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The Calderéon problem for Hilbert couples

Yacin Ameur

Abstract. We prove that intermediate Banach spaces A and B with respect to arbitrary
Hilbert couples H and K are exact interpolation if and only if they are exact K-monotonic, i.e. the
condition f0¢ A and the inequality K (¢, 9%; K)<K(t, fO;H), t>0, imply ¢° €8 and ||g°||lz <! O] 4
(K is Peetre’s K-functional). It is well known that this property is implied by the following: for
each p>1 there exists an operator T:H—K such that T'f0=g° and K(t,Tf;K)<oK{(t, f;H),
f€Ho+H1, t>0. Verifying the latter property, it suffices to consider the “diagonal case” where
H=K is finite-dimensional, in which case we construct the relevant operators by a method which
allows us to explicitly calculate them. In the strongest form of the theorem, it is shown that the
statement remains valid when substituting p=1. The result leads to a short proof of Donoghue’s
theorem on interpolation functions, as well as Lowner’s theorem on monotone matrix functions.

1. Preliminaries

Before we formulate our basic problem let us fix some notation and review some
notions from the theory of interpolation spaces (cf. [3], [4] or [5] for comprehensive
accounts of that theory). We shall denote by the letters A, B, etc., Banach spaces
over the real or complex field, whereas H, K, etc., denote Hilbert spaces.

Following G. Sparr [27] we denote by L£(A;B) the Banach space of bounded
linear maps T: A— B provided with the operator norm

1T 15
T camy = sup .
B vy 1A

Similarly for Banach couples A=(Ag, A1) and B=(By,B;) we define L(A;B) as
the set of linear operators T": Ag+.4A; — Bg+ By such that the restriction of 7' to A;
belongs to £L(A;; B;), i=0, 1. It is well known that £(A; B) is a Banach space under
the norm

1T 24,8y = max{[| Tl £(a0;80)s 1Tl 2cari,) }
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For a given c, let £.(A; B) and £.(A; B) denote the families of balls of radius c,

TeL(A;B) ifandonlyif TeL(A;B)and ||T|za8) <
T e LA B) ifand onlyif TeL(A;B)and Tl a5 <c

In this notation, intermediate spaces A and B are interpolation with respect
to A and B if and only if there exists ¢ with the property that

(c-Int) L1(A;B) C L.(A;B),
(where necessarily ¢>1). In the special case when c=1,
(ExInt) L1(A;B)C L1(A;B),

we speak about exact interpolation. Of particular interest is the diagonal case, A=8
and A=B, in which we simply say that A is ezact interpolation with respect to A.

In the present study the problem of characterizing all exact interpolation spaces
with respect to arbitrary (possibly different) Hilbert couples is considered. Our
results sharpens the theorems of Sedaev ([24], Theorem 4) and Sparr ([27], Theo-
rem 5.1) and implies the theorems of Donoghue [9] and Léwner [17].

2. Main results

It is well known that many exact interpolation spaces can be described by
Peetre’s K-functional,

K(t, f)=K(t, f; Xo, X1) = lnf (HfoHothHﬁH ), fe€Xo+Xy, t>0,

or more precisely by the quasi-order (relative to A and B) defined by
g<fIK] ifand only if K(t,g;B)<K(t, f;A), t>0.

We have the following basic lemma.

Lemma 2.1. The inclusion (ExInt) is implied by the following property (“ex-
act K-monotonicity”)

feAadg<fK] implies ge€B and |glls <|fll4-

For a proof see [27], Theorem 1.1, p. 232.
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In general the property (ExInt) is not the same as exact K-monotonicity, cf. 4],
Exercise 5.7.14, where a three-dimensional counterexample is given (see Section 9
for further remarks). However with respect to regular Hilbert couples the following
weak form of equivalence between the two notions is known: (Recall that (Xg, X1)
is regular if XoNX; is dense in X, and in X;.) Let A and B be exact interpolation
relative to the regular Hilbert couples H and K. Then they are “v/2-monotonic” in
the following sense:

(2.1) feAand g< f[K] implies geB and lg|s<V2|flla.

This fact is due to Sedaev [24] in the diagonal case, and to Sparr [27] in the general
case. We have the following sharpening.

Theorem 2.1. With respect to regular Hilbert couples, (ExInt) is equivalent
to exact K-monotonicity.

Couples having the property that (ExInt) coincides with exact K-monotonicity
are (in this paper) called Calderén couples—after A. P. Calderén [6] who in 1966
found the non-trivial case A= (L (1), Loo (1)) and B=(L;(v), Loo(v)),  and v being
arbitrary o-finite measures.(!) In this terminology, Theorem 2.1 states that regular
Hilbert couples constitute a case of Calderén couples.

We have also the following, slightly stronger theorem.

Theorem 2.2. Let H and K be reqular Hilbert couples, and fOcHo+H, and
" €Ko+K1 be such that g°<fO[K]. Then there exists an operator T€L1(H;K)
such that Tf0=g".

We note that our proof of the above results are fairly straightforward conse-
quences of the following “key lemma”.

Lemma 2.2. Let H and K be reqular Hilbert couples with elements fO€Ho+
H1 and g°€Ko+Ky fulfilling K(t,¢%K)<o ' K(t, fO;H), t>0, for some number
0>1. Then there exists an operator T€Ly(H; ) such that T f0=g°.

It is not hard to show that Theorem 2.1 is equivalent to the above lemma, and
that Theorem 2.2 follows as a limiting case. The main part of this study is devoted
to the proof of Lemma 2.2.

Our next theorem concerns the mapping properties of the operators T' exhibited
in Theorem 2.2. Evidently, for given f° ¢°, H and K such that ¢° < f°[K], the set

(1) An equivalent characterization of the exact interpolation spaces with respect to (L1, Loo)
was independently discovered by B. S. Mityagin [18] in 1965, whence some authors prefer to speak
about Calderén—Mityagin couples. Also the terms K-adequate couple, K-monotone couple and
C'-couple exist in the literature.
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of such T7s form a closed convex subset C;={T'€L1(H;K):Tf°=g°} depending on
those objects. In order to get into context, let us remark that the operators used
by Sedaev and Sparr, leading to the constant v/2 in (2.1) are non-negative in the
following sense. Assume, with a rather trivial restriction, that H and K be weighted
Lsy-couples associated with some measure spaces Q7 and Qg, and that f° and g% are
non-negative functions on those spaces, such that g° < f°[K]. By the Sedaev—Sparr
construction, there then exists an operator T€L 5 (H,K) such that T FO=4g" and

(2.2) f>0ae on 2y implies TFf>0ae on Q.

