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1. Introduction

The concept of grading on algebraic structures has a long tradition in
Mathematics, appearing in the classics as [11, Chapter 111, §3]. Gradings
are the natural ambient for algebraic structures arising from geometrical
situations, so all the algebraic structures considered in Algebraic Topol-
ogy are graded. Gradings of Lie algebras have its source in the original
work of Jordan [33] towards a mathematical description of Quantum
Mechanics. It is remarkable the role of the gradings of Lie algebras
in mathematical physics [35] and particularly in particle physics [13].
Moreover, gradings are in the background of any ordered choice of basis,
as recalled in [39].

Motivated by these manifold applications of gradings on Lie algebras,
Patera et al. initiated in [39] a systematic classification of all the possi-
ble group gradings on finite-dimensional Lie algebras. For algebraically
closed fields of characteristic zero, the gradings on the classical Lie al-
gebras have been studied in [6, 7, 9, 20, 23] and the gradings in some
exceptional ones, namely, f4 and go, in [18, 19, 15, 8, 24]. Lately,
some authors have already studied the case of prime characteristic, [6]
in the classical case (with the exception of 04) and [24] in f4, and gs.
Over arbitrary fields, almost nothing is known: for example, over the
real field the gradings on simple Lie algebras have been studied only for
the exceptional algebras f4 and go [12] and in classical ones for some
examples in low-dimensions [30].
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Summarizing, the classification of fine group gradings on finite-di-
mensional simple Lie algebras over an algebraically closed field is almost
complete, remaining just the E-family to be fully studied, although some
examples of gradings on e¢g have been described (for instance, in [22]).
This work intends to be a first step towards filling that gap by giving a
complete description of the fine group gradings of the smallest represen-
tative of Lie algebras of the “E-series”:

Theorem 1. There are 14 fine group gradings on eg up to equivalence.
The following table describes them in terms of the associated MAD-
group @ in Auteg, the type of the fine grading, and the dimension of
the fized subalgebra fig(Q) = L.

’ Quasitorus ‘ Isomorphic to ‘ Type ‘ dim L, ‘
9 Z3 (72,0,2) 0
Qs (F*)? x 73 (60,9) 2
Q3 73 x 73 (64,7) 0
Q4 (F*)? x Z3 (48,1,0,7) 2
Os (F*)6 (72,0,0,0,0,1) 6
s (F*)* x Zo (72,1,0,1) 4
Oy A (48,1,0,7) 0
Qg F* x Z4 (57,0,7) 1
Qg Zg X Z2 (26, 26) 0
Q19 (F*)? x Z3 (60,7,0,1) 2
911 Zy x 75 (48,13,0,1) 0
Q19 F* x Z3 (73,0,0,0,1) 1
Q13 /S (72,0,0,0,0,1) 0
Qua Z3 (48,15) 0

The first five MAD-groups contain no outer automorphisms. Note
that the type of the fine grading (how many pieces are of each size) jointly
with the dimension of the fixed subalgebra are enough to distinguish the
conjugacy class of the quasitorus inducing such grading.

Due to the dimension of eg, the techniques previously used for the
other Lie algebras seem to be inefficient in this case. The classical Lie
algebras were studied by taking into consideration the gradings on the
associative matrix algebras in which they live. The gradings on go are
induced from the gradings on the octonions, described in [21]. The
gradings on f4 have been submitted to several attacks. The first of them
uses this tool: the (fine) grading is produced by a maximal diagonalizable
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subgroup of the automorphism group of the algebra, and this subgroup
lives in the normalizer of a maximal torus. In particular, if the group
is a maximal torus, we obtain the root decomposition. In [19], all the
elements in this normalizer are constructed (as matrices of size 52) and
then a detailed analysis of the possible cases is realized. It turns out
very difficult to apply this technique in this case, which would require
more than one hundred thousand square matrices of size 78. What has
been done is to work, not in the normalizer, but in its quotient by the
torus, isomorphic to the group of automorphisms of the root system (the
extended Weyl group). This allows to work with matrices of size 6, which
can be implemented in any computer. Even more, we use the computer
only in two proofs throughout the paper. The remaining computations,
although long, are made by hand, and the representatives or the orbits
of the Weyl group are extracted from [2].

Another technique used in this work is to take advantage of the knowl-
edge of the elementary p-groups and their centralizers in the complex
case. Thus, there is an effort to use these results for algebraically closed
fields of characteristic zero. This saves some computational work. Some
basic facts about the structure of the MAD-groups are studied in or-
der to make use of such elementary groups, although most of the useful
information is extracted and generalized from [19, 20, 15].

About the results, we would like to mention the great amount of fine
gradings on eg. If we take into account that on go there are 2 fine grad-
ings, and on f4 there are 4, we find that the number in this case is much
bigger, proportionally speaking. Of course the reason is a greater sym-
metry in ¢g than in the two previously mentioned cases: the presence
of outer automorphisms is a signal of such symmetry. Besides we find
some remarkable gradings: It was thought that every outer fine grad-
ing on a simple Lie algebra of type A was induced by a quasitorus of
automorphisms containing an outer order two automorphism. Elduque
proved that this is not true in [23], in which he gave a revised version
of the classification of fine gradings on the simple classical Lie algebras
with new arguments (and some new fine grading). The same fact occurs
in the case of the gradings on e¢g. There is an outer fine grading such
that the MAD-group producing the grading does not contain outer au-
tomorphisms of order 2. This is an unexpected Z3-grading and it turns
out a nice symmetry based on the number 4. Over other finite groups,
a ZI-grading and a Z3-grading appear.

The structure of the work is as follows. In Section 2, we recall some
generalities about gradings and we study the quasitori of the automor-
phism group producing the gradings. We delve into the structure of a
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MAD-group, that is, the maximal abelian diagonalizable group which
is producing a fine grading. Besides, in this section about generalities,
we recall the elementary p-groups of Intes and try to translate the re-
sult to a more general field. All this will be used in Section 3, after
describing some examples of fine gradings on ¢g, to prove that they are
all the possible cases of fine gradings produced by inner automorphisms.
This only needs a technical result, the fact that every MAD-group con-
tains a minimal elementary non-toral p-group (even more, of minimum
rank). This is proved in Section 4, in which the Weyl group is recalled,
its conjugacy classes exhibited, and the result is obtained by means of
a technical play, developed with the help of a computer in some points,
in which the representatives of the orbits in this Weyl group and the
elements in a maximal torus fixed by them have an important role. Af-
terwards, in Section 5 we describe all the possible fine gradings, up to
equivalence, produced by a group of automorphisms that are not all in-
ner. We consider the gradings obtained by extending gradings on f, and
the ones obtained by extending gradings on ¢4, and, afterwards, we show
an example of (outer) grading which is not in any of the two previous
situations. Finally Section 6 is devoted to proving that there are no
more fine gradings than seen before. Again we make use of a technical
result, proved with a computer. It also contains the descriptions of the
MAD-groups in computational terms in Equation (10).

At the end of the paper we have added an appendix with natural
automorphisms of eg whose projections on the extended Weyl group are
representatives of the conjugacy classes used through the work.

2. Generalities

2.1. Notions about gradings. If L is a finite-dimensional Lie algebra
and G is an abelian group, we will say that a decomposition I" : L =
@gecLy is a G-grading whenever for all g,h € G, LyLy, C Lgyp and G
is generated by the set Supp(T') := {g € G : L, # 0}, called the support
of the grading. The subspaces L, are referred to as the homogeneous
components of the grading.

Given two gradings I' : L = @g4eqLly and I : L = @geqrLy over
two abelian groups G and G’, T is said to be a refinement of I (or I
a coarsening of I') if for any g € G there is ¢’ € G’ such that L, C L.
That is, any homogeneous component of I is the direct sum of several
homogeneous components of I'. The refinement is proper if there are
g € G and ¢’ € G’ such that Ly C L. A grading is said to be fine if it
admits no proper refinements.



FINE GRADINGS ON ¢g 117

The gradings I' and I” are said to be equivalent if the sets of ho-
mogeneous subspaces are the same up to isomorphism, that is, if there
are an automorphism f € Aut L and a bijection between the supports
a: Supp(I') — Supp(I"”) such that f(Ly) = Lqa(g for any g € Supp(T').
The type of a grading I' (following [31]) is the sequence of numbers
(h1,...,h,) where h; is the number of homogeneous components of di-
mension i, i = 1,...,7, with h, # 0. Thus dimL = }_;_, ih;. This
sequence is of course an invariant up to equivalence. Our objective is to
classify fine gradings up to equivalence, because any grading is obtained
as a coarsening of some fine grading. B

Given a grading I' : L = ©4eqLy, consider the free abelian group G
generated by Supp(I') and subject to the relations g1 + g2 = g3 if 0 #
[Lg,, Lg,] C Lg,. The group G is called the universal grading group of T'.
Note that we have a é—grading I:L= @geé[’ﬁ equivalent to I', where
L7 is the sum of the homogeneous spaces L, of I' such that the class
of g in G is g. Besides G has the following universal property: given any
coarsening L = ®pcpg Ly of f, there exists a unique group epimorphism
a: G — H such that Lp = ®gca-1(n)Lg-

The ground field F will be supposed to be algebraically closed and of
characteristic zero throughout this work. In this context, the group of
automorphisms of the algebra L is an algebraic linear group. There is
a deep connection between gradings on L and quasitori of the group of
automorphisms Aut L, according to [38, §3, p. 104]. If L = @4 Ly is
a G-grading, the map ¢: X(G) = Hom(G,F*) — Aut L mapping each
a € X(G) to the automorphism 9, : L — L given by Ly 3 & — t)o(2) :=
a(g)z is a group homomorphism. Since G is finitely generated, then
¥(X(Q)) is an algebraic quasitorus. And conversely, if Q) is a quasitorus
and ¥: Q — Aut L is a homomorphism, ¥ (Q) is formed by semisimple
automorphisms and we have a X(Q)-grading L = ©4cx(q)Ly given by
Ly={z € L:Y(q)(z) = g(g)x Yq € Q}, with X(Q) a finitely generated
abelian group.

IfI' : L = ©4eqly is a G-grading, then the set of automorphisms
of L such that every L, is contained in some eigenspace is an abelian
group formed by semisimple automorphisms, called the diagonal group
of the grading, and denoted by Diag('). If ¢: X(G) — Aut L is the
related homomorphism, then the group Diag(I") contains ¥ (X(G)), and
both groups coincide when G is the universal grading group of I'.

The grading is fine if and only if Diag(T") is a maximal abelian sub-
group of semisimple elements, usually called a MAD-group (“maximal
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abelian diagonalizable” group). It is convenient to observe that the num-
ber of conjugacy classes of MAD-groups in Aut L equals the number of
equivalence classes of fine gradings on L, and that if @ is a MAD-group,
then X(Q) is the universal group of the induced fine grading.

A grading is toral if it is a coarsening of the root decomposition of a
semisimple Lie algebra L relative to some Cartan subalgebra. In other
words, if the grading is produced by a quasitorus contained in a torus of
the automorphism group of L. If L. denotes the identity component of
a grading on L, such grading is toral if and only if L. contains a Cartan
subalgebra of L [18, Subsection 2.4]. As L. in any case is a reductive
subalgebra [31, Remark 3.5], the grading is toral if and only if the rank
of L. coincides with the rank of L.

If @Q is a MAD-group of Aut L, then the homogeneous component L.,
that is, the subalgebra fixed by @), is an abelian subalgebra whose dimen-
sion coincides with the dimension of @ (by definition, the dimension of
the maximal torus contained in @) according to [19, Corollary 5]. More-
over, for any quasitorus @ of Aut L, the dimension of L. is, at least, the
dimension of ). Indeed, take )’ a MAD-group containing ), then L,
contains fir(Q’) and fiz(Q’) is a subalgebra of dimension equal to dim ¢’
as above. Hence dim L, > dim fir(Q’) > dim Q. In particular, if L, =0
(if the grading is special, by using terminology of [31]), the grading is
produced by a finite quasitorus. The converse is true, in the case of a
fine grading, again by [19, Corollary 5]: if the MAD-group producing
the grading (the diagonal group) is finite, then the grading is special.
This kind of gradings has an extra-property:

Lemma 1. FEvery homogeneous element in a fine grading on a simple
Lie algebra produced by a finite quasitorus is semisimple.

Proof: If L = @©4L, is a grading, for any nonzero element x € L, there
is x5 € Ly semisimple and x,, € L, nilpotent such that z = x5 + 2, and
[s, zn] = 0 according to [38, Theorem 3.3] (its semisimple and nilpotent
parts also belong to Ly). Hence either every homogeneous element is
semisimple or there exists a homogeneous nilpotent element. The latter
case does not happen if the grading is in the conditions of the lemma,
because if x € L, is nilpotent, there are a semisimple element h € L,
and a nilpotent one y € L_, such that [h,z] = 2z, [h,y] = —2y, and
[z,y] = h by [38, Theorem 3.4], so that L. # 0. O

The general fact is that every homogeneous element in a fine grading
on a simple Lie algebra is either semisimple or nilpotent [19, Propo-
sition 10], which implies that it is very easy to find bases formed by
semisimple or nilpotent elements.
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It is worth pointing out that in this case of a grading L = ®4ealy
on a simple Lie algebra L, if k is the Killing form of L (non-degenerate),
then k(Lgy, L) = 0if g, h € G with g+h # e. Thus L_, can be identified
with L7.

2.2. Some techniques for group gradings. We collect in this and
the next subsections some key results from the structure of a MAD-
group, extracted mainly from [20, 19, 15].

As in [19, Section 5], the Platonov’s analogue of Borel-Serre Theorem
tells us that every quasitorus of & := Auteg normalizes some of the
maximal tori of Auteg. More precisely, the quasitorus is the product of
a torus T with a finite group, and we can take a maximal torus containing
T such that the quasitorus is contained in its normalizer:

Lemma 2 ([15, Lemma 3]). If Hy is a toral subgroup of & and Hs is
a diagonalizable subgroup of & which commutes with Hy, then there is
a mazximal torus T of & such that Hy C T and Hs is contained in the
normalizer N(T).

Assume we have fixed T a maximal torus of Auteg. If f € 9U(T),
then f7f~! =T and we define

T = Ce()NT = {te T | ftf " =1},
Qf) = (£, TV,

where we use the notation (S, ...,5;) for the quasitorus of Autes gen-
erated by S; U---U.S; C Auteg (the closure, with the Zarisky topol-
ogy, of the group generated by them). The quasitori of the form Q(f)
have proved to be relevant for the study of the MAD-groups in [19],
since every MAD-group of Autfy is Q(f) for certain f € Autfy. This
also happens for the MAD-groups of Autd4 containing outer automor-
phisms of order 3, although not for the MAD-groups containing outer
automorphisms of order 2 (for more details about these MAD-groups,
see [20]). Through this paper we will also find several MAD-groups in
the set {Q(f) | f € Auteg}, namely, all the five MAD-groups contained
in Int e (Section 4) and six of the MAD-groups not contained in Int eg
(Section 6).

Lemma 3. If f € N(T) has order r € N, then the set T} is equal
to S - H) for the subtorus SY) = {(tf)" |t € T} of T and a (finite)
subgroup H) C {t € T | t" = 1g} such that SV N HIP) = {1s}.

Proof: All is proved in [15, Lemma 6], except for the fact that the
subtorus S = {(tf)" | t € T} c S/ fills the whole S}, If s € S/,

(1)
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take t € S such that ¢ = s (a torus contains roots of all its elements).
As S c T then tf = ft, so that s = t" = (tf)" € S. O

Although H{f? is not determined by f and T, we will use such notation
for any group satisfying that 7¢) = S . H) and S NH) = {1}.

Remark 1. A way for identifying Q(f) with Q(g) for f,g € 9M(T) hav-
ing the same projection on the Weyl group (f7 = ¢7T) was developed
in [19]. Consider the group &) = {f~1tft=' |t € T} € T. De-
note by AdF: & — & the conjugation Ad F(h) = FhF~1 if F € &.
If s = f~ltft™! € &) (t € T), then Adt(f) = fs, so that Q(f)
is conjugate to Q(fs), since Adt does not move the torus 7. As ob-
viously Q(f) = Q(ft) if t € T, then Q(f) is conjugate to Q(ft)
for all t € TS, A sufficient condition (also necessary) for having
TS = T is that T NG is finite, following the arguments in the
proof of [19, Proposition 6]. This condition is easy to check in practice.

