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ON THE BEHAVIOUR OF THE SOLUTIONS TO
p-LAPLACIAN EQUATIONS AS p GOES TO 1

A. MERCALDO, S. SEGURA DE LEON, AND C. TROMBETTI

Abstract

In the present paper we study the behaviour as p goes to 1 of the
weak solutions to the problems

—div(|Vup[P~2Vup) = f in Q

up =0 on 092,
where Q is a bounded open set of RY (N > 2) with Lipschitz
boundary and p > 1. As far as the datum f is concerned, we

analyze several cases: the most general one is f € W—1:°°(Q).
We also illustrate our results by means of remarks and examples.

1. Introduction

In the present paper we study the behaviour, when p goes to 1, of the
solutions u, € W, ?(€) to the problems

{—div(|Vup|p2Vup) =f inQ

(1.1)
up, =0 on 01},

where p > 1 and 2 is a bounded open set of RN (N > 2) with Lipschitz
boundary. We analyze the case where () is a ball and the datum f
is a non-negative radially decreasing function belonging to the Lorentz
space LY:°°(Q) and the case where the datum f belongs to the dual
space W=12°(Q).

We are interested in finding the pointwise limit of u, as p goes to 1
and in proving that such a limit is a solution to the “limit equation”
of (1.1), namely:

(1.2) —div (ul;—Z') =f inQ
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with homogeneous Dirichlet boundary condition. Hence, firstly we study
the behaviour of u, when p goes to 1, finding a limit function u, and
secondly we prove that such a limit function u is a solution to (1.2).
Both aspects of our study have been investigated by several authors.
The interest in studying the behaviour of u, comes from an optimal
design problem in the theory of torsion and related geometrical problems
(see [16] and [17]). The behaviour of u, in the case where the datum f
is constant has been studied in [16] by Kawohl, where the author proved
that under a suitable smallness assumption on the domain, it results
(1.3) lim u, = 0,

p—1
while under the assumption that the domain is large enough one has

(1.4) lim u, = +o0.

p—1
The behaviour of u,, in the case where f is not constant and it belongs to
the Lebesgue space L™ (2) (or to the Lorentz space LY:°°(Q)) is studied
in [10]. In such a paper the authors prove again (1.3) under the assump-
tion that the LY (Q)-norm (or LY:*°(Q)-norm) of the datum f is small
enough.

As just pointed out, the second aim of our study consists in proving
that the limit function v = lim,_,; u, is a solution to problem (1.2).
The limit equation (1.2) have been studied by various authors (see for
instance [4], [6], [9], [11], [12] and references there in). Motivations
for such an interest are found in the variational approach to image
restoration introduced by L. Rudin, S. Osher and E. Fatemi'. The
definitions of solutions to equation (1.2) typically consider a datum in
LYN(Q) or LY _(Q); moreover such solutions are functions belonging to
the space BV (2), which guaranties the existence of a distributional gra-
dient, well defined as a Radon measure. In order to give a meaning to

|ZD)—Z| in the limit equation, any definition of solution to (1.2) relies on
the existence of a vector field z:  — R which belongs to L>(Q; RY),
with ||z|lec < 1. Moreover z satisfies the equation —divz = f in the
distributional sense and z - Du = |Du|. The boundary condition may be
included as z-v € sign(—u) a.e. on 0 where v denotes the outward nor-
mal unit vector. The expressions z- Du and z-v have sense thanks to the
Anzellotti theory (see [7] or [5]) which defines a Radon measure (z, Du),

1For a review on the development of variational models in image processing and a
deep study of the Minimizing Total Variation Flow, see [5].
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provides the definition of a weakly trace on 02 to the normal compo-
nent of z, denoted by [z, V], and guaranties a Green’s formula. Roughly
speaking, z plays the role of ﬁ.

In this paper we consider problem (1.2) with data belonging to the
Lorentz space LY°°()) and to the dual space W~1:°°(2). Let us now
explain the reason for which we consider such types of data. The em-
bedding W~12°(Q) < W1 (Q) for all p > 1 ensures the existence
of an unique weak solution u, € W, *(Q) to problem (1.1) (see [18]).
Smallness assumption on the data allows us to prove the existence of a
limit function w4 = lim,_,; up which belongs to the space BV (). On
the other hand, we prove the existence of a vector field z € L (2, RY)
satisfying — div z = f in the sense of distributions. This implies that

|<f,90>|—'/9z-v<pdx

for all p € C§°(£2), and hence f € W—1(Q).