In view of this remark, our next theorem may come as a surprise.

Theorem 2.3. There exists reqular Hilbert couples H and K, and elements f°
and ¢° with g° < f°[K], such that the set C; contains no element T satisfying (2.2).

It is fitting to compare our results with the work of W. F. Donoghue [9] by
which a complete description of the exact interpolation Hilbert spaces with respect
to Hilbert couples is known. Indeed, Donoghue’s theorem is advantageous over our
Theorem 2.1 in the respect that it yields an explicit representation formula for all
possible norms in such spaces. In a later section, we shall show that Donoghue’s
theorem can be incorporated as a part of our theory. Our version of the theorem is
as follows.

Theorem 2.4. (Equivalent to Donoghue [9].) Let H. be an intermediate
Hilbert space with respect to a reqular Hilbert couple H. Then H. is exact inter-
polation if and only if there exists a positive Radon measure ¢ on the compactified
half-line {0, 00] such that

1/2
i1 = ([ (v )mat o) - ren.

where, by definition (c¢f. [24]),

Kot f)=Ka(t. £ H) = inf (Ifallg+e1ATIDY2.

Remark 2.1. In Theorem 2.4, the function k:t—(1+¢t 1)Ka(t, f)? is defined
by continuity at t=0 and t=o0c, i.e. k(0)=|f||? and k(co)=|{f||5, where we have
used the convention: || f|j;=oc0 if f&H;, i=0,1.

We shall not prove Theorem 2.4 in its full generality here, but settle by proving
it in the finite-dimensional case (the interesting case). We shall see in a later section
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that the theorem leads to a short proof of Léwner’s theorem on monotone matrix
functions, and that Theorem 2.4 is a ‘local’ version of that theorem. Concerning the
infinite-dimensional case of Theorem 2.4, we prefer to get back to it in a later paper,
but the interested reader may confer the author’s Ph.D. thesis ([1], Chapter V),
where details are given, and where it is also explained how the theorem relates to
Donoghue’s original version of the theorem.

Remark 2.2. Throughout this paper, we have been careful to avoid non-regular
couples, although this restriction is strictly speaking not necessary. With minor
modifications, our theorems and proofs extend to the non-regular case and to inter-
polation of quadratic semi-norms, cf. the remarks of Sparr [27], top of p. 235, and
Donoghue [9], p. 264.

3. The functional K,
With respect to (Xg, X1) we have the Ka-functional

Ka(t, f)=Ko(t, f; Xo, X1)= inf (||fol2+tllf1]3)"2
f=fo+f1

Correspondingly, relative to 4 and B the quasi-order
g<flK>] if and only if Ks(t,g;B) < Kx(t, f; A), t>0,

is defined. The following theorem is crucial for what follows.

Lemma 3.1. With respect to arbitrary Banach couples A and B, we have

g<fIK] if and only if g< f[Ks].

Proof. This lemma is formulated in Sparr [27], Lemma 3.2, p. 236 for weighted
L,-couples. However, a short consideration of the proof shows that it holds equally
well with arbitrary Banach couples. O

It is immediate from the definitions that K (¢, -) and K3(¢,-) enjoy the property
of being ezxact interpolation functors for all t, viz.

(3.1) Tf<|TlleeamfIK] and  Tf<|T)camf[Ke],

for any A, B, Tand f. An advantage of using Ky and not K is that the former can
be conveniently calculated in the regular Hilbert case in a way which we describe
below.
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Given a regular Hilbert couple (Ho, ;) the squared norm || |7 is an (in general
unbounded, but densely defined) quadratic form on Ho, which we represent in the
form

1£I2 = (AF, o,
where A is a positive, injective, densely defined linear operator in Hy henceforth
referred to as the associated operator of H. (Note that the domain of the positive
square-root A1/2 is HoN#H;. As general sources to the spectral theory of self-adjoint
operators we refer to [22] and [23].)
Let us now fix feHoNH1 and consider the optimal decomposition(?)

F=fo®)+A®) and Kt £)?=lfo@®IF+tI O]
Plainly f;(t)€HoNH 1 =domain(A/2), i=0, 1, and moreover for all f in this domain
%[(fO(t>+€fa fo®)+efo+t(A(fr(t)—cf), Ailt)—<fl| =0,

e=0
so that . )
QRe(fO(t)_tAfl(t)}f)():O) fE/HOm?{l-
By regularity, fo(t)=tAf1(t) and f=fot)+f1(t)=(14+tA) f1(t), which yields

folt)= T () and ()= o (D)
and
(tA) A
gy FOOP MO0 - (e )+ (1),
— (h(A)], flo,  where he(X) = %

An important consequence of (3.2) is that Ky (¢, f) is a Hilbert space norm on Ho+
H, for every fixed ¢>0. We shall denote by Ho-+tH; the space normed by Ks(t, f);
in particular Ho+H; is considered as normed by Ko(1, f).

The following characterization of the unit ball £1(H; K) with respect to regular
Hilbert couples # and K is immediate from (3.1),

TeL,(H;K) ifandonlyif Tf<flKs), f€HotHa,
which is to say that
(3.3) L1(H; Ky = (") La(Ho+tHy; Ko+tKy).
>0
It is shown below that (3.3) implies a weak*-type compactness property of the set
L1(H). (In the diagonal case we prefer to write £(H) instead of £L(H;H), etc.)
(?) 1t is a simple exercise to verify that an optimal decomposition exists and is unique.

Assume that t=1 and use the convexity and closedness of the subset {(fo, fi)€Ho X H1: fo+ fr=f}
of the cartesian product space Ho X1 to obtain an element of minimal norm.
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Lemma 3.2. The subset L1(H)CL1(Ho+H1) is compact relative to the weak
operator topology(®) on L1(Ho+H1).

Proof. We use the well-known fact that the weak operator topology coincides
on the set £1(Ho+H1) with the weak* topology, which is compact by Alaoglu’s
theorem; cf. [19], Section 4.2. Given ¢>0 it is easy to see that the subset
Li(Ho+tH)NL1(Ho+H1) CL1(Ho+H) is weak operator closed, and hence com-
pact relative to that topology. Thus so is £1(H), being an intersection of compact
sets (3.3). O

4. Further preparations

In this section we simplify and reduce our problems; it is shown below that
they reduce to the diagonal case (i.e. H=K) of Lemma 2.2.

Lemma 4.1. (1) Lemma 2.2 is a consequence of its diagonal case.
(2) Theorem 2.2 is a consequence of its diagonal case.

(3) Theorem 2.2 is a consequence of Lemma 2.2.