Remark 2. If f € N(T), then T is finite if and only if all the el-
ements ft have the same order, independently of the element t € 7.
This result and its proof are almost the same than those ones in [19,
Lemma 1], where we were working with the projections on the Weyl
group.

2.3. Structure of a MAD-group of Aut eg.

Lemma 4 ([15, Lemma 4]). If a prime p does not divide the order of
the (extended) Weyl group of L for L a simple Lie algebra, then every
abelian p-group H < Aut L is toral.

Lemma 5 ([15, Corollary 1]). Any non-toral quasitorus of Aut L for L
a simple Lie algebra contains a non-toral p-group for some prime p.

Now, take into account that

e the order of the Weyl group of ¢g is 342°5;
e there are no non-toral 5-groups of Aut ¢s (see Lemma 14 afterwards
or [27, Lemma 10.3] for the complex case);

to conclude that any non-toral quasitorus of Auteg contains either a
non-toral 2-group or a non-toral 3-group.
Our purpose is to go further:

Proposition 1. If Q is a MAD-group of Auteg contained in Integ,
different from a mazximal torus, then @Q contains a non-toral group iso-
morphic to either Z3 or 73.
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Hence any MAD-group contained in Int ¢g contains a non-toral ele-
mentary p-group. The point is that it is not true that, for any simple
Lie algebra L, any non-toral quasitorus of Aut L contains a non-toral
elementary p-group for some prime p. The condition of being maximal
is necessary, as the following example shows:

Example. By using the notations in [19],

= ({t—1,1,-1,1,t1,-1,-1,1,0105t1,1,1,: }) < Autfa

is a non-toral quasitorus isomorphic to Z3 x Zg which does not contain
any 2-elementary non-toral subquasitorus.

Examples of this situation in Int ¢g will appear in Section 4 for p = 3
and in Section 6 for p = 2.

This makes necessary an ad-hoc proof of Proposition 1 (for L = ¢4
and @@ a MAD-group), which we have to postpone until Section 4. The
purpose of the first part of this paper is to find the MAD-groups of
By := Integ by using that they must live in the centralizers of such
subgroups of type Z3 or Z2. But all the non-toral elementary p-subgroups
in By are well-known in the literature for the case F = C. In order to
distinguish the complex case from the abstract one, we will denote e(g
the complex Lie algebra of type Eg and 8 = Aute§ and &§ = Inte§
the corresponding algebraic groups (in fact, Lie groups).

Theorem 2. Let p be a prime and Q < 6% = Int eg be a non-toral
elementary abelian p-subgroup. Then either p = 2 or p = 3, and Q 1is
(up to conjugacy) one of the following subgroups:
(1) Ifp=2:
o V3 =273 such that QZ@%(V;) V3 x PSL(3),
. V4 = Zj such that Cee (V3') = V2 x GL(2),
o V=273 such that T (V) = V5 x (C*)2.
(2) If p=3:
o V324 =272 such that Ty c(V24) = Ve x PSL(3),
o V20 =272 such that T (V2% = V2% x Gs,
o V32 =73 such that 66 (V39) = Ve x ((C*)? x Zs),
o V3 =73 such that Cec (Vg?’b) V3P Z3
o Vi =73 such that Cuc (Vi) = Vi¥ x SL(2),
o V3472 such that Q:Qj (V3) 2b x GL(2),
o Vie =72 such that Cpe (Vi) =
(V) = V:?” (C*)2.

o V' =72 such that €®c
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We are using the notation €4(B) = {z € A | b = bx Vb € B} for
the centralizers (B < A), and A = Bx C if A = BC for B and C
normal subgroups of A such that BNC = {14}. As usual, if only B is a
normal subgroup, the used notation is that one for semidirect product,
A=BxC.

Proof: Either p = 2 or p = 3, as above. Now, the data involving non-
toral elementary abelian 2-subgroups in Int ¢§ can be read in [36, p. 78],
where V3*, V3!, and V3 are denoted by (Va,c), (V3,c), and (Vy,c) re-
spectively. The reader may also consult [27, Theorem 8.2 and its proof,
p. 279] where non-toral elementary abelian 2-subgroups in Aut eg are
identified with non-toral elementary abelian 2-subgroups in Aut{$. The
non-toral abelian 2-subgroups in Aut f, are described in [19].

The data related to non-toral elementary abelian 3-subgroups in Int ¢§
can be read in [4, Theorem 8.10, p. 148]. O

The important point is that the p-subgroups of 6% (respectively,
of &®) are in bijective correspondence with the p-subgroups of ¢ (re-
spectively, of &) if the transcendence degree of the field extension F|Q is
infinite. But, even if this is not the case, we will find only one non-toral
subgroup of type Z3 and just two non-toral groups of type Z% in &y.
This will be consequence of the following result, communicated to the
authors by A. Elduque.

Proposition 2. Let F be an algebraically closed field of zero characteris-
tic, and [ be a simple Lie algebra over F. Let [ denote a simple complex
Lie algebra of same type as |, and consider G = Aut [ and G& = Aut [C.
Then, there is an injective map

Q: {finite subgroups of G} — {finite subgroups of G}.

Furthermore, if Py and Py are two finite subgroups of G, Py and P» are
congugate in G if and only if Q(P1) and Q(Py) are conjugate subgroups
of G©.

Proof: Take P = {f1,..., fs} a finite subgroup of G. Let d = dim [, and
fix B = {b1,...,ba} a basis of [ such that [b;,b;] € >,z Qb for all 4, j
(for instance, take a Chevalley basis). Thus [ 2 Q@ C and [ = (C@g T,
for 1@ = > vep Qb the Q-Lie algebra of same type as I spanned by B.
Note that, for each f; € P and each j < d, fi(b;) = ZZ:1 ¢ijiby for
some c;j; € F. Take S = {c;x | © < s; 4,k < d}, which is a finite
subset of F. Take K = Q(S5), a subfield of F. Let n be the tran-
scendence degree of the field extension K|Q, which is obviously finite
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(as S). That means that there is an algebraically independent sub-
set {X1,...,X,} C K such that the extension K|Q(X1,...,X,) is a
finite (algebraic) extension. Every element of K is a root of some non-
zero polynomial with coefficients in Q(X7,...,X,,), concretely we can
take {a1,...,am} C Ksuch that K= (... (Q(Xy,...,X,)(a1))...)(am)
and p; is the minimal polynomial of a; with coefficients in the field
(... (Q(Xyq,...,Xn)(a1))...)(a;—1). Now recall that C|Q has infinite
transcendence degree, therefore there exists {1, ..., z,} an algebraically
independent subset of C. It is clear that the fields Q(Xy,...,X,,) and
Q(z1,...,x,) are isomorphic. Now we construct K a subfield of C
isomorphic to K = Q(S), simply by adjoining to Q(z1,...,x,) ele-
ments {y1,...,Ym} C C such that p; is just the minimal polynomial
of y; with coefficients in the field (... (Q(z1,...,2x)(y1)) ... )(yi—1) < C.
Let U: K — K be a field isomorphism between K the subfield of F
and K the subfield of C. Now define f;: I© — [C by linearity, with
ﬁ-(bj) = Zi:l W(cijk)br, € IC. Tt is clear that fi € G€ (it is an automor-
phism). Hence Q(P) := {fl, cey fs} is the desired subgroup of GC.

Now assume we have P, = {f1,..., f.} and P, = {¢1,..., 9.} two fi-
nite subgroups of G. Thus f;(b;) :ZZ:l cijibr and g;(b;) =ZZ:1 dijrbr
for some c;j1,dijr € F, and more concretely, these scalars c;;i, and d;ji
live in an extension K of Q such that there is an isomorphism ¥: K — K
onto a subfield of C. The fact of being P, and P, conjugate in G is
equivalent to the existence of {a;x | j, k < d} C F verifying certain poly-
nomial equations. Namely, if ¢: [ — [ is the automorphism such that
ofip~! = g; and A = (ajr) € Matgxq(F) is its matrix relative to the
basis B, the conditions for ¢ are equivalent to the existence of solutions
of the following polynomial equations, for each i, j, I:

E CijkOkl = E diriajk,

% %

§ QK] = E AisAjtAstl,
k s,t

(det(A) + 1)(det(A) — 1) = 0,

if o € Q are such that [b;,b;] = >, aijrbr. So we have I <K[Yj; |
i,7 < d] an ideal of polynomials such that the conjugacy of P; and P»
is equivalent to the existence in F” (r = d?) of some common zero of all
the polynomials in I. But, as FF is algebraically closed, by weak Nullstel-
lensatz, this is equivalent to the fact that 1 € I. By similar arguments
the conjugacy of Q(Py) and Q(P,) is equivalent to the existence in C" of
some common zero of all the polynomials in I (passing through ¥) and
again this is equivalent to the fact that 1 € I. O
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In the following section we will provide descriptions of three quasitori
of types Z3, Z2 and Z2 (non-conjugate), which will be unique by Theo-
rem 2 jointly with the above proposition applied to [ = ¢g.

To finish this section, we would like to state some results that, though
simple, will be highly useful through this paper:

Lemma 6 ([4, Theorem 8.2(3)]). Let G be a linear algebraic group over
an algebraically closed field. Assume that G is a connected reductive
group such that its commutator subgroup is simply connected. If Q is a
subquasitorus of G gemerated by at most two elements, then @ is toral.

This cannot be applied to our context, since Int ¢g has fundamental
group Zs, so we will generalize it a little bit.

Lemma 7. Let G be a linear algebraic group over an algebraically closed
field. Assume that G is a connected reductive group such that its com-
mutator group has fundamental group Z.,. If Q is a quasitorus of G
generated by at most two elements and the order of @ is prime to n,
then @ is toral.

Proof: Let G be a linear algebraic group over an algebraically closed field,
and let G’ denote its commutator subgroup [G, G]. Then, the short exact
sequence of groups G’ — G — G/G’ is indeed a fibration of connected
topological spaces that induces a short exact sequence of fundamental
groups m(G') — m(G) — m1(G/G"). Therefore m(G') = Z, can be
identified with a subgroup of 71(G), and we denote by p: G — G the
n-sheeted cover of G associated to that subgroup. Then G is again a
connected reductive linear algebraic group whose commutator subgroup
is denoted by g’ and p is an algebraic epimorphism that identifies G with
a central extension of G by Z,,. We now claim that G is simply connected.
Indeed, since p is a group epimorphism, its restriction p|g, : G =g is
so, and the snake lemma shows that Z, = Z(G) C G’ is in the kernel
of p|s > what shows that G’ is the universal cover of G'.

Now, let @ be a quasitorus of G generated by two elements and define
Q p~1(Q). Then Q is a quasitorus of g that fits in a central short
exact sequence of discrete groups Z,, — Q — Q. Since |Q)] is coprime
to n, then H*(Q;Z,) = 0 and the previous exact sequence splits, that is
@ = 7, xQ and @ can be generated by two elements (as @ is so). Then
the result follows from Lemma 6 applied to @ and G. O

Consequently there are no non-toral 2-groups of Int eg with less than
3 factors.
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Lemma 8 ([20, Lemma 2]). If L is a simple Lie algebra, T is a torus of
Aut L and H is a toral subgroup of Aut L commuting with T, then HT
is toral.

Remark 3. An immediate consequence of Lemma 8 is that, if T is a
maximal torus of Auteg, and f € 9U(7) is an inner automorphism such
that 7% is a torus, then Q(f) is toral. Moreover, if 74 = (F*)! x Z,,
then Q(f) is also toral, by applying Lemma 7 and Lemma 8.

3. Description of the inner gradings

A grading produced by a quasitorus contained in Int eg, the identity
component of Auteg, will be called an inner grading. And we call an
outer grading any grading that is not inner. Of course the fine inner
gradings are produced by MAD-groups of Aut eg contained in Int ¢g. For
describing them, first we fix some notation about the finite order inner
automorphisms.

3.1. Inner automorphisms of finite order. Recall that the finite or-
der automorphisms of the simple Lie algebras are completely described
in [34, Chapter 8]. The Z,,-inner gradings on eg can be obtained by as-
signing weights p = (po,...,ps) (pi € Z>p) to the nodes of the extended
affine diagram of e, Eél), such that Z?:o pin; = m, for n; the label
of the corresponding node, that is, ng = 1 and a9 = — > n;«; denotes
minus the maximal root, for {;}%_; a set of simple roots.

1 «@Q
2 a2
1 2 3 2 1 o] a3 o4 Qa5 Qg

The subalgebra fixed by this automorphism is reductive of rank 6, and
the Dynkin diagram of its semisimple part is just the one obtained when
removing the nodes with non-zero weights from Eél).

In particular, there are 5 conjugacy classes of order three automor-
phisms. We say that an order three automorphism f is of type 3B, or
that f € 3B, if f is obtained with the choice of weights (0,0,0,0,0,1,1)
(for some Cartan subalgebra and some set of simple roots). Thus the
fixed subalgebra is of type a; direct sum with a one-dimensional center
(denoted by Z), whose dimension is 36. The same notations will be used
for the remaining order three automorphisms, according to the following
table:
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’ Type ‘ Fixed subalgebra ‘ dim ‘ p ‘
3B as & Z 36 |(0,0,0,0,0,1,1)
3C 3ag 24 1(0,0,0,0,1,0,0)
3D 0, @27 30 |(1,1,0,0,0,0,1)
3E asda;dZ2 28 | (1,0,1,0,0,0,0)
3F 0687 46 | (2,1,0,0,0,0,0)

We have chosen the names of the types of the automorphisms according
to [27, Table VI]. Besides, throughout this paper we use the notations a;,
by, ¢, 0y, g2, fa, and e¢; for the simple finite-dimensional Lie algebras,
instead of capital letters, to avoid confusions.

In the same way, there are two conjugacy classes of order two inner
automorphisms:

’ Type ‘ Fixed subalgebra ‘ dim ‘ p ‘
2A as @ oy 38 1(0,0,1,0,0,0,0)
2B (BRI 46 | (1,1,0,0,0,0,0)

We observe that the type of any order three or two inner automor-
phism of ¢g is determined by the dimension of its fixed subalgebra.

3.2. A Zg-grading. Let V1 = Vo = V3 = V be a three-dimensional
vector space. Let By = {ug,u1,us} be a basis of V. Take

L=sl(Vi)@sl(Va) @sl(Va) @ Vi@ Ve@ V@ Vi Vy @ Vs

with the product given as in [1, Chapter 13], which is a simple Lie algebra
of type ¢s. Note that we have a Zz-grading on ¢g = £ by doing

Lg =s1(V1) & sl(Va) & sl(V3),
(2) L1=V1oV,® Vs,
Ls=V"QVy V.

Consider F} € Auteg the order three grading automorphism, that is,
Filg, = w'id for w € F a primitive cubic root of the unit and 4 = 0, 1, 2.
Take F5 the automorphism which permutes the V;-components, that is,
the only one verifying Fr(u® v @ w) = v @ w @ u for all u,v,w € V. As
F»(L;) C L;, the automorphisms F} and Fy commute.

Now, if A € SL(3) and fa € SL(V) is the endomorphism whose asso-
ciated matrix relative to By is A, we call U(A) the only automorphism
of eg whose action in L1 is u®@v@w — fa(u)® fa(v)® fa(w). Note that
the uniqueness is a consequence of the fact that £5 = [L1, L1] ([L1, L1] is
an Lz-submodule of L3, which is irreducible) and L5 = [L1, L5]. Tt is
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straightforward to check that the only possible extension preserves the
bracket. Thus we have a well-defined map

(3) U SL(3) — Q:Autee(F17F2)

with kernel {I3,wl3,w?I3}, where I,, will denote the identity matrix of
size n throughout the text. Take the following invertible matrices

1 0 0 0 0 1
(4) b=(0 w 0], c=[1 0 0],

0 0 w? 0 1 0
and F3 := U(b) and Fy := U(c) the related order three automorphisms.
As bc = web, thus F3 and F, commute. Consider the subgroup of auto-
morphisms

Qy = (Fy, Fy, F3, Fy) < Integ,

which is isomorphic, as abstract group, to Zj3. If we denote a homoge-
neous component of the Zi-grading induced by Q; on £ by

(5) L(;j,,;,;):{xeﬁ|F1(x):wix, Fy(z)=wz, Fy(z)=wkz, Fy(z)=w'z}

for 4,7, k,1 € {0,1,2}, and denote by u;; the element u; @ u; @ ux in L3,
then it is easy to check that:

L Zj Li1j00 = (w000 + w111 + U222, Uo12 + U120 + U201, U021 + U210 +
u102) is fixed by Fy, so that it coincides with L1 0,9, while
Lij00=0ifj=1,2.

