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VARIANCE JENSEN TYPE INEQUALITIES
FOR GENERAL LEBESGUE INTEGRAL
WITH APPLICATIONS

Abstract

Some inequalities similar to Jensen inequalities for general Lebesgue
integral are obtained. Applications for functions of selfadjoint opera-
tors and functions of unitary operators on complex Hilbert spaces are
provided as well.

1 Introduction

Let (2, A, 1) be a measurable space consisting of a set ), a o — algebra A of
parts of Q and a countably additive and positive measure p on A4 with values
in RU {oco}. Assume, for simplicity, that fQ dp = 1. Consider the Lebesgue
space

L(Qu):={f:Q2—R, fis y-measurable and /Q |f ()| dp(t) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdp instead

of [ w (t)dpu(t). )
Assume that f,g € L(®,u) with fg € L(®,u) and consider the Cebysev

iunctional
C = d/t — d/l dﬂl,.
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122 S. S. DRAGOMIR

It is known that if the function f,g are synchronous, i.e.

(f (&)= f(s)(g(t)—g(s)) =0

for p-almost every t,s € €, then we have the Cebysev inequality

C(f,9)=0. (1)

If there exist constants v,I" such that co < v < f < T' < oo p-almost every-
where on €2, then we have the following refinement of Griiss’ inequality due
to Cerone & Dragomir [2], which was obtained for univariate functions of real
variable by Cheng & Sun in [3]:

IN

Clrol<zr=m [

5 C—7) Vggzdu— (/diuﬂ

If there exist constants co < A < g < A < oo p-almost everywhere on €2, then
we have the sequence of inequalities

g- /ﬂgdu‘ du (2)

1/2

IN

AN

IC(f,9)| < ;(F—v)/ﬂ’g—/ﬂgdu‘du (3)
1/2

§<r-~y>[/992du—(/ggduﬂ <= (A=),

The inequality between the first and last term in (3) is known in the literature
as Griss’ inequality.

In order to provide a reverse of the celebrated Jensen’s integral inequality
for convex functions, the author obtained in 2002 [4] the following result:

IN

Theorem 1. Let @ : [m,M] C R — R be a differentiable convex function on
(m,M) and f : Q — [m,M] so that ®o f, f, ® o f, (®’of)f € L(Q,p).
Then we have the inequality:

OS/Q@ofdu—q)( Qfdu) (4)
P’ o du— | ® o fd d

S/Q( f)fﬂ/ﬂ fu/ﬂfu

1

<

3900 -2 @) [ |- [ ranfan
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In the case of discrete measure, we have:

Corollary 2. Let ® : [m,M] — R be a differentiable convex function on
(m,M). Ifx; € [m,M] and w; >0 (i=1,...,n) with Wy, := > 1" w; =1,

then one has the counterpart of Jensen’s weighted discrete inequality:

— zn: wifb’ (xz) zn: W; T4
=1 i=1
[@ (M Zwl xz—ijx] .

Remark 1. We notice that the inequality between the first and the second
term in (5) was proved in 1994 by Dragomir & Ionescu, see [34].
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On making use of the results (4) and (3), we can state the following string
of reverse inequalities

O</Q<I>ofd/¢—<1></ﬂfd,u> (6)
< [[@onsan=[ oo fan [ ran

< %[@’(M%@'(m)}/ ‘f/fdu‘du
S Vﬂdu (/fdu>r
si[@’(M)—cb’(mn(M—m),

provided that ® : [m,M] C R — R is a differentiable convex function on
(m, M) and f: Q — [m, M] so that o f, f, ®'of, (®'o f)f € L(Q,u), with
Jodp=1.

The following reverse of the Jensen’s inequality also holds [23]:

Theorem 3. Let ® : I — R be a continuous convex function on the interval
of real numbers I and m,M € R, m < M with [m,M] C I, where I is the
interior of I. If f: Q — R is u-measurable, satisfies the bounds

—oco<m< f(t) <M < oo for pu-a.e. t €82
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and such that f, ®o f € L(Q, ), then

og/qudu @(Qfdu> (7)
(- ) (fromm) =5
§4(M m) [ (M) — @', (m)],

where ®'_is the left and ®', is the right derivative of the convex function ®.

For other reverses of Jensen inequality and applications to divergence mea-
sures see [23], [24] and [25].

