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THE STOKES THEOREM FOR THE
GENERALIZED RIEMANN INTEGRAL

Abstract

In R™, we define the generalized Riemann integral over normal m-
dimensional currents with compact support and bounded multiplicities,
and prove the Stokes theorem for continuous (m — 1)-forms that are
pointwise Lipschitz outside sets of o-finite (m—1)-dimensional Hausdorff
measure. In addition, we show that the usual transformation formula
holds for local lipeomorphisms, which need not be injective.

1 Introduction

Using the change of variables formula of [6, Theorem 6.7] and standard tech-
niques [8, Chapter 5], it is easy to lift the generalized Riemann integral defined
in [6, Definition 5.1] to a compact oriented Lipschitz manifold M with bound-
ary and establish the Stokes theorem for pointwise Lipschitz (m — 1)-forms on
M. 1In this note we prove that the same is true for certain top-dimensional
currents. We also show that the generalized Riemann integral transforms well
with respect to local lipeomorphisms, which need not be injective. It is our
hope that eventually similar results may be obtained in middle dimensions.

2 Preliminaries

The set of all real numbers is denoted by R, and the ambient space of this
note is R™ where m > 1 is a fixed integer. The open ball of radius r > 0
about € R™ is denoted by B(z,r). The symbols cl E, OF, and d(A) denote,
respectively, the closure, boundary, and diameter of a set £ C R™.

Lebesgue measure in R™ is denoted by £™; however, for £ C R™ we write
|E| instead of L™ (E). The essential closure cl. E and essential boundary 0. FE
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of a measurable set £ C R are the sets of all x € R at which the density
of E lies in (0,1] and (0, 1), respectively [4, Section 1.7.1]. A thin set is a set
S C R™ whose (m — 1)-dimensional Hausdorff measure H™~? is o-finite.

Unless specified otherwise, all functions we consider are real-valued. By
xe we denote the indicator of a set £ C R™. If E C R™ is a measurable
set and f € L'(E), we denote by (L) [, fdL™ or (L) [}, f(x)dx the Lebesgue
integral of f over F.

The linear space of all locally bounded locally BV functions in R™ is de-
noted by BV;22(R™), and the linear space of all bounded BV functions in R™
with compact support is denoted by BV, (R™). If g € BV.>°(R™), we denote
by |91, |9lces Dg, and ||g| the L' norm, L norm, distributional gradient,
and total variation of g, respectively. If g € BVS(R™) and v : R™ — R™ is
a C! vector field with compact support, then

/ gdiveodL™ = —/ v-d(Dg). (2.1)

For n=1,2,..., the L! norm | - |; gives the family
BV, :={g € BV>*(R™) :suppg C c1 B(0,n) and ||g|| + |g|oc < n+1}

a compact topology. The largest topology 7 in BV.>°(R™) for which all in-
clusion maps BV,, — BV are continuous is a nonmetrizable locally convex
Hausdorff topology that is sequential and sequentially complete. Given a lo-
cally BV set E C R™, we denote by BY(E) the family of all bounded BV
subsets of E. Identifying each A € BV(E) with its indicator x4 € BV °(R™),
we view BVY(E) as a closed subspace of (BV*(R™), 7).

Remark 2.1. A clear self-contained exposition of BV functions and BV sets
can be found in Chapter 5 of [4] or [9]. As usual, when we talk about spaces
of BV functions or BV sets, their elements are the equivalence classes of BV
functions or BV sets, respectively. On the other hand, an individual BV
function or BV set is normally not identified with its equivalence class.

The unit exterior normal of a BV set A is denoted by v4. The Gauss-Green
formula

/ divedL™ = / v-vadH™ ! (2.2)
A 0+ A

holds for each C! vector field v : R™ — R™ with compact support. The
perimeter of a bounded BV set A is denoted by ||A||, and the number

1AL
r(A) = { TAVIAT if d(A)[|A[l >0,
0 otherwise

is called the regularity of A.
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3 The R-Integral

A charge is an additive 7-continuous function defined on BY(R™). Explicitly,
a charge is an additive function F' on BY(R™) having the following property:
given € > 0, there is a § > 0 such that ‘F(A)’ < ¢ for each BV set A C
B(0,1/e) with ||A|| < 1/e and |A| < §. If F is a charge and E C R™ is a
locally BV set, the function F'L E defined by

(FLE)(A) := F(ANE)

for each A € BV (R™) is also a charge. We say F is a charge in E whenever
F = FLE. Typical examples of a charge are an absolutely continuous signed
measure and the flux of a continuous vector field.

