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DILATATIONS OF GRAPHS AND
TAYLOR’S FORMULA: SOME RESULTS
ABOUT CONVERGENCE

Abstract

The graph of a function f is subjected to non-homogeneous dilata-
tions around the point (zo; f(z0)), related to the Taylor’s expansion of f
at xo. Some questions about convergence are considered. In particular
the dilated images of the graph are proved to behave nicely with respect
to a certain varifold-like convergence. Further and stronger results are
shown to hold in such a context, by suitably reinforcing the assumptions.

1 Introduction

Throughout this paper h, k,n are positive integer numbers, with A > 2, and f
is a map in C"~1(R", R¥). The graph of f is denoted by G;. The d-th degree
Taylor’s polynomial of f at a point z¢ is indicated with P;° f, while f]9 is the
d-th degree monomial in P;°f. For d = 1,...,h we can consider the following
families of transformations parametrized by r > 0.

- — P f(x
Ty0 :R™ x RF — R" x R¥, (2;y) — Ty (zsy) o= (x Tﬁﬂo; Y i;lf( ))

As an easy computation shows, the surface 779 (Gy) coincides with the graph
of

N zo 4+ ru) — PP f(xg + Tu
rofu) o= LTI T PTG E ) g
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Note that 77", is the homothetic of similitude ratio 1/r, centered at (xo; f(w0)),
while ff 9. just coincides with the incremental ratio

flxo +1u) — f(20)

() = -

It follows that blowing up Gy through Tf‘; produces the tangent space to Gy
at (wo; (o)), which coincides with the graph of fi'y. More precisely, one has
that the maps ff(; converge to ff 0, uniformly in the compact sets, as r | 0.
Hence the Hausdorff measures associated with the graphs of the ff 9, ie. with
T70(Gy), converge (in the weak* sense of measures) to the Hausdorff measure

associated with the graph of flz’%; that is,

, u€R™

H'L Gymo = H"L T{0(Gy) — H'L G oo

asr | 0.
Under our assumptions, by the notation introduced above, such well known
facts can easily be generalized to the following statements holding for all d =

1,...,h—=1([2, §3]).
(A4) The maps fjfr converge to ffl”)%, uniformly in the compact sets, as r | 0.

(Bq) The Hausdorff measures associated with the graphs of the f79, i.e. with

T7°(Gy), converge (in the weak™ sense of measures) to the Hausdorff

measure associated with the graph of f;%, namely

HML Gf;ffi =H"L_ T;‘;(Gf) — H" L Gf;%
asr | 0.

As for statements (Ay,) and (By,), let us observe that they do not make sense
in that f,¢ does not exist. However a suitable generalization of them has been
proposed and studied in [2] from where we do now recap some notation and
facts.

Let a family of fields

1,5k € Ch_l(R";R")

be given and set
fi ::f'en+i (Z: 1,,k)

where {e,;;} is the standard orthonormal basis of R*. Then consider the
closed set

K :={z eR"|Vfi(z) = gi(x), foralli=1,...,k}.
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Also define the map

k
xr n xT 1 - —
L5 R — R, T30 (u) = §' (u-<Dh 'gi (o) u" 1>> enti

k
:% Z <u Z UADAgi($O)> Enti
: 1

Ae{l,...,n}h—1
and observe that:

o I'}° generalizes f;,, in the sense that if f is regular enough, then one
has I'}° = f;'4 (Remark 3.1);

e If z is internal to K, then f has to be of class C" in a neighborhood of
xo. In such a case, obviously, the statements (Ap) and (Bp,) make sense
and are true.

As a consequence, it becomes natural to pose the following question.

(Q) Let K have density one at xo. Then, do ;' (vesp. T}.(Gf|x)) converge
in some sense to I';° (resp. Gon), asr |07

In [2, Proposition 4.1] we proved that the answer to (Q) in general is negative.
A simple example in which I';* = 0 while f} goes to infinity (as 7 | 0) is
provided in [2, §5]. Related to this point, a mistake occurring in [4] is discussed
in [2, §6].

This paper is devoted to present some new developments about the subject
surrounding question (@) and our main achievements are summarized in the
remainder of this introduction.

In Theorem 3.1 and Corollary 3.1 we prove that, despite the example we
just mentioned, the surfaces T,for (G|x) behave nicely with respect to a certain
varifold-like convergence in which the test functions do not depend on the
variable of R¥, where f and f,ff’r take values. In particular the measures of
T;‘;(G 71k ) inside any cylinder £ x R", with E bounded subset of R™, have to
converge.

The results in §4 provide some affirmative answers to question (Q), under
the assumption that K has “density one of order high enough at x¢”. More
precisely, we show that if

o £ (Br(w) \ )

710 phtn-1 =0 (1)

then (as r | 0):
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e for n =1, f;° converges to I';° with respect to pointwise convergence
(Theorem 4.1}. For n > 2, in general, such a convergence does not occur
(Example following Theorem 4.1).