Motivated by the above results we establish in this paper some new inequal-
ities for convex functions. Applications for functions of selfadjoint operators
and functions of unitary operators on complex Hilbert spaces are provided as
well.

2 The Results

The following result holds:

Theorem 4. Let ® : I — R be a convez function on the interior I of I and
[0,00) C I, f:Q — C a p-measurable function and such that |f]*, ® o |f]

and ® o |f|* € L(®, ). Then
2 2
! d
><1>+ (]/Qf ’ ) ®)

</Q|f2du—‘/ﬂfdu
S/Qq)(fIZ)du—@(‘/QfduQ)
< [or (irP) <f|2—’/fdu 2)d
= (@ (I7F) 14°) (/ P [ i )/@ (171%) du

with

¢ (o0 (1rP)15%) = [ a2 (1) 1P [ @ (1) [ 11> 0
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If there exist constants M, m such that

00> M > |f| >m >0 p-almost everywhere, (9)
then

c (o0 (11P). 141 (10)

1 (a2 = m?) fo @ (1717) = Jo o (1) dp| du

| 1 ) — o )] o |1 = g P ]

| o =m) [fg [ (178)] an— (Ju ot (111°) duﬂ -

1

oo e [t (e

< 3 (O —w?) [8 (M2) — @ (m?)] .

PROOF. Since ® : I — R is a convex function on ID, then

o (y)(y—a) = 2(y) — 0 (z) = ¥, (z) (y — x) (11)

for any z,y € [0, c0).
Now, by taking y = |f (t)|]* and = = | [ fdu|2 we get

2
@ (17 0)F) (f(t)|2 | [ san ) (12)
2
> o (17 () - ® (]/Qfdu >
> 3 (‘/Qfdu ) (If(t)l2 ‘/Qfdu )
for any t € Q.

If we integrate over du (t) on € the inequality (12) then we get the first
part of (8).
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Now observe that

Lo (1r7) <f|2 -\ [ i ) i (1)

-/ [@' (1) = [ o (1rP) du] <f|2— | s 2) au
+ [ (IfIQ)dMQ/QfIQdM—’/Qfd/JZD-

/Q [q), (1r) - / o (177 du} <|f|2— / Fdu ) i
=c (@ (17P) . 17)-

And because the functions &’ (\f|2> .|/ are synchronous on €2 (due to the

fact that ®_ is monotonic nondecreasing almost everywhere on [0,00)), we

also have
o (@ (117) .111%) = 0

Hence, we obtain the last part of (8).

Now,

Utilizing (3) we have either
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This proves the inequality (10). O

Remark 2. Let @ : [0,00) = R be a convex function on (0,00). If x; € C
andw; >0 (i=1,...,n) with W, =31 w; =1, then

sz sl

(14)

i Li

n 2
< sz (Ixz )— > wim;
i=1

n

> wie! (|zif*).
i=1

(T

<> witl (jaif?) laif -
=1 =1
Ifo<m<|z;| <M fori=1,...,n; then
n n 2 n
> il (el el - Zw@’_ (o)
=1 =1 1
SUREEN, S | sz (If*)
1=1 =1
n 2 n 2
(M2 = m2) Sy g |00 (Jaif”) = S0y wye (Jo )|

2 2
il = X wy a7

DN |

(@ (M?) — @' (m?)] X0, wi
iwi |Iz|2 — Y iwz@)/_ (\x1|2)
2 971/2
o =) [y [or (1)) = (Syw” (1))

i T;

1
2

@’ 2 / n 2)? V2
(@0 (M?) = & (m?)] | iy w; fa|* — (7, wila]

e
< [Lwilei - g " (ler)

+ (- m2) @2 (MQ) — oL (m?)].

3

i Lg

> =
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We have the following particular cases of interest.

If we take ® (¢t) =t", r > 1 and ¢ € [0, 00), then we can state the following

power inequalities.

