure y on a countably infinite Abelian group & we pro-
pose to study the properties of the potential kernels

s

S @ and 3P0~ @), €6, (LY
Here 0 is the identity element of the (additive) group &, u® is the probability mea-
sure all of whose mass is concentrated at 0, =y and u™ is the n-fold convolution
of u with itself. ’

Roughly speaking, the purpose of this paper is to imitate and extend basic results
in [10] (Chapter 7 and parts of earlier chapters). There the attention was strictly
confined to the groups & =27, the groups of d-dimensional integers, or lattice points
in Euclidean space of dimension d. Thus the basic ideas, methods, and notation are
exactly those in [10] when possible—and most of the difficulties which arise because
& is more complicated than Z; can be overcome by the use of certain measures in-
duced by the given measure y on cyclic subgroups of &.

It will be assumed throughout that the measure y is aperiodic, i.e. that the sup-
port of u generates all of &. (Note however that @ must be infinite. When & is
finite everything we do is either trivial or well known but the results are by no

means the same.) Given y we define on & the Markov process (random walk) X,

with transition function
Pz[Xl =y] ZP(x: y)=,“(?/—x),

P,[X,=y]l=P,(z,y)=uP(y—2x), 2,y€G, n=0.

Here P.[:] is the probability measure induced by the joint probabilities for finite
paths starting at X,=wx, and the associated expectation will be denoted by E,.[-].
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We shall have occasion to study real valued functions on ®, such as the po-
tential kernels defined below. In studying their asymptotic behavior it will be con-
venient to write

lim ffx)=L or lim f(x)= + oo
|z|>00 {z|>0
with the following interpretation: take an arbitrary one to one mapping ¢: &— po-

sitive integers, and let
Illim f(x)=lim flo~tA(n)].
T|=»o0 n—>»o0

This limit is independent of . Similarly, given a sequence {z,}<®, we shall write
|,| = oo when the sequence of integers @(z,) tends to infinity with n.
We shall call the random walk (or the measure u) transient if

Gz, y) =n§0P,, (x,9) =n§=:0 U (y—z)<oo, z,y€G (1.2)

and recurrent (or persistent) otherwise. It is well known that in the recurrent case
the series defining the kernel G(z,y) diverges for all z,y. It is then that the second
kernel in (1.1) becomes an object of interest—to prove ist existence is actually our

primary goal, and when it does exist it will be denoted by
A(z’ ?/)= ZO[P"(O’ 0)_Pﬂ(x’ Z/)], x:yeg' (13)

Clearly A(x,y)=A(x—y,0) and G(zx,y)=G(zx—y,0). We therefore also use the

notation
a(x)=A(x,0), gx)=G(z,0), z€®. (1.4)

Finally, to give the probability interpretation of the distinction between transient and

recurrent random walks,
P,[X,=y for infinitely many values of n]=1 (1.5)

if p is recurrent and O if it is transient. The usual proof due to Chung and Fuchs
[4] for 8=2Z, (and also for the continuous group R,) requires no modification.
There is another, more recent ([10], p. 85) form of the classification of u into
the recurrent and transient type. It states that u is transient if and only if the real
part of [1—a]! is integrable on T', where 4 is the Fourier transform of 4 and I' the
(compact) character group of &. This theorem is proved in the next section (§ 2}
because it yields to somewhat easier methods than those in § 3 and 4. Moreover, it
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furnishes a striking example of our inability to extend the theory to locally compact
Abelian groups. The following conjecture is still open even in the case when & =R,
the group of real numbers:

Conjecture: Let & be an infinite locally compact Abelian group, u a probability
measure on & whose support is not contained in a closed subgroup, @ the Fourier

transform of g and I' the character group of ®. Then

% u®(U)< oo
=0

n

for some neighborhood U of the origin in & if and only if

1
R dl< oo,
fv “1-a0)

for some neighborhood V of the origin in I', with di Haar measure on I.
In § 3 we establish the existence of the potential kernel a(x)=A(x, 0), x€®, for
arbitrary u and arbitrary & (Theorem 3.2). Just as in [10] where & =2Z,, this theo-

rem is closely related to the asymptotic behavior of hitting probabilities of finite sets

(treated in Theorem 3.1), and to the asymptotic behavior of a(x+y) —a(x) as |z] = co.
It is shown (in Theorem 3.3) that a(x+y)—a(x) tends to zero as |z|— oo unless
@ has an infinite cyclic subgroup  such that &/§ is finite. And even then the
limit is zero unless the random walk, observed only when it visits §, has mean zero
and finite variance. Conversely, if § is an infinite cyclic subgroup of & and if the
random walk, observed only when it is in £, has mean O and finite variance, then
®/H must be a finite group (Lemma 3.4). In this case we obtain results analogous
to T 29.1 in [10] where it is shown that for random walk on Z,, with mean zero and
variance o< oo, a(x+y)—a(z) tends to +y/o® as x— t oo,

In §4 we first establish properties of the potential kernels A(z,y) and G(z,y),
which are valid for every measure g, and which are independent of the structure of
the group &. These properties (Theorem 4.1 (a)—4.1 (b)) may be regarded as a general
form of the remewal theorem, as they concern the asymptotic behavior of a(x) and
g(z). In the special case when & =2Z, Theorem 4.1 contains one new result, to the
effect that a(z) has limits as x— + co and as x— — co (which need not both be in-
finite!). In Theorem 4.2 the asymptotic behavior of g(x) and of a(x) is related to the
algebraic structure of & by showing that g(z) and a(z) can fail to tend to zero, re-
spectively oo, as |z|—> oo, only when ® has an infinite cyclic subgroup § such that

®/$ is finite. Theorems 4.3 and 4.4 are devoted to transient random walk on groups
16 — 652933 Acta mathematica 114. Imprimé le 15 octobre 1965.
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of the above type, giving necessary and sufficient conditions for g(x) to have a non
zero limit. The analogous problem for recurrent random walk is open even when
&=2Z,. Finally, Theorem 4.5, combined with Theorem 3.3 yields a complete descrip-
tion of the possible boundaries of a recurrent random walk on &, as defined by
Kemeny and Snell [8]. These results are just what might have been conjectured in
view of the known facts ([10], § 31)) when &=Z,.

2. The classification of random walk

Given a probability measure u on a countably infinite Abelian group @, such
that the support of u generates &, we let

pO=3 @ ). 2€T,

denote the Fourier transform of g, in the notation of Rudin [9].

TrEOREM 2.1.

dA< oo,

> u™(0)< oo if and only if f Re
r

n=0

1
1-4(2)

Proof. The Haar measure dA on I' is normalized so that the Fourier inversion
theorem holds. Therefore

u® (@) = fr (@A) [aAT"dA, z€G.