(4) Theorem 2.1 is a consequence of Lemma 2.2.

Proof. (1) Given H and K, we form the direct sum S=(Ho®Ko, H1BK1). The
splitting So+S1=(Ho+H1)®(Ko+K1) easily yields the following expression for the
Ks-functional with respect to a generic element f&geSy+Sy,

Ko(t, f®g;8)% = Ka(t, f; H) + Ka(t, ¢ K)°.
By Lemma 3.1, the assumptions of Lemma 2.2 translate to

— 1 —
K>(t,00¢%8) < EKQ(t, f@0;S), t>0.

Applying the diagonal case of Lemma 2.2, it yields an operator S€L(S) such that
S(f°@0)=04g° and 151l z(s)<1. Let P denote the orthogonal projection

P:Sp+8 — Kg+XK.
Evidently || P||z(s,x)=1- Hence putting

T:Ho+H, — Kg+Ky
f— PS(fo0)

(®) A net T; converges to T in the weak operator topology on £(#) if and only if (T3 £, g)n
converges to (T'f, g)y for all f,geH.
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yields 7f0=g° and || T ¢ 7.2y <1, as desired.
(2) This is very similar to (1), the simple modifications are left to the reader.
(3) By (1) and (2) it suffices to consider the diagonal case H=K. Let p>1 be
given together with any elements ¢°, f°€Ho+H; such that ¢° < f°[K]. The hypoth-
esis that Lemma 2.2 holds true in the diagonal case then yields the existence for
each n€N of an operator T, € £1(H) such that T}, f=ng°/(n+1). By compactness

(Lemma 3.2) the T},’s cluster at a point T€Ly(H), and it remains to check that
Tf%=g°. To this end, it suffices to note that

(T Do, = dim (T, IO W e = (0 Mo sry,  hE€Ho+Hy.

(4) Recall (Lemma 2.1) that exact K-monotonicity implies (ExInt). Under
the hypothesis that Lemma 2.2 holds true, we shall prove the reverse implication.
Given exact interpolation spaces A and B with respect to H and K together with
elements g and fY such that

P <fUIK] and fU€A,

there then exists for each p>1 an operator T€L,(H;K) such that Tf°=g 14°.
Hence Te€L1(A; B) by (ExInt) whence

l9° s =leTf 5 < ell .4

Since o>1 is arbitrary, it yields that A and B are exact K-monotonic. [

5. Solution of the problem

This section is devoted to the diagonal case of Lemma 2.2. Our proof is divided
into two parts: (i) reduction to a finite-dimensional case and (ii) explicit solution
of the problem in that case.

5.1. Reduction to the finite-dimensional case

To fix the problem, let H be given together with a number p>1 and vectors
g°, fP€Ho+Hy such that

— 1 .
(5.1) Ka(t, g% H)? < EKQ(tT O H)?, t>0.

We want to prove that there exists 7" with the following properties

(5.2) TelLy(H) and Tf°=4°.
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Let A be the operator associated with H, E be the spectral measure of A, and let
a sequence of orthogonal projections in ‘Hg be defined by

Pr=Esa)i/nm, NEN.

Lemma 5.1. To verify (5.2) we can besides (5.1) without loss of generality
assume that f and g' belong to the set P,,(Ho) for some n€N.

Proof. Plainly, || Pz =1 for all n€N. Moreover, as n— oo the projections
P,, converge in the strong operator topology on £(Ho+H1) to the identity. Accord-
ingly,
1
KQ(t>Pngo)2§K2(tagO)2<EKQ(t7 f0)27 t>0

Moreover, by the estimate Ka(t, Pngo)QSCn min{l, ¢} and because the sequence of
functions Ko(t, P fY)? increase monotonically, converging uniformly on compact
subsets of R, to Ka(t, f%)2, it follows that, for each number gy such that 1< <p,
we can choose m=m(gg,n)>n such that

1
(5.3) Ko(t, Pog®)? < Q-KQ(t, P f9?, t>0.
0

Thus under the hypothesis that the implication (5.3) = (5.2) holds true with respect
to the vectors P, f°, Pnog® € P (Ho), it vields an element T, €L, (H) such that
Tm,,,P,,Lfoango. By Lemma 3.2 the T,,,’s cluster at a point Teﬁl(ﬁ), and one
checks without difficulty that T f°=g¢°, whence (5.2) holds. [

Define a subcouple K CH by letting Ko=/C, =P, (Hy)=PF.(H1), where the norm
in X, is defined as the restriction of the norm of H;, i=0,1. By Lemma 5.1 we can
assume that 0, g% €KqNK;. Since

KQ(tafalz):KQ(tafaﬁ) fE’C0+lC1,

we can (replacing H by K if necessary) assume that the norms of Ho and H; are
equivalent. Our next task is to approximate the problem by a finite-dimensional
one.

Lemma 5.2. Given f° ¢°€P,(Ho) and a number >0, there exists a finite-
dimensional Hilbert subcouple VCH such that f°,¢°€Vo+ V1 and

(5.4) (1—e)Ka(t, [ H)?* < Ka(t, £;V)? < (14+e)Ka(t, £;H)?, t>0, f€Vo+)1.
Moreover, V can be chosen so that the associated operator Ay is multiplicity free.

Proof. By the foregoing remarks, we can assume that the norms of Hg
and H; be equivalent. Then the associated operator A is bounded and bounded
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below. Take £>0 and let {\;}; be a finite subset of o(A) such that o(A)C
Ui (Mi—38 Xi+3¢). Let {E;}7_; be a covering of o(A) consisting of disjoint in-
tervals of length at most € such that A; € E;. Define a Borel function w: o(A)—o(A)
by w(A)=X; on E;No(A); then [[w(A)—A| zi2,) <& The Lipschitz constants of the
restrictions of the functions Ay (cf. (3.2)) to 0(A) are bounded above by Cy min{1, ¢},
where Cj is independent of ¢, whence

[he(w(A)) —he(A)] 3oy < Cof min{l, £},
Thus by Schwarz’ inequality and the assumption on H,
(e (w(A)) =Re(A)) f, fol < Cog min{1, £} £II3

< Cremin{l, t} max{||fI[5, | /I3}, f€Ho+H.

Now let ¢>0 be such that A>c. Using that h¢(c)>2 min{1,ct}, we get

(he(A)f, o = ha ()N F11§ = Comin{1, t} max{||£|[5, | 11T}, € Ho+Ha.
This and (5.5) yields
(5.6) [(he(w(AN S, Ho—(he(A)f, ol < Cse(hi(A)f, flo, feHotHs.