Corollary 5. Letr > 1. If f : Q — C is a p-measurable function and such

that |12, |f1*"™Y and |f|*" € L(®, ), then

r{ [ ISP dp - fdu2 fdp

(Listan| o) .
S/Qlfzrdu—‘/ﬂfdu ’

<r Vﬂ|f|”du/ﬂ|f|2<”> dﬂ’/gfdMQdu]-

If there exist constants M, m such that (9) is valid, then

/QIfIQTdu—‘/Qfdu
g[/gwdu—/gf|2<’”‘”du\/gfdu2du]
<r(/ﬂ|f|2du—‘/9fdu 2>/Q|f2(”)du

(M2 = m2) o [IPPO = o PO | dp

2(r—1)

2r

+17’
2 2(r—1) 2(r—1) 2 2
(200 =20 [N = [ 11 du| dp

<r(/ﬂ|f|2du—‘/9fdu 2>/Q|f2(”)du

1
27“

(0200 2] | 17 d = (f 1 ) |

1/2
(M2 — m?) [fQ 1 dp = (f L7 du)z]
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<r</ﬂ|f|2du—‘/ﬂfdﬂ 2>/QIf|2(”)du
1

+ o (MQ _ mz) [Mz(rq) B m2(r71):| .

If we take ®(t) = —1Int, ¢ € (0,00), then we can state the following
logarithmic inequalities.

Corollary 6. If f : Q — C a p-measurable function and such that | f|?, | f] 2,
In|f]* € L(®, ) and Jo fdp #0, then
2
)

2
‘W—lzéln(lﬁ)du—ln(‘/ﬂfdu

>1—’/Qfdu2/ﬂlf|2du-

Finally, if we take ® (t) = exp (¢), t € R, then we can state the following
exponential inequalities.

Corollary 7. If f : Q — C is a pu-measurable function and such that |f|2,
exp (1£°), 1fPexp (If*) € L (@, ), then

2

) y

(/QIdeu— ‘/Qfdu 2) exp (’/Qfdu
2du/Qexp (\flz) dp.

S/QGXP (|f|2) du — exp (’/Qfdu 2)
< 1o (1) du=| [ s
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If there exists the constants M, m such that (9) is valid, then

/QeXp (|f|2) du — exp (’/Q fdu 2)
< /Q |fI exp (Iflz) dp — /Qfdu 2d/ut/ﬂexp (If\Q) dp
< (/Q|f|2dﬂ— ‘/Qfdu 2) /Qexp (If\Q) du

(M2 = m2) Jo [exv (1£7) = fexp (1£17) dia| dp

DO | —

+ —
fexp (M12) = exp ()] [ |F° = fo |1 dps| dp

< (/QIfIQdu—‘/Qfdu 2>/Qexp(|f2)du

1
2

ex (412) = exp ()] | o 1 (Joy 12 )|

< </Q|f|2du‘/ﬂfdu 2>/Qexp (17

(M2 — m2) [exp (MQ) — exp (mQ)} .

=

_|_

We also have:

(19)

(M ) [fg b (2 \f|2) dpi— (fQ exp (|f|2) du)z} 1/2

Theorem 8. Let @ : I — R be a convez function on the interior I of I and
[0,00) C I, f:Q — C a p-measurable function such that |f)*, ® o |f]* and

Do |f]* € L(®,p). Assume that [, P, (|f|2) dp # 0 and

Jo l£12@ (1£17) du
>0
fQ (I)/+ (|f|2) dp
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then

0<a (fQ 7t e (i) du) —/Q‘I’ (117 dp (21)

Jo @ (1117) du

ot (e ) ) 1)
where
c (oL (I97) . 17P) =/Q<1>’+ (17) |f|2du_/ﬂq)/+ (i) du/g\ffduzo.

If there exist constants M, m such that (9) is valid, then

c (o (11P). 141 (22)

o (02 = m?) [y |@ (IFF) = fo @ (/) du| dp
1 002) - o )] Sy |17 S P ]
o g fot ()] - Gt () )]
=3 i
1 (042) = 02)] | fo 11— (o 1) |

< 3 O —m?) [, (M?) — @, (m?)].

PROOF. Let ¢ € Q. By taking z = |f (¢)|” in (11) we have
oL (y) (y-If OF) = e @) -2 (IF ) (23)
>, (IFOF) (y=17 )

for any y € [0,00) and ¢ € .
If we integrate over du (t) on € the inequality (23) we have

o’ (y) (y—/QIfIQdu> > 3 (y) —/Q‘P (If\z) dp. (24)

>y [ @ (1) di— [ 1P (11F) d
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for any y € [0, 00).
If we take

ol @ (1S17) d
T e (1) d

0, 00)

in (24) then we get the first and the second inequalities in (23).