For 0<t<1,
0 1 1
£ u™(0) = ————d}{=fR———-——dl.
nz=0 #0) fr 1-tad) r el—t/z(l)

Letting t7 1, and using the lemma of Fatou,

o0

™) =1 1 f 1 =f
> u™(0)=1lim rRel—tﬂ(l) di > I‘llm Rel_tla(l)d}. 1"Re

n=0 tx1 t»1

1

di.
1-4(4)

The applicability of Fatou’s lemma above rested on the fact that

1 1—-tRe g

RN

=0.

Therefore we have proved the easy part of Theorem 2.1, to the effect that the in-
tegral over I' of Re [1—4] ! is finite when y is transient.
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To go the other way we shall now assume that u is recurrent, so that

S 4™ 0)= oo
n=0

We define the integrals

I(x)= 2J‘ [1—Re(r, 1)] Re dl, z€@,
r

1
1-4(4)
and the sums

S(@)=2 [2p™(0)—u® (@) -y (—2)], €6,
n=90
and shall proceed to prove that

(i) the integrand in I(z) is integrable on I' for every z€®;
(ii) the series S(z) converges (not necessarily absolutely) for each z€®, and its
sum is I(x);

(iii) S(x) also possesses the representation
S(x)=E,[N,.], for z€@®, z=+0,

where N, is the number of visits of the process X, to the point x before the first
visit to zero (counting the visit at time 0).

It is easy to see that (i) (ii), (iii) will complete the proof of Theorem 2.1. For if

Re [1—4(4)]"! were integrable on I' then we would have from (i)

1

Ixz)<4{ R dA < oo,
(@< [ e i< =
On the other hand, I(x)=8(z) according to (ii) and the probabilistic representation
in (iii) yields

lim S(z)=2 u™(0)= + oo.

|z{->00 n=0
(This last fact depends on an easy calculation, given in [10], page 86. Note however
that the infinite order of the group & is here used in an essential way. However,
when & is finite Theorem 2.1 is obviously true.)

Proof of (i). Since u is recurrent we can select, for every x€@®, a positive in-

teger n=n(z) such that u™(z)=c>0. For this particular value of n,

1—Re (@A) = MZ@ [1—Re (3, )] u™(y)>c[1 —Re (2,4)],



242 H. KESTEN AND F. SPITZER
and therefore

1—Re (x,1)<1b<oo
1—Re (a)" e

1 —-Re (z, l)‘ 1—Re (z, ) . n-1
- 1+ gt + <
. T—am | [1-a@p L TAT AT S

Therefore the integrand defining I(x) is integrable, which proves (i).

Proof of (ii). Using the Fourier inversion theorem, the partial sums of S(z) are

S _ @ _ o[ L-Re(zd)
> [2p%(0) — 4™ (z) ~ u® (~ )] 2fr 1-A(2)

k=0
We saw in the proof of (i) that |[1—Re (x,4)]/[1—£(4)]| is a bounded function

on I' for each x€®. Therefore the dominated convergence theorem will complete the

[1— (A(Q)"*1]dA.

proof of (ii) provided that the sequence 1—4"*! converges to one almost everywhere

on I We shall now show that indeed 1—4"*! converges to one except possibly at
a finite number of points. We let m denote the greatest common divisor of the po-
sitive integers k such that u®(0)>0, and consider the measure » = u™. It will clearly
suffice to prove that »"(1)—>0 except at finitely many points of I'. We call §) the
subgroup of & generated by the support of », and A=[A1|A€T,»(A)=1] the so called
annihilator of §. Observe that A is exactly that subset of I' where »" does not tend
to zero as m—>oco. (This last set consists of the points where |#(1)|=1 but because
»™(0)>0 for all sufficiently large n we know that |»(4)|=1 if and only if p(A)=1.)
Thus it only remains to prove that A is a finite set, and for this purpose we invoke
the Pontryagin duality theorem in the form (Rudin [9], p. 35) which asserts that A
is homeomorphically isomorphic to the character group of &/9. Thus A is finite if
and only if /9 is finite. But ©/$ is finite, (in fact it is a group of order m) since
& decomposes into the cosets §+gi, £=0,...,m—1, where + g is the set of points
x of & such that y"(z)>0 only when o=k (mod m). (For a detailed proof of this
assertion, see [10], p. 43.)

Proof of (iii). We take an arbitrary point b+0 in & and proceed to develop
the elementary potential theory associated with the hitting probabilities of the two
point set B={0,b}. Actually the relevant parts of the theory of random walk on
®=2Z, in [10], Chapter 3, apply to an arbitrary countable group & without modifica-
tion, and so it will suffice to outline the theory. One defines

Hpy(x, y)= P, [the first visit to B occurs at the point y] when z€® — B, y€B,

(2.1)
Hy(x,y)=06(z,y)=1 for x=y, 0 for x+y, when z,y€B.
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I1z(x,y)=P, [the first return to B occurs at the point y] 2.2)

when x,y€B, just as in definition D 10.1 of [10]. It is then easily shown (as in P
11.3 of [10]) that for all z€®

Z Pn+1 (x’ t) HB(t, 0) =HB(x, O) —tezB a,,(x— t) [IIB(t’ O) - 6(t> 0)]

te®
= Hy(z,0)+ [a, (x) —a, (x — )] [ 15 (6, 0), (2.3)
where a,(2) =éo [£®(0) — u® (—=)]. (2.4)

Specializing to =5 and z=0 in equation (2.3),

%Pm(b, t) Hy (8, 0)=a,(6) I 12(5, 0), (2.5)
teZ@Pn+1(0’ t) Hp(t,0)= —a,(—b)[Is(6,0) +1. (2.6)

At this point it is important to know that every bounded non-negative solu-
tion f of
Pf(z) =yZ@P(x, NI jg@u(y—x)ﬂy)#(ﬂﬂ), z€@, 2.7)

is constant on . This was proved by Choquet and Deny [2] (see also P 13.1 in
[10] where it is shown under the weaker hypothesis that f>0, when u is recurrent).
Letting »' denote a subsequence of the integers such that
lim tZ@Pn,H(x, t) Hg(t,0)=¢(x) (2.8)
n—>o0 €

exists for all x€® it is easily seen that the limit satisfies Pd(x)=d(z), 2€G. (One
has to observe that

¢n(w) =te§:GPn+1(x: t) HB(t’ 0)

satisfies ¢, (®)—¢,()—>0 as n—>co0.) This follows from equation (2.5) using the
fact that
Un+1(®) — Ay (@) = g0 (0) — "V (—2) = 0(1), €Y, 2.9

as n—oo. (The simplest proof of (2.9) depends on the theory of Markov chains. The
invariant measure of the random walk, being group-invariant, is constant and hence

of total infinite mass. Since all states communicate, the chain is irreducible, and it
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follows (see [6], page 356) that all n-step tranpsition probabilities tend to zero as
n—>00.)