. Zj Lijon = (1000 +w?u111 + w2, Uot2 +w U120 + W01, Uo21 +
wua1g +wuqp2) is not fixed by Fy, which acts in the three elements
with eigenvalues 1, w, and w? respectively. The same happens with
Zj L(TJ,(_),Q), by duality.

o Zj Liji10 = (20 = ugo1 +w U112 + W20, T1 = Uo10 + W U121 +
Wu202, T2 = U100 —+ w2u211 + WU022> is not fixed by FQ, but this
automorphism sends each z; to z;41, so that it acts with eigenval-
ues 1, w, w? in xg + 21 + 2, o +w?x1 +wre, and g +wr; +w?as
respectively.

On the other hand, (F5, Fy) breaks each copy sl(V;) of Ly in 8 pieces
of dimension one (the non-toral Z2-grading on ay usually called Pauli
grading, see for instance [9]), so, >, L5k has dimension three if

(k,1) # (0,0) and breaks into three one-dimensional pieces when F; is
applied. Therefore all the homogeneous components have dimension one,
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except for the following cases:
dimL(()j@()) =0 foranyje€ {0,1,2}7
dim L(EJI),()) =0 foranyi,je€ {1, 2},
dim L(;y()ﬂ()) =3 foranyie {1, 2}.

Consequently the type of this grading is (72,0, 2).
In order to prove that we have found our first fine grading, note the
following result:

Lemma 9. The non-toral quasitorus Py := (Fy,Fy) has centralizer
Ce(P1) = P x PSL(3). So it has type V2 with the notations in Theo-
rem 2.

Proof: First we are going to prove that € (P1) = Py Im U, for the map ¥
defined in Equation (3). It is clear that fix(P;) = {a! + 22 + 23 | x €
sl(V)} = sl(V) is an algebra of type a2, where if z € sl(V), we are
denoting by z* the element z in sl(V;), for i = 1,2,3. Take F any auto-
morphism belonging to € (P;1). This F preserves all the homogeneous
components of the Z3-grading £ = @©L; ;) produced by P;. Note that
dim L(1,5) = dim L3 5y = 11 (F2 € 3D and fixes a subalgebra of dimen-
sion 30 isomorphic to 94 @ 2Z) but dim L; ;) = 8 for the six remaining
homogeneous components, which are L 5) = Le-irreducible modules of
adjoint type.

In particular the map F leaves L, = fix(P;) = sl(V) invariant. Thus
F|r. € Autsl(V) = PSL(V) x Zs, concretely Autsl(V) = {Ad f,0 Ad f |
f € SL(V)}, for Ad f(z) = fof~! and for the outer order 2 automor-
phism of sl(V) given by 6(z) = —z'. If F|,, € {AdA,0Ad A} for
A € SL(3) (identified with SL(V') by means of By), by replacing F' with
FU(A~1) we can assume that F|z, € {id, 0}.

Assume that F|p, = id and we are going to check that then
F € (F1,Fp). As Lgyg) is Le-irreducible, the restriction F|L(5,1) €
Homrp, (L(5,1), L(5,1)) = Fid, according to Schur’s Lemma. So there
is a € F* such that F|,;, = aid. But [[L@1), Lol Lo) = Le
(F3 produces a Zs-grading on Lg with fixed subalgebra of type as), so
a® = 1, and changing, if necessary, F' with either F'F; or FFZ, we can
assume that F|z,,, =id. Hence F|z, = id (recall that L5 = ©; L j))-
Again we can apply Schur’s Lemma, because L3 is an Lg-irreducible
module, thus F|z; = fid for some nonzero scalar 3 € F. By similar
arguments, 3% = 1, and we change, if necessary, F' with FFy or FF?
to obtain that F|z, = id. From that we conclude (after multiplying by
elements in (Fy, F»)) that F =id,.
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Now assume that we have F' € €g(P1) such that F|,, = 6. Thus,
F?|, = 6% = id. As above, this implies that F'? € Py, so that (Fy, Fy, F)
is isomorphic as abstract group to Zz x Zg. Take G € & of order 6 such
that <G, F2> = <F1,F2,F>. Now ﬁ?(G|f‘1;F2EO4+2Z) = fip(<F1,F2,F>) =
fitF|jiz(p,)2s1(v) is identified with the algebra fird = {z € sl(3) | = =
—z'} = 50(3) = a;. But Gy, is an automorphism of 94 of order 7 a
divisor of 6, so that the possibilities for fixed subalgebras of rank different
from 4 are just 2a; and a1 & Z if r =6, go and as if r =3, and by ® Z
if » = 2, of course not contained in an algebra of type a;. We have got
a contradiction in this case.

Note that we have really proved €g(P;) = P1U(SL(3)). But this is
a direct product. Indeed, take A € SL(3) and ni,ne € {0,1,2} such
that W(A) = F"' F;>. On one hand, the fact W(A)|, = id implies that
A commutes with sl(3) and hence is in the center of gl(3), this center
equal to FI3, so that there is v € F such that A = vI3. As det A = 1,
then v* = 1. On the other hand, the elements u;j;, € £1 = V3 must
be eigenvectors of F|"' F3'?, thus ny = 0. But W(A)(uijr) = Yduije =
Ui = F/" (uijr), so w™ =1 and n; = 0. In conclusion, €g(P1) =
P1x U(SL(3)) = Z% x PSL(3), since the kernel of W is {I3,wl3,w?I3}. O

Hence Q; is a MAD-group of Aut eg, isomorphic to Z3, since (b, c) is
a MAD-group of PSL(3). Moreover, this grading is fine not only as a
group-grading, but it is possible to check that it is also fine as a general
grading (as partition into subspaces such that the product of two of them
is contained in some other).

Now we would like to pay attention to some subquasitori of Q; for
further use.

Remark 4. The subquasitorus (Fy, F3, Fy) & Z3 of Q; is toral.

To check it, recall that if L, is a homogeneous component of the
grading induced by Q;, then L, and L_, are composed by semisimple
elements by Lemma 1. As [Ly, L_4] C L. = 0, then the elements in L, ®
L_, are semisimple too. Hence, the subalgebra fixed by (F, Fs, Fy), that
is b= L1,0,0,0) D L(2,0,0,0), 1 a toral subalgebra. As b has dimension 6,
it is a Cartan subalgebra.

Remark 5. Observe that:

o (Fy, F3, Fy) = 73 is a non-toral quasitorus of Qj, the Jordan sub-
group in [3] (appearing also in [38, Chapter 3, §3.13]).

e It is a minimal non-toral elementary 3-group of &q. In particular
it does not contain any non-toral group isomorphic to Z3.
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As Zj dimL(()J}@’()) =0, Zj dim L(;J’()’()) =340+0=3ifi=1,2, and
> jdimLgsrn =1+1+41=23if (k1) # (0,0), then this quasitorus
induces a non-toral grading of type (0,0, 26) with L, = 0, which is just
the Jordan grading in [22, Main Theorem (vi)]. The second item is a
consequence of the fact that L, ® L_, is a Cartan subalgebra for all
0 # g € Z3, by reasoning as in Remark 4.

We will use these notations through the whole section.

3.3. A Z§ X Z2-grading. Lemma 9 suggests us another interesting
grading. Take for any scalars o, 8 € IF*, the automorphism T, 3 =

U (pa,p), for

(6) Pa,p =

o o QR

0 0
g 0
0 1

aff
The quasitorus

QQ = <{F1,F27Ta75 | Oé,ﬁ S F*}> < Int (4]
is isomorphic to Z3 x (F*)2.

Lemma 10. The quasitorus Ry = (Fy, F5, T, 1,T¢ ¢) = 74 for € a ninth
root of the unit such that £ = w? is of type V5, with the notations in
Theorem 2. Its centralizer in & is just Qs.

Proof: As P; C Ry, then Q:@(Rl) (- cg(rpl) =P X \I/(SL<3)) = Zg X
PSL(3). More concretely, € (R1) = P1 X Cy(si3))(Tw,1,Tee). But if
A € SL(3) commutes with p,, 1, then A is diagonal and hence it belongs
t0 {pa,g | @, B € F*}. O

Consequently Qs is again a MAD-group of Aut ¢g, because €g(Q2) C
Cs(R1) = Qo, that is, it is self-centralizing.
Our description makes it easy the computation of the simultaneous
diagonalization. If we denote by L ;) the set of elements of £ in
which Fy acts with eigenvalue w’, Fy with eigenvalue w’ and T, g with
eigenvalue =, then we check that all these homogeneous components are
zero except for
dim L(;,j,l) = 4,

(7) dimL(i,j,fy) =1 if v E {(azﬁ)ilv (O‘BQ):tla (a/ﬁ)il}a
dimL(i,(_),'y) =1 if Ve {0437 63a 1/(043ﬁ3)},
dimLpp, =1 ity € {1/a% 1/5% a5,

for all i, 5 € {0,1,2}, so that Qs produces a fine grading of type (60,9).
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Lemma 11. The quasitorus Py = (FiT¢¢, Fo) fizes a subalgebra of

type ga, so it is non-toral of type Vi, with the notations in Theorem 2.

Note that Qo =Py x To =Py x Ty, for To = (Tn g | o, B € F*).

Before proving this lemma, observe some facts about the isomorphy
classes of the automorphisms in Ps, as well as in several quasitori.

Remark 6. As dimfirfy = >, dimLgg5 = 24 +2-3 = 30 and
dimfigks = 3, ;,dim L5567 = 18+2-3 = 24, then F» € 3D and F3 €
3C. Similar arguments tell us that all the non-trivial automorphisms
in Py are of the class 3D and that the only automorphisms in Q; which

are not of type 3C are FxF and F3 F for all F € (F3, Fy). Therefore:

e P, is of type D® (this notation means that it contains 8 automor-
phisms of type 3D, of course joint with the identity),

e Py is of type CSD?,

e Q; is of type C92D'8,

o (Fy, F3, Fy) (the Jordan group in Remark 5) is of type C?6.

In particular this provides a direct way of knowing when a non-toral
subgroup composed by two commuting order three automorphisms is
conjugate to either Py or Ps.

Proof: Taking into account Equation (7), dim fig(P2) = dim L1y +
dim L1 52y +dim Lz 5.y = 4+5+5 = 14. We try to know more about
this subalgebra. As Fj is of type 3D, the subalgebra firF» is of type 04
summed with a two-dimensional center. Now F;T¢ ¢ preserves this sub-
algebra and its derived subalgebra, that is, 94, producing a Zs-grading
on 4. This implies that the restriction F1T¢ ¢|o, must fix a subalgebra
of some of the types {as, 92,301 ®Z, a3® Z}, of dimensions {8, 14,10, 16}
respectively. As fix(P2) = fitF1Te ¢|o,+27 is equal to firtF1Te ¢lp, direct
sum with some abelian subalgebra of dimension either 0, 1, or 2, by
dimension count the only possibility is that fir(Ps) is a subalgebra of
type ga. Hence Py is non-toral of type V2%, since a quasitorus of Aut eg
is non-toral when its fixed subalgebra has rank different from 6. O

In the complex case, Theorem 2 tells us that €g_c(P2) = Py x Go
(for G2 the automorphism group of the octonion algebra), but we can-
not translate this result directly to arbitrary fields by applying Propo-
sition 2, since G5 is of course not finite. Besides we are interested in
the centralizers in &, not in ®y. In order to understand why it works
for an arbitrary T, let us see first the action of fix(P2) on the remaining
homogeneous components.
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Remark 7. As Py is of type D8, the Z3-grading Iy induced by Ps
must have all the non-identity components of the same dimension, (78 —
14)/8 = 8 (alternatively see Equation (7)). As L. is isomorphic to DerC,
the Lie algebra of derivations of an octonion algebra C, and it acts non
trivially on any homogeneous component, then each of them is isomor-
phic as Le-module to the Der C-module C (sum of Cy, the irreducible set
of zero trace octonions, with the trivial module F1).

In particular we can compute the type of the grading induced by Qo
without doing the simultaneous diagonalization: as the root decomposi-
tion of gs is of type (12, 1) and breaks each module C in (6, 1), hence the
grading induced by Qs has type (12,1) 4+ 8(6,1) = (60,9), as we already
knew.

To check that €g(P2) = Py x G2 is equivalent to check that:

a) If F € & preserves the homogeneous components of I'g and F|, =
id, then F' € Ps.

b) For any f € AutC = G5, there is an extension f € Aut £ such that
f ( )= fdf~!if d € DerC = L. and f preserves the homogeneous
components of I'y.

If we identify p: £ — L' := DerC & C9) @ --- @ C(98) by means of
the Le-isomorphisms of modules of each component (C (9i)°5 are several
copies of C, indexed in a set with eight elements, Z2\ {e}), this map p is
by construction an L.-isomorphism of modules, which allows to endow
L' with a Lie algebra structure of type e¢g, when asking for p to be a
Lie homomorphism. Taking into consideration that dim Hompe, ¢(Co ®
Co,Co) = dimHompe,¢(F ® Cp,Co) = 1, there must exist some fixed
nonzero scalars ay;, B;5,v: € F*, with a;; = a;;, such that

29 yl99)) 1 = i (wy — yx)9H9) if g; # 2g;,

1 . Y9 = By 9t if g; # 2g;,

w( Y912 = %Dy = Yi[las by] + [l 7] + [Pz, my]) € DerC,
199 (2991, = 0,

for any x,y € Cp, where [, and r, denote respectively the left and right
multiplication operators on C. The scalars can be determined by pass-
ing through p or simply by using the Jacobi identity (this provides an
interesting model of a Lie algebra of type e¢g, not to be developed in
this paper). Now, the map fwhich sends d +— fdf~! if d € DerC and
29— f(2)9) if £ € C, is the required automorphism in item b). Fi-
nally, the statement in a) is proved with arguments as used in Lemma 9,
with caution, because C is not Der C-irreducible.
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3.4. A 732 x Z3-grading. Let Gy € 2A4 any order two automorphism
of M = ¢4 fixing an algebra of type as ® a;. Let M = Mg Mjz be
the induced Zs-grading. Hence there exist U and W vector spaces of
dimensions 2 and 6 respectively such that

Mg =sl(W) & sl(U),
Mi=NWeU.

We will introduce some notations. If f is an automorphism of the vector
space W, we denote by f*3 the automorphism of the vector space A3W
mapping w! A w? Aw? (w' € W) into f(w!) A f(w?) A f(w?). And, if
feAut A and g € Aut B (A and B vector spaces), we denote by f ® g
the automorphism of A ® B such that (f ® g)(a1 ® az) = f(a1) ® g(az)
for any a1 € A, az € B. Now fix By = {up,u1} and By = {w; | i =
0,...,5} two bases of U and W respectively, and take H; and Hs the
only automorphisms of M whose restrictions to Mj are

b o\® /1 0
HlMl_(O _b)w®(0 _1>U

A3
H|p, = (2 g) ® (2 é) ,

w U
where we are identifying the automorphisms of W (respectively U) with
their matrices relative to By (respectively By ), and b and ¢ are given
by Equation (4).

Note that H; and Hs are order six automorphisms commuting with G

and between them, so that we can consider the quasitorus

Qs := ({H1,H2,G1}) <Integ

isomorphic, as abstract group, to Z% x Z3. Let us prove that Qs is
another MAD-group. For that, let us look at their p-subgroups.

and

Lemma 12. P3 =: (H}, H3,G1) is a non-toral quasitorus isomorphic
to Z3, hence of type V3.