Choose unit vectors e; and f; supported by the spectral sets E; such that f° and
g" belong to the space W spanned by {e;, f;}7.,. Put Wo=W; =W (as sets) and
define the norms by

£, = 17113, and [f15y, = (w(A)f, flrg,  FEW.

The operator associated with W is then the compression Ay of w(A) to W, L.e.

(5.5)

(5.7) 11, = (A fs Fwy = (WA, Plag,  FEW.
Let e=2C3¢ and observe that (5.6) and (5.7) yield
(5.8) [Eo(t, [y W) =Ko (b, [y H)?| < geKalt, fiH)?, fEW.

In general the eigenvalues of the operator Aj; have multiplicity 2. To remedy
this, perturb Ay slightly to a positive matrix Ay, all of whose eigenvalues have
multiplicity 1, such that || Ay — Ayl z(3,) <£/2C5. Let V be the couple associated
with Ay, i.e.

115 = 11y, and [[£I1%, = (Apf, ve,  FEW.
By a calculation analogous to the one leading to (5.8), one gets without difficulty
Kot [y W) =Kot [y V)P < ge kot £ H)?, Few.
Together with (5.8), this yields (5.4). O

The following lemma finishes the reduction to the finite-dimensional case.



The Calderén problem for Hilbert couples 213

Lemma 5.3. Verifying (5.2) one can besides (5.1) without loss of generality
assume that H is finite-dimensional and that the associated operator is multiplicity
free.

Proof. Let H, o0, ¢° and O fulfill our basic assumption (5.1). By Lemma 5.1
we can assume that ¢°, fO€ P, (Ho) for large enough n. In this case, for a given £>0
(to be fixed later) Lemma 5.2 provides us with a couple V of the desired form such
that

< =Ka(t, O V) +e(Kalt, fO H) +Ka(t, g% H)?).

Choosing >0 sufficiently small in this inequality we can arrange that
— 1 —
(5.9) Ka(t, g% V)2 < —Ka(t, f% V), t>0,
Qo0

where g is any number in the interval 1<gg<g. By using (5.9) instead of our
basic assumption (5.1) and the hypothesis that the conclusion (5.2) holds true with
respect to the couple V, we infer that for each g in the interval 1<p; <pp there
exists an operator T €Ly/,, (V) such that Tf'=g". Denote the canonical inclusion
and projections by

I:Vo+ V1 — Ho+H1 and P:Ho+H1— Vo+ Vi,

then by (5.4), |{I]|
small, so that

<(1-2)7%, and |IP|

2[:07;4;[)“ Qﬁ(ﬁ;‘—/)gl—i—e. Let £>0 be sufficiently

_1_ 14¢ <1,
o1V 1-e ™
and put S=ITP. Then Sf°=g® and ScL;(H). Thus (5.2) is satisfied with respect

to H and the operator S. O

5.2. The finite-dimensional case

Let H be of the type described in Lemma 5.3. Henceforth we shall assume
complex scalars (the real case is postponed to the end of the proof). Let A€ L(#Ho)
be the operator associated with 7 and A={\;}_, its distinct eigenvalues, ordered
in increasing order. Denote by {(;}?, the corresponding orthonormal basis of Hg
consisting of eigenvectors of A. Then for a generic vector f 22?’:1 fiCi €EHo,

(5.10) IFIB=D_1AF and AT=2_NIfP.
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Working in the coordinate system (; the couple H becomes identified with the
weighed n-dimensional lo-couple (1Z,15()\)) defined by (5.10) for f={f;}I ,€l3.
Put (see (3.2))

7

tA;
11 tf)P= AT RN = |
(5 ) KZ,)\( >f) K2<ta f7 27l2 ()‘)) ;\fz( 1+t)\1
Let ¢>1 be given such that
(5.12) Q>\i<>\i+17 i=17...,n—1.

The problem then becomes the following: given f°, ¢°€l% such that
1

(5.13) Ko (t™h g% < Ko (t7h /)%, t20,
g

we must verify the existence of a matrix T=To s € M, (C):=L(l7) such that
(514) Tfozgo and K2,A(t7Tf>§K2,>\(taf)a t>07 fEl;L

To simplify the problem, let us first suppose that our problem is soluble with respect
to the elements |fO|={| 2}, 1¢°|={|g?1}7,, i.e. there exists Tp€M,(C) such
that

Tolfo' = igo| and KQ,)\(taTOf) < KQ.,)\(tv f)* t>0, fE lg

Choosing for each k numbers 0y, o €R such that f{=e|f)| and g)=e'?*|g)]|, we
infer that (5.14) holds with respect to the matrix

T = diag (e )Ty diag(e "),

whence there is no loss of generality in assuming that the entries f and ¢? be
non-negative. Moreover, replacing ¢° and f° by small perturbations if necessary,
we can besides (5.13), assume

(5.15) >0 and g)>0.
Put 8;=X; and o;=p0;; then (5.12) becomes

(5.16) 0< By <ar<... < fBn <.
It is a simple matter to check that

(517) K27/3(ta f)2§K2,a(t,f>2§QK2’ﬁ(t,f)2, t>07 felg7
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whence (5.13) yields
(5.18) Koo(t™,9") < Kap(t ', f%), t>0.

Moreover, (5.17) yields that, verifying (5.14), it suffices to verify the existence of a
matrix T'=T, o ;0 €M, (C) such that

(5.19) Tf'=g¢" and Koot 1, Tf) < Kap(t L, f), t>0, fely.
Starting the construction of T'€ M,,(C) fulfilling (5.19), we put

T T

Lty =T]0+8), Lat)=]](t+a:) and L(t)=Ls(t)La(t),
i=1 i=1

and note that (5.16) yields
(5.20) L'(-B;)>0 and L'(—a;)<0.
We now define an important polynomial P€Pa,..1(R) by

P(t) —1 40 - S £9)2 B - 0y2 %
5.21 —L=K5 g(t™ ", — Ky o (t — ).
(O ) L(t) 275( f ) 2, ; t+ﬁz ;(97) H—%

By (5.18) we have P(t)>0 for t>0. Moreover, P is uniquely determined by the 2n
conditions

(5.22) P(=3)=(f)*B:L'(=B;) and P(~a;)=~(g})*a; L' (~ax).
We note that (5.15), (5.20) and (5.22) yields

We claim that it suffices to prove (5.19) in the case when
(5.24) P has exact degree 2n—1 and all zeros of P have multiplicity 1.