The final step of the proof depends on equations (2.5) and (2.6). Setting n=n/,
subtracting (2.6) from (2.5), and letting n'— oo, yields

1= Lim [ay(5)+aw (—5)]11s(5,0). (2.10)

Referring to the definition of a@,(x) and to the series defining S(z) in (ii) at the be-

ginning of this section, we have proved
1=8(b)[1z(b,0). (2.11)

The definition of [; in (2.2) implies that [[15(b, 0)] " is the expected number of visits
of the random walk, starting at b, to the point b before the first visit to 0 (counting
the visit to b at time 0). Since b is an arbitrary point other than 0, that completes
the proof of (iii) and hence of Theorem 2.1.

3. The potential kernel 4(x, y)

In view of equation (2.3) it is possible to reduce the proof of existence of the

potential kernel A(x,y) to the study of the limit
p@)=1lim D P,.i(z,t) Hp(t,0). (3.1)

n->co te®

Here, and in the sequel, B is the set {0, b}, where b is fixed, and non-zero. If the
limit in (3.1) exists, then as pointed out in connection with equation {2.8), it will be
independent of z, and the existence of 4(b,0) will follow readily from equation (2.3)
or (2.5). In order to prove the existence of the limit in (3.1) we shall make use of
known facts from [10] concerning one dimensional random walk, by studying the
tmbedded random walk on the cyclic group § which is generated by the fixed element b.
Let 0=2y,2,,%, ... denote a fixed set of representatives for the cosets of §.
Then each element of & may be represented uniquely in the form z;+kb, and & it-
self has the form &= U{z+H}. To define the imbedded random walk let the random

variables 0 <7, <T,<... denote the times of successive visits of X, to 9, ie.,
X €9 but X;¢9H when §>1 and §+T, for all i1,
We define U=Xr—Tr_, for 122, U;=Xr,— X,

so that the random variables U; are independent and moreover identically distributed
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(with the exception of U, which has the same distribution as U,, 1> 2, only if X €9).

nn=U,;+...+ U, is then the imbedded random walk. We may identify it with a
random walk on the integers by mapping U, into the integer k=k(U;) when U,=kb.
This enables us to talk about moments of the imbedded random walk, in particular

its variance
o> =c?[k(U,)] < .

Henceforth, to simplify notation we shall not distinguish between U; and k(U;)
and only talk about U,.

The variance ¢® is the basis for the following classification:

1 § is finite,
II § is infinite and o®= oo,
IIT § is infinite and o® < co.

Just as Hpz(xr,y) denotes the hitting probabilities for X, (see equation (2.1) or
D 10.1 in [10]) we use Hz(z,y), z, 9 €9, to denote the hitting probabilities for the
imbedded random walk. We know already (T 30.1 in [10]) that

lim Hy(kb,0) exists in case II, (3.2)
{k|—> o0

and the two limits lim Hp(kb,0) exist in case III, (3.3)
k—>to0

and we proceed to connect these limits to ¢ in equation (3.1). The precise relation
is given in the following theorem.

TrEOREM 3.1. In case ],

im 3 P,.ui(x,t)Hg(t,0)= lim Hg(z,0) % i z(kb, 0), (3.4)
n—soo te@® |z|—>c0 =0
where h is the order of b.
In case 11,
lim > P,i(x, t) Hg(t, 0)— hm Hy(x,0)= lllm Hy(kb, 0). (3.5)
n—>o0 lte@® lef— o0 k| —> o0

In case II1, &/ is finite and for each 1

lim 3 Pu.i(x,8) Hg(t,0)=3% lim {Hp(z+ kb, 0)+ Hy(z,— kb, 0)}
k~>c0

n—>o0 te@®

=1 lim {Hy(kb,0)+ Hyz(— kb, 0)}, (3.6)
k—>o0
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In the first two cases the proof is based on the relation

Hy(x,0) =k?:©P, [ X7, = kb]H 5 (kb, 0) (3.7)

which follows immediately from the interpretation of Hy and Hjp as hitting proba-
bilities. In ecase I, the second equality in (3.4) will follow from (3.7) and

lim P,[Xp=kb]=2, k=0,1,...,h—L (3.8)

2|~ o
In case II, it will suffice for the second equality in (3.5) to show

lim P,[X;,=kb with |E|<I]=0 (3.9)

|z{—>o0

for each fixed I, because of (3.2), (8.7) and
+00
z PI[XT1=kb]=l'
k=—00

In fact, these relations show that
|HB’(x,O)— lim I?B(kb, 0)|<P,[XT,=kb with |k|<l]
lkf—> o0
+ 3 P.[X; =kb]|Hg(kb,0)— lim Hpy(mb,O0)|
%151 Mmoo

=o(1) asfirst |z|—>co and then I->oo.

In case III a new argument is needed to show that &/9 is finite. The second
equality in (3.6) will then be very easy. The first equalities in (3.4) and (3.5) will
follow quite easily from (3.8) and (3.9) but in case III we need again a special argu-
ment for (3.6).

We now prove (3.8), (3.9) and the finiteness of &/ in case III in a number of

lemmas.

LeEmMMA 3.1. For each fixed y€® and k

lim  sup |P,[Xy,=kb]— Py.yy[ Xy, =kb]|=0. (3.10)
isoo ze{zn+H}

Proof.
P [X; =kb] =P, [enter § for the first time at kb]

> P, [visit z +y before visiting §] P,.,[ Xy, = kb]. (3.11)
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However, if —~z€{z,+$}, then
P,[visit x+y before visiting §]=P,[visit y before visiting {2, +H}]
and by the recurrence of the random walk

lim P,[visit y before visiting {z,+9}]=1.
j-—>»00

Since 2 €{ziy + 9}, —~2€{20y+H} and i(x)— oo imply j(x)—> o, we conclude

lim inf inf {P,[X7 =kb]—P,,,[X;,=kb]}>0. (3.12)
)

i—>o0 ze{z+§
Replacing # by z+y and y by —y we also have

lim inf inf {Px+y [XT;I = kb] - P(1+y)_y [X‘g{l1 = ]Cb]}

i—o0 ze{zitH}

= —lim sup sup {P.[Xr, =kb]— P,y [Xr,=kb]}=>0. (3.13)

isw  zelut+H)

(3.12) and (3.13) prove the lemma.

Lemma 3.2. (3.8) holds in case 1.

Proof. Since
Py [Xp, = kb] = P, [ Xy, = (k—m)b] (3.14)

we have
h

:) Porsmp [ Xr, =kb] =h_Z: P,[X;,=(k—m)bj=P,[Xr €H]=1. (3.15)

m

If 2€{2+9} then |z|— oo is equivalent to i(x)—> oo for finite §. Therefore (3.8)
follows from (3.15) and (3.10) in case I.

Lemma 3.3. (3.9) holds in case II.