Proof: An element fixed by G belongs to sl(W) @ sl(U). If zy € sl(U)
is fixed by Hj and Hj, then xy = 0. Now, if we write zy € sl(W)
in square matrix blocks as (4 B), the fact that zy commutes with
(Ids _013) = (& Bb)s forces B and C to be zero, and the fact that zy
commutes with (103 By =(9 ¢)? forces A= D. As 0 = tr(A) + tr(D) =
2tr(A), hence the fixed subalgebra fir(Ps) = {(4 ), | A€sI(3)} is
isomorphic to an algebra of type as and Ps is non-toral. O
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Following similar arguments to Lemma 9, it is not difficult to find
the centralizer €¢(P3) = P3 x PSL(3). The idea is to consider the well-
defined map

v SL(3) — Cs (733),
where, if A € SL(3), ¥/(A) is the only automorphism of M whose re-
striction to Mj is

A3
® Vil = (5 4) o

again with the identifications between automorphisms of W and U and
matrices relative to By, and By.

Lemma 13. P, := (H?, H3) is a non-toral quasitorus isomorphic to 73
of type V.

Proof: We have to find the fixed subalgebra by the automorphisms which

A3 A3

. 2 2 .

are extensions of (b 9 ) ® Iy and (C 0 ) ®Iy. By reordering some
0 b VV 0 ¢ W

rows and columns in the matrices relative to the endomorphisms of W,
we can work with 102 w(}2 8 > and (102 8 102) So, a block matrix
0 0 w?ly 01 0
A= (Aij)ij=1,23 (Aij € Matayxo(F)) commutes with them if and only if
A11 = AQQ = A33 and Aij =0if1 7é ] As 0 = tI‘(A) = StI‘(All), then
there is a two-dimensional vector subspace W’ of W such that we can
identify fig(P4) N sl(W) with sl(W’). Besides all the elements in sl(U)
remain fixed, hence fig(Py) N Ly = sl(W') @ sl(U) = a1 & a;. It is
now easy to check that fix(P,) N Ly = S3(W') ® U, turning out that
fit(Ps) = 201 ® (V(3) ® V(1)), which is a Lie algebra isomorphic to gs
(a well-known fact, see for instance [10, Theorem 3.2]). O

As P4 must be conjugate to P2 by Proposition 2, we conclude that
also the centralizer €g(Py) is a direct product of Py with a copy of the
group G5. Consequently, as Q3 = P4 x Ps lives in this centralizer, and
the subquasitorus P3 = Z3 is known to be necessarily a MAD-group of
Gy = Aut go (see, for instance, [18]), these arguments imply that Qs is
a MAD-group of Aut eg.

In this occasion, we compute the type of the grading induced by Qs
without doing the simultaneous diagonalization (not difficult, but long)
but taking into account Remark 7 applied to Py. It is well-known that
the Z3-grading on the octonion algebra C is a grading of type (8) which
induces one of type (0,7) on DerC (each non-trivial component is a
Cartan subalgebra). Hence the fine grading induced by Qs has type
(0,7) +8(8,0) = (64, 7).
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3.5. A Z3 x Z*-grading. We use here the notation in the above sub-
section. Take Gy = H3 and G3 = H3, two order two automorphisms
whose restrictions to M7 are, of course,

(s 0\ _ /1 0
G2|M1_<0 _I3>W®<O _1>U’

A3
(0 I3 0 1
G3|Mi_ <I3 O>W®<1 0>U’

and S, 3 € Aut M the automorphism given by

D 0 A3
Sa.ﬂ‘Mi = ( (Z)’B Do ,8>W ®IU3

that is, So,3 = U'(pa,s) with the notations in Equations (8) and (6).
Take, then,

Qu:= ({G1,G2,G3, 50,5 | o, B € F*}) = Z3 x (F*)*.

Tt is clear that Q4 is a MAD-group of Int ¢g, since Qy lives in €yt ¢, (P3) =
P3 x W(SL(3)), and the torus (ps s | a, 8 € F*) = (F*)? is a maximal
torus of SL(3) (and of PSL(3) = Int as).

We can compute the type of the induced fine grading on M by taking
into consideration the Z3-grading induced by Ps. The fixed component
L. = fix(P3) is a Lie subalgebra of type ag, and the other 7 components
are, all of them, L.-modules isomorphic to the adjoint module direct
sum with two trivial one-dimensional modules. Thus the grading has
one component of dimension 8 and seven of dimension 10. From here it
is easy to conclude that all the involved order two automorphisms are
of type 2A, that is, Ps is of type A”. If we consider now the Z2-grading
on M produced by (S, g), it produces the root decomposition on the
identity component ag, which is of type (6,1). And, on each of the
homogeneous components it produces the weight decomposition, the part
fixed by the two-dimensional torus is the piece of dimension 2 jointly
with the two trivial submodules, so of dimension 4 and such component
is broken into (6,0,0,1). Thus the grading on ¢z induced by Q4 is of
type (6,1,0,0) + 7(6,0,0,1) = (48,1,0,7).

3.6. A Z58-grading. Take as Qs a maximal torus of Auteg, which in-
duces a distinguished fine (group) grading, the Cartan-grading or the
root decomposition, which is a Z%-grading of type (72,0,0,0,0,1), with
fixed component a Cartan subalgebra and all the remaining components
the corresponding one-dimensional root spaces.
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3.7. All the inner fine gradings. As a corollary of Proposition 1,
which will be proved in Section 4, we obtain one of the main results of
this paper:

Theorem 3. The MAD-groups of Auteg contained in Int eg are conju-
gate to Q; fori=1,...,5.

Proof: If A is a MAD-group different from a maximal torus (that is, if A
is not conjugate to Qs), it is non-toral and, according to Proposition 1,
A contains a non-toral subgroup V < Integs isomorphic to either Vi,
V22 or V2 with the notations in Theorem 2. By Lemma 9, Lemma 11,
Lemma 12, and Lemma 13, V' must be conjugate to either Py, Py (= Py),
or Ps3, and we can assume that V' is one of them.

o If V= P;, then A C €(P3) = P3 x ¥'(SL(3)), and the prob-
lem reduces to calculate MAD-groups of ¥/ (SL(3)) = PSL(3) =
Int as. There are four fine gradings (up to equivalence) on the alge-
bra sl(3), with grading groups Z?, Z x Z, 73, Z3; that is, there are
four MAD-groups (up to conjugation) of Aut(sl(3)) = PSL(3) x Za,
but only two of them are inner, produced by quasitori of PSL(3),
namely, (b,c) = Z2 and a two-dimensional torus. (This result can
be concluded from [9], but the gradings are explicitly computed
in [29].) Hence the only possibility for A is to belong to either
Qg =P3 x Py or Q4 =Ps3 x <Sa’ﬂ>.

o If V. ="Py, then A C €(P1) =P; x ¥(SL(3)), and again it reduces
to calculate MAD-groups of ¥(SL(3)) = PSL(3), which are con-
jugate to either the torus (p,s) = (F*)? or a non-toral Z3 (just
(b,c)). In the first case we obtain Qs = Py x (T, ), and, in the
second one, precisely Q.

o If V=P, then A C €(P2) = Py x G2, and it reduces to calculate
the MAD-groups of G5 = Aut go, which are known to be (up to
conjugation) the two-dimensional torus and Z3 [18]. In the first
case we again get Py x To = Qy (see Lemma 11). In the second
case (we can take V' = Py), Q3 = P3 x P, appears again.

This completes the classification. O

4. Technical proofs for the inner gradings

The aim of this section is to prove Proposition 1, which will be done by
means of computational tools inspired by [19]. We use these computa-
tional techniques much less than there in [19], because our computations
will only make use of the Weyl group of ¢g and not of the explicit con-
struction of the normalizer of a maximal torus. In particular such com-
putations can be done very easily with any mathematical software. For
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most of the computations, not even we need all the elements in the Weyl
group but it is enough to have representatives of its conjugacy classes,
which can be found, for instance, on the web page [2]. The auxiliary
quasitori that we will need for our argumentation, 7, S/} and so on,
are easily computed by hand.

4.1. Weyl group. In order to describe the abstract Weyl group of e,
we must begin by fixing a basis A = {a; | i =1,...,6} of a root system
of eg. Its Dynkin diagram is

o—o—ia—zo—o
aq a3 (e} Qa5 (0753

and its Cartan matrix is

2 0 -1 0 O
0 2 0 -1 0
0

coco l
o
o
|
—_
)
|
—_

Take the euclidean space F = Z?:1 Re; with the inner product (, )
described for instance in [32, Section 8]. The Weyl group of ¢4 is the
subgroup W of GL(F) generated by the reflections s; with i = 1,...,6,

given by s;(z) := x — {x, a;)ay, for {x,y) := 2&;’)) (so that the Cartan
integers (o, ) are just the entries of the Cartan matrix). Identify
GL(E) to GL(6,R) by means of the matrices relative to the R-basis A.

We shall consider W C GL(6,R) lexicographically ordered. That
is: first, for any two different couples (i,7), (k,1) such that i,5,k,1 €
{1,...,6}, we define (4,7) < (k,I) if and only if either i < k or i =
k and j < [I; and second, for any two different matrices ¢ = (0y5),
o' = (o};) in W, we state o < o’ if and only if 0;; < o7; where (3, j)
is the least element (with the previous order in the couples) such that
oij F Ugj. One possible way to compute the Weyl group with this
particular enumeration is provided by the following code implemented

with Mathematica:
W=Tablel[s;,{i,6}1;
al[L_,x_]:=Union[L,
Table[L[[i]].x,{i,Length[L]}],
Table[x.L[[i]],{i,Length[L]}]]
Do [W=al[W,s;],{i,6}] (6 times repeated).
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We get a list of 51840 = 26345 elements in the table W which is nothing
but the Weyl group W of ¢5. We are denoting by o; the i-th element
of W with the lexicographical order.

Recall from [32, p. 75] that any ¢ € W can be extended to an
automorphism ¢ € Integ. According to that theorem, if L = ¢g =
b @ (PacaoLa) is the root decomposition relative to a Cartan subalge-
bra b, for any choice @, € Lq, \ {0} and [, ) € Lo(a,) \ {0} for
i = 1,...,6, there is only one 0 € Auteg such that o(ta,) = to(a,)
and 0(zq,;) = x;(ai) for every ¢ = 1,...,6, where ¢, is the only ele-
ment in b such that k(t,, ) = «, for k the Killing form. For having
fixed a precise family of extensions, consider all the choices z,,, « (as)
in the base B chosen as in Proposition 2. Thus we have extensions
{7; | i < 51840} C Intes. We are not going to make use of precise
descriptions of these extensions.

Denote by t4.y,2,u,0,w the only automorphism of ¢ which acts diago-
nally on b, Ly, ..., La,, with eigenvalues {1, z,y, z,u, v, w} respectively.
Take T = {toy2uvw | T,y 2, u,v,w € F*}, which is a maximal torus
of By. Any other extension of o € W as in the above paragraph is equal
to ot for some ¢t € T. Recall that the Weyl group acts in this torus by
means of W x T — T given by o -t :=gto ' foroc € W and t € T.
This action does not depend on the choice of the extension o. Thus
o- t;c,y,z,u,v,w = tx’,y’,z/,u’,v’,w’ for

.’L‘l — manyalzzamuamvalswaw7
y/ — xa21ya22 2@23,,024,,025 wazs’
o = 31 yas2 /@33 9,334,035 wass’
u/ = a1 ya42 243,044,045 wa46’

v = xa51ya522a53u

(9) w' = per ya62 @63 9,064 4,065 1,066

Take also M(T) = {f € Auteg | ftf~' € T Vt € T} the normalizer
of the torus and Ny (T) := N(T) N Int eg, and consider the projection
7w Mo(T) = No(T)/T = W. From this viewpoint, we will refer to our
extension ¢ as a lifting of o, which is a more usual term for pre-images
under a quotient map. As there does not exist a section of 7 (see [37]),
we have an injection v: W — My (7T) given by o — &, but ¢ is not a group
homomorphism.

Let us consider our previous notations of Equation (1) in these new
terms. If n € W and s € T, we denote by T .= T = {t € T | n-t =
t}, and by Q(n,s) := Q(7}s), that is, the quasitorus generated by 7js

as4 ,,055 ase
DR TV
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and 7. We compute 7" for each representative 7 of some orbit. The
51840 elements of the Weyl group W of eg are distributed in 25 orbits
(= conjugacy classes), whose representatives could be found by using
any matrix multiplication software. We extracted such representatives
from the public list [2], and we identified them to some elements in our
ordered list W in order to make possible to do computations with them.

’ Order ‘ Rep. ‘ Class size ‘ Centralizer in T ‘ Iso. to ‘
1 |40843 1 ryzuvw # 0 (F*)8
2 19 270 W=, V= (F*)*
2 21 540 v=1, w=u, 2= (F*)3
2 96 45 z:g%y,u:w, w?=0v2=1 (F*)? x 73
2 | 11323 36 r=1 (F*)®
4 2 3240 z=uxy, u—%, v=1, w=u (F*)2
4 20 1620 u=w=1,v= - (F*)3
4 75 540 w=v?=1,y=2, z=0, w=u F* x 72
4 140 540 r=u=w=1,v=__ (F*)?
8 1 6480 u=v=z=w=1,y=1 F*
3 292 480 z=y, v=r, (F*)? x Z3
w=uz%y?, (zyu)®=1
3 | 3819 80 P=yd=23=1, 73
u=y, ’U—yQZ, w=xy
3 | 4079 240 =1, w= (F*)*
6 5 1440 u= o, v="2 w=u (F*)®
6 15 2160 Y=, 2=v=1w=u (F*)2
6 22 1440 u=v=w=1, 2= (F*)2
6 122 4320 m3:1,z:y,u:%,v—x,w—um2 F* x Zs
6 124 720 =1, y=z=u=1, v=r, w=2a Zs
6 195 1440 =1, u=v?=1, y=2z=v, w=uzx Lz X L3
6 435 1440 | z=y=u, v=2%y", w=2ay, (zy*)*= F* X Zs
9 121 5760 =1, y=z=2% u=v=z, w=1 Zs3
12 4 4320 z=u=v=t=1,y=1= F*
12 | 218 4320 =1, y=z=u=1, v=r, w=2a" Zs3
5 3 5184 =1, u= ., v=ay, w=u (F*)2
10 | 135 | 5184 r=z=v=1, w=u, y=5 F*
TABLE 1. Table of representatives of W.
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The second row of this table means the following: the element o19 has
order 2, its conjugacy class has 270 elements, and 7{719) = {tey zuww €
T|w=u,v=——}=F* Such element is the 19th in our list W,

u2xyz

and it appears explicitly in [2]. For short we also denote by 79 := 7o
and Q(i,s) := Q(oi,5) = Q(7;8).
Remark 8. According to Remark 3, if Q(7, s) is non-toral and if

e 7 has order 2, then 7 is conjugate to ogg;

e 7 has order 4, then 7 is conjugate to o7s;
e 7 has order 3, then 7 is conjugate to either ga95 or o3g19.

And, following again Remark 3, it is not possible that (7, s) is non-
toral if n has order 5, so:

Lemma 14. There is no non-toral 5-group of Aut eg.

Proof: Suppose that there is Q < Integ a non-toral 5-group. Let @’ be
a non-toral minimal quasitorus contained in @ (any Q" C Q' is toral).
We can assume that @' C M(7T) and that Q' N7 is maximal toral in Q’.
Hence there are some element n € W of order a power of five and some
s € T such that Q" C Q(n, s). The contradiction appears since the last
quasitorus is toral, and @’ is non-toral. O

(This lemma is also consequence of the same result for the complex
field, proved in [27], jointly with Proposition 2.)

Remark 9. Again by looking at Table 1, we observe the following useful
fact: For f € M(T), fix any subgroup H/) satisfying the conditions of
Lemma 3 (that is, 7/ = S x#{f)). Then denote by Pf: T = H
the projection. Now, if @ is a non-toral subquasitorus of Q(f) such that
7(f) is in the orbit of neither o3g19 nor o195, then p(QNT) = HP.

Indeed, the quasitorus (f) x pr(QNT) is toral taking into account that
there are no non-toral 2-groups with less than 3 factors. By Lemma 8§,
(f) x S x pr(QNT) is also toral, as well as the quasitorus ¢ which
is contained in it.