A nonnegative function ¢ defined on a set F C R™ is called a gage on E
whenever {0 = 0} is a thin set. A partition is a collection (possibly empty)

P:={(A1,21),...,(Ap,zp)}

where A;,..., A, are disjoint bounded BV sets, and z1,...,z, are points of
R™. Given € > 0 and a gage § on E C R™, the partition P is called

o e-reqular if r(A; U {z;}) >efori=1,...,p,
e &-fine if z; € E and d(A; U {z;}) < é(x;) fori=1,...,p.

Definition 3.1. Let E be a locally BV set. A function f defined on cl, E is
called R-integrable in E whenever there is a charge F' in F having the following
property: given € > 0, we can find a gage 6 on B(0,1/¢) Ncl.E so that

P

M f@)lAil - F(4)] < e

i=1
for each e-regular 0-fine partition {(A1,z1),..., (Ap, zp)}.

The charge F' from Definition 3.1 is called the R-primitive of f. For a
bounded BV set A C E, we denote F(A) by the symbol (R) [, fdL™, or
(R) [, f(z)dz, and call this number the R-integral of f over A. According to
[6, Corollary 5.9], the R-integrability of f and the R-primitive of f depend
only on the values f takes almost everywhere in E. In particular, we can talk
about the R-integrability, R-primitive, and R-integral of a function defined
only almost everywhere in E. The linear space of all R-integrable functions in
E is denoted by R(E).
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It follows from [6] that the R-integral has the usual properties such as
linearity, monotonicity, etc., associated with the word “integral.” If f is a
function defined on E and f € L'(A) for each bounded BV set A C E, then
f € R(E) and the Lebesgue primitive of f

F:Aw— (L) fdL™ : BV(R™) - R
ANE
coincides with the R-primitive of f. For this reason we often denote by [ both
symbols (L) [ and (R) [.
We say a charge F is derivable at x € R™ if a finite lim[F(B,,) /| B,|] exists
for each sequence {B,} in BY such that

limd(B, U{z}) =0 and infr(B,U{z})>0.
If all these limits exist, they have the same value called the derivate of F' at

the point z, denoted by F'(x).
For a charge F and a set £ C R™, let

P
V.F(E) := sup inf su F(A;
(E) :=sup iy Pp;| (47)]
where 4 is a gage on E, and P = {(A1,21),...,(Ap, xp)} is an e-regular é-fine
partition. It was shown in [1] that the extended real-valued function

V.F:Ew— V,F(E)

is a Borel regular measure in R™ that coincides with the classical variation of
F on each compact interval.

A charge F' in a locally BV set E is called, respectively, AC, or AC if
the measure (V. F)Lcl,E is absolutely continuous or absolutely continuous
and locally finite. According to [2], each AC, charge, and a fortiori each AC
charge, in F is derivable almost everywhere in E. Moreover, the following
theorem holds.

Theorem 3.2. If F' is a charge in a locally BV set E, then
(i) F is AC if and only if F is the Lebesgue primitive of F';
(ii) F is ACy if and only if F is the R-primitive of F”.

Let E C R™ be a measurable set. We say a vector field v : F — R™ is
differentiable relative to E at x € int,E if there is a linear map Dgv(z) :
R™ — R™ satisfying the following condition: given € > 0, there isa § > 0
such that

[v(y) —v(@) — Dpo(z)(y — z)| <ely — |
for each y € E N B(x,d). Suppose v is differentiable relative to E at = €
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int,F. Then v is approximately differentiable at 2 and Dgv(z) = ap Dv(x);
in particular, Dgv(x) is unique [5, Section 3.1]. The trace of Dgv(z) is called
the divergence of v at x relative to E, still denoted by divv(z).

If C C R™ is a closed set, and if v : C' — R™ is a continuous vector field
that is Lipschitz at each point of a set S C int,C, then using a weak version of
Whitney’s extension theorem [7, Proposition 13.4.4] and Stepanoff’s theorem
[5, Theorem 3.1.9], it is easy to see that v is differentiable relative to C at
almost all points of S.

The following version of the Gauss-Green theorem has been established in
[6, Theorem 5.19].