® fy5 converges to T in Lj,. (Theorem 4.2).

e The graph measure H"L T}).(Gyx) converges to H"L Grpeo in the
weak™® sense of measures, on condition that a certain Schwarz-like equa-
tion about mixed partials is satisfied (Corollary 4.2).

Originally, we stated the results of §4 under the assumption

B, (20 H ([zo; 2] \ K) dx
lim

=0
710 rhin

rather than (1). We are grateful to Pertti Mattila who, on occasion of his
recent visit to the Department of Mathematics in Trento, pointed out to us
the equivalence between these assumptions. His proof is given in the Appendix
§5 (Theorem 5.1).

2 Notation

This section is devoted to introduce the notation used throughout the present
paper, included that which has already been introduced in §1 (for the reader’s

convenience).
R", R* and R™ x R¥ are the euclidean spaces mainly considered throughout
this paper. {e1,...,e,} and {e,11,...,entk} denote the standard orthonor-

mal bases of R” and R, respectively. The projection mapping R™ x R* onto
R™ is indicated with .
Recall that a j-vector (j = 1,...,n) in R™ can be represented by the

multi-index notation in the form ) ) Gata where

a€l(n,j
In,j)={a=(o,....a;) €Z' |1 <a; <---<a; <n}
and
ao € R, eq = eay At Neg,.

The linear space of the j-vectors in R"” is equipped with the inner product and
hence, the norm, naturally induced from R™. The same notation is obviously
adopted for multivectors in R* or in R™ x R¥.
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Except for the standard euclidean length, which is denoted by | - |, every

other norm is indicated by | - ||. For example
1/2
S e =( X at)
a€l(n,j) a€cl(n,j)
Set
Br(mo) = {fE S Rn| |{E — 1'0| < ’l"} (1'0 S Rn,r > 0)
and

S 1= {z e R"| |z| = 1} = 0B4(0).
If h: R® — RF is a map of class C! (with [ > 1) in a neighborhood of a
given point z¢, then define
(D'h(zo) |u') := Z uxDah(zo), u € R"
Ae{1,...,n}t
where
al
= “ee D ==
Uy 1= Upy Uy, Dy Bzn, - Oan,
We will deal with functions

feCch Y RYRY), g1,...,g5 € C"HRYR)

where h > 2 is an integer number. Define

k
fi=1[- €ntis Gij ‘= Gi " €5, Gxj ‘= E 9ij€n+i-
i=1

The graph of f is denoted by Gy, i.e. Gy := {(z; f(x)) |z € R"}. Throughout
the present paper we will deal with the closed set

K:={z eR"|Vfi(z) =gi(x), foralli=1,... k}.

The operator associating an argument map with its d-th degree Taylor’s poly-
nomial at zy is indicated with P;°, e.g. P;°,(f) is the (h — 1)-th degree
Taylor’s polynomial at xg € R™ of f.
In the following formulas we assume g € R, i =1,...;kand j=1,...,n.
Let

pi;’ = gij — Py°5(9i5)s ‘pijp = or. Pils (635)
] J
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and

o0 = S s = gi— PEa(00), 70 ZPU enti = 0ej = P2 5(9+5)
j=1

o= 3t = VBT, ) = 3= -2
J
By the Taylor s Theorem (e.g. [6, V, §6]), one has
gy = G 4o ©)

where G7° denotes the maximal degree monomial in P, (g.;), i.e.

G R - RY, G () =

!<Dh_19*j($0) | (z—x0)" 1)

=7 ! Z (7 — 20)xDagj(T0)

) Ae{l,...,n}h—1

o¥0 (g
and % — 0 as x — x9. Observe that
|07 ()]
51(7') =max max ————— —0 (3)

j  x€B.(z0) |x — "Eo‘h 1
as r | 0. Analogously, one has

]
€ ‘= max max ————— 0 4
2(7’) J XwEB (zo) |$ - xo‘h - ( )

asr | 0.
Another map involved in our statements below is

ree: R" — RF, T20(y) = h|z< (D! ($O)Uh1>>€n+i

:% Z (u > UADAgi(xO)> Cnti-

Ci=1 N AE{Ln}ht
Define the following family of transformations, parametrized by r > 0.

- — P flx
Tro iR xRF - R x R¥,  (z39) — T (2;y) == (w w0 Y= Bty f( ))

r rh
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and
T —x
t7o :R" - R", z— t7°(x) == =0
r

As an easy computation shows, the surface T, (G¢) coincides with the graph

of
zo 4+ ru) — P, f(xg +ru
o ) = JEFTO RS0t ) e

Consider the map ® := (7|Gy)~! namely
d:R" - R" x R¥ 22— &(z) := (z; f(2))

and set £ := A"d®(e; A--- ANeyp). Let M := ®(K) and denote by 7, the unit
simple n-vector field tangent to 7}, (G ) obtained by pushing forward the field
¢ through T}ff’r, ie.

o (tf°)71 o

AR o A
C ATy ) o [ AT 5 (€l
AMd(I < fio)(er A+ Nep)

x}) o T

[A™d(I x fr5)(er A+ Aen)]

Moreover, let 7y be the unit simple n-vector field tangent to the graph of I';°
having m-projection oriented as e; A --- A ey, that is
S AMd(I xT3°)(er A=+ Ney)

|And(I x T}°)(er A=+ Aey)|

oT.