4.2. MAD-groups of Int ¢g in computational terms.

Proposition 3. The MAD-groups described in Section 3 can be de-
scribed in these terms as follows.

o The quasitorus Q(3819,id) = Z3 is conjugate to Q.

o The quasitorus Q(292,id) = (F*)? x Z3 is conjugate to Qo.

o The quasitorus Q(195,id) = Z3 x Z3 is conjugate to Qs.
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o The quasitorus Q(96,id) = (F*)? x Z3 is conjugate to Qy.
e The quasitorus Q(id) = T is the maximal torus conjugate to Qs.

Proof: We use the notations in Section 3.

Q1)

Qs)

Q3)

As (Fy, F3, Fy) = Z3 is toral as in Remark 4 but Q; is a non-toral
quasitorus, there is a maximal torus (we can conjugate to choose
such torus equal to T) such that (Fs, F3, Fy) C T and Fy € N(T)
by Lemma 2. Moreover, F} € 9(T) because F; € Integ. As Fy
has order 3, also w(F}) has order 3 (not 1 because Q; would be
toral), so that we can conjugate without changing the torus to get
w(F1) = o; with j € {292,3819,4079} (recall that if o and 7 are
conjugate in W, then some element in 7~ (o) is conjugate to some
element in 7=1(7) in DN(T)). The possibility j = 4079 is ruled out
as in Remark 8. Moreover, Q1 = (Fy, F3, Fy, F1) C Q(F}) (since
(Fy, F3,F,) € T)) and Q; is a MAD-group, so that Q; = Q(F}).
Thus j # 292, since Q(292) = (F*)?xZ3. Therefore Fy = 735195 for
some s € T and Q1 = Q(3819, s), which is conjugate to Q(3819,id)
as in Remark 1, since 73819 is finite.

F} is a toral element because it is an inner automorphism, so that
(F1,Ta g | o, B € F*) is also toral by Lemma 8 and, as before, we
can assume that (Fy,Th 5 | @, € F*) C T and that F, = g;s €
No(T) for some j € {292,3819} and s € T. Tt is clear that j = 292,
because a two-dimensional torus is not contained in 73819 = 73
so that Q; = Q(292,s), which is conjugate to Q(292,id) since
T2 N &2 = {t, \wuwarer | 25 =ud =1} = 72 is finite.
Now note that (Hz,G1) is toral (by Lemma 5, since it is isomor-
phic to Z3 x Z3), so that we can assume that (Hs,G1) C T and
H, € mo(T) Hence Q3 = <H2,G1,H1> C Q(Hl), and, as Qs is
maximal, then Q3 = Q(H;). That fact forces Q3 to be Q(195, s)
for some s € T, which is conjugate to (195,id) as in Remark 1,
since 719 is finite.

Finally, {G1, G2} is toral (two 2-factors are always toral) and we
can assume that (G1, G2, S ) C T and that Gs € My (7T) projects
in some element of the orbit of ggg, by Remark 8. Thus Q4 is
conjugate to some Q(96,s) and hence to Q(96,id) because 7% N
S96) = {tyzyzuwu | Y2 =22 =u? =02 = 1} 2 Z3 is finite.

O

4.3. Order of the liftings. Note that the order of f € 9o(7) is a
multiple of the order of 7(f) € W, and that both numbers may not
coincide. For instance, in [19, Remark 1] it is observed that o3 € Aut f4
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has order 8, while its projection o3 on the Weyl group of f4 has order 4.
Moreover, any element in m—!(o3) has also order 8, as in Remark 2.
None of them has the same order as its projection.

Remark 10. We can extend the results in Lemma 3 a little bit. If f €
No(T) verifies that its projection 7(f) has order 7’ (in general, ' divides
the order of f), then H) C {t € T | t"" = 1¢} and the torus S/ =

(N ()™ [teTh={n" fi-t|teT)

In the previous example about fy, what happens is (535)% € S =id
but id # (7735)* € T for every s in the corresponding torus.

It is difficult in general to know the order of a lifting of a concrete
element of the Weyl group by applying only the isomorphism theorem in
[32, Section 14.2], but in this case we have extra-information extracted
from Proposition 3. Using, also, the results in Subsection 2.2, we con-
clude that there are elements sags € 72920 and sgg € T(99 such that
the order of gggsgg is 2, the order of the liftings gogas292 and G3g19 is 3,
and the order of the lifting 7195 is 6, and, up to conjugation, Py = Py is
conjugate to the set of order three elements in Q(195) and

P1 = (Gagasaoz) x H'22 | P3 = (Gogses) x H,

for H(292) = (t11,1,0,1,1) and H96) = {t111uww | ©? = v? = 1}, that
we fix for the rest of this section.

We obtain the same conclusions as in the above paragraph by reading
the appendix, in which natural liftings of representatives of the order
two elements in W are constructed.

For technical purposes, note that, according to Remark 10, (Ga92t) €
S292) and (Gggt)? € S99 for any t € T, since there exist liftings of g
and of o992 of orders 2 and 3 respectively.

4.4. On the elementary p-group.

Proof of Proposition 1: Now suppose that @ is in the conditions of the
Proposition 1. Then @ = P x [], P,,, where P is a torus and P,,’s are
pi-groups (p; prime), at least one of them non-toral (by Lemma 5) for
some p; € {2,3}. We want to prove that either P, contains a non-toral
Z3-subgroup or P3 contains a non-toral Z3-subgroup. By Lemma 2, we
can assume that @ is contained in My(7) for some maximal torus 7 in
such a way that QN7 is maximal-toral in Q: that is, if QNT C Q' C Q
with @’ toral, then @ N7 = Q’. Observe that P,, N7 is maximal-toral
in P,,: otherwise certain h € P,,\'T would verify that (P,, N7, h) would
be toral, and then (QN T, h) would be toral too, by [15, Corollary 1]. In
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particular P X Ps x Py x -+ C T holds, Po = (PoNT) X {f1,..., fn) with
each f; € Mo(T) of order a power of 2 and Ps = (PsNT) X (g1,---,9m)
with each g; € Mo(T) of order a power of 3. Besides, as @ is a MAD-
group, then QNT = T N...ATINTO0N...AT9m) . Of course, we
can take f; ¢ (QNT, f1,..., fi—1), since otherwise (QNT, f1,..., fi—1) =
(QNT, f1,..., fi). Hence f; ¢ (T, f1,..., fi—1) and 7(f;) does not belong
to the group generated by {m(f1),...,7(fi—1)}

As (f;, P, NT) is a non-toral subquasitorus of Q(f;), we know by
Remark 8 that 7(f;) (an element of order either 2, 4, or 8) belongs to
the orbit of either ogg or o75. The same argument shows that m(g;) (an
element of order either 3 or 9) belongs to the orbit of either oa92, 03819,
or o121. We can rule out the possibilities 75 and 121:

e In the first case, note that 7¢%) 2 (F*)4, so that (P, N T, f?) is
toral and contained in P, which is a contradiction with the choice
of P, N'T as maximal-toral in Ps.

e In the second case, we can change the element g; of order 91 by
its conjugate element c1291s with s € T (we conjugate by means
of an element in the normalizer, so that Q N7 is still contained
in7). AsQNT C T =73 then QNT = T (since jointly
with g; is non-toral) and @ C €y, (7 (Q(121,5)). This centralizer
is known to coincide with itself (a direct computation with the
computer), so that, by maximality, @ = Q(121,s). We have got
a contradiction because this set is not a MAD-group: Inspired by
[19, Proposition 7], there is h € Aut eg such that hg;h~! € T and
hth=* € M(T) for t = t, 2 02 ww1 @ generator of 712V, Thus
hQh=t C Q(k,s') for certain o), of order 3 and s’ € T, but in no
case the quasitorus Q(k, s) is isomorphic to Z3 x Zg (according to
Table 1) and the contained is proper.

We have proved in particular that the order of any = (f;) is 2 and the
order of any m(g;) is 3.

Observe the following technical fact (which saves a lot of computa-
tions). There are 113 order 2 elements ¢; (including j = 96) in W
commuting with ogg. Only 13 of them are in the orbit of o9, and for
all these, the element o;og9s is not in the orbit of ogg. This proves that
necessarily n < 1.

* If m < 1, then by maximality @ € {Q(f1),RQ(g1),Q(f191)}. The
only possible non-toral Q(j, s) for some o; of order 2, 3, or 6 are those
ones with j € {96,292,3819,122,124,195,435} by Lemma 8. If j €
{96,292,3819,195}, then @ is conjugate to some quasitorus in the list
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{Q; |i=1,2,3,4} by Proposition 3. In such a case we are done because
all these quasitori contain one of the required elementary 2-groups or
3-groups (since P; C Q1 N Qs and P3 C Q3 N Q). If j € {122,435},
then o7 is not conjugate to oos, so that ((5;s)?, T4 is toral, which is
a contradiction with the choice of @NT. And if j = 124, although o? is
conjugate to agg, again ((5;s)%, 7)) is toral. To see it, it is enough to
note that 7%/ = Zs, and, once we have changed (0;5)® with oggs’, the
image of the non-toral quasitorus by the projection pgg should be {96,
as in Remark 9, but it is the trivial group.

% Finally suppose that m > 2. Again we can check that there are 26 or-
der 3 elements o; (including o292 and 039,) in W commuting with oago,
8 of them belonging to the orbit of 3819, 12 in the orbit of o292, and 6
of them in the orbit of o479, the “toral orbit” (the computation of the
stabilizer 7?7 is sufficient in this case for distinguishing the conjugacy
class). But what it is useful is that either o, 00292, or 003, is not
conjugate to oags. Besides T(292) 0 T0) 73 in all such cases when g
is conjugate to o3g19.

Hence we can assume that m(g1) = 03g19. In particular g; has order 3
and QNT C 7889 =73 If QN T is isomorphic to Zs, we are done
because (Q N T,g1) is a non-toral elementary 3-group of rank 2. Also
QN T is not isomorphic to Z3, because in such a case Q@ 2 Q(g1), but
Q(g1) is a MAD-group. Hence Q N'T = Z2. 1If g, has order 3, then
Q> Q = {g1,g0) - T9) NT92) =74 According again to Theorem 2
and Proposition 2, Q' is either of type V5 = Q; D P or of type V5,
which is identified with the order three elements in Qs, so that it also
contains Py. Otherwise, g5 € T N P3 = Z2, hence go has order 9 (and
m(g2) is necessarily conjugate to oa92). In particular there is ¢t € 7 N Ps
of order 3 such that Py D P} = (g1,g2,t) = Z% x Zg, which is non-
toral. As go is an inner automorphism of order 9, there is h € Aut eg
such that hgoh™' € T and hgih=!, hth=' € MNo(T). Thus w(hgh™1)
and m(hth™!) are conjugate to o9, because both contain some Zg in
the stabilizer and Pj is non-toral. We can move again with another
automorphism, this time in 9(7), such that m(hg1h™!) = o292 and
m(hth=') = 0;. As in the paragraph above there is some | = 0, 1,2 such
that aéggaj is conjugate to either osg19 or o4979. In the first case, the
order 9 element hgsh~! € T(292) O T = Tlo22) ) T(020203) o~ 73, a
contradiction. In the second case, (gg,gllt> =~ 73 X Zg would be toral,
so that we could conjugate Pj to a subgroup of some Q(k,s). But Pj
cannot fill Q(k,s), because according to Table 1, there are no Q(k, s)
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isomorphic to Z3 x Zg. Thus P} # @ and either m > 2 or n > 0. If
m > 2, then (7(g1), 7(g2), 7(gs)) is just the whole set of elements of order
divisor of 3 which commute with o292 (the 26 elements described before
commute among them). But T o) N7 l92) N7 los) = {twwwwwew} = Zs,
so QNT # Z3. And if n # 0, n(f1) commutes with (o292,0;) for
one of the 8 ¢;’s commuting with o292 and in the orbit of o3gi9 (in
fact, the number of candidates to o; can be reduced with considerations
about orbits fixing o295 or also taking into account that several of them
generate the same groups). For some cases there does not exist an order
two element in YV commuting with (o292,0;), and, in all the cases in
which there exists such an element, 7292 N 7)) A7) = 7.

This finishes the proof of Proposition 1. O

Now we can exhibit an example of a non-toral quasitorus of Int eg
which does not contain a non-toral elementary p-group of Auteg. The
quasitorus

Q = (02025202, te g.e.64 6.67)s
isomorphic to Zs x Zg (£3=w?), satisfies such condition, since teceereen€
TE920\ SC92) but (te e e eieer)® € S92

5. Description of the outer gradings

5.1. Outer automorphisms of finite order. The outer automor-
phisms of finite order m (necessarily even) can be obtained from the
affine diagram

Eéz) : o0—O0—0=<0—0

by assigning weights § = (po, .. .,ps) (p;i € Z>0) such that 2(po + 2p1 +
3p2 + 2ps + p4) = m. Obviously the only possibilities for outer order two
automorphisms (up to conjugation) are obtained when p = (1,0,0,0,0)
and p = (0,0,0,0,1), choices which provide outer automorphisms with
fixed subalgebras f4 and ¢y, related respectively to

*—O0—0==0—0 and o—o—o=<o—e

We will say that F' € 2C (respectively F' € 2D), being F an order two
outer automorphism, if its fixed subalgebra is isomorphic to f4 (respec-
tively to c¢4) (we were taking the notation from [27], but that reference
does not use these automorphisms, so that we have taken simply a no-
tation compatible with Subsection 3.1).



146 C. DRAPER, A. VIRUEL

Note that there are 3 conjugacy classes of outer automorphisms of or-
der 4, corresponding to (1,0,0,0,1), (0,1,0,0,0), and (0,0,0,1,0). The
fixed subalgebras are of types ¢3 & Z, bz @ ay, and ag & a; respectively,
and hence of dimensions 22, 24, and 18 respectively. This implies that
the conjugacy class of an outer order 4 automorphism is distinguished
only by the dimension of its fixed subalgebra. An element which will
be useful for us is T1: any (necessarily outer) automorphism of order 4
whose fixed subalgebra is of type az @ a;.

Recall that & = Aut eg = Int eg U F'Int ¢g for any F' € &\ &¢. In this
section we study the maximal quasitori of Auteg not contained in the
identity component &y = Int ¢¢. First we describe those ones containing
some automorphism of the class 2C and next those ones containing some
automorphism of the class 2D (some of them coincide). Afterwards we
consider the case when the MAD-group of & does not contain any outer
order two automorphism, although is not contained in &y. In this case
we will prove that the MAD-group contains necessarily an automorphism
conjugate to 1.

5.2. Gradings based on a f4-model. Let J be the Albert algebra,
and Der J its derivation algebra, which is a Lie algebra of type f4. Denote
by Jo the set of zero trace elements of the Albert algebra. Take N :=
Jo @ Der J with the product given by

e the restriction of the bracket to Der J is the usual bracket;

o if d € Der J and x € Jo, take [d,z] :=d(z) € J;

o if 2,y € Ty, take [z,y] := [R;, R,] € Der J, where R, denotes the
multiplication operator in 7.

It is well-known that N is a Lie algebra of type eg. Consider G4 the order
two automorphism producing the grading Nj := Der J and N7 := Jo.

It is also well-known that every automorphism of the Albert algebra
can be extended to an automorphism of eg. Namely, if f € AutJ,
take f* € AutN given by f*(d) = Ad f(d) := fdf~' if d € DerJ,
and f*(z) = f(z) if x € Jo. Moreover, Cayges(Ga) = {f*, f°Ga | [ €
Aut T} =2 Aut J x Zs. Indeed, if ¢ € €autes(Ga), then p(NG) C N,
so that ¢|a; € AutDer J = Ad(Aut.J) and there is f € AutJ such
that |, = Ad f = f*|n,. Now o(f*) 7 |n; € Hompg, (N7, N7), so there
is certain a € F* such that ¢(f*)~![y; = aid by Schur’s Lemma. As
[N1,Ni] = N, then a? =1 and o(f*)~! € {id, G4}.