To prove this, we note that polynomials fulfilling (5.24) constitute an open, dense
subset G of the cone C' of polynomials P€ Py, 1 (R) fulfilling P(—23;)>0, P(—a;)>
0 and P(t)>0 for t>0. Since the formulas (5.22) for the coefficients f° and ¢°
define continuous (positive) functions of P€C, we can, replacing f° and ¢° by small
perturbations if necessary, assure that (5.24) holds. The set G shall henceforth be
referred to as the set of generic polynomials.

Let Pe@, ie. P fulfills (5.23) and (5.24) and P(#)>0 for t>0. We split the
zeros of P according to

o) = {—r I U e T o e

where the r;’s are positive, and the ¢; are in the open upper half plane. We have
the following lemma.
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Lemma 5.4. The following inequalities hold:
(5.25) L'(=B)P(=B3)>0 and L'(—a;)P(—a;)<0,
and there is a splitting {r;} 3™ ={8;}%  U{v: Y7, where

(5.26) L(=6,)P'(=8;)>0 and L(—y)P'(—y) <0.

Proof. The inequalities (5.25) follow immediately from (5.20) and (5.23), so it
remains only to prove (5.26). Let —h denote the leftmost real zero of the polyno-
mial LP. We claim that —h is a zero of P. In order to prove this, we assume the con-
trary, i.e. h=q,. Since the degree of P is odd, and P(t)>0 for ¢>0, this polynomial
must be negative for large negative values of ¢, which implies P(—«,,)<0, contra-
dicting (5.23) and proving our claim. It follows that L{—h)P'(—h)=(LP) (—h)>0,
which justifies the notation h=6,,. Putting P.(t)=P(t)/(t+8) and noting that
t+0, >0 for te{—a; }iU{—8;}7_1, (5.23) yields

P(=53;)>0 and Pi(—a;)>0.

Thus P, has either 0 or an even number of zeros between each pair of zeros of L.
Let {77 }2’" 2 denote the real zeros of P,. Since the degree of LP, is even, and the
polynormal (LP,) has alternating signs in the set {—a;}7_; U{—03;}7 1U{ rf fml 2
this yields that we may split the zeros of P, as {—0d; }m uf{— %}Z o1, where

(5.27) L(=0)P.(~6;)>0 and L(—)P.(—v)<0.

Since P'(=r3)=(0m—1;)Pi(—r}) and §,,>r7, we get sign P'(~r¥)=sign P/(-r7)

for all 7, and (5.26) follows from (5.27). O

Recall that {—c¢;}; 77" denotes those zeros of P which are in the open upper
half-plane, and put

m 1 -
H (t+d:), Lo( mH (t+v;) and L. ”ﬁn (t+¢;).
i=1 i=1 i=1

(I m=1, we define L,=1, and if n=m, we define L,=1.) Then P belongs to the
n-dimensional space V' CPay,_1(C) defined by

(5.28) V={L:Lsq:q€Pn1(C)}.
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Indeed, we have that P=L.Ls(alL.), where a is the leading coefficient of P. For
Q€eV, we now put

1Q()I? _ - 2 B < 2 Oy = 2 Vi
(5.29) W—;Uﬂ ) ;ml o ;| Ry P

where

fim Q(—05s)
(B (=B)P(=B)
_ Qta
(5.30) 9i= (—o; I/ (—a;) P(—a;))1/2’
- Q(—)

(=i L{=ys) P' (=)L /2

The identities (5.30) define linear maps

[ —V and V- —liely!
fr—Q and Q—g®h.

Their composition is thus a matrix feMnX(nerAl)(C)- Putting @Q=P in {5.29},
we see that Tf0=g%@0. Let T€M,(C) be defined by T=ET, where E is the
orthogonal projection onto the first n coordinates of lg@l;"—l. Then Tf%=¢° and
by (5.29),

N S s W

t+35; t+ay
2 ﬁ7 21 )
zZim i —Z\ ol 7 21 i
Ol n
L(t)P(t)>O’ t>0, feib.

Thus T satisfies (5.19), and Lemma 2.2 is proved in the case of complex scalars.
In the case of real scalars, the proof must be modified by showing that any matrix
T satisfying (5.19) can be replaced by a real matrix fulfilling the same condition.
Hereby the argument is as follows: since the complex matrix T'€ M,,(C) satisfies
(5.19), so does the complex conjugate T', and therefore, so does any convex combina-
tion of 7 and 7. In particular, (5.19) is satisfied by the real matrix Re T=1(T+T).
This finishes the proof of Lemma 2.2. [
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6. Formula for a solution matrix and the proof of Theorem 2.3

In this section, we start with an increasing sequence A={\;}/=; CR, and two
non-negative vectors f°, g° cif(=I3(C)) fulfilling >0, ¢? >0 and

Koa(t,g°) < Kon(t, f7), t>0.

We shall explain how the material from the previous section can be used to explic-
itly calculate good approximations of a real matrix T'=Tyo jo € M, (R):=L(l5(R))
tulfilling

(6.1) Tf0=g" and Ko\ (t, Tf) < Kan(t, f), t>0, felb.

For o>1 fulfilling (5.12) we perturb f° and g¢° slightly to vectors f¢ and g¢ such
that the following conditions are satisfied:

(i) f£>0 and g7>0 for all 7;

(i) fo— [0 and g?—¢", as o\1;

(iil) Koa(t71 g9y <o Ko (t71, fO), t>0;

(iv) the polynomial P(t)=L(t)(Kzg(t™1, f2)?— K2 ,(t71,¢9)?) satisfies (5.24)
(i.e. P belongs to the set G of generic polynomials).
(It is of course possible that fO and ¢¥ already satisfy (i), (iii) and (iv), in which
case we simply choose f¢=f and g¢=¢°.)

We shall first consider the problem of constructing for each g, f¢ and g° as
above, a matrix T,=T), fo 4o such that

(6.2) T,f=9¢° and Ko o(t,T,f) < Ksp(t, ), t>0, feli,

where it is understood that 8;=\; and a;=0A; for all i. As g, f2 and g¢ approach
1, f% and ¢°, respectively, it is clear that any cluster point of the corresponding set
T, of matrices fulfilling (6.2) must be a matrix fulfilling (6.1).

Theorem 6.1. The matriz T,=T, fe go=(tix)] -, where

(6.3) tik:Re< 1 f2BkLls(—ai)Le(—oy)L (~ﬁk)>

;i — B g0 Ls(—Br) Le(— ) L (—ay)
satisfies (6.2). Moreover, each accumulation point T' of the T,’s, as o™\/1, satis-
fies (6.1).