The segment joining a couple of point P, @ in R™ is indicated by [P; @], i.e.
[P;Ql={tQ+(1—-¢t)P|0<t <1}

L% and H? are the d-dimensional Lebesgue measure and the d-dimensional

Hausdorff measure in R™, respectively. Finally, if £ is a Lebesgue measurable

set in R"™, let

D(E) := {x € R" |z is a point of density (w.r.t. L™) of E}.

3 Varifold-Like Convergence of the Dilated Graphs

Before stating the main result of this section, i.e. Theorem 3.1 below, we’ll
prove some useful lemmas.
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Lemma 3.1. The equality (D'V f;)|D(K) = (D'g;)|D(K) holds for all i =
1,....kandl=0,1,...,h — 2.
Given xg € D(K), it follows at once that:

(i) One has Pf%(gﬂf = P°y(gij) foralli=1,...,k and j = 1,...,n,

hence p3|K = ¢3|K forall j=1,....,n;
(i1) If h > 3, then
Bg*j
0T,

(30) = 2 () )

foralljm=1,... n.

PROOF. We can assume h > 3 (for h = 2 the statement is obvious, in that
D(K) C K). Then the result is an immediate consequence of the following
fact.

Let C be a closed subset of R™ and 1 € CY(R™) be such that
Y|C =0. Then Vy|D(C) = 0.

In order to prove such a statement, note that D(C') C C' and L™ (C\D(C)) =0
by the Lebesgue-Besicovitch Differentiation Theorem (e.g. [3, §1.7.1]). Then
a standard argument will show that

Vip(x0) =0 (6)

when zy € D(C). Suppose to the contrary that there is an xzy € D(C') such
that Vi(zg) # 0. Then 4 € S" ! and ¢ > 0 have to exist such that the
function (u,x) — Vi(x) - u is positive, provided |z — zo| < € and |u — 4| < e.
For the wedge shaped set

r — X

W= qz € Be(wo) \ {zo} | us == € B:(u)
{ | | }

Tr — X

one has
Y(x) =¢(x) — P(x0) = Y(x0 + |2 — 20|Ur) — Y (0)

|z—zo0| |z—ao]
:/ —p(xo + tuy) dt = / Vip(xg + tug) - ug dt >0
0 dt 0

for all z € W. In fact the integrand Vi (zo + tu,) - u, is positive, in that
|zo + tuy — xo| = tluy| < |z — 0| <cand |u, —a| <e

for all x € W. This conclusion contradicts the assumption 2o € D(C). Hence
we must admit that (6) holds. O
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Remark 3.1. Let 2o be a point of density of K and assume that D" f(zo)
exists. Then I'}°(u) coincides with the value of the h-th degree monomial f;},
in the Taylor’s polynomial P, f at xo + u. Indeed, for i = 1,...,k, one has

(DM fi(wo) [w")y = 3" wuDufi(wo) =) D urugDaDyfi(wo)
ne{l,...,n}" q=1 xe{1,...,n}h-1

=u - Z uxDA\V fi(xo) = u - Z uxDxgi(wo)

Ae{l,...,n}h—1 Ae{l,...,n}h—1

by Lemma 3.1. In particular, if f is of class C", then it follows that 1
converges, uniformly in the compact sets (as r | 0), to I';° [2, Proposition
3.1].

Remark 3.2. Formula (5), which says that the g; are irrotational fields, is an
immediate consequence of the well known Schwarz theorem about equality of
mixed partial derivatives. This is the reason why, in the sequel, such a formula
will be referred as the “Schwarz-like equality”. As for the case h = 2, observe
that (5) is in general false. Indeed, any g € C*(R™,R") such that curlg # 0
everywhere has to coincide with the gradient of a certain f € C*(R™,R) in a
set of positive measure (e.g. by [1, Theorem 1]).

Lemma 3.2. Given zy € R™, one has

e L[
A€ = (e Tk ) e (e 52 )

1 1 o
Zrn(el/\-"/\en-l-z:lrj(hl) Z U(aaa)@*g/\ea>
j=

acl(n,j)

where m := min{n, k}. Hence

2

3 |90‘353||2>

I 1 AN |
HA dThfi(ﬁ)H —n (1 + Z 723 (h—1)
j=1

a€l(n,j)
1
1 “ 1 2122
rn(1+zr2j(h—1) Z [detwﬁ?x} )
j=1 @ €I(m.)

BEeI(k,5)

PROOF. Indeed one has

A™T0.(€) = dT°. (d®(er)) A -+ AT (dD(en))
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where
xo d o
T, (d®(e ) (x) =% Ty (®(x + tej))
t=0

_i T +te; — a0 flx +tej) — Py f(x + tey)
Cdt],_, T ’ rh
(e Df(a)e; — DB D@,
A\ rh
(&, L (0f  pe (OF _ (&, #5@)
_<7" " rh ((%cj Ph2<8xj (@) ) = r’ rh

forallz e R" and j =1,...,n. O

Now we can prove the following useful estimate.