Observe that we take a datum belonging to W ~1°°(Q) and we find a
solution in BV (£2), even if W~1°°(2) is not the dual space of BV (£2).
This fact yields some difficulties which we completely solve only in the
case where the datum f belongs to specific subspaces of W~1:°°((Q).

Let us observe that, by the improvement of Sobolev embedding (see
for example [1]) and duality arguments, the Lorentz space L™*°(Q) is
a subset of the dual space W ~1°°(Q2). We will consider data belonging
to LYN:°°(Q) which are radially symmetric, without smallness assump-
tions. Indeed such symmetries allow us to write the expression of the
solutions u, and to handle it in order to study the behaviour of u,,.

The case where the data do not belong to W ~=%°°(Q) have been con-
sidered in [4], [6], [9]. However, in such papers the solutions to the “limit
equation” (1.2) are not obtained as limit of u,, except in the case where
the data are smooth enough, and the methods employed do not apply
in our framework. We explicitly remark that the asymptotic behaviour
of u, when the datum f belongs to L'(Q2) will be studied by the au-
thors in the forthcoming paper [19], where a notion of solution to the
equation (1.2) is introduced.

< Jelloo / V| de

Finally we summarize the contents of the present paper. After in-
troducing our notation (see Section 2), we begin by studying the case
where f is a radially decreasing function defined in a ball 2 and be-
longing to L™V:*°(Q), without assuming any smallness condition on its
LN>°(Q)-norm (see Section 3). Next we study the case where f belongs
to the dual space W~1:°°(£2) and we prove that (1.3) holds true under the
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assumption || f|ly -1,y < 1. We also prove that if || f[jy-1.00) = 1,
then u, tends to a BV-function, and if || f||y—1..(q) > 1, then there is
not any BV -function which is the pointwise limit of u, (see Section 4).
In general we are not able to prove that u, tends to a solution to prob-
lem (1.2) when || f|lyw 1.5 () = 1. In such a case we have to assume that
f belongs to the predual space of BV (2) (see Subsection 4.2).

We conclude with few words on the Appendix. First we present some
properties of the predual space of BV (£2) and we prove that its norm
as a subspace of the dual of BV () is exactly the same as the norm
of W=15(Q). Secondly, we adapt Anzellotti’s theory in the framework
of the predual of BV ().

2. Notation

In this section we will introduce some notation which will be used
throughout this paper. We will denote by 2 a bounded open subset
of RV with Lipschitz boundary. Thus there exists a unit vector field
(denoted by v) normal to 92 and exterior to , defined H" ~1-a.e. on 9.
Here HV =1 denotes the (N — 1)-dimensional Hausdorff measure. Here
and in the sequel, |E| denotes the Lebesgue measure of a measurable
subset E of RV.

Let u: © — R be a measurable function. We denote by pu,, the distri-
bution function of u, that is the function g, : [0, +oo[— [0, +00[ defined
by

po(t) = {z € Q: |u(zx)| > t}|, ¢t>0.

The decreasing rearrangement of u is the function u*: ]0,|Q|] — R*
defined by

u*(s) = sup{t > 0: p,(t) > s}, s€]0,|Q]].

For 1 < ¢ < 0o, the Lorentz space L% (), also known as Marcinkie-
wicz or weak-Lebesgue, is the space of Lebesgue measurable functions «
such that

(2.1) sup ¢ i, (£)Y9 < +00.
>0

It is endowed with the norm

[ullgoo = sup sTu(s),
0<s<|Q|
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S

1
where u**(s)=— / u*(0)do. For 1 < q < oo, the Lorentz space L% (Q)

S Jo
is the space of all Lebesgue measurable functions u such that
(2.2) lullys = / 51 (1) dt < 400,

0
endowed with the norm (2.2). It is well-known (cf. [15], [21]) that the
following inclusions hold
LIF(Q) — LH(Q) — LI(Q) — L*(Q) — LT7(9),

for every € > 0. Finally we recall that the Marcinkiewicz space L™>°((2)
is the dual space of L%’l(ﬂ).

