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MOORE-SMITH LIMITS AND THE
HENSTOCK INTEGRAL

Abstract

An integral is defined using the Moore-Smith limit and this new
integral is compared to the Henstock integral.

It is well-known though not easily found in the literature that the Riemann
integral can be defined by Moore-Smith limit using divisions. Then many
properties of the Riemann integral will have straightforward proofs. In this
paper, we shall investigate whether the Henstock integral can also be defined
by means of Moore-Smith limit involving §-fine divisions. We assume that the
reader is familiar with the definition of the Henstock integral [3].

A division D of [a, b] is a finite set of interval-point pairs ([u, v], £) such that
the intervals [u, v] from D are non-overlapping and their union is [a, b] and also
¢ € [u,v] for each ([u,v],£) € D. Let D1 = {([u,v],&)} and Dy = {([s,t],n)}
be two divisions of [a,b]. Then Ds is said to be finer than D; in the Riemann
sense, or in symbols, Do J Dy if for each ([s,t],n) € D2 we have [s,t] C [u, ]
for some ([u,v],&) € Dy and when [s,t] = [u,v] we have n = £. Then (D, J) is
a directed set of divisions D of [a,b] . More precisely, the following conditions
are satisfied:

1. D2 D for all D € D;
2. if Dl,Dg,Dg € D with D1 Q Dg and D2 2 D3, then D1 Q D3;

3. if Dl,Dg € D with D1 J Dy and Dy Dl, then D, = DQ; and
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4. for every Di1,Ds € D, there exists D3 € D such that D3 J D; and
D3 3 Ds.

Hence the Riemann integral of f on [a,b] is the Moore-Smith limit [1] of
Riemann sums using (D, J). In symbols,

b
[ 1= lm @)Y 10w

DeD

We recall that a function f is Henstock integrable to A on [a, b] if for every
€ > 0 there exists §(x) > 0 such that for any d0-fine division D of [a, b] we have

(D) ) —w) - 4] <e

A division D of [a,b] is 0-fine if & € [u,v] C (£ — d(€),& + 0(§)) for each
([w,v],€) € D. Now let D be the family of d-fine divisions of [a, ] for some
given 6(z) > 0. For Di,Dy € D, we write Do > D; and say that D is
finer than D; in the Henstock sense using 0 if for every ([s,t],n) € Dy we
have [s,t] C [u,v] for some ([u,v],&) € Dy, and {£ : ([u,v],€) € D1} C {n:
([s,t],m) € D3}. Then (D,>) is a directed set. A function f is said to be
H, -integrable to A on [a, b] if A is the Moore-Smith limit of the Riemann sums
using the directed set (D, >). More precisely, there exists §(z) > 0 such that
for every € > 0 there exists a §-fine division Dy such that for every d-fine
division D > Dy we have

(D)) f(E)w—u) — Al <e.

We say that A is the Hi-integral of f on [a,b] and that f is Hi-integrable on
[a, b] using d. Note the difference that here we choose §(z) first then e, whereas
in the definition of the Henstock integral 6(z) comes after e.

Example 1. A Riemann integrable function on [a,b] is H;-integrable there
using an arbitrary d(x) > 0, and the two integrals are equal.

Example 2. The Dirichlet function, given by f(z) = 1 when z is rational and
0 when z is irrational, is H;-integrable on [0, 1], using § where §(r;) = 27¢ for
i=1,2,... and {ry,r,...} are the rational numbers in [0, 1].

Example 3. Let f(z) = F/(z) where F(0) =0 and F(z) = 22 sinz~2 where
x # 0. Then f is Hj-integrable on [0, 1], using § where 6(x) = §,, when
x € (1/(n+1),1/n] for some suitable §,, and n = 1,2,..., and arbitrary when
z=0.
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It is easy to see that every Hi-integrable function on [a,b] is also Hen-
stock integrable there. We will be using this fact frequently in the succeeding
discussion.

For convenience, we say that f is Hi-integrable on a set X C [a, b] if fXx
is Hi-integrable on [a,b] where Xx denotes the characteristic function of X.
We may define the primitive F of f on [a,b] with f(z) =0 for = € [a,b] — X.
It is easy to see that if f is H;-integrable on X; using ¢; and on Xs using d
then f is Hi-integrable on the union X3 U X5 using 6 = min{dy,d2}. However,
we have the following.