Proof. Let x =2z, +m(z)b. From every sequence {x} of elements in & for which

|z| > oo we can select a subsequence for which either
(i) |m(z)| > oo, i(x) =4=constant or (ii) ¢{z)—> oo.
For sequences satisfying (i) we have by (3.14)

lim Poyms[Xp,=kb]= lim Po[X;, = (k—m)b]=0,

Im| —o0 Im| = o0
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for each fixed k, and thus (3.9). On the other hand, for a sequence satisfying (ii)
we have by Lemma 3.1 and (3.14)

m+n

1 5up > Poims[Xr, =kb]
m j=m

lim sup sup Poyimo[ Xy, =kb}= hm sup

t—>00

m+n

1
z < -
T n+ 1 lu;].l_, jig e Pul Xz, = (k=m)b] n+1

This holds for each n and therefore (3.9) holds no matter how |z|—> oo,
In order to deal with case III we first show that it can only occur if &/ is
finite.

Lemma 34. 9 infinite and o®< oo implies that &/ is finite.

Proof. We give an indirect proof. We assume therefore that both & and &/9
are infinite and derive from these assumptions that ¢*=co. To avoid some minor

technical difficulties we give the proof only under the additional assumption:

there exist r,, r, such that r, #r, and p, = P(0,r, b)>0 and p,=P(0,7,0)>0. (3.18)
Let then N =number of j<T, for which X;,—X;_;=r,b or r,b.
By the exponential estimates for the tails of a binomial distribution ([10], p. 45) one has

P,[T,=t and |N—(p, +p,)t|>¢t]
< Py[1/t|(number of j <t with X,— X;_1=r,b or r,b)—(p, +p,)|>¢]
<O (3.17)
for suitable C'=C(e) and A=A(¢). Let T and N be fixed, say ¢, n, and assume that
also the indices 1<j, <j,<...<§,<t for which X;—X; , equals r, b or r,b are fixed

as well as the values of X, — X, , for k¢{j,, s ..., jn}- We claim that, conditional
upon T'=t, N=n, X;,—X; y=r,b or r,b only for j€{j,,...,j,} and finally,

X~ Xi1=gx (Fr,b or r,b) for k¢ {jy, ..., dn}s

the random variables X;,— Xj,_;, ¢=1,...,n are independent and each have the same

distribution

Y] v
X, = = =1.9. 1
PlX;,— Xj;_1=mnb] it py =12 (3.18)

Indeed, this follows immediately from the fact that X, — X, X,—X,,... are inde-
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pendent random variables and the fact that changing X,— X, , from ;b to r,b or
vice versa does not change the coset in which X; lies; hence also T, and N are
unaffected by changes from 7, b to r,b or vice versa in the Xj;,—Xj_;:
Therefore for any subset I of §
P, X, €l|T,=t, N=n, X,—X;_1=r,b or r,b only for
F€{jp - iny and Xu—Xpo1=gp, k ¢ {is o> Gu}]
=P,[> (Xp—Xj1) €I~ 3 g |T,=t N=n, X;,—X;_1=rb or r,b

i=1 LTI,
only for j€{jy,...,7n} and Xj—X; 1=gx, k="{jy, .-, fn}]
=PS,€I- 3 g (3.19)
EYT I

where S, stands for the sum of n independent random variables, each with the dis-
tribution (3.18). By theorem 1 of [3] there exists an A such that

P[S,=sb]< An"} (3.20)
for all s and n>1. Consequently for each set I of fewer than } An? points
P,[X;,€I|T,=t, N=n, X,—~X;_;=nb or r,b only for
GE€{Gp oasint and Xpy—Xi1=gr, k¢ {jy, -- s dn}1 <}
so that we finally conclude (e.g. from Tchebychev’s inequality) that

*[ X7, |X,=0, T,=t, N=n, X,— X, y=r,b or r,b only for

P . . . A?
76{713 '-':771} and Xk_-Xk—1=gk’ k¢{71’ “"77!}] >3_2 n. (321)
Thus, for sufficiently small ¢>0,
X7 | X,=0, T,=1]
> > > > P[N=n, X,—X;_1=r,b or r,b only for

[n— (o +p)t|<st 1<ii<ige <In<t 9B KE{irsemniiny
J €l o dnds X Xum1=gu, k¢ {jy -0 Gu} | =0, Ty =1].
o*[Xr,| Xy=0, T,=t, N=n, X,— X, 1=r,b or r,b only for
FE€Lps esinds X~ Xi-1=gr K€y, oes7n}]

2

4
23—28t-P[|N—(P1+p2)t[<et|X0=0, T, =1].
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Finally, by (3.17)
0'2[X7-1|X0=0]> 2 Po[Ty =1 o’ [Xr,| X,=0, T,=t]
t=1

A2
O[T =1 ]N (p1+p2)f]<€t]—et

M8

t=

{P,[T,=1]— C “}A et_ (3.22)

Ms

t=

since :%;tP [T, =] is the mean recurrence time of the induced random walk on
®/9 (which takes the value {z;+$} whenever the original random walk takes a value
in the coset {z,+$}) and any recurrent random walk on an infinite group must be

nullrecurrent (cf. comment to (2.9)).

Remark. By a refinement of the above argument we can show that for any
aperiodic random walk X,=0, X, X,,... on the integral points in the plane one has

E|[|Xy,|]=c where Xy, is the first X,,n>1 for which the second coordinate is zero.

Before we complete the proof of Theorem 3.1 we remark that (3.7), (3.3) and

lim Pz;-].mb [XT1 = ’Cb] = lim PZ{ [XTl = (k - m) b] = 1

for each fixed k, immediately imply

lim Hp(z + kb, 0)= lim Hy(kb,0).. (3.23)
k—>00 k=00
Similarly lim Hg(z + kb, 0)— hm HB(fcb 0) (3.24)
k—>-—-o0

which proves the second equality in (3.6).

Proof of Theorem 3.1. As remarked before, the last equalities in (3.4) and (3.5)
follow from Lemmas 3.2 and 3.3. But the existence of lim .. Hz(f,0) immediately

implies
lim > P, t)Hp(t, 0)— hm Hg(t,0)
n—>o00 te@®

since > Pua(z,ty=1 and lim Ppyy(z,8)=0
te® n-»>o0

for each fixed t (cf. comment to (2.9)). Thus for cases I and II the proof is com-

plete. To prove the first equality in 3.6 in case III, we introduce the random variables

T,y =time of the first visit to § after time =
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and Un)=U,m.