Lemma 3.3. Let L > 0, o € R", m := min{n, k} and consider the field of
simple n-vectors defined by

n(u) :=(e1; G1*(wo + w)) A+ A (en; G2 (20 + 1))

m
=e1 AN Nep + Z Z o(a, @)GE (zg + u) A ex

j=1a€l(n,j)
for all w € R™. Then the following estimates hold

(i) llr"AmdTy (§(zo +ru)) —n(u)|| < cei(rL), for allu € Br(0) such that
xo+ru € K;

(i) [|r" AT, (E(xo + ru))|| < 1+ cea(rL)r™™, for all u € Br(0);

provided r < 1, where c is a suitable positive constant which does not depend
on r and u.

PRrROOF. Consider u € Br(0) such that xo +ru € K. For [ =1,...,n let us
define

Ay = <61' 7’0? (o + ru)) A <62; 7/)105(% + ru)) A A <6z; 7’03 (o + ru))

’ rh—1 rh—1 rh—1

Bri= (enmtei G2 b)) Ao (615G a0 ) (60 G k) ).
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Moreover set Ag := 1 and By := 1. Then Lemma 3.1 and Lemma 3.2 yield
[ A™dT} (E(zo + ru)) — n(w)|| =([An — Byl

n—1
< Z |An—i A By — Ay—1—1 A By ||
1=0

where
oo (o + )
|An—iABi—Ap_ 11 ABi41]| = HAnll/\ [(enll)

rh—1

- <€nl; GO (w0 + u))} NDBy (8)
Pan—i(Zo +ru) o
< An—11 [l Bl lrh—,l = G0 +u)
for[=0,...,n—1.
By recalling (2) and (3), now we obtain that the following estimates
. T T ||Dhilg(x0)”Lh71
(o530 (o + )] <1+ 1G5 (o -+ )] < 14 108 )
Pj (o +ru) |G (xo +ru)| 07" (2o + ru)
‘(ej, rh—l Sl + Th_l + rh_l (10)
<1+ |G (zo +u)| + Lhlei(rL)
D" tg(ao) LY hs
<1 L L
St oqy  tL Al
and
0 (zo+rTU 0 (zg + ru
p*n—l( 0 ) *Gi()_l(ﬂj0+u) :|Un—l( 0 )| < Lh71€1(TL) (11)

rh—1 rh—1

hold for all 7 =1,...,n.
From the estimates (9) and (10) it follows that there exists a positive
constant ¢, not depending on u and r (provided r < 1), such that

[An—i—1[[ Bl < ex

forall { =0,...,n — 1. Hence we get (i), by recalling (7), (8) and (11).
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In order to prove (ii), consider u € Br(0) and recall again Lemma 3.2. We
obtain

n n S 1 X
[ A" AT (& (o + ru)) | <1+ D >l (wo + ru)|
Jj=1 a€l(n,j)

<1+ Z <n) Tj(f]z-—l) (52(7‘L)7"h72Lh72)j

§1+CQZE2(T- )
j=1

rl
coga(rL) o 1 e
=14 == L) m—j
+ o jEZleg(r )Y

where m = min{n, k} and co is independent from u and r (provided r < 1).
Now the conclusion follows trivially. O

As an easy consequence, we can estimate the measure of T}, (G yjgn\ k) in
the cylinders. Indeed the following result holds.

Lemma 3.4. Let L > 0, o € R” and m := min{n, k}. Then one has

L(Brr(z0) \ K)

" (T,;f;(c:fmn\,() N w‘l(BL(O))> < (1™ + cea(rL))

Tn+m
for all v > 0, where ¢ is as il Lemma 3.3. In particular
lim " (737G i se) N7 (BL(0))) = 0
provided
(B K
lim M =0. (12)
rl0 pntm

PROOF. In fact
H" (T,f;(a ) N W_I(BL(O))) —H" (T,fff;, (G o Nt (BTL(Q;O)))
=H" (T35 (G eoni))

— / |A"ATES (¢(2)) | da
B,-L (IQ)\K

Hence the conclusion follows by Lemma 3.3(ii). O
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The next result proves that, under stronger regularity conditions, the field
n defined in Lemma 3.3 is tangent to the graph of I"}°.

Lemma 3.5. Let the Schwarz-like equality (5) be satisfied at a point xg € R™
(not necessarily in D(K)) and for all j,m =1,...,n. Then one has

d(I3°), em = Gy (xo + u) (13)
forallm=1,...,n and for all u € R™. As a consequence
n=A"d(I xT}°)(ex N---Ney) (14)

where I : R™ — R"™ denotes the identity map.

In particular, (13) and (14) hold provided h > 3 and z¢ be a point of
density of K.