Lemma 4. Let f be Hy-integrable on a closed set X1 C [a,b] using 01, and on
another closed set Xo C [a,b], with f(x) =0 for x & X1 U Xs. If the primitive
F of f on [a,b] is absolutely continuous there, then f is Hy-integrable on
X1 U Xy using 6, where 6(x) = §1(x) when x € X;.

PROOF. We may assume X7 C Xs. Suppose f is Hi-integrable on X5 using d5.
Then for every € > 0 there exists a d;-fine division D; on [a,b], i = 1,2, such
that for any §;-fine division D > D; we have

(D)X O —u)— Al <e,

£eX;

where A; denotes the Hj-integral of f on X;. We may assume da(z) < §1(x)
for all z € [a,b]. Put §(z) = é1(x) when z € X; and d2(x) when z € [a, b]— X;.
We may modify (), if necessary, so that (z — da(x),z + da2(x)) N X1 = 0
when z ¢ X;.

Since F' is absolutely continuous on [a, b], there exists 7 > 0 such that for
any partial division D of [a, b] we have

)(D) ZF(um)) < e whenever (D) Z v —ul <n,

where F(u,v) = F(v) — F(u). Note that the Saks-Henstock Lemma [3, p. 11],
for the Hj-integral holds. If, in addition, D is do-fine partial division of [a, b]
with £ € X5 such that

(D) YA =)~ Flu,0)}| <

then (D)) |v —u| < nimplies [(D) > f(&)(v —u)| < 2e.

Now, take a d-fine division Dy of [a, b] such that Dy > Dy, D using §; and
a subset F of Dy covers X; with |E— X;| < n. For any d-fine division D > Dy,
take a Jo-fine division D3 of those intervals in D which are §;-fine, namely,

those with £ € Xi. Note that (D3) >~ f(§)(v —u) and (D) > ec x, f(€)(v —u)
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are sums over the same intervals, in which D3 may contain ([u,v],&) with
£ € X7 and € € Xy — X;. Then we have

(D) Y F©)w—u) - 4o < \(D) PORIGICENENH

£€Xy £EX,
+ |41 — (Ds) Z fEOw—u ‘
£eXy
+ |(Ds) Z f&)(v—u)+ Z F(Ew—u) AQ‘
£eXs £eXa— X1
+|(Ds) Y fOw—u ‘
£eXo—X,
< be.
The proof is complete. O

Theorem 5. Let f be Hi-integrable on a closed set X,, with primitive F,, for
n=12..., and X = U2, X,. If f is non-negative on [a,b] and F,(b) —
F,(a) = A asn — oo, then f is Hi-integrable on X.

PrOOF. We may assume that X,, C X,,41 for each n = 1,2,.... Since f is
H;-integrable on X,,, there exists d,,(z) > 0 such that for any §,,-fine division
D of [a,b] we have

D) Y2 1FO)w )~ Falw, ) < o

§EXn
where F, (u,v) = F,,(v) — F,,(u) and F, is the primitive of fXx, on [a,b]. Put
0(z) = 6p(z) when z € X, — X,,_1 with X = 0, otherwise arbitrary. We may
modify d,,(z), if necessary, as in Lemma 4. Since f is non-negative on [a, b],
fXx, is absolutely H-integrable on [a, b] and so fXx, is absolutely Henstock
integrable on [a, b]. Thus, F,, is absolutely continuous on [a, b], and the result
of Lemma 4 applies.

Given € > 0, there exists an integer N > 0 such that
=1
|A— Fn(a,b)| <e and Z - <e
n=N+1

Further, there exists a d-fine division Dy of [a,b] such that for any J-fine
D > Dy of [a,b] we have

D) Y {f(€)v—uw) — Fy(uv)}| <e.

feXnN
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Here we have used Lemma 4 to obtain Dy and the last inequality. Note that
F,(u,v) = F(u,v) asn — oo and 0 < F(u,v) — Fp(u,v) < F(u,v) — Fx(u,v)
for n > N. Here F(a,b) = A. Then for any é-fine division D > Dy of [a,b]
we obtain

(D)3 £ @@= = A < |(D) 3 {F© @ —u) ~ Fy(u,0)}

fex feXn

YD Y O - Faw)
n=N+1 feXn—Xn_1
+|A = Fn(a,b)|
< 3e.

Hence f is Hj-integrable on X.