+ R _
Then > Paua(a,t)Hp(t,0)= > Pupia(z,t) > P,[Xr,=kblHp(kb,0)
& te® k= —0o0

te

= S P {Um)=kb] Ha(kb, 0)

k=—o00

and it suffices to prove in case III that

im 3 Pum[U@m)=kb]l=lim 5 P.[Un)=kb]=} (3.25)
n—>w kxky n->00 Kkzke—m
as well as lim > Pum[Um)=kb]=1% (3.26)

n>00 k<ky

for each fixed ¢, m and %,

Since the imbedded random walk U,,U,+ U, U, +U,+ U,, ... on  is recurrent
and o®(U,)=0?(U;)=... < oo one necessarily has EU,=EU,=...=0. In addition the
random variables T, —T,_;, k=2,3, ... are identically distributed and

E[Tk" Tk~l] :EO[TI] < oo

for in case III &/§ is finite and thus
P.[X,€H for some n<ny)=>56>0

uniformly in #€® for suitable n, and 4. By the strong law of large numbers one

has therefore
r(n) 1

n E,[T,]

with probability 1

and Anscombe’s limit theorem [1, Theorem 1] for a random number of summands
applies to U(n)=X,+ 3% U,. Consequently,

lm Py mo [U(n)=kb with ——— % < ,,] =L_f e du,
nee naz[Uz]/Eo T, V275 )

which implies (3.25) and (3.26). The proof of Theorem 3.1 is complete in all cases.
From (2.5) and Theorem 3.1 we immediately derive

THEOREM 3.2. a(b)=lim,_ o @,(b) exisis and is given by

1
b)==—7— 1l 5(%,
)= 150 Illllgle (x, 0)
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m cases 1 and II. In case III

a{b)= lim [Hg(z;+ kb, 0) + Hy(z,— kb, 0)]

1
2HB(by 0) k—o0
for each +.

The asymptotic behavior of a(x)—a(x—b) (|z| > o) is now derived very easily
from (2.3) and Theorems 3.1 and 3.2.

TrHEOREM 3.3. In cases I and 11

| lim [a{z)—a(x—0)]=0 (3.27)
z| > 00
whereas in case 111
. 1

klinolo [a(z;+ kb) —a(z;+ (k— 1) b)] = 0] (3.28)

and lim [a(z + kb) —a(z; + (k—1)b)]= — % . (3.29)
k—>—o00 o [U2]
Moreover, in case III, for every z, y€® the two limits
lim [a(x+y+ kb) —a(x + kb)) (3.30)
k—> 1 o0

exist and are independent of x.

Proof. In the notation of (3.1), we have by taking limits (n— o) in (2.3)
¢ — Hp(x, 0) = [a(z) —a(z— )] [ 1s(5, 0). (3.31)

In cases I and II, ¢ =lim ;.. Hp(x,0) according to (3.4) and (3.5), from which (3.27)
follows since []z(b,0)>0 for an aperiodic random walk. In case III we substitute
z;+kb for x in (3.31) and let k— . From (3.6) and (3.23) one obtains

ﬁb,—()) klinclo [Hpg(—kb,0)— Hp(kb, 0)]=,‘:l_i>n:° [a(z; + kb) —a(z + (k—1)b)], (3.32)
where the existence of the limit in the right-hand side is part of the conclusion. The
left-hand side is independent of ¢ and actually depends on the imbedded random walk
only. Since every argument remains valid in the special case where &= and the
original random walk is the same as the imbedded random walk on §), the left-hand
side of (3.32) must also equal
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lim [G(kb) — a((k — 1) b)], (3.33)

k—>o0

where @ is the potential kernel for the imbedded random walk. But (3.33) is known
(T 29.1 in [10]) to have the value 1/¢*[U,] so that for each fixed ¢

k—o0

lim [a(z; + kb) ~—a(z; + (E—1)b)] = lim [a(kb) —a((k— 1)b)]=—?—£——
k—> 00 22 [Uz]
and (3.29) is proved similarly.
As for (3.30), for the existence of the limits it suffices to prove the existence of

lim [a(z + kb) — a(kb)] (3.34)

k—+too

since # and x-+y are of the form z -+mb and (3.28) and (3.29) have been proved
already. Now hz; =k for some finite » and %, since &/ is finite. If k,=0 then
z; has finite order in & and (3.34) exists by (8.27) with z, taking the place of b. If
k,+0 then each k can be written as rk,+s, 0<s<k,—1 and

a(z; + kb) — a(kb) = a(z; + rhz; + sb) — a(rhz, + sb) = a(z; + rhz,) — a(rhz) +o(1) (|k|— o)

by (3.28) and (3.29). But lim, ;. a2+ rh2;) —a(rhz) exists by (3.27)-(3.29), again
with z; taking the place of b. This proves the existence of (3.34) in all cases and
one could even use the above argument to evaluate the limits (3.30) more explicitly
to show their independence of x. It is easier, however, to recall that

g, (%, v) = E, [number of visits to v before entering 0] =a(u)+a(—v) —a(u—v) (3.35)
(cf. [10] P 11.6 and P 29.4, the proof given there remains valid for arbitrary &) so
that a(x+y+kb) —a(z+ kb)=g,(x+y+ kb,y) —a(—y). Thus also

lim g,(x+y+kb,y)
k>t

exist and we only have to show that these are independent of z. The interpreta-

tion of g,(-,*) as an expectation implies immediately

9o (%1, y) = P, [visit z, before 0] gy{z,, ¥)
so that

Jo(@y +y T kb, y)> Pryyrpo [Visit x,+y+ kb before 0] gy(x,+y+kb,y).

Since the random walk is recurrent

lim P, . ks [Visib 2, +y + kb before 0]=1,

k—>too

which shows that limy., , . g,(2+y+ kb, y) is the same for all z.
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Remark. In a different terminology, (3.27) and the existence and independence
of x of the limits (3.30) can be expressed as follows: The Martin boundary for the
random walk restricted to & — {0} consists of one point only if case I or II applies
for every element b€®, and of two points if case III applies for some b€®. The
regular functions of this random walk will be determined in the next section, following

the proof of Theorem 4.5.

4. Asymptotic behavior of potential kernels

This section is devoted to both recurrent and transient random walk on a count-
ably infinite Abelian group &. As heretofore the underlying measure p is assumed
to be aperiodic. When p is transient, it is obvious that the potential kernel G{(z,y)

satisfies
G(z,y)~ 2 Pz, t)G(t, y)=d(z,y), = y€B. 4.1)
te®
In the recurrent case, however, the proof that the potential kernel 4(x,y) (which exists

according to Theorem 3.2) satisfies

t?@ P(x’ t) A(t7 y)‘A(x’ y)=6(xa y)’ xry€® (42)

is somewhat more delicate; however, the proof of P 13.3 of [10] applies to arbitrary
& with obvious modifications. We now proceed to develop certain results concerning
the kernels G and A4 which depend to some extent on (4.1) and (4.2) and which
exhibit strong similarity—so strong in fact that we suspect this similarity is only
partly explained by the formal similarity between the Poisson type equations (4.1)
and (4.2).

TaEoREM 4.1 (a). Suppose u is transient. There are then two possibilities. Either
g(x)=G(z,0) tends to zero as |x|— oo or it does not. In the latter case there is exactly
one number L>0 for which there exist sequences x, €& such that g(x,)— L and |z,|— co.
Moreover, given any infinite subset S <&, there exists a sequence of points y, €8 such that
lyn]— oo and such that either

lim g(yn)=0 and lim g(_yn)=L
or lim g(y,)=L ard lim g(—y,)=0.