Hence any MAD-group of Aut N containing G4 is the direct product
of a MAD-group of AutJ (its copy by means of e) with (G4), and
conversely, any direct product of a MAD-group of Aut J with (Gy) is a
MAD-group of Aut N.
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The MAD-groups of Aut J are completely described in [19]. Accord-
ing to it and with its notations, there are four MAD-groups, described
by:

{tsyzu | T,y,2,u € F*} = (F*)*, which produces fine gradings

on J and Der J of types (24,0,1) and (48,0, 0, 1) respectively.

o {tuy.u|2?=y?=2%=u?=1} x (0405) = Z3, which produces
fine gradings on J and Der J of types (24,0,1) and (24,0,0,7)
respectively.

o {tuyayu | 2% =y* = 1u € F*} x (G105) = Z3 x F*, which pro-
duces fine gradings on J and Der J of types (25,1) and (31,0, 7)
respectively.

o ({tw1w2w?tlwwi,015}) = Z3, which produces fine gradings on 7

and Der J of types (26) and (0, 26) respectively.

Besides dim 7, = 3,3,2,1 respectively, so the type of the graded sub-
space Jp is (24,1) in the first and second cases, and (26) in the third
and fourth ones (taking into account that 1 € J belongs always to Je).
Consequently, the MAD-groups of Aut N containing G4 (equivalently,
the MAD-groups of Aut ¢g containing an order two automorphism fixing
a subalgebra of type f4) are:

o Qg :={t2, .. | x,y,z,u € F*} x (Gy) = Zy x (F*)*, which pro-
duces a fine grading on A of type (72,1,0,1).

o Qri={t3, .| 2% =y* =2* =u? =1} x (G4,03y5) = Z§, which
produces a fine grading on N of type (48,1,0,7).

o Qg = {t;yzyu | 22 = y? = L,u € F*} x (Gy4,0%5) = Z3 x F*,
which produces a fine grading on N of type (57,0,7).

o Qo= ({Gu, 12 o 21} w1, Tt5)) = Lo X Z3, which produces a

fine grading on A of type (26,26).

It is easy to give an automorphism conjugate to G4 in terms of the
model in Equation (2). If we take G/, the automorphism interchanging V;
with Va, then the fixed subalgebrais { fi+ f2 | f € sl(V)}@sl(Vs)®{(n ®
Va2 ®v1) ®@ug | v; € VD SAH(V*)@Vy, which is isomorphic to f4 (see,
for instance, [14]). With this terminology, (G}, F1, F3, Fy) = Zy x Z3 is a
MAD-group conjugate to Qg. (Thus there are two fine gradings refining
the Jordan grading produced by (Fy, F5, Fy) described in Remark 5.)
Observe that this MAD-group only contains one order two element, in
particular it does not contain automorphisms of type 2D.
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5.3. Gradings based on a c¢4-model. Take G5 € 2D. There are some
8-dimensional vector space V' and a non-degenerate symplectic bilinear
form b: V x V — F such that the subalgebra of £ = ¢ fixed by Gj
is (isomorphic to) sp(V,b) = {f € EndV | b(f(z),y) + bz, f(y)) =
0Vax,y € V}, asimple Lie algebra of type ¢4. Recall from [34, Chapter 8]
that, if L5® L7 is the Zs-grading induced by G5, then L7 is an irreducible
L-module. But the only irreducible ¢4-module of dimension 78 —36 = 42
is V(Ag) (A’s the fundamental weights as in [32]). A suitable way of
describing it is as a submodule of A*V, which has dimension (5) =
70. The decomposition of this module into its irreducible summands is
AV 2V (A\g) @ V(Ag) @ V(0). Thus, if we consider the contraction

c: AV = AV (2V() e V(0)
viAv2 A3 AV = D ess (—1)7b(Va(1), Vo (2)) Vo (3) A Vo(a)
o(1)<o(2)
o(3)<o(4)

for Sy the group of permutations of {1,2, 3,4}, its kernel ker ¢ is isomor-
phic to £1. This construction seems not to be natural, but one only has
to recall that the Lie algebra of type ¢; can be modeled as sl(V) @ AV
and that eg lives there. Moreover, it has been described, for instance, in
[38, Chapter 5, §2, Example 2]. The main reason for using it is that it is
quite easy to extend the automorphisms of ¢4 until the whole ¢g. Recall
that Autcy = SP(V) and take the map

SP(V)={feEndV | b(f(z), f(y)=blz,y) Va,ycV}—=Aut L, f — f°

given by fO(g) = f~'gf if g € Lo = sp(V,b) and f€(v) = 3 f(vi,) A
FOi)Af(ig )N f(vi,) if v =D vy Avi, AV Av;, € L1 = kere. Tt is a com-
putation similar to that one in Subsection 5.2 that €yt e, (Gs) = {f¢ |
f€SP(V)} x (Gs) 2 SP(V) x Zy. This implies that every MAD-group
of Auteg containing G (that is, containing some automorphism of the
isomorphy class 2D) is of the form {f¢ | f € Q} x (G5) for some MAD-
group @ of SP(V). There are seven MAD-groups of Aut ¢y, according
to [28, 23]. The induced fine gradings can also be extracted from [7],
although in such paper there is one missing grading. Although we know
that we will obtain just seven MAD-groups of Auteg by means of this
procedure, we don’t know a priori how many of these MAD-groups have
appeared before (equivalently, how many of these MAD-groups contain
an outer order two automorphism of type 2C). Thus we are going to
recall the descriptions of these quasitori, and extend each automorphism
of ¢4 to eg to get the complete simultaneous diagonalizations. We will
make use of the notations of [28] for giving the MAD-groups of SP(V).
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According to it, the MAD-groups are

Tyg (L, In);  Es =Ty (Io, 1a); Ea=Ty4 (Is, Lu);

(1]

1=Tag; S
E5 = Ty (((59), 1), (I, I2));
—5 0,2 0i/ 142),42,12))3

S6 = Tay (I, I2), (I, I));  Er = Ty (1, 1), (1,1), (1, 1)),

for i € F such that i> = —1. We try to avoid that the reader has to dive
into the details of such paper by providing the exact descriptions of the
automorphisms in the =Z;’s. We will use the so called Pauli’s matrices,

given by

0 1 1 0 0 1
91:(1 O)a 93:<0 _1>7 92:9391:(_1 O)'

As usual, if A = (a;;) € Mat,, x,(F) and B € Mat,«4(F), the Kronecker
product A ® B denotes the block matrix

a11B . alnB
AB=| 1 | €Matypxng(F).

am1B ... amnB

e Z;. This is the case of the maximal 4-dimensional torus of SP(V),
which produces a Z*-grading on ¢4 of type (32,0,0,1).

e Z5. We fix some basis B = {wy,...,ws} of V such that the matrix
of the form b relative to B is the skew-symmetric matrix Io ® 61 @605
(take into account that (A ® B)! = A' @ B?). Take in SP(V,b) the
automorphisms of V' whose related matrices in the basis B are

o= (raps @01, 1, @05 | a, B € F*) = (F*)? x Z3,

for ro g = diag{a, 1,3, %}@IQ. The induced Z? x Z3-grading on c4
is of type (28,4).

e 3. We fix some basis of V such that the matrix of the form b
relative to it is the skew-symmetric matrix diag{ls, 6} ® 63, and
take

Eg = <7"17a,I4 [ 91,[4 X 03,diag{fI2,Ig,12,I2} | o € ]F*> o~ B x Zg’

The induced Z x Z3-grading on ¢4 is of type (27,0, 3).
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e =;. We fix some basis of V such that the matrix of the form b
relative to it is Iy ® 05, and take

E4 = <I4 & 917]4 X 937dia‘g{_17 1a 1a 1} 0y 127diag{1a _17 1’ 1} ® 127
diag{1,1,-1,1} ® I) = Z3.

The induced Z3-grading on ¢4 is of type (24,0,0,3).
e =5. We fix a basis of V relative to which the matrix of the form b
is diag{f2 ® I,0> ® 01}, and take

(1]

5= (0D RL®03, L0 @11 03® I, Iy ®01) = Zy x Z3.

The induced Z, x Z3-grading on ¢4 is of type (24, 6).
e =5. We fix some basis relative to which the matrix of the form b
is 1 ® 03 ® I, and take

1
Ep = (diag{a, E} ® 14,1y @ 01,14 ® 03,12 ® 01 @ I,
LRI | acF)2F* xZ;.

The induced Z x Zj-grading on ¢4 is of type (36).
e =;. We fix some basis relative to which the matrix of the form b
is 5 ® 14, and take

Er=(L®0,L®03, L0 Q110 15,0 ® 14,05 ® 1) 2 ZS.

The induced Z$-grading on ¢4 is of type (36).

Take into consideration now that Gj - diag{—1Is, I3, I, Is}¥ is an auto-
morphism of the class 2C, and hence that we do not get anything new
from =, =3, and Z4.

Extending the automorphisms and making the simultaneous diago-
nalization is a tedious task, although straighforward. Let us provide
some details of the first of our significant cases, 5. Denote by w;jr =
wi Awj Aw Awy € A*V, so that {wijm |1 <i<j<k<l<8}isa
basis of A*V. Denote by L; j ) = {x € kerc | rq,5(x) = iz, 4 ® 01 (x) =
jx, Iy ® O3(x) = kz} the homogeneous components of the grading pro-
duced by G5 and Zs, restricted to the odd part. Then all the homo-
geneous components are one-dimensional (for instance, Ln2g2,1,1) =
(w1256) and so on) except for one four-dimensional component

Ly = (w1368 + W2457, W1458 + W1467 + Wazss + Wa367,

W1357 + Wa468, W1234 — Wid67 — W2358 1 w5678>7
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and three two-dimensional components

L(1,-1,1) = (w1357 — wades, W136s — W2a57),
L1,1,—1) = (w1358 + w1367 +W2458 +W2467, W1457 +W2357 +W2368 +W1468) 5

L1,—1,—1) = (w1358 +W1367 —W2458 — W2467, W1457 +W2357 —W2368 — W1468) -

The type of the induced grading on ¢ is hence (28,4,0,0)+(32,3,0,1) =
(60,7,0,1).

In the same way, we check that the type of the grading induced by Z¢
restricted to L7 = kerc is (37,0,0,0,1) because all the homogeneous
components have dimension 1 except for one of dimension 5:

fir(E6)NLT = (Wi36s+Waa57, W1458+W2367, W1357 —W1467 —W2358 +W2468

W1256 + W3478, Wi278 — W1467 — W2358 + W3456)-

Observe that in this case we are not dealing with the same contraction ¢
than for 2y (since it depends of the bilinear form b), although we use
the same notation.

Finally, it is trivial to compute the types of the gradings induced by =5
and Z7 restricted to L1 = ker ¢, which are, respectively, (24,7,0,1) and
(36,0,0,0,0,1).

Consequently, the MAD-groups of Aut £ containing G5 (equivalently,
the MAD-groups of Auteg containing an order two automorphism fix-
ing a subalgebra of type c¢4) but not conjugate to any MAD-group in
Subsection 5.2 are:

e Qo :={f%| f € Z} x (G5) = (F*)? x Z3, which induces a fine
grading of type (60,7,0,1).

e Qi = {f° | f € E5} x (G5) = Zy x Z4, which induces a fine
grading of type (48,13,0,1).
(

e Q1 == {f% | f € Z¢} x (G5) = F* x Z3, which induces a fine
grading of type (73,0,0,0,1).

e Qi3 :={f%| f € E7} x (G5) = ZI, which induces a fine grading
of type (72,0,0,0,0,1).

5.4. A MAD-group containing outer automorphisms but with-
out outer order two automorphisms. As was mentioned in the in-
troduction, there are simple Lie algebras L such that there exist MAD-
groups of Aut L containing outer automorphisms but without outer order
two automorphisms. In this section we will describe how this situation
occurs again for L of type eg.
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We are going to describe a fine Z3-grading on e¢g. Take Y; any outer
automorphism of order 4 which fixes a subalgebra of type a3 & a1, as in
Subsection 5.1.

Remark 11. We can find an explicit automorphism of this conjugacy
class with our descriptions in Subsection 5.2. For instance, the auto-
morphism ¢ = ¢_;; _1,; produces a Zy-grading on J with components
of dimensions 9, 6, 6, and 6, and Adt¢ produces a Z4-grading on Der J
with components of dimensions 12, 14, 12, and 14. Thus the subalgebra
fixed by G4t® € Qg is the sum of the elements of Der 7 fixed by Adt
with the elements of Jy antifixed by ¢, whose dimension is 12 4+ 6 = 18,
so that G4t®;; _;; can be taken as T1. And in terms of the notations
used in Section 3, it is conjugate to the automorphism GJ/T; ; for G/ the
automorphism interchanging Vi with V3 in Equation (2).

Consider now the Z4-grading on eg induced by Y1, £L = L5 & L7 &
L5 @ L3. Recall that £; must be an Lg-irreducible module (if i # 0),
that is, a tensor product of an irreducible az-module with an irreducible
a;-module. If we also take into account that dim Hom ., (L;® L5, L7,5) =
1, then the unique possibility for the decomposition of £ as a sum of
Lz-modules is

a3 Bsl(V) VM) QVOV(2X) @FaV(2X3) @V

for V' a two-dimensional vector space, and {\; | i = 1,2,3} the set of
fundamental weights for ag. The dimension of each non-identity homo-
geneous component is 20.

Take W a four-dimensional vector space, so that ag = sl(IW). The
natural module W is isomorphic to V(A1) and its second symmetric
power S?(W) is isomorphic to V(2A1). Their dual sl(W)-modules, W*
and S2(W*), are respectively of types V(A3) and V(2A3). Finally A\ W
is of type V()\2) and its second symmetric power S2(A* W) 22 V(2X;) &
V(0). So consider S2(A’W)' its only non-trivial submodule (of
type V(2X2)). We have an isomorphism of sl(W) & sl(V')-modules be-
tween e¢g and

2 /
Ni=sl(W) @ sl(V) @ S2W) 2V @ S2 (/\ W) QF ® S2(W*) @ V*

which endows N with a Z4-graded Lie algebra structure such that N7 =
S’ W)@V, Ny = S* (N W) @F = N7, i), and N = S (W) @ V* =
[NV3,N7]. Thus T can be considered as the automorphism of N 22 ¢g
producing this Z4-grading.
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Now, for each f € EndW and ¢g € EndV, denote by ext(f ® g) €
End N7 the map given by ext(f ® g)(w-w' @v) = f(w) - f(w'") @ g(v),
for all w,w’ € W and v € V, where - denotes the symmetric product.

Define the automorphisms Yo and Y3 as the only automorphisms of
N (22 ¢5) whose restrictions to N7 are:

0001
100 0 0 1
Talyg=ext | {1 ¢ ¢ ®<1 0) ’
|4
0010/,
10 0 0
0 i 0 0 10
Tl =exti g g 1 ®<o —1> ’
\%
00 0 i,

where we have chosen {wg,wy,ws, w3} and {vg,v1} basis of W and V
respectively and we have identified the endomorphisms of W and V' with
their matrices in such bases. Thus {w;wr®@uv | 1<j<k<4,1=0,1}isa
basis of N7, and the action of the automorphism in it is To(w;-wi@v;) =
Wjt1 - Wet1 @ V41 (§ and k summed modulo 4 and [ summed modulo 2)
and Y3(w; - wi @v;) = () 2w, - wy, @ v;. Tt is a straightforward com-
putation that the extensions Y9 and T3 are Lie algebra automorphisms.