With the idea presented in the proofs of Lemma 4 and Theorem 5, we can
now look at the H;i-integrability of a Henstock integrable function. Note that
the Cauchy Criterion [3, p. 10], also holds for H;-integral. We give first the
following lemmas.

Lemma 6. Let X be a closed subset of [a,b]. If f is Hy-integrable and bounded
on [a,b], then f is Hy-integrable on X.

PrOOF. Let |f(x)] < M for all z € [a,b]. By the Cauchy Criterion, there
exists d(z) > 0 such that for each € > 0 there is a d-fine division Dy of [a, ]
such that for any d-fine divisions D, D’ > Dy of [a, b] we have

(D)D" F©)w —w) ~ (D) F(E) (v —w)| <e.

Further, there exists a finite union F of closed intervals such that £ D> X
and |E — X| < 7. We can assume that a subset of Dy forms a division
of E. For every dé-fine divisions Dy, Dy > Dy of [a,b], let Di and D3 be
the respective subsets of Dy and D which form divisions of E. Note that
(Dy) dex f(&)(v—u) = (D) dex f(&)(v—u) for i = 1,2. We may assume
further that

(D) > fOw-w=D) Y  [fEw-u)

é€lab]-E é€lab]-E
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Then
(D) > FE©@ =)= (D2) Y FOw )|

£eXx cex
< |00 1@ =) = (D) Y SO —w)|
+ (D) 32 1 ONw = w) + (D5) D 1F(E)l(0 —w)

13:9:¢ 13:9:¢
< 3e.

By the Cauchy Criterion again, the above inequalities imply that f is
Hi-integrable on X. O

Lemma 7. Let f be a measurable function on [a,b]. Then there exists a
sequence {X;} of closed subsets of [a,b] such that f is Hy-integrable on each
X; and |[a,b] — U2, X;| = 0.

PrOOF. It is well-known [2, p. 192] that there exists a sequence {¢,} of
continuous functions on [a,b] such that ¢, (x) — f(z) almost everywhere in
[a,b]. By Egoroff’s Theorem and Lemma 6, for each ¢ = 1,2,..., there is a
closed set X; C [a,b] with |[a,b] — X;| < % such that f is H;-integrable on X;;.
Obviously,

1
lla,b] = U2, X3l < [a, b] = UL, X < [[a,b] = Xn| < 5 =0

as N — oo, that completes the proof of the lemma. O

Let a function F' be defined on [a, b] and X C [a,b]. The function F is said
to be AC*(X) if for every e > 0 there exists 77 > 0 such that for any partial
division D = {([u,v],&)} of [a,b] with u or v in X

(D) Z |[v—u| <n  implies (D) Z |F(u,v)| < e.

Further, F' is said to be ACG* on [a, b] if [a, ] is the union of X;, X5, ... such
that F'is AC*(X;) for each ¢. This definition is equivalent to the definition in
[3, p- 29] with F' being continuous on [a, b] and to the classical definition in the
book by Saks [4], that is, if F' is ACG* on [a,b], then F is continuous there.
It was shown in [3, p. 34] that is f is a Henstock integrable function on [a, b],
then its primitive F' is ACG* on [a,b] and we can assume that [a,b] = UX;
such that F' is AC*(X;) and X; is closed for each 1. O

On the other hand, a sequence {F,} of functions defined on [a,b] is said
to be UAC*(X) where X C [a,b] if, in the definition of AC*(X), n > 0 is
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independent of n. Further, {F,} is UACG* on [a,b] if [a,b] = UX; such
that {F,,} is UAC*(X;) for each i and we can assume that X; is closed for
each i. Futhermore, the sequence {F,} is said to be oscillation-convergent to
some function F' defined on [a, b] if [a,b] = UX; with X; being closed and for
every i and € > 0 there is an integer N > 0 such that for any partial division
D = {([u,v], &)} of [a,b] with £ in X; we have

Z |Fy(u,v) — F(u,v)| < e

whenever n > N. The following lemma was proved in [3, p. 56] O

Lemma 8. Let {f,} be a sequence of Henstock integrable functions on [a,b]
and is control-convergent to some function f on [a,b]; that is, the following
conditions are satisfied:

1. fo(x) = f(x) almost everywhere in [a,b] as n — oo;
2. the sequence {F,} of primitives of {fn} is UACG* on [a,b]; and
3. {F,} converges uniformly on [a,b].

Then {F,} is oscillation-convergent to the primitive F of f on [a,].