If, in particular 8 is the infinite cyclic subgroup
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H={nz}, n=0, £1,...,2€6,
then we may choose y,=nz, n=1.

TaeorEM 4.1. (b). Suppose that u is recurrent. There are then two possibilities.
Either a(x)=A(, 0) tends to infinity as |x|—> oo or it does not. In the latter case there
is exactly one number L < oo (it is non-negative but may be zero) for which there exist
sequences , €S such that g(x,)—>L and |x,|—co. The rest of the theorem reads just

as part (a), except that the limit 0 is replaced by oo.

The proof of part (a) is an immediate consequence of four familiar properties of
the potential kernel ¢(x)=G(z,0).

0<g(x)<g(0), z€G (4.3)
| llim [9(x)+ g(— )] = L exists (4.4)
Jim [g@+y) - g@) =0, yeb, (4.5)
Jim g@)g(~2)=0. (4.6)

These are all well known when @ =Z,. (4.3) is obvious and the other three are due
to Feller and Orey (see [7]). Their proofs as well as those in [10] extend to general
& without difficulty. In particular the proof of (4.4) rests on-an application of the
Riemann Lebesgue lemma to the representation of g(x)+g(—=x) as an integral over
the character group I'. This causes no concern, and neither does (4.5) which depends
on the lemma of Choquet and Deny mentioned in connection with equation (2.7).

If the constant L in (4.4) is zero then we are in the first case of Theorem 4.1 (a),
and there is nothing to prove. If L>0 it follows from (4.3) that ¢ is bounded, and
from (4.4) and (4.6) that |x,|— oo, g(x,) =M >0 implies M = L and lim,_, ., g(—Z,)=0.
When S is an unspecified infinite subset, choose any sequence , € S such that |2,| > oo.
Bx (4.4) we can select a subsequence y, such that either lim g(y,) >0 or lim g( —y,)>0.
But we showed that such a positive limit must have the value L, and that the limit
of the sequence whose sign is reversed must be zero. Finally, when 8= ={nz} we
invoke (4.5) with y=z which prevents the oscillation which would occur if 0=
lim inf g(nz) <lim sup g(nz) =L (in this case every point in [0, L] would be an ac-
cumulation point of g(nz), which is impossible).

The proof of Theorem 4.1 (b) is based on the inequality
17— 652933 Acta mathematica 114, Imprimé le 15 octobre 1965.
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[a(—y)—a(z—y)lay) <a(z)a(—y), z,y€B, (4.7)

which we proceed to derive. We shall first assume that neither x nor y belong to
the set N=[x|a(x)=0]. (Note that a(0)=0 so that N is nonempty, but that N may
be much larger, as shown in [10], P 30.2.) We denote

@z, 9)=P(z,y), 2,y€G— {0}
@ (x,y)=P(z,y), z,y€EG—-N

i.e. the transition functions restricted to the complement of the origin and of N, and
@5 and @Y will denote the iterates of Q° and @". It follows from (4.2) that
> @y aly)=a(z), z€G—-{0}, n=0.
ye®—- {0}
This implies that, when x€N —{0}, @ (z,y)=0 for all y€® — N. Consequently the
random walk can only leave the set N —{0} by going to 0. But that may be ex-
pressed, in terms of the Green functions

o

oz, y) = Z Qo (x,y), gulx Z (@ Y),

by saying that
9% y)=gn(x.y), z.y€G-N. (4.8)
Also it is known (cf. (3.35)) that
9o(x, y) = a() +a(—y) ~alz~y), z,y€B. (4.9)

Observe now, using (4.2), that the transient Markov chain with state space & — N and
transition function

_Q@¥(x,y) aly) B
PV(a, y)————a(x) , T,YEG—N
has the Green function
G )= 5 PY@n) =20 3 Q)= 5 gu(s ). y€G-N. (410

a(x)

Here P} denotes the iterates (n-step transition functions) of P". From the maximum

principle of potential theory in its probabilistically obvious form

GN(x) ?/) < GN(y, y),

we conclude by combining (4.8), (4.9), and (4.10) that
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o @) +al—y) —a@—yl <a) +a(—y), xyeG-N.
When simplified, this is exactly the ineqﬁality (4.7). When a(y)=0 then (4.7) is
obvious.. When =0 it is also clear. Assume finally that €N —{0} but a(y)=+0.
Then, y€® — N and as remarked in the derivation of (4.8), @%(z,4)=0 for all >0
so that g,(x,»)}=0, and by (4.9)

a(y)
(z

9o(2, y)=a(—y) —alx—y)=0.
That completes the proof of the inequality (4.7).

Proceeding with the proof of Theorem 4.1 (b) we may assume that a(x) does not
tend to infinity as |#|— co. Suppose further that |x,|— oo and a(z,)—L< co. Then
we know that a(—=z,)— oo, since as pointed out in the proof of Theorem 2.1 S(z)=

a(x) +a(—x)—> o as |x|—>oo. Setting y= —z, in (4.7) one readily obtains

Iim sup [a(x,) —a(x+2,)] < 0.
To show that in fact the limit of a(x,) —a(x+=,) exists and is zero, observe, say by
use of (3.31), that a{x,—=) in a bounded sequence when a(z,) in bounded. Therefore

a(x—x,)—oo. For this reason we may set y= —x,+« in (4.7), let n— oo, and con-

clude that
lim sup [a(z, — x) — a(x,)] < 0.
n=—>00

Since —a may be replaced by = we have shown that
Iim [a{x,)—a{z,+x}]=0 {4.11)

whenever |z,|— oo and a(z,)—L < .

In order to establish the uniqueness of L we now suppose that
lxnl‘é e, lynl_> e, “(xn)'_>L< oo, a(yy)—>M < co,
and employ (4.7) together with (4.11) to prove that M=L. By (4.11)

lim [a(—y) —a(@,—y)laly)=lim [a(~y)—a(z.)] a(y) = [a( —y) — L] a(y),

n-—>o
but from (4.7) we have the inequality

[e(—y) — Lla(y)< La(~y) (4.12)
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into which we substitute y= —y,, and let n— co to obtain
(M~L)lim a(—y,)<LM.
n=-»00

Since a(—y,)—> oo it follows that L>M, but as there is nothing to distinguish L and
M we have proved that L=M.

To establish the asymptotic behavior of the potential kernel on an infinite subset
Sc@® we first take for z, any sequence in & such that |x,|—> o0 and a(z,)— L,
Then, from (4.12)

a(y)a(—y) < Lla(y) + a(— y)] < 2 L max {a(y), a(—y)}.