The last part of the proof follows in a similar way with the proof of Theorem
4 by replacing ®’ with ®’,. We omit the details. O

Remark 3. Let @ : [0,00) — R be a convex function on (0,00), z; € C and
w; >0 (i=1,...,n) withW, :=> 1" w; = 1. Assume thaty ;. ; w; P, <|:cz|2> +
0 and

n 2 2
Sy wi, (Jaif) fo)
n 2
S i (Joil)

then

D wi®, <|$i|2) || "
0<® - - L (|xi|2) (25)
o (|33z| ) i=1

Doy Wi
n 2 2
3 | o [ i it (lail”) b

- 2 - 2
Sy widly (Jol) Sy widly (Jaif)
2 2 2 2
x [sz-@; (Joal?) foil? = D2 wisly (Jaaf?) 3w [ ]
i=1 i=1 i=1
n 2 2
| Sy wi®, (Jaif?) Jal
< 5 o 5
n n
Sy widly (Jol) Sy wit, (|oif?)

(M? —m?) S0 w; | @, (\%\2) =2 wi (|$j|2)‘

1
)
[0 (M?) = @4 (m?)] 320, wi

2 2
2if? = Xy wj o)
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n 2 2
| (T wid (feil)
< —
250w (Jof) i wid (jaif?)

(M2 — m?) [Z?l w; {d)ﬁr (|xi|2>]2 - (Z?:l w; (|$i|2))2] -

0, (00~ ()] [l (S )|

n 2 2
| o (it (f) b

ST (T R S (T
X (M2 = m?) (@ (M?) - &, ()],

We have the following particular case of interest.

If we take ® (t) =t", r > 1 and ¢ € [0, 00), then we can state the following
power inequalities.

Corollary 9. Let r > 1. If f : Q — C is a pu-measurable function such that
PSP and £ € L(®,p), then

Jo LI dpe .
(f Is?f\% Yy / I dn (26)
fQ|f‘2rdﬂ T_ fQ|f|2rd,LL 2
< B . |
=’ <f9|f|2(r_l) du fQ|f|2(T—1) dy /Q|f| H
If there exist constants M, m such that (9) is valid, then
fQ |f|2r dp ) o
(r— |f| dﬂ (27)
<fQ |f| Dy /

r < fQ|f|”du )T’l
fQ|f|2“ Y \ [, /P a

| L= [P an [ 11 a]
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r r—1
< r fQ |f|2 dp
9 2(r71)d 2(7‘71)d
Jo 1] i\ Jolfl 1

(M? —m?) [, ‘\fIQ(H) — [ lfPY du’ dyu

M2 — 20D [ 177 = o |1 dp] d

r r—1
_ r ( Jo LS dp )
T2 P dp \ Sy 1P dp

971/2
(017 ) [fQ 10 d = (Jo 72 )|

57 1/2
[M20-0) — n2(r0)] [fgﬂ dpn— (Jo 1117 di) ]
r r—1
r ( fQ |f‘2 dp ) % (M2 . mz) [M2(r—1) _ m2(r—1)} )

4fQ|f\ e \ [ 17127 d

If we take ®(t) = —Int, t € (0,00), then we can state the following
logarithmic inequalities.

Corollary 10. If f : Q — C is a pu-measurable function such that \f|2, |f|72
In|f]> € L(®, ) and [, fdu #0, then

0</an(|f2)du—ln<fﬂ|f ) L an [P au—1 s)

Finally, if we take ® () = exp (¢), t € R, then we can state the following
exponential inequalities.

Corollary 11. If f : Q — C is a p-measurable function such that |f|2,
exp (1), 7P exp (1) € L(®, ), then

Jo 111 exp (1417 du
<o | T () / exp (1f1) dy (29)

. (fglf exp (171 )du) [fgexp(|f| £17 dp o du]
1)

Joexp (1) dp Joesp (|
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If there exist constants M, m such that (9) is valid, then

o (B iy

Joexp (1) du

| Jo 111 exp (1£17) du

5 [o exp (|f|2) dp o ( Jo exp (If\2) dp )
| Lo (1P) 11— [ exo (157) du [ 17170
| (fg 17 exp (157 du)
< exp
2 foexp (/) du Joexp (1717) du
(M2 —m?) [, ‘eXp (|f|2) — [qexp (If\Q) du‘ du

fexp (12) = exp (m2)] Jo |\F” = Jo 1117 du|
| N <f9|f|2exp(f|2)du)
2 Jyexp (1FF) di \ Joexp (1£7) du

(M2 ) [fg exp (2 mz) dy — (fQ exp (|f|2) d#)? 1/2

IA

1/2

[exp (M?) — exp (m?)] [fa 1" dp (fﬂ |f|2d’u>1

| (f9|f|2exp(f|2) du)
< exp
4 foexp (1117 du Joexp (1717) du

X (1\42 — m2) [exp (MQ) — exp (mz)} .