Lemma 9. Let f be Henstock integrable on [a,b] with primitive F'. Then there
exists a sequence {F,} of absolutely continuous functions that is oscillation-
convergent to F on [a,b].

PROOF. Since f is Henstock integrable on [a,b], F' is ACG* on [a, b]; that is,
there exists a sequence {X,,} of closed subsets of [a, b] such that F' is AC*(X,,)
for each n. We may assume that X,, C X,,41 and a,b € X,, for each n. Since
X, is closed, we can write (a,b) — X,, = U2, (ax, bx) and put

P [ F(z) when z € X,;
n(@) = Flay) + Ze0=F@) (o) when = € (ag, by,) for all k.

br—ag

Since f is Henstock integrable on [a, b], its primitive F' and thus F,, are con-
tinuous on [a, b]. Further, we can assume that F,, — F uniformly as n — oc.

Since F,, is AC*(X,,) for each n, given an € > 0 there exists 7,, > 0 such
that for any partial division 7, of [a,b] with uw or v in X,

(7n) > v —ul <mp implies  (m,) Y |Fu(u,0)] < e.

Let N be fixed. For n > N, F,(x) = Fy(x) for all x € Xy. Thus we can
choose 77 = miny<;<n{n;} for all F,, so that {F),} is UAC*(Xy). Hence {F,}
is UACG* on [a, b].
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Now define

f(z) when z € X,,;
fn(@) = { W when z € (ag, by) for all k.
It is easy to see that f,, is Henstock integrable on [a, b] and F), is the primitive
of f, for each n. Since X,, 1 [a,b], fn(z) — f(z) almost everywhere in [a, b].
From the above discussion, {f,} is control-convergent to f on [a,b]. Thus,
by Lemma 8, {F,,} is oscillation-convergent to F' on [a,b]. The proof is com-
plete. O

We now give the main result of the paper.

Theorem 10. Let f be Henstock integrable on [a,b]. Then there is an
Hy -integrable function g such that f(x) = g(x) almost everywhere in [a,b].

PROOF. By Lemma 7, there exists a sequence {X;} of closed subsets of [a, D]
such that f is Hj-integrable on each X; and |[a,b] — U2, X;| = 0. Let X =
U2, X; and X; C X;4, for each i. We prove that f is H;-integrable on X.

We may assume that the result of Lemma 9 holds; that is, for every i there
exists an integer n(i) > ¢ such that for any partial division D of [a,b] with u
or v in X;, we have

(D) Y 1By (u,0) = Fl, )] <

where F is the primitive of f on [a,b] and F,;)(x) is as defined in the proof
of Lemma 9.

Since f is Hj-integrable on X, ;) for each 4, f,(;) is also Hi-integrable on
Xn(i), where f,,¢; is as defined in Lemma 9. There exists d,;)(z) > 0 such
that for any d,(,)-fine division D of [a, b] we have

(D) Z |fn(z)(§)(v - U) — Fn(z’)(u; fu)| < %

£eX;

For i = 1,2,..., put §(z) = §;(z) if z € X; — X;_; with Xy = (J; otherwise,
put 6(x) > 0 arbitrary. We may modify §;(z), if necessary, as in Lemma 4.
Given € > 0, there exists a positive integer N = n(ip) such that
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Further, there exists a d-fine division Dy of [a,b] such that for any d-fine
division D > Dy of [a,b] we have

D) 3 {f(©O@—u) = Fx(uv)}] <e

£EX5,

For any d-fine division D = {([u,v],&)} of [a,b] with £ € X,, — X,,_; and
D > Dy, we have

(D) YO =u) = Fu)}| <[(D) Y (£ —w) - F(u,v)}

fex £€X,
+ > D) D {F(E =) = Foy(w,0)}
i=1ip+1 eX,i—Xi—1
D) Y {Fn(u,0) = Flu,0)
£€Xi
+ >0 Y R - Fuo)
i=ig+1 feXi—X, 1
— 1
<e+ Z *—f— 270 Z ?
i= zo+1 i=ip+1
< 4de.
Therefore, f is Hi-integrable on X. O

Corollary 11. A function f is Henstock integrable on [a,b] if and only if

f(x) = g(x) almost everywhere in [a,b] for some Hi-integrable function g on
[a,b].

It is not known whether every Henstock integrable function on [a, 8] is also
Hi-integrable there. We conjecture that it is not.
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