Now T2T3(wj cwg @ ’Ul) = (i)j+k+2lw]‘+1 * W41 & Vi+1 = Tng(’lUj .
wg ®y), so that To and T3 commute. Consider, then, the quasitorus of
Aut eg given by

Q14 = <T1, TQ, T3> = Zi

Let us compute the simultaneous diagonalization of A relative to Q4. In
Proposition 4 we will prove that it is a maximal quasitorus and hence the
induced grading is fine. Again the common diagonalization is long but
straightforward. Denote by L ;5 = {z € N | Ti(z) = i'z, To(z) =
Vo, T3(x) = ikx} if 4,5,k € {0,1,2,3}. Of course (Yalsizr,, L3ljirr,)
produce the non-toral Z3-grading on a3 with trivial identity component
and all the remaining 15 components of dimension 1, and produce the
non-toral Z3-grading on a; given by Pauli’s matrices. Thus dim Lo,,0) =
0, dim L(G,ZG) = dimL(())@’Q) = dimL(ﬁ’Q,Q) = 2, and dimL(()ﬁJ) =1 for
each (i,7) € Z3 with 2(4,5) # (0,0). So the type of the restriction to
N5 = azPay is (12, 3). Now consider the restriction to Nj. Observe that
T3(x = wp - wo @ vk) # W - Wy @ v, S0 that Ty acts with eigenvalue ¢ €
{1,i,—1,—i} in 2+ 3Ya(z) + £2T3(x) + €Y3(z), and the same happens
to x = wo - w1 @vg. On the contrary, T3(z = wo - we @vk,) = wo - We @ Vg,
and hence YTy acts with eigenvalue 1 in z + Y (z). Hence dim Lz 55y =
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dim L(Ié,()) =dim L(i,(),i) =dim L(Lié) =2 and dim L(i,i,j) =1 for the
remaining 4, j, and the type of the restriction to Aj is (12,4). It is not
difficult to work with the other two components to conclude that both L5
and L3 break into 12 one-dimensional components and 4 two-dimensional
components, therefore the type of the grading induced by Q14 in ¢g is
(12,3)+3(12,4) = (48,15). More precisely, the identity component is
trivial, dim L; ; 5y =2 if j, k€{0,2} and all the remaining homogeneous
components are one-dimensional. In particular, dim fix((Y?, To, T3)) =
dim L(35,5) =2 < 6, and hence the quasitorus (Y3, T, T3) = Zy x Z is
non-toral. Observe also that fir((Y2,Y3)) is just a Cartan subalgebra
and hence (Y4, T3) is contained in a torus. These considerations will be
useful to argument later with Q4.

5.5. All the outer fine gradings. As a corollary of Propositions 4
and 5 in the next technical section, we will obtain the other main result
of the paper:

Theorem 4. The MAD-groups of Aut eg not contained in Int eg are, up
to conjugation, Q; fori=6,...,14.

Proof: If A is a MAD-group of Auteg such that A ¢ Integ, then ei-
ther A has an outer automorphism of type 2C, and in such case A is
conjugate to some Q; with i € {6,7,8,9}; or A has an outer automor-
phism of type 2D, and in such case A is conjugate to some Q; with
i € {6,7,8,10,11,12,13}; or A has not any outer automorphism of or-
der two, and in such case A is conjugate to Q14 by Proposition 5. The
quasitorus Q4 appears in this list by Proposition 4. O

6. Technical proofs for the outer gradings

6.1. Extended Weyl group. The diagram automorphism interchang-
ing oz with a5, and a; with ag, has matrix relative to A:

0 000 01
01 00 0O
02000010
000100
001 00O
100 0 0O

and the extended Weyl group is V := W U Wao = W X Z,, which is the
set of automorphisms of the root system.

We will make an extensive use of those orbits in ¥V whose represen-
tatives have order a power of 2. We find 10 new orbits (those that are
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not contained in W and hence they did not appear in Table 1), and we
summarize the information related to them in the following table:

’ Order ‘ Rep. Centralizer in T ‘ Tso. to ‘
— *\4
2 oc=m boy,zu,z, (F*)
— *\3
2 00555 = 12 ﬁ%z,é’y’w (F*)
— 2_ 2 *\ 2 2
2 00458 =13 t:c,vx,z,ac,v,ﬁg | rr=a"=1 (]F ) X ZZ
— 2 2 2 2 * 4
2 002402 = 14 tm,y,z,u,x'y,% ‘ TT=Y"T=u" = =1 F* x ZQ
: 2 2 2 2 2 2 6
2 | —id=ms |t | PP =Pl =P 21| 28
— *) 2
4 0015 = H1 boy, - z.08y, 4 (F*)
23y 22y
4 | oos2 = pe2 boe2 | 42 g2 (F*)*
Ty 0T P 3,20 2 W
— 2 2 * 2
4 00460 = 3 tz,y,z,z,zy,% | r=a"=1 F* x Z3
y
— 4 4 2
4 00484 = M4 tz,y,z,z,zy,zz | T =y =1 Z4
*
8 go17 tx,z%,%,:c,w,l F

TABLE 2. Table of representatives of Wo of order a
power of 2.

We use the notations 7n; and p; for the order 2 and 4 representatives
respectively, in order to shorten the usage of indices. The only restriction
about the scalars in the third column when nothing is said is that they
are non-zero.

This time the projection 7: M(7) — M(T)/T = V is an extension
of the projection 7 considered in Subsection 4.1. For each v € Wo we
choose some element 7 € 7~!(v) of minimum order among the elements
in 771(v). (Perhaps our choice of 7 when v € W does not coincide with
that one in Subsection 4.1, where we made a more concrete election not
based in the order, but this does not interfere with our next arguments.)

Remark 12. A consequence of the appendix, and of our elections of
extensions, is that all those extensions 7; have order 2. It will be quite
useful in the next proofs that this fact (the existence of some order two
extensions) jointly with Remark 10 imply that (7;5)2 € S™) for all
s € T and for all j.

6.2. The Zi-grading in computational terms. Recall that in Sub-
section 5.4 we found a quasitorus Q4 = (Y1, T2, Y3), isomorphic as
abstract group to Z3, satisfying the following conditions:
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e T, is an outer automorphism;

e (T3, T3) is toral;

e (Y2 Y5, T3) C Integ is non-toral.
A first consequence is that

Proposition 4. Q14 is conjugate to Q(fs). Moreover, Q14 is a MAD-
group.

Proof: By Lemma 2, we can assume that (Yo, T3) C T and that Ty €
N(T) (by conjugating, if necessary). So (Y1) is an element in V\ W of
order a divisor of 4. But such order cannot be 2, since in such a case we
could suppose that Y; = 7;s for some j =1,...,5 and s € 7 and then
Y% € T, so that (Y3, T2, Y3) C T would be toral. Thus there is some j =
1,...,4 and some s € T such that T1 = i;s (again after conjugating)
and (Y, T3) € 7). Note that j # 3 because there is no subgroup
isomorphic to Z2 contained in Tiks) = F* x Z3. Moreover, j # 1,2
because in such cases T{#) is a torus, so that (Y2, Ty, T3) C (T2, 7T Hi))
would be toral (we can apply Lemma 8 because Y? is inner). Hence
Q14 C Q(f1gs) and they must coincide (figs has order 4 and both quasitori
are then isomorphic to Z3). Besides Q(fi45) = Q(ji4) by Remark 1, since
T {4 is finite.

Now we are going to check that Q(ji4) coincides with its own cen-
tralizer. Let us take f € Caytes(Q(f1a)). Consider Z = Caygeq (’7'<“4>).
There exists 7’ a maximal torus of Z such that Q(p4) U{f} is contained
in the normalizer of 7’. As all the maximal tori of Z are conjugate,
there is p € Z such that p7’p~" = T, hence ptp~* =t for all t € T {#4+)
and p(Q(fis) U {fH)p~t € N(T). Take into account that {v € oW |
vt =tVte T} = {uy, pul} and therefore there are I € {1,3} and
s € T such that pap~! = jils. Hence pQ(fis)p~! = Q(piys). As in
Remark 1, there is s/ € T such that s'(i}s)(s')™" € 4T ), so that
Adp for p’ = s'p € Aut eg leaves invariant Q(Jis) (and fixes 7 #4) point-
wise). As p/fp'~! also belongs to 9(7) and commutes with 74, and
taking into account that {v € W | v-t = t Vt € T} = {id, 3},
then p’ fp'~! = p4s” for some r € {0,1,2,3} and s” € T. But p/fp'~!
commutes with p/fiup’ =" € f4T#4) and with 74}, so that p’ fp'~! com-
mutes with fi, and hence s” also does, in other words s’ € T4 This
means that p'fp'~! = ais” € Q(ia) = p'Q(j1a)p'~t and hence that
f € Qha). O

In particular, the outer automorphism zi4 has order 4.

It is clear that Qy4 does not contain any order two outer automor-
phism, since any outer automorphism in ((u4,id) belongs to the set
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{Jigs, fi3s | s € T4} and its square does not belong to 7 (in particu-
lar, its square is not the identity).

Finally, another property satisfied by Q14 is the following:

e (Y273, 7T3) C Integ is toral.

Remark 13. This fact implies that there are j € {1,...,5}, 0; in the orbit
of ogs and s, 8" € T such that Q14 is conjugate to (7j;s, 7;s", T 7 AT i),
This is only remarkable for technical purposes.

In order to prove such property, an easy computation says that T () =

2
<t17t2> for tl = ti,l,i,i,i,fl and tg = tl,i,l,l,i,l- If we take ’]—[<M4) =
{ti1a1,0p.0 | @* = % =1}, then p,2(t, o, 08 ) = t1 10,1060 and

hence pl‘i(tl) = t1’17_1717_1,_1, p#i(t%) = ld, p#i(tg) = t17171717_1,1, and
p#i(tg) = id. Thus, the projection by 2 of any proper quasitorus
of T%14) is not the whole H(#3) | in particular the projection of (Y2, Y3),
which is equivalent to the fact that (Y2, T2, T3) C Int eg is toral.

Here another example of the situation described in Subsection 2.3
appears: (Y% To,T3) C Integ is a non-toral quasitorus isomorphic to
Zo x 73 which does not contain an elementary non-toral 2-group.

6.3. MAD-groups without order two outer automorphisms.

Lemma 15. There are two order two commuting automorphisms in (T
whose projections on the extended Weyl group are n3 and o11127 respec-
tively.

Proof: Start with Qp; the MAD-group isomorphic to Z3 x Z4 obtained
after combining an automorphism of type 2D with a copy of =5, the
MAD-group of Aut ¢4 isomorphic to Z3 x Z4 described in Subsection 5.3.
Of course this copy of Z5 is a non-toral quasitorus not only of Aut ¢y but
of Aut eg. Besides the subquasitorus ((} {)®@I®0s, [,Q05R15, [,®6;) =
Z4 x 72 is toral. This implies that, after conjugating, we can find two
order two commuting automorphisms f and g, being f inner, in (7))
such that 74 N T = 7, x Z2. As 7(g) cannot be the identity, this
implies the existence of j = 1,...,5, o; in the orbit of ogg and s,s" € T
such that Qy is conjugate to (7j;s,0;s", 77 N7 o)), With the help of
a computer, we study the elements in the orbit of ogg (there are only 45)
which commute with each of the 7;’s and divide them in orbits, getting
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the following possibilities:
j=1, i=25470,T nTm) =74
j=1, i=2416,T) N TMm) =72 x F*,
j=2, i=11127, T n7m) =73
j=2, i=11104, T N TMi) = 7, x F*,
j=3, i=11127, T nT0) =72 x 7,,
j=3, i=11104, T NTM) =72 x F*,
j=4, i=11007, T n7m) =72
j=5, any i, T N7 c7is) =78 O

Proposition 5. If Q is a MAD-group of Aut eg, not contained in Int ¢g,
such that there is not an order two outer automorphism in Q, then @) is
conjugate to Q4.

Proof: Take Q a MAD-group of Auteg, not contained in Integ, such
that there is not an order two outer automorphism in (). Take T a
maximal torus of Auteg such that @ is contained in the normalizer of
such torus, M(7), and Q N T is maximal toral in Q. Hence there are
indices 4,141,...,4 € {1,...,51480} and toral elements s,s1,...,8 € T
such that QN T = 7o) n 7o) ... N T{4) and

Q= <55l8> X <5i1317~-~,5i15l> xQNT,

and such that the quasitorus generated by Q@ N7 U {5;,s;} is non-toral
for all j and 7;;s; ¢ (04,51,...,04,_,5;-1) X QNT.

We can assume that ;s is an outer automorphism with order mini-
mum in Q. This order is 2"m for m an odd number, but note that m = 1,
because otherwise (57;5)™ would be outer with order 2". Besides h > 1,
by hypothesis.

Take r the order of oo;. It divides 2", so that € {2,4,8} according
to Table 2.

* If r = 8, we can assume that i = 17 and so QN7 C T{917) =~ F* By
Lemma 8, the quasitorus ((do175)%, QNT) is toral ((6o17s)? is an inner
automorphism), and, according to our choice of T, we have (Go175)? €
QN T. Hence (co17)? = id, which is a contradiction.

% Suppose now that »r=4. Hence we can assume that oo; € {p1, po, 13,
pa}. If oo; were py or pae, we would obtain a contradiction as in case r =
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8, since 7 1) = (F*)2 and T #2) = (F*)3, so that ((55;5)2, QNT) would
be in the conditions of Lemma 8. If oo; = g, as T#3) = {tey2 e |
z,y,v,w # 0} =2 (F*)*) then ((55;5)%,Q NT) is contained in the toral
quasitorus <(c~f&is)2,’7'<#§>>. Hence we can assume that co; = pg. The
case | # 0 never happens: as (G;,51) X QT C (5;,51) x T#4) is non-
toral, and T (ha) = ZZ, then o, is in the orbit of either ogg or o75. The
first possibility does not occur because the only element in the orbit
of o9 which commutes with p4 is 3. The second one is also impossible
because 02 is not conjugate to ogg (otherwise ((5;,51)%) x @ NT would
be toral and we would get a contradiction by the same arguments as in
case 7 = 8). Thus I = 0, Q = Q(jiss), and, as T #1) = 72 is finite, then
Q is conjugate to Q(fi4) by Remark 1.

Our purpose now is to check that this quasitorus Q(fi4) of type Z3
is the only possible MAD-group satisfying the required conditions. By
Remark 13, we have to wait for its appearance in the case r = 2.

% Thus suppose that » = 2 and that (perhaps by changing the element s
in the torus) an outer automorphism in @ of minimum order 2" is ;8
for some j € {1,...,5}. Observe first some useful facts:

a) [ #0.

Otherwise Q = Q(7;s) = (ij;5, T"), but this quasitorus con-
tains outer automorphisms of order just 2, a contradiction: Indeed,
the automorphism (7);5)? belongs to S™) by Remark 12, and it
has order 2"~! (a multiple of 2), so that S’ # id is a non-trivial
torus. A torus contains a square root of each of its elements, so
there is s’ € S™Mi) C TMi) C Q such that (s')? = (7;5)?, so that
7;8(s')~! is an outer order two automorphism in Q.

b) (7;s)? belongs to S but it is not contained in any subtorus of
QN T. In particular, j # 5 since S() = id (T () = 7Z9).
¢) There is no k € {1,...,1} such that o;, has order three.

In order to check it, take into account two facts. First, the quasi-
torus (&;, s, TNT (%)) is non-toral since it contains (5;, s, QN
T). This implies, by Lemma 8, that 7 ) N T4 is the direct
product of a torus with a finite group, say P. This P contains a
non-trivial 3-group, since (5;, sx, P) is non-toral but ((7;, sx)3, P) C
T is toral. Second, (ﬁjs)2h71 is an order two element in S N
T, Now we check that these conditions do not happen for any
value of j = 1,2, 3, 4.

For j = 1, there are 80 order three elements in VW commuting
with 77, but they can be divided in three orbits under conjugation



160

C. DRAPER, A. VIRUEL

by some element which preserves n;, with representatives 2920,
12406, and 3826. We can look only at these representatives because
if p € W such that pnp~! = n and prp~* =/, then T N T¥) =
T A7), But T(m) A 7{o2020) (F*)2 and T{m) N T{or2106) =
(F*)? have not direct factors Zg, and T M) 0T {7ss26) = 72 has not
order two elements.

For j = 2, there are 8 order three elements (one is 3026) in W
commuting with 72, all of them conjugated by some element which
commutes with 7,. Note that 772 0T (7s026) — {to o1 2-3280-11]
x #0} 2 F*

Again for j = 3, there are 8 order three elements (one is 4796)
inW commuting with 73, all of them conjugate preserving fixed 73.
We see that 7 (1) qTloamoe) = {¢, |y, z #0) = (F*)2

Finally, for j = 4, there are 80 order three elements in W
commuting with 74, but they can be grouped in two conjuga-
tion orbits fixing 74, with representatives 3839, 4079. Now we
check that 7(m) N T(o3s30) = {t1 1.z, 1 TN I ;E 0} >~ F* and

77777

The matrix o;, has order Jubt 2 for all ke {1, e l} and it belongs
to the orbit of ogg.