3 Applications for Selfadjoint Operators

We denote by B (H) the Banach algebra of all bounded linear operators on a
complex Hilbert space (H;(:,-)). Let A € B(H) be selfadjoint and let ¢y be
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defined for all A € R as follows
1, for —oc0 < s <A,

©ox(8) =
0, for A < s < 4o0.

Then for every A € R the operator
E>\ = PO (A) (31)

is a projection which reduces A.

The properties of these projections are collected in the following funda-
mental result concerning the spectral representation of bounded selfadjoint
operators in Hilbert spaces, see for instance [35, p. 256]:

Theorem 12 (Spectral Representation Theorem). Let A be a bounded self-
adjoint operator on the Hilbert space H and let m = min{\ |\ € Sp(A)} =:
min Sp (A) and M = max{\|X € Sp(A)} =: max Sp(A). Then there exists a
family of projections { Ex}ycg, called the spectral family of A, with the follow-
ing properties

a,) E)\ < E)\/ for A < /\/;
b) E,n_o0=0,Ey =1 and E)\+0 = FE\ fOT’ all N e R;
¢) We have the representation
M
A= / AE}.
m—0

More generally, for every continuous complez-valued function ¢ defined on
R and for every € > 0 there exists a 6 > 0 such that

® (A) - Z ® ()‘;c) I:E)\k - E)\k—l]
k=1

<e

whenever
M<m=A<..< 1<\, =M,

A — Ag—1 <0 for 1 <k <,

A, € [Me—1,A] for1<k<n
this means that
M
e = [ p(yap, (32)

where the integral is of Riemann-Stieltjes type.
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Corollary 13. With the assumptions of Theorem 12 for A, Ex and ¢ we have
the representations

M

@(A)x:/ o (AN dE\x forallx € H
m—0

and

M
(p(A)x,y) = / © (N d(Exz,y) forallz,y € H. (33)

m—0

In particular,
M
(p(A)z,x) = / e (AN d{(Exz,x) forallxz € H.
m—0

Moreover, we have the equality
2 M 2 2
le@al* = [ e dlE® for alla < .
-0

For a bounded linear operator B on H we denote |B| := vV B*B. We can
state the following result for functions of selfadjoint operators.

Theorem 14. Let A be a bounded selfadjoint operator on the Hilbert space H
and letm = min{\|A € Sp(A)} =: min Sp (A) and M = max{A|A € Sp(A)}

: max Sp (A ) Assume that ® : I — R is a differentiable conver function on
the interior of I with [0,00) C I, and the derivative ®' is continuous on I.
If f : J — C is a continuous function on J with [m, M] C J then we have the
inequalities

(17 (el = 1if (A a)?) @ (1 (A) 2, 2)7) (34)
< (@ (If (WF)a.a) — @ (I (A)2.2) )
< (@ (IF (P) If WP ) = [F (Aa,a) P (@ (1 (AF) 2,2)

fOT' any T € H7 ||33H =1L If’Y = mintG[m,M] |f (t)| and I' = maX¢e[m, M) |f (t)|7
then

(o (IF WP) If WP e,a) = 1(f (D) (@ (I (WF)aa)  (35)

< (If @al* = 1tF @ aa)l) (o' (I (W) w,2)

5 (122 [# (1) = 9 (3%)
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for any x € H, ||z|| = 1. In particular, for f (t) =t, and for any x € H with
lz]| = 1.we have

(I14all® ~ (A2, 2)) @' ((Az, 2)) (36)
< (@ (4%) z,7) - @ (|(Az, 2))
< (@' (A?) A%z, ) — [(Az,2)|* (@ (A?) 2,2) .
If we denote n := minge(p, an |t and N = maxye ) [t], then
(9 (A%) A%, 2) — |(Aw, )" (@' (4%) 2, 2) (37)
< (Il42)® = (A2, 2)) (@' (42) @)
£ (N2 —n?) @ (N?) @ (n?)]
foranyx € H, ||z = 1.