Remark 6.1. We emphasize that each of the quantities «;, &;, -y and ¢; ap-
pearing in the formula (6.3) for 7, depend in an essential way on the parameter g,
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whereas the vectors f2 and g2 depend on g only in the pathological cases when f°
and ¢° fail to satisfy (i), (iii) and (iv).
Proof of Theorem 6.1. We have the following polynomials

n n

Ls(t) =H(t+6i)» La(t) =H(t+04¢), L(t) =Ly (t) La(t),
= ﬁ t48;),  Lo(t) :f[ (t+7),  Lolt) :n]ff(t—&-cy;),
=1 i=1 =1

Z(@(ﬂ) i(99)?) Lo () Ly ()| L (1)

=

P(t)

ooy

(To verify the expression for the leading coeflicient of P in the last formula, multiply
(5.21) by ¢ and let t—00.) We introduce the basis of the space V (cf. (5.28))

Ls(t)L.(t)La(t) (BkL/(_/@k)P(—ﬁk))l/2 -
t+ 5% L5(_ﬁk)LC(“ﬁk)Llﬁ(—ﬂk)’ Yoy

Qr(t)=

n.

Then
Qr(=5)
(BiL'(—B;) P(=B;))M/?
Denoting the canonical basis in {5 by {(;}7, and using (5.30), we get
(6.4)

i = (Tl )i =

=0;; (the Kronecker delta).

Qr(—)
(=i L (—ai) P(—a))t/?
_ 1 L(anL(—anLs(=ai) ( Bl (-BOP(=6) N
G- La(ﬁk)Lc(—ﬂk)LQg(—ﬂk)(-aiL’(—ai)P(—Oﬁ)) o hsnhksn

Inserting the expressions (5.22) for P(—3%) and P{—c;) into (6.4) yields

1 fkﬂkL5( )L (_O‘l)La( ﬂk)
—Br g i Ls(—Br)Le(—Pr) L (=)

tig =

This matrix solves (6.2) in the case of complex scalars. In order to get the solution
in the form (6.3), we recall from the concluding remarks of the proof of Lemma 2.2,
that (6.2) remains valid if we replace T, by its real part. [J



220 Yacin Ameur

Example 6.1. Let n=>5 and

7 19 Y 19 61 21 Y
A=(1,2,4,5,6 O=1(1,— 1,4/ ,1 O=(4/=,1,4/—=, 1,4/ — |.
250, f=(1 s/ a) = (G

One finds that

a2
(65) Koa(t=L o2 R (=1, g2 = =3 5 o 45,
/ N0

Let us use Theorem 6.1 to compute a matrix 7 such that T'f°=¢" and 1T ooy <1
We used the following data

Q:10017 fg:QfO+(Q_1)ua ggzgilgo'l"(g_l)u: u:(1’1717171)t

and some computer algebra to obtain the matrix

0.8888  0.2685 0 —0.0585 0
0 0.6997 0 0 0
0 0.2989  0.4437 0.5497  0.0002
0 0 0 0.3973 0
0 —0.1462 0 0.5456  0.5749

We also obtained

g°—T,f° = (0.0002, 0.0002, 0.0005, 0.0001, 0.0003)",

17N gy =0.9999 = 1T (13 (1))
Note that this matrix has two negative entries. We shall now prove that this is no
coincidence.

Proof of Theorem 2.3. We shall prove the following. Let n, A, f¥ and ¢° be as

in Example 6.1, then
(6.6) Tf%+#g" for all non-negative operators 7' € Ly (H).
To prove this, first note that (6.5) is satisfied, and that || f°];=|l¢°)l;, i=0,1. We
shall invoke the following theorem, which is a special case of Sparr [28], Lemma 5.4.

Theorem 6.2. Suppose that f° and g° are non-negative vectors and ||¢°|:i=
lfOll; for i=0,1. Suppose further that there exists a non-negative matriz T €Ly (H)
such that Tf%=¢%. Then

(6.7) L(t,g°) <L(t, f°), t>0,
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where(*)
L{t, f)= Z fEmin{l,t\;}.
i=1

Since the conditions of Theorem 6.2 are satisfied with the above choice of n,
A, f% and ¢, it suffices to show that (6.7) is violated for t=1 in this case. But, by
calculation,

L3 7%)~ L g?) =~ Zh <0

This shows (6.6), and the proof is finished. O

Ezample 6.2. Let Ly be the Lebesgue space of square integrable functions on
R?, m a positive integer and H™ the Sobolev space on R%, i.e. the set of tempered
distributions ¢ on R for which all derivatives D%g of order |a|<m belong to Ls.
It is well known that 4™ is a Hilbert space under the norm {cf. [16], p. 5)

2

1/
(69 ol = ([ 0=ty il an)

where ¢ is the Fourier transform
~ 1 ' —ixy d
9ly) = @ s flzye ¥ dz, yeRT,

Ty=ax1y1+...+24yq and |y|*=yy. By (3.2), (6.8) and Plancherel’s theorem we have

m tl—l— 2\ )
Kot g; Lo, H™)? / U™ )Py, ge L

Rre LHt(1+y[2)™

Thus Theorem 2.2 yields that the inequality (¢°, fO€ Lo)

) )™ oo
il [ PR . e

is sufficient to guarantee the existence of a linear operator T such that 7 f°=¢° and

t+ )™ = Aty
LdW‘Tf(y)deg/Rdle(yﬂzd% fels.

In particular, [|g°(|.4 <||f°]l.4 whenever A is an exact interpolation space with respect
to the couple (Ly, H™).

(*) The functional L is denoted by K(2.2y in Spart’s paper [28].
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7. The proof of Theorem 2.4

We settle here by proving the finite-dimensional part of Theorem 2.4; to prove
it in full generality would bring us too far from the main course of our investigations
(cf. however [1]).

To fix the notation. Given a positive definite matrix A€M, (C):=L(l}) let a
Hilbert couple H=(Ho, H1) be defined by Ho=1% and || f|3=(Af, fo, f€lZ. It will
be convenient to use the following alternative notation for the operator norms with
respect to Ho and H; (T'e M, (C)),

ITI? =T 240y = sup (T*TF, fo,

(f.f)e<l
TN =Tz 0y = sup  (T"ATf, flo.
(Af,f)o<1
A positive function h defined on o(A) is said to be interpolation with respect to A
and to belong to the set C4 if and only if

(7.1) 1Tl ay < max{||T[l, [T]la}, T € Mn(C),

where, naturally, ][TH%L<A>:sup(h<A>f7f)0§1(T*h(A)Tf, Ho-

The following result is our principal result in this section; it is equivalent to
Donoghue’s theorems [8], Theorem III, and [9], Theorem 1, and we shall see later
that it is equivalent to Theorem 2.4.