Indeed, if ;, has order 5 or 10, then (5;, s, 7{"™) is toral, and,
if the order o, is multiple of 3, then one of its powers am has
order just three, and the arguments in item c) work for 07" Thus
o0;, has order a power of 2. As in Remark 8, the element 04, 18
conjugate to either ogg or o75. But in the latter case, we argue
again that ((G;, sx)2,Q N T) is toral since T((775)) = (]F*)4, which
is a contradiction with the maximal-torality of Q@ N T .

Keeping in mind items a), b), and d), we proceed to a detailed analysis
of the possible cases.

e Case j = 4. There are 15 elements in the orbit of ogg which commute
with 7y, but all of them are conjugated by means of an element of W
which fixes 4. So we can assume that o;, is any of them, for instance,
o11007- As (G451, T(@1) N T)) is non-toral (it contains (5;,s1,Q N

7)),

then by Lemma 8 (d;, 51, 9, (7“1} N T{™))) is non-toral too and

@i, (T N TM0) = 1) as in Remark 9. Note that

(11007) _ {tow e | uW?=2%=1, z,w# 0} = (F*)2 x 72,
§(11007) _ {t1,1,z,§,1,w | z,w # 0} & (F*)2,
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so that a complement satisfying the conditions in Lemma 3 is, for in-
stance,

D {0 = a® = 1} 2 75,

Now T () A 7{@1007) = {t) 1 010 | 22 =0 =w? = 1} 2 Z3, so we have
to compute @11007(t1717z7u717w). As t1,1,2u1w = tl,l,%,u,l,thLUZ,Llal’
with the first factor in S{?11007) and the second one in H(?11007)  then
@11007(t1,1,z,u,1,w) = tl,l,uz,l,l,l- In this way we obtain a contradic-
tion, since @11007(7 (711007} N T{14)) 22 7y (roughly speaking, although
T {o11001) VT (14) contains three Zso’s, it only contains one of the two bad
required Zs’s).

e Case j = 2. There are 7 elements in the orbit of ogg which com-
mute with 72, divided in two orbits of VW under conjugation by an ele-
ment fixing 72, with representatives, for instance, 11127 and 11104. If
0i, = 011127, then Tn2011127) o x i Z‘Qﬂ so that n2011127 is conjugate

to n4 and such case has already been studied. If o;, = 011104, then
T o) 0 T2) = {tzymzyi2 | 22 = 1,y # 0} = F* x Z, so that

(G11104, T (711104) 0 T$12)) §s toral by Remark 3, and again we have found
a contradiction.

e Case j = 1. There are 13 elements in the orbit of o9 which commute
with 7, divided in two orbits of W under conjugation by an element
fixing 77, with representatives, for instance, 25470 and 2416. A sim-
ple computation shows us that 7 {71025470) =~ Z§ and that Tmoane) —
{ta:,y,z,u,%,% | y2 = U2 = la €,z 7é O} = (F*)2 X Z%’ hence 111025470 is
conjugate to 75 and 1102416 is conjugate to 74, and both cases have been
previously considered.

e Case j = 3. There are 5 elements in the orbit of ogg which commute
with 73, divided in two orbits of W under conjugation by an element
ﬁXiI’lg ns, Ol = {kl = 10850, k2 = 11104} and 02 = {k3 = 2323471€4 =
11127, k5 = 28154}. Thus we can take i; € {ko,k4}. It is important
to note that [ = 1, because there are no k;, kj, k,, € O1 U Oz such that
Ok;Ok; = Ok,,, that is, ok, 0, is not in the orbit of ogg.

In the first subcase, (7j35)% € S8 NT(10850) — {tiy, L1y ly#0}=

F*, which is a contradiction with item b), since S{8) N7 (10850) . QN T
(I = 1). Consider then that 43 = 11127. For our convenience, we take
the liftings 73 and 711127 such that not only 73 = G315, = id but besides
N3011127 = 01112773 Note that we can make such choice by Lemma 14.
As | =1, there are s, s’ € T such that Q = (5j3s,G111278", T {7} VT (M3)),
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Take fi = 738, fo = G111278’, and f3 = t_141,-1,-1,1 € T2 0
Tns) = {ty2,y,z,y2,y3,w ‘ y4 =22 =u?= ].} = 74 X Z%

Our first aim is to check that f; and f> are order 4 automorphisms
(with fZ # f32), what implies that @ = (f1, fa, f3). Note that if we could
prove that:

i) fi is an outer automorphism,

ii) (fo, f3) is toral,

iii) (f2, fa, f3) C Integ is non-toral,
hence, we could apply the same arguments than in Proposition 4 to con-
clude that @ is conjugate to Q(fi4) and then it would be also conjugate
to Q4.

Thus, our second aim is to prove items ii) and iii). In order to make
such comprobations about torality, take (1127 = {tetzz11 | 2% =
22 = 1}. The corresponding projection is hence given by

P97 T2y g(11127)

p11127(t9:,y,z z, L w) = tm,l,z,x,l,la

if 12 = 22 = 1, y,w # 0. We will check that p11127(f2) = id, which guar-
antees that ii) is verified, since

p11127((f3, f3)) = (pr1127(f3)) = (t-1,1,1,-1,1,1) # HU2T) = 732,
And ﬁnally we will check that p11127(f12) ¢ <t_171717_17171>7 so that

o11127(f2, f3) = HM27 and (2, fa, f3) C Int eg is non-toral.
Let us begin by noting that

(m3s)? € S TN — {tiyey, |y =22 =1} 2 73,
(Gri1278")? € TV NSUET = {1y )11y | 97 = w? = 1} 2 Z5,

so that f; has order 4 (not 2 by hypothesis) and fy has order either 2
or 4. Besides f12 #t_111,-11 = fg, because otherwise f1f3_1 would
be an outer order two automorphism in Q. If f =¢; _1,_11,-1,—1, then
(f1f3)2 = t1717_1,1’17_1, so that we can assume that f12 = t1717_171717_1.
In particular, pi1127(ff = t11,-1,00,-1) =t 1101 ¢ (t111,-1.11)-

Besides this implies that s = ta bo =L —ac? 4 for some a,b,c,d € F*.
2o ) ’

Now take the element r1 = ¢, » ; 1, for some uw,w € F* such
that v> = —a and w? = _‘2‘2163. It is a straightforward computa-

tion that rl(ﬁgs)rfl = 7st_11,1,1,1,1, SO that we can assume that s =
t_111,1,1,1- Now the commutativity of 7j3s with &111278’ means that
s =t i for some z,a0 € {£1} and y,z € F*. Then f7 =

©,Y,2, 3,0y, 5
111 112 —ab02 = 11,1 11,1 7 id, so that fy has order 4 and in any

sp oty sp Lty
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case f3 # ff. Besides the projection pi1127(t 111, 1) = id, what
finishes the proof. O

In fact the power of this kind of arguments is strong, and we could
have described all the MAD-groups of Aut eg in computational terms: It
is possible to take good choices of the extensions 25470, 03826, 011104,
011127 (the two latter ones as in Remark 14 and in Lemma 14 respec-
tively) such that

Q6 = Q(M), Q= (M, 25470, T N T (O23970))
(10) Qo = Q(i(%)v Qg = @1, §3>826,'7-<771> N T (o3s26)),

Q12 2 Q(71), Qs = (73, F10850, T "8 N T (F11100)),

Q132 Q(7s), Qi1 = (93, G11127, T M) N Tlomzn)y,

The proof can be made with analogous arguments to those ones in the
proof of Proposition 5. Furthermore, with those reasonings we could
have proved that {Q; | ¢ = 1,...,14} are all the MAD-groups up to
conjugation without using the description of the non-toral elementary p-
groups. The paper would have then been practically self-contained, but,
for evident reasons (to avoid most of the such unpleasant computational
arguments) we have preferred a combined option.

Appendix

In this section we will provide natural descriptions of liftings 1 €
Aut eg for all the representatives of the conjugacy classes of order two
elements 7 in the extended Weyl group ¥V = W U oW. This may help
the reader to have a better understanding of the situation. All the
computations here are made by hand.

But this section has also a practical objective: to assure Remark 12
(a key piece in the proof of Proposition 5) thanks to the existence of
outer order two automorphisms which project on n; for all j =1,...,5.

We do not want to construct explicit expressions of these liftings by
following the lines in [32, Section 14.2] as in Subsection 4.1. We prefer
the following procedure, also constructive: Choose a maximal torus,
take some distinguished automorphisms and compute their projections
on N(T)/T. Take into account that only the computation of 7/ is
enough to distinguish the orbit of the element (among the elements in W
and also in oW).

We work again with the model described in Equation (2). We choose
{E1, Es, E3} a basis of V and {eq, eq, e3} its dual basis (of V*). We call
efj the element in sl(Vy) which sends E; € Vi, to E; € Vi, (and V; to 0 if
k #1). Take b the abelian subalgebra spanned by {h1 = ei; — el3, hy =
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eho — €33, hy = ef; — €33, hy = €3, — €3y, hs = e} — ey, he = €3y — ez},
which is a Cartan subalgebra of £. Now, if h = Zle w;h; is an arbitrary
element in b, then [h, E; ® E; ® Ey| = (a1 + a2 + as i) E; @ E; @ E),
for all 4,5,k € {1,2,3}, for the scalars a1 = we—1, 12 = wo, and
Qa3 = —wy_1 —wa, | € {1,2,3}. Define a;: h — F by

ai(h) =wy —wa,  ay(h) = —wi —we — w3 — wy — w5 — we,
OZQ(h/) = 2ws3 + wy, 015(h) = ws + 2ws,
043(/7,) = w1 + 2wa, 046(/1) = W5 — Wg-

It is a simple computation that {a;}$_; is a set of simple roots of ®, the

root system relative to h. Moreover, the root spaces corresponding to
the simple roots are

Lal - <6%2>7 Las = <6%3>, Las = <6§3>,
LOtz = <€§3>, La4 = <E3 ® E3 ®E3>’ Laﬁ = <6:1))2>.

If ¥ is the torus of the automorphisms fixing pointwise h, then an au-
tomorphism f € Auteg belongs to 91(%) if and only if f permutes the
root spaces. Precisely, if there is n € GL(E) for E = Zle Fa; such
that f(La) C Lya) for all a € @, then 7(f) =n € V. Identify GL(E)
with GL(6) by mapping each 7 to its matrix relative to the basis {a; }$_;.

If f,g,h € GL(3) = GL(V), we call f®g®h the unique automorphism
of eg whose action in L7 is u®v Q@ w — f(u) ® g(v) ® h(w) (thus ¥(A)
in Subsection 3.2 coincides with A ® A ® A).

Take p; = (é El)) g) ® I3 ® I3 € Aut eg, which obviously is an order two
automorphism. As ¢1(ely) = ely € La,tas, @1(eds) = ely € L_,, and
01 (F3®@FE3®FE3) = Ea®@E3®Es € Logta,, that means that m(p1) = 01
for p; the automorphism of the root system mapping «; into a; + as,
ag into —ag, oy into ag+ ay, and asg, as, and ag into themselves, whose
related matrix is:

10 1 000
01 0 00 0
oo -1 000

=100 1 10 0
00 0 010
00 0 00 1

Hence o) = {t € T | oy -t =t} = {tzyiuvw | T,y u,v,w € F*} =
(F*)® and 7(¢1) is conjugate to o11323. In particular o1 € Int eg.
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Take ¢y = I3 ® (é § 2) ® Is € Aut eg. By analogy with the previous
case, o is also an inner automorphism. It satisfies

2 2
pa(€13) = €Ty € Loy 1200+205+304+205+ag
02(E3 @ E3 @ FE3) = FE3 @ Ey @ E3 € Lo, —ay—2a5—204—2as—ag»

and it does not move the other simple root spaces, so that go = 7(p2)
is the element in the Weyl group

1 0 0 0 0 0
1 2 2 3 2 1
o o 1 0 0o o
2=1_1 1 —2 -2 -2 1
0O 0 0 0 1 0

O 0 0 0 0 1

It is a hand-computation that {22} is again isomorphic to (F*)?, but that
Tle1e2) js isomorphic to (F*)*, hence implying that ¢, s is an order two
automorphism (1 commutes with s) such that m(p1¢2) is conjugate
to o19.

Third take g3 = I3R13® ( § 2) € Int ¢eg and check that it only moves

1
0
the simple root vectors ¢3(e3y) = €33 € Lo tag, P3(e3s) = €39 € L_q.,
and ¢3(E3 @ B3 ® E3) = E3 ® E3 ® By € Lo, a5, so that

10 00 0 O
01 00 0 O
001 0 0 O
m(p3) = 03 = 0001 1 0
0 00 0 -1 0
000 0 1 1

Hence tyy 2 uww € 919203 whenever z = v = 1 = ayu’w, that is,
glore203) = (F*)3 and 7 () pa¢s3) is conjugate to og;. Note that there is
no confusion with the orbit of 75, because all the ¢;’s until this moment
are inner, so that @123 is also.

Take ¢4 the order two automorphism of e mapping F; ® E; ® Ej
into e; @ e; ® e, € (V*)®3. Note that it sends any element in sl(V;) to
the opposite of its transpose. Hence g4 = m(p4) = —id = 15 because
it sends each «; to —;. Note that ¢, is an outer automorphism, more
precisely, ¢4 € 2D since dim figpy = %

Another order two outer automorphism, which will be denoted by s,
is that one interchanging V4 with V5 (which fixes a subalgebra isomorphic

to f4, as we saw in Subsection 5.2). As it applies e}j into efj, its projection
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05 = 7(p5) interchanges a; with ag and as with a5, not moving as
and a4. Hence p5 € 2C is an order two outer automorphism with
m(ps) = 0.

Observe that p4ps5 is an inner order two automorphism (p4 and @5
commute) whose projection is in the orbit of ogg.

The remaining descriptions of representatives of the outer orbits can
be found by combining the previous elements. Notice that 5 commutes
with o (not with ¢1 or ¢3) and ¢4 commutes with all the ¢;’s. Hence,
by looking again at the T)’s we get that

T(psp2) ~ 2, T(Pap2) ~m,  T(Papi1pa) ~ .

It is interesting to observe that the MAD-groups Q1 and Qs are just
contained in the normalizer of this maximal torus ¥ = {f € Autes |
fly = id}. More precisely, Fi = t,2 4 0210202, T(F2) = 051529 (in
the 292—01‘bit), F3 = t1,1717w71,1, TI'(F4) = 030245 (lIl the 3819—01‘bit), and

To‘vﬁ = t% »0625»0652-,73153 70‘ﬁ27% !

Remark 14. Note that again most of the MAD-groups can be described
in these natural terms starting from Equation (2). If we denote by Q(f; g)
the quasitori generated by f, g, and T N 749 for each pair of com-
muting automorphisms f, g € 9(7T), then

Q1 = Q(Fy), Qs = Q(pap1P3; Pap5),
Qs = Q(Ih), Qo = Q(Fups),
Qs = Qpaps), Qio = Q(papr193),
(id), Q12 = Q(pap1),
(s), Q13 = Q(pa).
Q7 = Q(pa; ¢5),

Observe that, although @413 and w45 are two order two commut-
ing automorphisms such that 7(psp193) ~ 13 and 7(paps) ~ ggg ~
011127, this does not imply the existence of order two commuting lift-
ings 773 and 011127, as was necessary in Subsection 6.3, because the conju-
gating element has to be the same. In other words, what have been found
are two order two commuting liftings 73 and 711104, What is checked by
computing the stabilizer.

Recent advances

During the time passed until the publication of this manuscript, some
progress on the topic has been realized. Most of our results have just
been enclosed in the AMS monograph [25, Chapter 6], which gives a
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comprehensive survey of the classification of gradings on simple finite-
dimensional Lie algebras over algebraically closed fields. In particular,
it contains alternative descriptions of the fine gradings on eg, although
without including the proofs of Propositions 1 and 5. The paper [5] is
based in our work and it also contains alternative descriptions of our
gradings, chosen in order to compute their Weyl groups. Finally, the
work [17] is a recent survey of the gradings on the “E-series”, where
the authors interpret all the known gradings on ¢g, ¢7, and e¢g in a ho-
mogeneous way, relating the gradings on exceptional algebras with some
others on composition, Jordan and structurable algebras. One more step
has been given in the classification of fine gradings on ¢g, at the moment
only for finite groups, in [16]. There, a new tool plays a key role, the
Brauer invariants of the irreducible modules for graded semisimple Lie
algebras studied in [26].
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