Theorem 3.3. Let A be a bounded BV set, and let v : c1A — R™ be a
continuous vector field. If v is Lipschitz at each x € A — S where S is a thin
set, then divv belongs to R(A) and

(R)/ divodL™ = (L)/ v-vdH™ .
A 0+ A

4 The Stokes Theorem

We shall need a result established in [3, Proposition 3.5].

Proposition 4.1. Let F' be a charge in a locally BV set E C R™, and let A
be a set in BY(R™*). For L'-almost all t € R, the section

At :={z e R™: (z,t) € A}
belongs to BV(R™), and the function t — F(A") belongs to L*(R). Letting

(F x LY)(A) == /RF(At)dt

for each A € BYV(R™TY) defines a charge F x L' in E x R.
For a nonnegative function g € BV °(R™), the set
Sgi={(z,t) ER" xR:0<t<g(z)}
belongs to BV(R™T!), and (X,)" = {g > t} for every ¢t > 0. We let
(F.g) = (F x £9)(Z4+) — (F x £)(E, )

= /OOOF({g > t}) dt—/OOOF({—g > t}) dt

for each charge F' and each g € BV.°(R™). For the proof of the next propo-
sition we refer to [3, Proposition 4.1].
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Proposition 4.2. For each charge F, the map O(F) : g — (F,g) is a T-
continuous linear functional on BV°(R™). The map F — O(F) is a linear
bijection from the space of all charges onto the dual space of (BVC°° (Rm),T).

If g € BVX(R™), then gxa € BV °(R™) for each A € BV(R™). Thus
given a charge F' and a g € BV22(R™), we can define a charge

FlLg: A~ (F,gxa): BV(R™) - R.

It is easy to see that (F'Lg)Lh = F'L(gh) for each h € BV32(R™), and the
following theorem follows from [3, Section 6].

Theorem 4.3. Let E be a locally BV set, and let g € BV2(R™). If F is an

AC, charge in E, then so is FLg and (F'Lg) (z) = F'(z)g(x) for almost all
z e FE.

As usual we denote by dx1,...,dx,, the dual base to the standard base
of R™, and orient R™ by the volume element dz := dxy A --+ A dxy,. The
m-form 6 := fdx defined almost everywhere in a locally BV set E is called
R-integrable whenever f € R(E). Let

W= Z(—l)i_lwidxl/\~-~d/:;i-~-/\da:m (4.1)
i=1
where w, = (w1 ...,w,,) is a vector field defined on a locally BV set E. We

say w is C'°°, or continuous, or pointwise Lipschitz whenever w, is C*°, or
continuous, or pointwise Lipschitz, respectively. If w,, is differentiable relative
to E at an x € int, F, we let

dw(z) := divw,, (z) dz .

We shall use freely the notation of [5, Chapter 4]. For a set E C R™, we
denote by N5 (E) the algebra of all m-dimensional currents E™ L g associated
with those g € BV.>°(R™) for which {g # 0} C E. Identifying E™ L g with g,
we view N%>(E) as a closed subspace of (BV°(R™), 7).

Let E be a locally BV set, and let T' := E™ L g belong to N&>*(E). If
0 := fdx is an R-integrable m-form in E, we find a bounded BV set A C E

with {g # 0} C A and let
/Gzz/fgdﬁm.
T A

Note that fg € R(A) by Theorem 4.3, and that the definition of [,.6 does not
depend on the choice of A. Moreover, [0 = (T,0) for each C* m-form 6 in
R™ with compact support.
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Given a vector-valued Radon measure u in R™, we denote by T}, the
(m — 1)-dimensional current defined by the formula

(T w) == / Wy, - dp
Supp p

for each C*° (m — 1)-form w in R™ with compact support that is defined
by (4.1). Obviously T_,, = —T),. For a continuous (m — 1)-form w in R with
compact support defined by (4.1), we let

/ w = / Wy - dp;
m supp p

in particular, [, w = (T}, w) whenever w is C*°.
Let w be a O (m—1)-form in R™ with compact support defined by (4.1),
and let T := E™ L g be in N&>°(R™). Since 9T = —Tpy = T_p4 according to

[5, Section 4.5.7], we obtain immediately

/wa: (T, dw) = (0T, w) :/aTw.

Our goal is to extend the Stokes equality fT dw = |, o w to every continuous
(m — 1)-form w that is pointwise Lipschitz outside a thin set.

Proposition 4.4. If g € BV>*(R™), then

/ w-d(Dg) = —/ </ W Vigsi) de1> dt
supp Dy R \/0.{g>t}

for each continuous vector field w : c1{g # 0} — R™.