Theorem 7.1. Let AcM,(C) be a positive definite matriz. For a positive
function h defined on o(A) to belong to the class Ca, it is necessary and sufficient
that h be representable in the form

(7.2) h(\) = /[O ](11?; do(t), AEo(A),

for some positive Radon measure o on [0,00]. (The measure is not unique.)

Proof. Let A€ M, (C) be positive definite and put o(4)={\;}7=; CR,. Work-
ing in the coordinate system formed by the eigenvectors of A yields a canonical
isomorphism identifying H with the couple (see 5.10)

H=(13,15(V),
and it becomes evident that, for functions h defined on o(A), the membership of h
in the cone C4 is equivalent to that the space IZ(h()\)) be exact interpolation with
respect to the couple (I,15(\)), ie.

(7.3) 171 iz noy <max{ ||| zazy> 1T cazoant, T € M (C).
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Our problem is thus to show that for a function to satisfy (7.3), it is necessary and
suflicient that it be representable in the form (7.2) for some positive Radon measure
o on [0, o0].

Sufficiency. Let h be of the form (7.2). Then by (5.11),

=S () G )
(74) =/[O,m( )(Z'ﬁ'QHtZA) 4
/W(H )Km: 1)? do(t).

The latter expression is the square of an exact interpolation norm with respect to
(12,15(A)) (use (3.1) and integrate with respect to do(t)). Thus (7.3) holds.

Necessity. Let h satisfy (7.3). Denote by C the unital C*-algebra of continuous
complex functions on [0, o] with the sup-norm |[uljocc =sup;>g [u(t)]. Put

(1+t)N;
()= . i=1,...,n.
e (1) sy 7 n
Then
1 n
(7.5) Kon(t, f)? = 1—1—?2 [ filPei(t)
i=1

Let V CC be the linear span of the e;’s, and let a linear functional on V' be defined
by

¢:V—C

i ae; —> z”: a;h(A
i=1 i=1

We have the following lemma.

Lemma 7.1. Let heCy4. Then ¢ is a positive functional on V', viz. the con-
ditions u€V and u(t)>0, t>0, implies ¢p(u)>0.

Proof. Let u(t)=>""_, a;e;(t)>0, >0, and put a;=|f;|*—|g;|* with some f, g€
{%. Then by (7.5),

(7.6) (H%)KH )2 ZIJZIQ& )zzgi|2ei(t>*(Hi)KQ,A(t,g)?
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Dividing (7.6) by the positive number 1+¢7! yields Ky x(¢, f)> K5 A (¢, g), t>0. Be-
cause [2(h())) is exact interpolation with respect to (I%,1%(A)), we are in a position
to use Theorem 2.1. It ylelds Hf“lg(h(x))ZHQng(h(A))a or

n

$(uw)= > (1£:lP=1g: ) =1 13 oy — 191 iy 20 O

g=1

Replacing A; by ¢h; with a suitable constant ¢>0, we can without loss of gen-
erality assume that 1€c(A), i.e. that the unit 1€C belongs to V. By the positivity
of ¢ (Lemma 7.1)

ol = sup [p(u)|=¢(1).
1%

ue
luefloe <1

Let ®: C'—C be a Hahn-Banach extension of ¢; then

@] =lloll=¢(1) =2(1).

Hence @ is a positive functional on C (cf. [19], Corollary 3.3.4), and the Riesz
representation theorem yields a positive Radon measure g on [0, oc] such that

D(u)y= A)’oo] u(t) do(t), uweC.

In particular,

h(/\i):¢(exi)=<1>(e,\l)=/ (DN ) =1, n,

[0,00] 1+t)\2

Thus h has the required representation (7.2) and the proof of Theorem 7.1 is fin-
ished. [

To finish the proof of Theorem 2.4, it now suffices to combine Theorem 7.1
with the equation (7.4).

8. The theorems of Léwner and Foiag—Lions

A real function h on R, is said to be monotone of order n and to belong to the
class P, if and only if for any positive definite matrices A, B€ M, (C)

A<B implies h(A)<h(B).

A function is matriz monotone if and only if it is monotone of all finite orders.
This definition along with the principal theorem (stated below in an equivalent
form) is due to K. Léwner [17].
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Theorem 8.1. For a positive function h to be matriz monotone, it is necessary
and sufficient that h be representable in the form

(8.1) h()\):/[o ](i?;dg(t), A>0,

for some positive Radon measure ¢ on the compactified half-line [0, cq).

Simplifications and new proofs of this theorem have been provided by several
authors, cf. [2], [14], [20], [28], [13], cf. also Donoghue’s book [10] which contains a
fairly comprehensive exposition of the theory up until 1974.

In our approach, we shall obtain a new proof of Lowner’s theorem, based on
the theory of interpolation functions developed in the previous section (notably
Theorem 7.1), and on a characterization of the positive matrix monotone functions
on R, due to F. Hansen [12]. In detail, Hansen’s theorem states that a continuous
function h defined on R, is matrix monotone if and only if for any n€N and any
positive definite matrix A€ M,,(C), we have the following inequality

(8.2) T*h(AYT < h(T*AT), TeM,(C), T*T<1.

(It is well known that matrix monotone functions are continuous, i.e. (8.2) is valid
in general, but we shall not use this fact.)

By definition, we shall say that a positive function h defined of R, is interpo-
lation in the sense of Foiag—Lions if and only if for every n€WN, and every positive
definite matrix A€M, (C),

(8.3) T lnay < max{||T[,IIT] 4}, T €Mn(C).

By homogeneity of the norms it is clear that (8.3) is equivalent to the following: for
every positive definite matrix A€M, (C), we have the following implication

(84)  T*T<1 and T*AT < A implies T*h(A)T <h(A), T € M,(C),

which is to hold for every positive definite matrix A€ M,,(C). This latter form (8.4)
will turn out to be convenient for the applications we have in mind.

Definition 8.1. Following [9], we shall denote the cone of functions repre-
sentable in the form (8.1) by the letter P’.

Theorem 8.2. Let h be a positive function defined on R*. The following are
equivalent:

(1) heP’;

(2) h is interpolation in the sense of Foias—Lions;

(3) h is matriz monotone.
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Remark 8.1. The equivalence (1) < (2) is due to Foiag and Lions [11], whereas
(1) < (3) is of course Léwner’s theorem.

Proof of Theorem 8.2. (1) < (2) This follows from Theorem 7.1 and the follow-
ing observation: for a function to belong to P’ it is necessary and sufficient that its
restriction to every finite subset of R, coincide on that set with a P’ function. This
latter property is a consequence of the well-known fact that the cone P’ is compact
relative to the topology of pointwise convergence on R (use Helly’s theorem, cf. [8],
top of p. 154).