PROOF. Once fixed m and u, by assumption (5), we find

- o(u;u
Z > %#TYL}\)D/\gij(xO) = > uxDxgim(x0)
Jj=1xe{l,...,n}r-1 Ae{l,...n}h-1

n

Y uy > gﬂD,\gij(ﬂﬁo)

j=1 Ae{l,...,n}h—1
= (D" g (wo) [u" 1)
1) D, (29
+ ( )ZU’J Z UnBu\ o (2o0)
Jj=1 pef{l,...,n}ph—2 m
=(D" ' gim (o) [u" ")

n

P00y Y () )

J=1 pe{l,...,n}h—2
=(D" " gim (wo)[u" 1)
+(h=1) Y urDagim(wo)

Ae{l,...,n}n—1
:h<Dhilgim ($0)|uh71>
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foralli=1,...,k. Hence

- 3Fm O(ujuy)
d(I70), em = um = Z (Z Z ﬁDAgij (xo)) En+i

=1 “j=1Xe{l,...,n}h-1

Ed

gzm Zo | h= 1> Enti = G‘f,?(onru)

Finally, the last assertion follows from Lemma 3.1. O

Theorem 3.1. Let 9 € D(K) and n be the field defined in Lemma 3.3.
Consider a bounded measurable set E C R™ and a continuous function

F:R"x¥%; —»R.

Then one has

lm Pl o)) o) = [P (a6 00 o] d
10 JTro (G )nm= 1 (B) E [ (w)]]
In particular (F = 1) the following equality holds
tin 7" (733G )™ / ()]l du
:/ <1—|—Z Z |GE0 (20 + u)]] ) du
Jj=1a€l(n,j)

:/ <1+Z > [detGﬁa T+ u )r>;du

j=1 a€l(n,j)
BeI(k,5)

where m := min{n, k}.

PROOF. First of all, consider a positive real number L such that E C Br(0).
Then one has

LYEN G (K)) <L"(Br(0) \ £7°(K)) = L™(t7° (Brr(0) \ K))
L"(Brr(20) \ K)

= Ln
(rL) -0

(15)

asr | 0. We get

u, n(u) U = 111 u; M u u
o et (s




DILATATIONS OF GRAPHS AND TAYLOR’S FORMULA 701

Hence it follows that it will be enough to prove that

A(r) ::/ F(u; 7 (u,v)) dH™ (u, v)
Ty (G )NT—1(E)

(16)
- W n(U) u U —
/EmtffO(K)F< 777(u)|>”77( ) du—0

asr | 0.
For r > 0, let us define

Aq(r) ::/ 01 (ryw) r™|AMAT, O (E(xo + Tu)) || du
ENt?O(K) ’

Balr) = /m:om % (rw) F(“; ||Z§7{3||> au

where

o) ’:F<“; nﬁﬁiiiﬁiiiiiin) ‘F<“; e )

Oa(r,u) =r"|A"dT, . (§(xo + 1u))|| — [[n(w)]]-
Now observe that

e Ay(r) — 0, as r | 0. Indeed one has A;(r) = [}, ¢r(u) du where

Do () = {31(7”, w) ™ [A"ATS (E(wo + ru)) || %f = tio(K)
if u & t70(K).

Hence one concludes by recalling Lemma 3.3 and the dominated conver-
gence theorem;

o Ay(r) — 0,asr | 0. Indeed F is continuous and Lemma 3.3 holds.

Finally (16) follows at once from the identity A = A; + Ay which can be easily
proved by recalling the definitions of ¢ and 7., given in §2. O

By recalling Lemma 3.5, we obtain at once the following result.

Corollary 3.1. Let g € D(K) and the Schwarz-like equality (5) be satisfied
at xg, e.g. assume h > 3 (recall Lemma 3.1). Consider a bounded measurable
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set E C R™ and a continuous function F : R™ x X1 — R. Then one has

lim F(u; 1 (u,v)) dH" (u, v)
0 J 10 (G4 )T =1 ()

:/ F(u;o(u,v)) dH™ (u, v).
Grao N1 (B)

In particular (F = 1) the following equality holds.
. n T —1 n —1
lim 74 (Th;;(GﬂK) A (E)) —H (Gon N (E)) .

Remark 3.3. The nice behavior of the surfaces T} (G k), with respect
to convergence, stated in Theorem 3.1 and in Corollary 3.1, is due to the
strong relation existing in K between g and V f. In fact they coincide! Since
outside K the fields g and Vf are (in general) unrelated, we cannot expect
the mentioned results to hold with f in place of f|K, unless some further
assumption is considered. For example, one can prescribe condition (12) and
then apply Lemma 3.4.

4 Some Further Convergence Results under Reinforced
Assumptions

Let us consider the following generic question.

How to strengthen the assumption that K has density one at
rg, in order to get the convergence of f;° (resp. 1,9 (Gyk)) to
I} (resp. Gpeo), as 7 | 07

h

In this section we will provide some answers with respect to pointwise, mean
and graph measures convergence. In short, it turns out that all of them (except
for the pointwise convergence in the case n > 2) occur as soon as K is assumed
to have “density one of order h +n — 1 at x”; namely

o £ (Br(z0) \ K)

= 0.
710 rhtn—1

4.1 Pointwise Convergence

First of all, we will consider the case n = 1. In such a particular setting, the
pointwise convergence actually occurs by assuming that K has density one of
order h at xy. Indeed, one has the following result.
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Theorem 4.1 (n=1). If

lim LY(xo — 7,20 +7) \ K)

10 rh =0 (17)

then lim, o f,.(u) = T} (u) = %Dhilg(xo) for allu € R.