PRrROOF. If w: R™ — R™ is C*° and has compact support, then

/ divw(z)dz =0 (4.2)

by the Gauss-Green theorem. Fubini’s theorem implies

/m gt (z)divw(z) de = /OOO </{g>t} divw(z) dm) dt .

Applying Fubini’s theorem again and using (4.2),
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/m g (z)divw(z /000 (/ o divw( )dx) dt
/000 (/Rm . t}dlvw( )dm) dt

/OOo (/{g> At )dx) dt

_ _/OOO (/{g>t} div w(z) dx) dt.

The previous two equalities together with (2.1) and (2.2) yield

/mw -d(Dg) = f/m g(z)divw(z) dr = —/R (/{M} divw () dx)
B _/R </a*{g>t} Yoy de_l) at-

Now suppose w : cl{g # 0} — R™ is continuous. Extend w to a continuous
vector field v : R™ — R™ with compact support, and find a sequence {vy}
of C'*° vector fields with compact support defined on R™ that converges to v
uniformly. As Dyg is a finite measure,

/m v-d(Dg) = lim - vg - d(Dg) (*)

by the dominated convergence theorem. Letting

J(t) = / V- Vig>t} d’Hm71 and Jk(t) = / Uk - V{g>t} de71 s
0. {g>t} 0x{g>t}

observe that

| T(t) = Ju(t)] =

/ (v — k) - Vig>0} dH™ | < H{g>t}|| v — vkloo
0. {g>t}

for k=1,2,..., and £L'-almost all £ € R. In view of the coarea theorem for
BV functions [4, Section 5.5], the dominated convergence theorem yields

/RJ(t) dt:lim/RJk(t) dt. (%)
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Combining (*) and (x*) with the first part of the proof,

/ v-d(Dg) = / / CRRZ P dH™ 1) dt.
m R \/0.{g>t}

Since 0,{g >t} Usupp Dg C cl{g # 0}, the proposition follows. O

Theorem 4.5. Let E be a locally BV set, and let w be a continuous (m — 1)-
form in clE. If w is Lipschitz at each x € E — S where S is a thin set, then
dw is R-integrable in E and [.dw = [, w for each T € NG>(E).

PROOF. Let w, be the vector field associated with w according to (4.1), and
choose an m-dimensional current T := E™ L g in N$>°(E). In view of linearity,
we may assume that g > 0. According to Theorem 3.3, the divergence div w,,
of w, relative to E is R-integrable in E, which means dw is R-integrable in
E. Denote by F' the R-primitive of divw,,, and find a bounded BV set A C E
containing {g # 0}. Theorems 3.3 and 4.3 together with Proposition 4.4 imply

/ dw = / g(x)divw,(z)de = (FLg)(A) = (F,g)
T A

:/ F({g>t})dt :/ / divw,, dL™ | dt
0 0 {g>t}
= / (/ Vy * V{g>t} de1> dt

0 0.{g>t}

:—/ ww~d(Dg):/ ww~d(ng):/ w. O
supp Dg supp (—Dg) or

5 Change of Variables

A local lipeomorphism of a set E C R™ is a proper Lipschitz map ¢ : E — R™
having the following property: for each z € cl E there is an r > 0 such that ¢
restricted to ENB(x, ) is a lipeomorphism. Note that ¢ has a unique Lipschitz
extension ¢ : cl E — R™, and that proper means (E_l(K ) is a compact set for
each compact set K C R™. A simple compactness argument shows that for
each compact set C' C cl E there is a positive integer n = n(C) such that the
map ¢ restricted to C' is at most n-to-one. In particular, ¢ is a finite-to-one
map.

Throughout the remainder of this paper, we select a fixed locally bounded
BV set E C R™, and a local lipeomorphism ¢ : E — R™. If g € BV.>°(R™),
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then
deg(¢,9)(y) == > g(x)sign det D (x).

z€H~1(y)

is defined for almost all y € R™ by Rademacher’s theorem [4, Section 3.1.2].
Given E™ Lg in N&>*(E), it follows from [5, Section 4.1] that

o4 (E™Lg) = E™ Ldeg(¢,9) . (5.1)