PROOF. Let « € H, ||z =1, > 0and f : [m—¢e,M] C J — C, which
is continuous on [m —e, M]. If we use the inequality (8) for the measure
dp = dg, where g : [m — e, M| — R is the monotonic nondecreasing function
g (t) == (Eyx,x), and {E\}, g, is the spectral family of A, then we have the

inequality
M M 2
[ vordEes - || jodEe (33)

o )
< /mME<1>(f(t)|2)d<Etx,x> — 3 (

< [7 @ (15 wP) 1 OFa B

[ (5 0P)atma.

m—

M
/ f () d (B, )

m—e

2

M
/ /() d By, )

m—eg

Taking the limit over € — 0+ in (38) and utilizing the Spectral Represen-
tation Theorem for selfadjoint operators we get the desired inequality (34).
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The inequality (35) follows in a similar manner by making use of (10). The
details are omitted.

For f(t) = t we have |f (4)]* = |[A]” = A*A = A2 and the inequalities
(36) and (37) follow from (34) and (35). O

We have the following power inequalities.

Corollary 15. Let A be a bounded selfadjoint operator on the Hilbert space
Hand 0 <mI <A< MI. Then for r > 1 we have

r(Il4z)® - [(Az, 2)°) [(A, @) 20 (39)
< (A%z,7) — |(Az, z)[*"
<r [<A2Tx,x> — |(Az, z)[? <A2(T_1)x,x>}

< r (|l 4z)* - {4z, @) ) (42D, z)

4 ir (M2 —m?) [Mz(rq) _ mz(rq)}

for any x € H, ||z|]| = 1.
We have the following logarithmic inequalities.

Corollary 16. Let A be a positive definite operator on the Hilbert space H.
Then

4z 2 2
W—IZ<IH(A )x,x>—ln(|<Ax,x>| ) (40)

>1—|(Az, z)[? (A7 %z, )
forany x € H, ||z|| = 1.
We have the following exponential inequalities.

Corollary 17. Let A be a bounded selfadjoint operator on the Hilbert space
H and mI < A< MI. Then we have

(I142]* = (A2, ) *) exp (I(Aw, 2) ) (41)
< (exp (A2) T,T) — exp (|<Aw, x)\Q)
< <exp (A2) A%z, 1:> — |{Ax, 17>|2 <exp (AQ) x, x>

forany x € H, ||z|]| = 1.
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If we denote n := minycpy, ar ] and N 1= max,cpm a [t], then
(exp (A%) A%z, z) — |(Auz, z))? (exp (A%) z,z) (42)
2 2
< <||Asc|| — [(Az, z)] ) (exp (AQ) z,z)
1
+ 1 (N2 — n2) [exp (Nz) — exp (nz)]

forany x € H, ||z|| = 1.

For recent inequalities for functions of selfadjoint operators on Hilbert
spaces, see [5]-[20] and the monographs [21] and [22].
4 Applications for Unitary Operators

A unitary operator is a bounded linear operator U : H — H on a Hilbert
space H satisfying
U'U=UU"=1g

where U* is the adjoint of U, and 1y : H — H is the identity operator. This
property is equivalent to the following;:

(i) U preserves the inner product (-,-) of the Hilbert space, i.e., for all
vectors  and y in the Hilbert space, (Uz,Uy) = (z,y) and

(ii) U is surjective.
The following result is well known [35, p. 275 - p. 276]:
Theorem 18 (Spectral Representation Theorem). Let U be a unitary operator

on the Hilbert space H. Then there exists a family of projections {P/\})\G[O,Q'n]?
called the spectral family of U, with the following properties:

a) P)\ S P)\/ fOT A S )\I.
b) Po=0,Ps =1 and Pyyg = Py for all A € [0, 27).

¢) We have the representation

27
U= / exp (i\) dPy.
0
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More generally, for every continuous complex-valued function f defined on
the unit circle C (0,1) and for every € > 0 there exists a 6 > 0 such that

Hf (U) - Zf (exp (Z)\;C)) [P)\k - P)\k—l] <e
k=1

whenever
0=X <..<Ap_1 <A\, =2m,
Ak — A1 <0 for 1 <k <n,
)\;C € Mg—1, k] for 1<k <n

this means that )
fU)= [ (exp (iN)) dPy, (43)

0

where the integral is of Riemann-Stieltjes type.