PrOOF. We have to verify that A(r) := f (u) — %Dh_lg(xo) —0asr]0,
for all u € R.
Let us define the functions

M= ) ge)de
As(r) ;:rih /Hu < hzj (zo)> dx

and observe that, by Lemma 3.1, we get
f(xo +ru)— P, f(xo + ru) ﬁDh*I

rh g(xo)
h i
<f Zo + Tw) (a:o)—z (rju') Djlg(xo))
w +T’LL h—1 +1
0 (T‘u)]+ j
([ o2 G =)
1 m0+ru
— x)dr + (f'(z) — g(2)) da+
rh( /(1011‘o+'rg)\K g(
h—1

D_j T xo+ru )
)
=0 "o

namely A(r) = Aq(r) + Az(r). The conclusion immediately follows, in that:
e Ay(r) — 0, as r | 0, by assumption (17);
e a standard estimate of the remainder in the Taylor’s formula (e.g. see
[6, V, §6]) yields

1

To+ru
82 S| [ | s D' = D g

0 (zo,x0+ru)

_Jul”

=, Sup |D"tg — D" g(x0)|| — 0

(zo,x0+ru)
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asr | 0. O]

As for the case n > 2, here there is an example showing that pointwise
convergence does not occur, in general, irrespective of the order of density one
(of K at xg) which one is assuming.

Example (n > 2). We will assume n = 2, k = 1 and h = 2, but our argument
is completely general and can be easily arranged in order to produce similar
examples in any different situation (provided n > 2). Let

1 1 1
CZZR\U?‘;II]*7 Ij = (2]’2]+ jQJ)

and )
K = {(x,y) IS R2| ly| > e~/ }

Then consider the function studied in [2, Second example], which will be de-
noted by ¢. For the convenience of the reader, recall from [2] that ¢’ is piece-
wise linear, ¢'|C' = 0 and ¢'|I; is a tent-like function attaining its maximum
value at the middle point m; of I;, with ¢'(m;) = 279/2 An easy computation
[2, Proposition 5.3] shows that lim, o @g’r(t) = +4oo for all t > 0.

Now we have to define f € C'(R?) and g; € C*(R?,R?). Set g1 := (0,0)
while f can be any function such that f|K; = 0 and f(¢,0) = ¢(t) for all
t € R. Then

K ={(z,y) e R?| Vf(z,y) = g1(x,y) = 0}
includes the set K;. Hence

L*(B,(0,0) \ K) <

7l r

EZ(BT(O,O) \ Kl)

7 —0

as r | 0, for every fixed integer number .
Despite such a very strong condition on the density of K at (0,0), the

function fQ(?T’O) does not converge everywhere to Fgo,o) =0, as r | 0. Indeed,

for instance, one has lim, o fQ(SjO)(t,O) = lim,.o 9 ,.(t) = 400 as r | 0, for all
t>0.

1

4.2 Convergence L;

One has the following result.

Theorem 4.2. The equalities

H ([zo; 2] \ K) dz
lim fBT(zo) (E 0 ] \ ) —0 (18)
710 rhtn
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and
o £ (Be0) \ K)

lim =R = 0. (19)

are equivalent. If they are satisfied, then f.° converges to I'}° in L., as
r | 0.

PROOF. The part of the statement concerning the equivalence of the two
equalities follows immediately from Theorem 5.1.

Then let us assume the two equalities are true (Our argument below is
based on the first one.) and observe that, as a consequence, K has density
one at xg. Let R be any fixed positive real number and, for r > 0, let

Ay(r) = / | fio () - enti — T30 (u) - engi| du (i =1,... k).
Br(0)

Since the inequality

k
[ - T de < 30 Atr)
Br(0) i=1
holds for all » > 0, it will be enough to prove that
lim A;(r) = 2
itn i(r)=0 (20)

foralli=1,...,k.
First of all, by the change of variables formula for integrals (with z =
xo + ru) and Lemma 3.1, it follows that

A(r) _ / fi(xo + TU) - P,‘fﬂlfi(xo + ’ru) <Dh_1gi($0)|uh_1> u
l Br(0)

_ 1 /
rmth Brr(zo)

Th h!
,,a’n-'rh . ( 0)

du

fi(z) — Py°, fi(x)

— DM (wo) | — w0)" ) - (& — 20)

A dx

1
/0 Vfilxo +t(x —x0)) - (x — o) dt

h—2 <
(D7gi(wo)|(x — w0)?) - (x — 20)
-2 G+1)!