As g has compact support, {deg((b, g) # 0} is a bounded subset of ¢(F); in
particular, deg(¢,g) has compact support. Since there is an integer n > 1
such that ¢ is at most n-to-one on {g # 0}, the function deg(¢,g) is essen-
tially bounded. Finally, as E™ L g is a normal m-dimensional current, so is
E™ Ldeg(¢,g) by [5, Section 4.1]. Moreover, it follows from [5, Section 4.5]
that E™ Ldeg(¢, g) belongs to N> [¢(E)]. The linear map

¢4 E™Lg— E™ Ldeg(¢,g) : N5 (E) — N [¢(E))]

is 7-continuous. Indeed, if ¢ is the Lipschitz constant of ¢ and M(T') denotes
the mass of a current T as defined in [5, Section 4.1.7], then

|deg(¢, 9)|, = M[E™ Ldeg(¢, )] = M[¢4(E™ Lg)]
< "M(E™Lg) = gl
ldeg(9, 9)]| = M(D[E™ Ldeg(@, 9)] ) = M[064(E™ Lg)]
= M(64[0(E™Lg)]) < " M[O(E™ Lg)] = g
If A is a bounded BV set, we write E™ L A and deg(¢, A) instead of E™ L x4
and deg(¢, xa), respectively.

Proposition 5.1. The set ¢(E) is locally BV, and if A C E is a bounded BV
set, then so is ¢(A).

PrOOF. Choose a bounded BV set A C E, and an « € cl A. Thereisanr >0
so that ¢ is a lipeomorphism on the BV set B = AN B(xz,r). Now

sign det D[~ if B),
deg(¢,B)(y):{ gn det Do~ (y)] ify € ¢(B)

0 if y € R™ — ¢(B),

and det ¢(z) # 0 for almost all 2 € B. Thus x45) = |deg(¢, B)| almost
everywhere. Since E™ Ldeg(¢, B) = ¢4 (E™ L B) belongs to N5 [¢(E)], we
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infer that ¢(B) is a bounded BV set. As clA is compact, the set ¢(A) is
the union of a finite family of bounded BV sets. This implies ¢(A) is itself a
bounded BV set.

As ¢ is a proper map, given r > 0, there is an s > 0 such that ¢! [QS(E) N
B(0,7)] is contained in the bounded BV set E N B(0,s). By the first part
of the proof D := ¢[E N B(0,s)] is a bounded BV subset of ¢(E) containing
¢(F)N B(0,r). Hence

o(EYNB(0,r) =D nN¢(E)NB(0,r)=DnNB(0,r)
is a BV set, and the proposition follows from the arbitrariness of r. O
For a charge F in E and E™Lg in N&*(E), let
(F,E™Lg) = (F.g). (5:2)

It follows from Proposition 4.2 that E™Lg — (F,E™Lg) is a T-continuous
linear functional on N%*°(E), and that all 7-continuous linear functionals on
N%>°(E) have this form. Consequently the dual map ¢# of ¢y, defined by
the identity

(07 FE™Lg) = (F,04(E™Lg)), (5.3)

maps charges in ¢(FE) to charges in E.

Proposition 5.2. If F is a charge in ¢(E), then ¢7 F(A) = <F7 deg(o, A)>
for each A € BY(R™). If E is a bounded BV set and ¢ is a lipeomorphism,
then ¢# F(A) = [F Ldeg(¢, E)|[¢(A)] for each A € BV(E).

PROOF. Let A be a bounded BV set, and B = AN E. Identities (5.1)—(5.3)
yield

S*F(A) = 6*F(B) = (6 F, xi) = (" F,E" L B) = (F, 64(E" L B))

If F is a bounded BV set and ¢ is a lipeomorphism, then

deg(e, A) = {Sign det D¢~ (y)] ify € p(ANE),

otherwise

for each bounded BV set A and almost all y € R™; in particular, this is true
when A = E. Thus for every bounded BV set A, deg(¢, A) = deg(¢, E)Xx4(a) -
An application of the first part of the proof completes the argument. O
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Proposition 5.3. If F is an AC, charge in ¢(E), then ¢* F is an AC, charge
in E and (¢* F)'(z) = F'[¢(z)] det ¢(z) for almost all x € E.