Thus for each y€®
either a(y)<2L or a{(—y)<2L. (4.13)

Now the rest of the proof of Theorem 4.1 (b) is ovious. Either a(y)— o as |y|—> o
in 8, in which case any subsequence y, of S with |y,|— oo has the property that
a(y,)— oo, and then (4.13) and the first part of the theorem guarantees that a(—y,)— L.
Or else S contains a subsequence x, such that |x,|— co and lim sup a(x,) < co. Then
by the first part of the theorem x, has a subsequence y, such that a(y,)—L, and
since a(x)+a(~=x) tends to infinity with |z| we have a(—y,)—co. It only remains
to consider the special case when S=5:)={nz}. The sequence z,=mnz, n=>1 is then
seen to have the desired behavior by using (4.11) in just the same way that (4.5)
was used in the proof of Theorem 4.1 (a). The proof of Theorem 4.1 is now complete.

THEOREM 4.2. Suppose that the group & has an infinite cyclic subgroup £ such
that /% is infinite, or that & has only elements of finite order. Then every transient
random walk on & has the property that g(x)= G(z,0)—0 as |z|— oo, and for every

recurrent random walk a(x)= A(x,0)— oo, as |z|—>oo.

Proof. The proof is simplest in the first case. Then for some y €®, of infinite
order, and H={ny}, n=0, £1,..., /9 is infinite. We argue by contradiction and
suppose in the transient case that g(x)—L >0 along some sequence tending to infin-
ity, and in the recurrent case that a(x)—>L<co. In the transient case it follows
from Theorem 4.1(a) that there exists a subsequence z, of the representatives z; of
the cosets of §, such that either g(z;,)—>L and g(—2z,)—0 or such that the limits
are reversed. We assume without loss of generality that the former alternative holds.
Further, by the last part of Theorem 4.1(a) either g(ky)—0 and g(—ky)—L or the
limits are reversed. Again without loss of generality (as is clear from the rest of the
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proof) assume the former contingency. It follows from equation (4.5) that g(z, + ky)
for fixed k& tends to L>0 as n—co and for fixed n to 0 as k— co. For all suffi-
ciently large values of »>1 we may therefore pick the largest k=k, such that
gzn+k,y)>3L. Then g(z,+k,y+y)<}L, and it follows from Theorem 4.1 that

lim g(z, +k,y)=L>0, lim g(z,+k,y+y)=0.

This is in contradiction to equation (4.5). In the recurrent case we arrive at a con-
tradiction in exactly the same fashion, using (4.11) in place of (4.5).

The second half of the proof, concerning groups & which have only elements of
finite order, is more complicated. We shall give the details in the recurrent case.
Assuming again that a(x) does not tend to infinity as |x|—> co we may select a se-
quence 2z, of distinct elements, whose orders are %,>1, such that a(z,)—>L< oo as

n~>oco., Then, observing that (h,—1)z,= —z2,, we see from Theorem 4.1 (b) that
a[(hy — 1) 2,]— 0.

(This shows, by the way that %,>2.) At this point we may select, at least for large
enough 7, an integer k, with the property of being the largest positive integer less
than h,—1, such that a(k,z,)<4L-+4. From equation (4.9) we have

9ol y)=a(@) +a(—y) —alxr—y) >0
which we shall use in the form
a[(key + 1) 2] — allen 2 (20)) <@ <2L+2 (4.14)

when n is sufficiently large. It follows from the definition of k, and (4.14) that

2L+2<alk,z,)<4L+4<a[(k,+1)z,]<6L+6.

If we knew that the sequence k,z, contains infinitely many distinet elements of &
then we would have a contradiction (on a subsequence of this sequence a(x) would
then converge to a number between 2L-+2 and 4L+4 which contradicts Theorem
4.1 (b)). Indeed there is no way of knowing whether {k,z,} is of infinite cardinality,
but if not, then {(k,+1)z,} is of infinite cardinality, since {z,} contains infinitely many
distinet elements. In that case the desired contradiction comes from the third and
fourth inequalities.

The proof in the transient case is very similar. We have g(2,)—> L, g[(h,~ 1) z,] =0,
and define k, as the largest integer less than h,—1 such that g(k,z,)>L*/(4¢(0)).



260 H. KESTEN AND F. SPITZER

(This is possible since L<g(0).) The analogue of (4.14) comes from the elementary

inequality
gz —y)9(y) < g(0) g(z), (4.15)

gltk,+1)z] _glza) L
gllen 2n) = g(0) > 249(0)° (4.16)

which gives

It follows that
2 3

L L
Z g(kn z'n) = Zm = g[(kn + 1) zn] = W >0.

W[~

Again Theorem 4.1 leads to the desired contradiction.

Up till now, in Theorems 4.1 and 4.2 we were concerned with general assertions
concerning the asymptotic behavior of the potential kernels—assertions which depended
on the group structure, but not on the given probability measure u. The next theo-
rem gives a criterion which does depend on x (but in a rather complicated way) for
whether g(x) 0 as |x| = oo or not. This criterion will then be simplified in Theorem 4.4.

THEOREM 4.3. Consider transient random walk on a group & with an infinite
cyclic subgroup ={ny} such that &/ is finite. Then the statement (a): g(x) does not
tend to zero as |x|— oo is equivalent to (b): the imbedded random walk Xr,, k> 1, starting
at X,=0 (defined at the beginning of section 3) has finite non-zero mean (in the sense
that 3% o P[Xr,=kylk is absolutely convergent and mon-zero).

Proof. Suppose first that (b) holds. Let G(z,y) denote the Green function of the

imbedded random walk, which is a one-dimensional random walk on
H={ny}, n=0,%1,....

By the renewal theorem for one-dimensional random walk ([10], T 24.2) G(0, ny) tends
to a positive limit (the reciprocal of the absolute value of the mean of the random
walk X;) either as n—> + oo or as m— —oo. On the other hand G(0,x) =G(0, %)
when €, which proves that (a) holds.

To go the other way suppose that (b) is false. Let G(z,0)=g(z), Xz, 0)=g(x), as
usual. The renewal theorem now gives g(ny)=g(ny) =0 as n—> 1 co. Therefore the

last statement of Theorem 4.1 (a) implies that
gx)—0, as |z|>oo in G. (4.17)

Thus (a) is false, and Theorem 4.3 is proved.
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Our final results depend on a special case of a theorem of Kaplansky concerning
homomorphisms of Abelian groups (see [9], p. 44).

Lemma 41. Let & be infinite Abelian, and §={ny} an infinite cyclic subgroup.
Suppose that &/ is finite. The isomorphism ny—>n of § onlo the integers can then
be extended, in one and only one way, to a homomorphism w:®& —R, the additive group
of rationals.

Observe that y is quite explicitly known. When x€$ w(x)=n, where x=ny;
when x¢§ observe that nz € for some integer n (since &/ is finite); then nx=my

and yp(nx) =nyp(x) =m.

THEOREM 4.4. For a lransient random walk the statements (a) and (b) n
Theorem 4.3 are equivalent to

(c) NZ@ P(0,2) |p(x)| < oo and ”Z@ P(0, z) p(x)=*=0

Proof. We shall prove the equivalence of (b) and (¢). We let Z,=(X,), where
X, is the given transient random walk on &, and observe that Z, is a random walk
on the subgroup w(®) of ®. The sums in (c) above are simply the moments E,[|Z,[]
and E,[Z,].