706 SILVANO DELLADIO

Hence, by setting K, := {t € R|xzo + t(x — z¢) € K} and

1
AN (r) ::TM/ (/ |V fi(zo +t(z — x0))
r Byr(0) [0,1N\K:

— gi(zo + t(x — x0))| dt) |z — 20| dx

1
/0 gi(xo + t(x — x0)) dt

@ y._ 1
AT '77“"+h/3 (o)
rR(Z0

" pi (o) |(x — z)?

we obtain

1
Aq(r) = nih /B,,R(xo)

—/ gi(zo + t(x — x0)) - (x — xo) dt
[0,1\K,

1
/0 gi(xo + t(x — x0)) - (x — x0) dt

+ / V fi(zo +t(x — 0))- (v — x0) dt
[0,1N\Kz

h—1 <

D7 gi(zo)|(x — w0)?) - (x — 0)
P G+1)

de < AV )+ AP (),
Then (20) follows, in that

. Agl)(r) — 0, as r | 0. Indeed, if assume rR < 1 and set ¢; :=
SUDg, (z) |V fi — gil, then one has

Agl)(r) < ¢ / (/ dt> | — o] dx
B nwe) \ 01\ K.

Ci

= H ([xo; 2]\ K)dz — 0
rrth »/BTR(IO)

as r | 0, by the hypothesis (18).

. AE2) (r) — 0, as r | 0. Indeed, by the estimate of the remainder for the
Taylor’s formula already invoked in the proof of Theorem 4.1, we obtain

1 1
AEQ) (7") :m L o) A gl(xo + t(.’E — ZL’())) dt
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(D7gi(z0)|(x — w0)’) /1 1y
Z (j+ 1! o(t ) db

1 1
< fy o
rrth Brr(z0) \ /0

"l pi (20 |[t(x — x0))?
_Z<D gi (o) [l )] )’dt>|m_mo|dﬂj

|z — zo| dz

gi(zo + t(x — x0))

|
7=0 I
1 / h—1 h—1
<L |x—xo<sup 1D"g; — D*lgi )
Tn-i—h(h—l)! Byr(zo) [zo;z] ' ‘

1
(/ |lx — xo|h1th1dt> dx
0

(rR)"L£"™(Byg(x0)) h—1 h—1
ST g RSP D g = D™ gzl
Rh L™ (B (0
LB sy Dty D) — 0
: Byr(zo)
asr | 0. O

4.3 Convergence of the Graph Measures

Let us prove that the local convergence in measure implies the convergence of
the corresponding graph measures.

Theorem 4.3. If the Schwarz-like equality (5) is satisfied at a point xog of
density of K, the following statements hold:

(i) Let E be a bounded open subset of R™ such that

lim £7(2) = 0, & 1= {u € B N2 (K) | |3 () — T ()] > 0}
for all 6 > 0. Then

lim pdH" :/ pdH" (21)
0 JT0 (G Greo

for every function ¢ :lR"+k — R which is supported, bounded and uni-
formly continuous in E x RE.
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(i) If fy5 — I}°, locally in measure as r | 0, then
HHL T;)C;(Gf‘[() — HnL szo
as r | 0, in the weak™ sense of measures.

In particular, the statements (i) and (ii) are true provided h > 3 and xo be a
point of density of K.

PROOF. Observe that (ii) is an immediate consequence of (i), while the ending
assertion trivially follows from Lemma 3.1.

In order to prove (i), consider a function ¢ satisfying the hypotheses listed
in the statement. Recalling the change of variables formula for integrals (with
x = xo + ru), we obtain

Lo i = [ o @) AT €a) do
T, O(Gf‘K) K

- [ (5 PR e o

= [ et F @) AT (gl + ) du
0 (K)

Then, by Lemma 3.5, it follows that

/ ade”—/ odH"
T (G i) G

zo
h ry

= [ P ) AT 5 )
0

= [ elws Tyt () [n(u)|| du

Rn
= [l i ) AT (€ o + )= () )
t:0 (K)
(s S ) = e T3 () ) () | du
0 (K)

[ T ) du
R\ t7:0 (K)

Hence we find

’/ gad’]‘[n—/ pdH"
T, (Gyix) Grzo

< 1A (r) + c2la(r) + 1L (E N\ 0 (K))
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where ¢1 1= supgy pr [p| < 400, ¢2 :=supg ||n|| < +o0 and
Ay(r) = / [ AP T (€ (0 + ) — () | du
ENt;%(K)
Balr) = [ ot o) — plusT(w)] du
ENt; % (K)

Now the equality (21) follows, observing that
e Ay(r) —0,asr | 0, by Lemma 3.3;
o Ay(r) — 0,as r | 0. Indeed, for all € > 0 there exists §. > 0 such that
lp(P) — (@) < e

provided P,Q € E x RF satisfy |P — Q| < d.. In particular, fixed
e > 0 arbitrarily. One has‘cp(u; fo(w) — @(u; TP (u))‘ <egforall ue
(ENt2o(K))\ &% and for all » > 0. Thus

Bt = [
(BENt70 (K)\EXe
+ /S‘SE ’(‘O(u; Ifor(u)) - QP(U§ Fi“(u))’ du

<eL™(E) 4 2¢,L7(E%) — eL™(E)

(3 J75(w) = (s T30 ()| du

as r | 0. The conclusion follows from the arbitrariness of ¢.

o LME\tr(K)) — 0,asr | 0, in that K has density one at z¢ (compare
(15)). O

Corollary 4.1. Let g € D(K) and the Schwarz-like equality (5) be satisfied
at xq, e.g. assume h > 3 (recall Lemma 3.1). Then one has

HnL T;Z(;(GﬂK) — HnL GF}ILO

as r | 0, in the weak™ sense of measures, provided f},°. converges in Llloc to
I, asr | 0.