ProOOF. Cover cl E by open balls By, Bs, ... so that ¢ is a lipeomorphism on
each B;NE. Fori=1,2,..., let

(bi Z:¢ F(BlﬂE) and Fi ZFL(bz(BZﬂE)
By our assumption, the charge F; is AC, in ¢;(B; N E), and by (5.1) and
Theorem 4.3, so is the charge G; := F;Ldeg(¢;, B; N E). Proposition 5.2
implies ¢ F;(A) = G, [#(A)] for each BV set A C B; N E. According to [1,
Propositions 3.7 and 4.14], the charge qb#Fi is AC, in B; N E and

(67 Fy) (x) = G}(¢i()) | Dgi(2)] (5.4)
for almost all z € B; N E.

As ¢; (y) = Bing~!(y) for each y € R™, we have deg(¢;, A) = deg(¢p, AN
B;) for each bounded BV set A. Thus if G := ¢ F, then Proposition 5.2
implies GLB; = ¢#F;. Consequently, GLB; is AC, in B; N E. Choose a
negligible set N C cl,E. Since each B; is an open set, it is easy to see that

V.G(NNB;) =V.(GLB;)(NNB;) =0

fori=1,2,.... As N C |J; Bi, we conclude that G is AC, in E.

Fix a ball B;, and choose an © € B; N E so that (5.4) holds, and the
derivatives G'(z) and F'[¢(z)] = F/[¢;(x)] exist. In view of the first part of
the proof and [3, Lemma 7.10], almost all € B; N FE have these properties.
As B; is an open set, G'(z) = (GL B;)'(z). Now by (5.4) and Theorem 4.3,

G'(z) = (¢ F)'(z) = G}(¢i(x)) | Depi ()|
= F{[¢i(x)] deg(¢s, Bi N E) [¢i(2)] - | Desi(a)|
= F/[¢;(x)] signdet Dg;(z) |Dg;(z)| = F'[¢(x)] det Dp(x).
As E = |J,(B; N E), the theorem follows. O

Theorem 5.4. Let g € BV,22(R™), and let f be an R-integrable function in

loc

d(E). The following statements are true.
(i) The function (f o ¢)(det Do)g is R-integrable in E.
(ii) For each bounded BV set A C E, the function fdeg(o,gxa) is R-
integrable in ¢(A) and

/ F(y)deg(d, gxa)(y) dy = / £[6(x)] det D(x)g(z) d.
d(A)

A
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PROOF. Denote by F' the R-primitive of f. According to Theorem 4.3 and
Proposition 5.3, the charge ¢# FLg is the R-primitive of (f o ¢)(det D¢)g.
Choose a bounded BV set A C E and observe that G := F Ldeg(¢,gxa) is
the R-primitive of fdeg(¢, gxa) by Theorem 4.3. Identities (5.1)—(5.3) imply

(67 F)Lg](A) = (" F,gxa) = (67 F,E™ L(gxa))
= <F ox[E™L (QXA)D = (F,E™ Ldeg(¢,9x4))
= (F,deg(¢, gxa)) = (F,deg(d, gxa)xs(a)) = G[o(A)]
and the theorem follows. O
In analogy with C*° m-forms, if § = f dzx is any m-form in ¢(F), we let
70 := (f o ¢)det Do dz .
The m-form ¢#9 is defined almost everywhere in E.

Corollary 5.5. If 6 is an R-integrable m-form in ¢(E), then ¢70 is an R-
integrable m-form in E, and for each m-dimensional current T € N&*(E) we

have [, ¢%0 = f¢#T 0.
PROOF. Let 0 := fdx, and choose a T := E™ L g in N> (FE). Then
70 = (fop)det Dépdr and ¢4T = E™ Ldeg(s,9).

If A C F is a bounded BV set containing {g # 0}, then ¢(A) is a bounded BV
subset of ¢(A) containing {deg(qS, g) # 0}. As gxa = g, Theorem 5.4 implies

/ o*0 = / £[6(x)] det Dé()g(x) dx
T A

— [ F)dea(s, ) () dy = / 0. 0
P(A) ouT

Remark 5.6. A proper Lipschitz map ¥ : A — R™ of a set A C R™ is called

o regular if it is injective, ¥ ~1(S) is a thin set whenever S C R™ is a thin
set, and |¢(B)| > ¢|B| for a ¢ > 0 and all B C A.

o [ocally regular if for each x € cl A there is an r > 0 such that 1) restricted
to AN B(z,r) is regular.

Clearly, each local lipeomorphism is a regular map, but the converse is false.
Notwithstanding, it is easy to show that the results of Section 5, together with
their proofs, remain valid when the fixed local lipeomorphism ¢ : E — R™ is
replaced by a locally regular map.
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