(2) = (3) (Cf. Donoghue [9], pp. 266-267.) Let h fulfill (8.4), and let A, Be
M, (C) be positive definite matrices such that A<B. Form the 2n x 2n-matrices

- B 0 0 0
A*(O A> and T_<1 0).

Evidently Ais positive definite,

1 0 - A 0 -
o < * = <A.
T <O O>_1 and T*AT <O 0)_A

Hence (8.4) yields T*h(A)T<h(A), or

h(4) 0O < h(B) 0
0 0/~ 0 h(A) )~
Comparing the elements in the upper-left corners now yield the desired conclusion,

h(A)<h(B).

(3) = (2) Let h be positive and matrix monotone on R;. Let us further
assume that h be continuous; this extra assumption will be removed at the end
of the proof. Then, given matrices A, T€M,(C) such that A is positive definite,
T*T<1 and T* AT <A, using (8.2) and the monotonicity of h,

T*h(A)T <h(T*AT) < h(A),
i.e. h fulfills (8.4). Now let h be an arbitrary (not necessarily continuous) matrix

monotone function on R,. Let ¢ be a smooth non-negative function on R, such
that [ ¢(t) dt/t=1 and define a sequence hy by

m=1 [ o5 o .
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Since the class of matrix monotone functions is a convex cone, closed under pointwise
convergence (cf. [10], p. 68), the hy’s are matrix monotone for all keN. Since they
are evidently positive and continuous, the first part of the proof yields that they
satisfy (8.4). Since the property (8.4) is finitary in nature, it is easy to see (the
same proof as for monotone functions) that the set of interpolation functions in
the sense of Folag—Lions is closed under pointwise convergence on R, . Hence the
limiting function h=limg_ ., hy is also in that set, as desired. [

8.1. A closer look at monotone and interpolation functions

This subsection comprises a finer study of the relation between interpolation
functions and matrix monotone functions of finite order. (Recall that a real function
h is said to belong to the class P, of matrix monotone functions of order n if A, B€
M, (C) and 0<A<B yields h(A)<h(B).) In the following, it will be convenient
to use the letter P, to denote the set of positive functions in the class P,, n€N.
A further scale of function classes, which we shall denote by C,, n=1,2,,..., is
obtained by the definition

heC, ifand onlyif |T|nca) <max{|T|,||T|la}, AT €M,(C), A>0.

It is fitting to refer to elements of C,, as interpolation functions of order n.
It is easy to see that C,, and P) are convex cones, and that C,D>C,41 and
P> Py for all n. Moreover, Theorem 8.2 shows that

Ao fier
n=1 n=1

A closer look at the proof yields that P, CC,, and Ca, CP;, for all n. In this section,
we shall refine that result by showing that {C,,}72 is a “finer scale” than {P) }>2 .

Theorem 8.3. It holds that P}, CC, CP},.

T

rem 8.2. It remains to prove P +1CC%,. In order to accomplish this, we need
to invoke the class P of Pick functions on R.. This is by definition the class of
functions h having a representation of the form (cf. [10], Chapter IT)

h(\) :ax+ﬁ+/0 (%—#) du(t)

Proof. The inclusion Cy, C P}, is contained in the proof of (2) = (3) of Theo-

— o

for some a>0, B€R and some positive Borel measure ;4 on (—oc,0) such that
J(#+1)"t dp(t) is finite. It is easy to see that P'={h€ P:h>0}. In [8], pp. 153-154,
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it was noted that the class P has an important compactness property; if hi()\) is a
sequence in P such that for a pair of distinct points X, A €R., the sequences hy (')
and hi(\”) remain bounded, then there exists a subsequence of those functions
converging uniformly on closed subintervals of R, to a function h in the class P.

For our purposes, the usefulness of the class P depends on the following inter-
polation theorem due to Lowner, cf. [10], Theorem I, p. 128.

Lemma 8.1. Let he P,y and let SCR, consist of 2n+1 points. There then
exists a function h€ P such that h=h on S.

Assume that h€ Py, and take A€ My, (C) positive definite. By Lemma 8.1,
there exists a sequence By of Pick functions such that for each k, hy=h on the
set o(A)U{1/k}. Thus by compactness, there exists a subsequence of the hy’s
converging uniformly on compact subsets of R, to a function A in the class P.
Since h is positive, moreover

- 1
> limi — 1 >0.
h(O)hkrgloréfh<k> >0

Together with the simple fact that Pick functions are increasing, this yields that
he P'. Finally, since h=h on ¢(A), the implication (1) = (2) of Theorem 8.2 yields
that h is exact interpolation with respect to A. Since A was arbitrary, we obtain
he(Cy, as desired. O

Remark 8.2. A closer study shows that Theorem 8.3 yields a strengthening of
Sparr [28], Lemma 1, p. 267. It is not hard to prove that Sparr’s lemma implies
P} 5 CCs, CP), but not the sharper statement of Theorem 8.3.

k23

9. Two conjectures

Let 1<p< oo, A be a positive weight function on some measure space (X, u), and
L,, Ly(X) be the corresponding L,-spaces. Relative to the couple A=(L,, L,()\))
it is interesting besides K to study the functional K, given by

Kp(t, £ 4) (LFoll+ellf2 7).

= inf
f=fotf1

Defining the corresponding quasi-order g< f[K,] in the obvious way, we have (cf.
Sparr [27], Lemma 3.3)

(9.1) g<fIK] ifandonly if ¢< f[K,|
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It is not hard to verify the following formula for K,

Kot i LN = [ oyt @R dulo), 1Lt L),

which yields an analytic expression for the quasi-order (9.1} for all 1<p< oo, resem-
bling in several aspects the case p=2. Our first conjecture is the following.

Conjecture 9.1. [t holds that the couples A=(L,(ag),Ly{a1)) and B=
(Lp(bo), Lp(b1)) are Calderdn, 1<p<cc.

A somewhat weaker conjecture arises when we restrict our study to interpo-
lation spaces Ly=1L,(h(\)) which are themselves weighted L,-spaces relative to
(X, p). We have the following conjecture.

Conjecture 9.2. A weighted L,-space Ly, is ezact interpolation with respect
to (Ly, Lyp(X)) if and only if there exists a positive Radon measure o on [0, 00] such
that

1 1/p
R R G LA TR ) R

It is not hard to see that the arguments in the proof of Theorem 2.4 admit
generalization to all p’s, in the sense that Conjecture 9.2 is a consequence of Con-
jecture 9.1 (for all 1<p<oc).
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