PROOF. It’s enough to recall the well known result according to which the
convergence in L} . of a sequence of functions implies the convergence locally
in measure of the same sequence to the same limit function, e.g. [5, §25,

Theorem A]. O
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Corollary 4.2. Let one of the two equivalent equalities (18) and (19) be sat-
isfied. Moreover assume the Schwarz-like equality (5), e.g. let h > 3 (re-
call Lemma 3.1). Then one has H"L-T})5.(Gyx) — H"L- Greo as 1 | 0,
in the weak® sense of measures. Under the additional condition h — 1 >

min{n, k}, even the weak* convergence of the whole graph measures occurs,
ie. H'LT,70(Gy) — H" L Grro asr | 0.

PROOF. The first statement is a consequence of Theorem 4.2 and Corollary
4.1. The second one follows from Lemma 3.4 by observing that (19) implies
(12). O

5 Appendix
This appendix is devoted to stating Theorem 5.1 which provides a useful char-
acterization of condition (18).

Theorem 5.1 (P. Mattila). Given a Lebesgue measurable subset E of R™ and
xg € R", the following hold:

(i) If there exists a couple of constants a >0 and m >n — 1 such that
LM(EN By(xg)) < ar™

for all v small enough, then one has
/ HY(E N [x;2])de < abr™T!
B, (x0)

for all r small enough, where b is positive and depending only on n,m.

(ii) If a and m are positive constants such that

/ HY(E N [xo; 2])dx < ar™F!
B (x0)

for all v small enough, then there exists b, positive and depending only
on n, such that
L(EN By(xg)) < abr™

for all r small enough.

As a consequence, for m > n — 1, it follows that

. fBT(mO)Hl(Eﬂ [z0; 7]) d B
rlf{)l pmtl a

if and only if lim, o W =0.



DILATATIONS OF GRAPHS AND TAYLOR’S FORMULA 711

ProoOF. Without affecting the generality of our argument, we can assume
xo = 0. Moreover we will denote B, (z¢) simply by B

By using a Fubini type argument, one can easily verify that a constant
¢ = ¢(n) has to exist such that

1
LOFNBNBy) < [ WU (EO DB\ Buje) i)
STL*l
S Cﬁn(F n B1 \ Bl/Q)

for every Lebesgue measurable subset F' of R™. Since

H' (E N [0;7y] N Byisy \ By—s,) dH™ ' (y)
Sn—l

zgwr/sn i (2r1<Em[o ry])ﬂBl\Buz) dH" " (y)

. 27—1
:21737"/ H! ( " [0;y] N By \B1/2> dH" ! (y)
Sn—1

the next inequalities readily follow.

2U-Dn-1)
Wﬁ (E N Bai-iy \ By-iy)
< HY(E N [0;ry] N Bai-s, \ Bo-s,)dH™ " (y) (22)
Sn— 1

2l-1)(n-1)
< L"(EN Byi-i, \ By-iy).

/r’ﬂ

Also observe that

/ HH(EN[0;2])dz = i/ M (EN[0;2] N Byr-s, \ By-iy) da
- . (23)
:Z/SH ( - H(E N[0;ty] mBgljr\ng)t”—ldO dH" " (y).

Now, let us prove the first statement. By (23) and the last inequality in
(22), we get

/H (EN[0;2]) do

Z / ( H1<Em[0;ry]m321]-,,\Bwnt"1dt)dH“(y>
: Sn—1 2—=Jp
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<r" Z HY(E N [0;ry] N Bar—s,. \ Bo—i, )dH"(y)
Sn— 1

SCTZQ(TL_l)(j_l)En(E0321—]‘7. \ By-j,) < acrz2(n—1)(j—1) (21—jr)m
j=1 j=1

oo
. ac
:CLCTm+1 ZQ(n—l—m)(j—l) _ T rm+1
j=1

which concludes the proof of (i).
It remains to prove the second statement. Recalling (23) and the first
inequality in (22), we find

/BT HY(E N [0:2]) da
> i /Snil </T ‘ H (EN[0;ty] N By, \ Baisy) tn_ldt) dH" " (y)

= / (/ H! (EN[0;ry] N Bai—j,. \ Ba-i,) tn_ldt> dH"_l(y)
* Jgn—1

21-dp

3 (1 _ 2(1—f>n) H (EN[0;7y] N Byi-sr \ By-ir) dH" (1)
gn—1

T o= T o
= Z;E (EN By, \ Ba-iy) = %ﬁ (ENB,3).
j:
Hence the conclusion immediately follows. O
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