Corollary 19. With the assumptions of Theorem 18 for U, Py and f we have
the representations

fO)z= " f(exp (X)) dP\x for allx € H
0
and ,
(f(U)z,y) = ; fexp (iA)) d(Pxz,y) for all z,y € H. (44)
In particular,
2m
(f(U)z,x) = f(exp (iN)) d{(Pyz,x) for all x € H.

0

Moreover, we have the equality

2T
I @)l = / F (exp ()2 d | Prc|® for all x € H.

The following result holds.

Theorem 20. Let U be a unitary operator on the Hilbert space H. Assume
that @ : [0,2n] — R s a differentiable convex function on (0,27) and the
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deriwative ®' is continuous on (0,2m). If f : C(0,1) — C is a continuous
function on the unit circle C (0,1), then we have the inequalities

(1F @)l = 1(f W) a,2)P) @ (10 (U) 2, 2)F) (45)
< (@ (If W)F) ) - (Itf O)2,2))
< (@ (If@P) If )P a,2) = 1(F @) 2.2 (@ (1f O)F ) 2.2

forany x € H, ||z|| = 1.
If k = min.cc(oq) |f (2)] and K = max.cc(o,1) |f (2)], then

(o' (IF@F) 1f @ 2.2) = [(f @)w,2) P (' (If O)F ) a,2)  (46)

g (7= 1) [ (%) = @f (12)]

forany x € H, ||z|]| = 1.

ProOF. Let « € H with [lz]| =1 and {Px},¢(g 2, the spectral family of U.
Utilising the inequality (8) we have

2

) (47)

)

2T 2
(/ |f (exp (iA)* d (P, ) — / [ (exp (i) d (Pxz, z)
0 0

“f )

< / "o (1f (exp ((N)P) d(Pra,z) — @ (

27
/0 £ (exp (i) d (Prz, z)

27
/0 £ (exp (i) d (Prz, z)

< [T (17 @0 @DE) IF (e () d P

/ 7 e ) ()| / T (1 e (N)P) d (Para).

By making use of the Spectral Representation Theorem for unitary operators
we get from (47) the desired result (45). O
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Corollary 21. Let U be a unitary operator on the Hilbert space H. Assume
that ® : [0,27] — R is a differentiable convexr function on (0,27) and the
derivative @' is continuous on (0,2m). Then we have the inequalities

((exp2Re ()] 2,2) — [(exp (U) 2, 2)*) @ (I(exp ()2, ) ) (48)
< (@ (exp [2Re (U)]) 2,2) — @ (|(exp (U) @, 2)]")
< (@' (exp[2Re (U)]) exp [2Re (U)] 2, )
~|(exp (U) 2,2) * (@ (exp [2Re (U)]) @, 2)
for any x € H, ||z|| = 1, where Re (U) = 2 (U* + U).

PRrOOF. If we take in (45) f: C — C, f(z) = exp (2), then

1f (U7 = lexp (U)[* = [exp (U)]" exp (U)
=exp(U*)exp (U) =exp(U*+U) =exp[2Re (U)]

since U*U = UU* = I.
This proves the inequality (48). O

Remark 4. Assume that f : C (0,1) — C is a continuous function on the unit
circle C (0,1). If we take ® (t) =", r > 1, then we have from (45) and (46)
that

r (I @)l = [ @) 2P ) 1 @) 2, )P0 (49)
< (IF @) ) = [(f (©) 2 2)*
<r (IO @,2) = | O)a,2) (If @ a,a)

foranyx € H, ||z|| =1. Ifk = mince(o,1) |f ()] and K = max;ec(0,1) lf (),
then

(If O 2.2) = 1(f @)z, 2) (If )V, (50)
< (If @)=l = 1(f @) 2,2)F) (IF @)FC )
n % (K2 _ k2) |:K2(r71) _ kz(rq)}

for any x € H, ||z|| = 1.
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Assume that f (z) # 0 for any z € C(0,1). By taking ® (t) = —Int in (45)
and (46), we get

e =z (m (@) ) - (1 @) 6D

> 1 |(f (U)z,2) (If @) a,2)
foranyx € H, |z|| = 1.

For recent inequalities for functions of unitary operators, see [26]-[33].
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