Suppose now that (b) holds. If &= U?_o{+2}, 7,=0, then
Ei|Zl= 5 3 PO, ky+)lb+ ),
and therefore E,|Z,| will be finite if we show that
k=§wP(O,ky+zi)[ki<oo, for i=0,1,...,p. (4.18)
The imbedded random walk Xp,=U,+...+U,, n>0, with X,=0 satisfies
3 PUXy =Rkl =Bolp(@y|> 3 PO, ky) K,

so that (4.18) holds for z;=z,=0. For every other z; we can find integers n>1, and
— oo <m< oo such that

Py X,=my—z; X, ¢9 for 1<k<n]=0,>0.

o0 + 00
Then Ey|lpU)| 2z 2 P(my—zi,,ky)|k|=oc,k S P, ky+z) |k+m|, (4.19)
k=—c0 =—00
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and (4.19) implies that the sums in (4.18) are finite. Thus (b) implies that E,[|Z,|] < co.

To show that E,[Z,]+0 we use the strong law of large numbers. It asserts that

lim 27— E,[Z,]. (4.20)

n—>o

Since (Xr,) is a (random) subsequence of Z,, we have also

. "P(XT,)
lim

k—o0 Tk

=E,[Z,], (4.21)

the random varjables T,, n>1, being the times of successive visits of X, to §. But
by assumption (b) we may apply the strong law of large numbers directly to the
imbedded random walk to obtain

k
X Z w(Us,) ‘
lim pWn)_ lim 2= = E,[yp(U,)]+0. (4.22)
k—o0 k k—> o0 k
- . Tn
Finally lim - E,[T,]< o0 (4.23)

and this is the mean recurrence time of the induced random walk on the finite group
®/$. Combining (4.20)-(4.23) it is clear that E,(Z,)+0 which completes the proof of
statement (c).

To prove the converse we assume {c). Then (4.20) and hence {4.21) hold with
E,[Z,]1+0, (4.23) is also valid, and hence the limit

X X
lim PER)_ o PR

k—>o0 k k—>00 Tk n-—>00

L.
n

exists and is non-zero. It therefore follows from the converse of the strong law of
large numbers that w(Xr,)=w(U,) has a finite non-zero mean, which completes the
proof of Theorem 4.4.

. Remark. Statement (c) in Theorem 4.4 seems to depend on the generator y of
the cyclic group ), since the construction of the homomorphism p=1v, of & into R
depended on y. In fact (¢) is independent of y, in the sense that it holds, or fails,
simultaneously for all elements y of infinite order. This is easily verified, as ele-

mentary group theoretical arguments show:
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(i) if y and y' are elements of infinite order, generating the subgroups § and §’,
and if /9 is finite, then so is &/§’.

(i) under the assumptions in (i) the homomorphisms ¢ and 3’ of § and §’ into

N of Lemma 4.1 satisfy o’ (z)=cy(x), x€®, for some non-zero constant c.

There is at present no analogue for recurrent random walk of Theorems 4.3 and
4.4, The reason is that even when & =Z, (the integers) we have no satisfactory ne-
cessary and sufficient condition on the measure x under which a(z)=A(z,0) fails to
tend to infinity as |x|—oco. Examples of this phenomenon are furnished, however,

by all recurrent random walks on Z, such that
> nPu(n)=oco and > u(n)=0 for some M >0.
-0 n=M

If such a condition were known on Z;, then presumably the method of proof of
Theorem 4.4 would lead to its generalization for arbitrary &. Instead we apply this

method to a different problem concerning recurrent random walk.

TuEOREM 4.5. For a recurrent random walk the following three conditions are
equivalent.

(a) The random walk is of sype III with respect to some group element y of in-
finite order, i.e. the factor group /9, where §={ny}, is of finite order, and the im-
bedded random walk on § has finite variance.

(b) There exisis some z€Q such that a(x+z)—a(x) does not tend to 0 as |x|— oo.

(¢) For some y of infinite order, and §={ny}, the factor group &/ is finite, and
the homomorphism in y=1y, of Lemma 4.1 satisfies
S PO,2)p)=0, 3 P(0,x)y* ()< co.
ze® re®
We sketch the proof, which involves no new ideas. By remarks (i) and (ii) fol-
lowing the proof of Theorem 4.4 statement (c) will hold simultaneously for all y of
infinite order, if it holds for one of them. Therefore (a) will be equivalent to (e} if
we prove the equivalence for a fixed element y of infinite order. Then we shall know
that a recurrent random walk is of type III either with respect to all elements of
infinite order, or with respect to none, and consequently Theorem 3.3 shows that (a)
is equivalent to (Db).

Suppose therefore that (a) holds for some infinite cyclic group £ ={ny}. Then it
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may be shown (by exactly the same method as in equation (4.19) of the proof of

Theorem 4.4) that
B, [v(X,)*] =IZ® PO, z)yp?(x) < o0.

It is also clear that the random walk y[X,] is a recurrent random walk on the group
»(®). This group is isomorphic to the integers Z since y(®)/Z is finite. Therefore
the random walk 9[X,] has mean 0, and that completes the proof of (c).

To go the other way observe that the imbedded random walk is recurrent, so
that it will suffice to show that the imbedded random walk Xr, has finite variance
when (c¢) holds. Let X,=0, X, =U,, and X,=Y,+ Y,+...+ Y,, where the random
variables Y, are independent with probability measure p(r)=P[Y,=x]. Then

Ey[p(U)") = By{lp( 2 Y = Bo{l, 3, w(¥ol%} = BT, Biyp(Y,)%)

by a form of Wald’s identity (cf. [5], p. 351). Now E,[T,]< oo because &/9 is finite
and the second moment of y(Y,) is finite by condition (¢), and that completes the

proof.

Remark. As remarked at the end of Section 3, the boundary theory for recurrent
random walk on & is radically different for type III random walk. On the basis of
Theorems 3.3 and 4.5 the usual Martin boundary construction (see [10], § 31) gives

the following classification for the mnon-.negative solutions f of

2, Py fo)=f), 2€8—{0}.
They are

(i) positive multiples of a(x) when & has only elements of finite order, or when
& has an element of infinite order which gives rise to an infinite quotient group, or
when & has an element y of infinite order such that £ ={ny} has a finite quotient

group but its homomorphism ¢, into the rationals satisfies
Z@ [py(x)]* P(0, 2) = co;
Te

(ii) positive multiples of a(x)+cy(z), for a suitable non empty interval of values
of ¢. This occurs in all remaining cases, i.e. exactly when the equivalent conditions
(a), (b), (¢c) in Theorem 4.5 are satisfied. The homomorphism yp may be constructed

from any element of infinite order.
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