We define M(Q) as the space of all Radon measures with bounded
total variation on © and we denote by |u| the total variation of p €
M(€2). The space of all functions of finite variation, that is the space
of those u € L'(Q) whose distributional derivatives belong to M(Q), is
denoted by BV (£2). It is endowed with the norm defined by |u| gy (o) =

/ |u| dz+|Du|(S2), for any u € BV (§2). Since Q2 has Lipschitz boundary,
Q
if u belongs to BV (2), then the function
u, in §;
ug =
0, inRM\

belongs to BV (RY) and [Dug|(RY) = [, [ul dHN ! + | Du|(€2). We ex-
plicitly point out that |Dug|(RY) defines an equivalent norm on BV (1),
which we will use in the sequel. Through the paper, with an abuse of
notation, we still denote ug by wu.

We will denote by Sy, the best constant in the Sobolev inequality
(cf. [22]), that is,

lullpe < Snopl|Vaull,, for all u € WyP(Q).
We will also write Sy instead of Sy 1. It is well-known (cf. [22]), that
(23) lim SNyp = SN.
p—1
Sobolev’s inequality can be improved in the context of Lorentz spaces
(cf. [1]) and, furthermore, by an approximation argument may be ex-

tended to BV-functions (see for instance [25]); as a consequence we
obtain the continuous embedding

(2.4) BV(Q) — L¥11(Q).
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We will denote by W14 (Q) the dual space of Wy '%(2), 1 < ¢ < oo.
Here we just recall that the norm in W~=1°°() is given by

(25) |mm/mey—mm{@awm/me»mwan:KQVﬂdzs1}.

It is worth pointing out some remarkable subspaces of W~1>°(Q).
One of these is M(Q)NW ~1°°(Q2) whose elements are named Guy David
measures in [20]. Another subspace is the so-called predual of BV ().
Indeed, the space BV () is the dual of a separable space which will
be denoted by T'(€); its elements can be written as f — div F, with
(f, F) € Co(Q; RN*1) (see [14], and also [20] and [3]). Since the elements
of W=1°(Q) may be written as f —div F', with (f, F) € L*°(Q; RN 1),
we deduce that I'(Q2) € W=1°°(Q). Recall that in the 1-dimensional
case we have

W=t (a,b) = {f': f € L°(a,b)}
M(a,b)NW=L2(Q) = {f": f € BV(a,b)}
L(a,b) ={f": f € C(a,b) and f(a) = f(b) =0}.

So that it is easy to find examples in any dimension that show all these
spaces are different.

Moreover, we will denote by BV (2)* the dual space of BV (£2). The
norm in BV (2)* is given by

|12l By () = sup {<N7<P>BV(Q)*,BV(Q) : [Dp|() +/as2 lpldHN 1 < 1}-

Of course, I'(2) — BV (Q)*; we will prove in the Appendix below
that in the space T'(2) the norms as subset of BV (Q)* and as subset
of W=12°(Q) coincide.

Finally we recall that a sequence (un ), in M(§2) weakly* converges
to w if

lim Mszfm

for every f € Cp(€2). We will say that a sequence (uy,), weakly* con-
verges to u in BV (Q) if it strongly converges in L'(Q) and (Duy),
weakly* converges to Du in M(Q). At least for sufficiently regular do-
mains, this notion corresponds to weak*™ convergence in the usual sense:
that is with respect to o(BV(Q2),['(Q)).
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3. The radial case

In this section we consider problem (1.1) in the case where the do-
main € is a ball centered at the origin, i.e. Q = Br = {x € RY : |z| < R}
and the datum f is a nonnegative radially decreasing function belonging
to the Lorentz space L™:*°(Bg). Since both the domain and the datum
are radially symmetric, it is well-known (see for instance [23]) that the
weak solution u,, is given by

(31 uple) = — /CNRN o (/Sf*< )d >_ d
. Up(T) = ——+ S o) ao s,
P NP’C?,/N Cnz|V 0

for almost every x € Bpg.

Our aim is to describe the behaviour of u, and the behaviour of
|Vu,|P~2Vu, as p goes to 1.

We begin by introducing some notation. In what follows we will
denote by

(3.2) Ifls= sup oNf™(o), foreveryse [0,CyRN].
s<o<CnRN

Clearly || fllo = || f||z~.. Moreover we will denote by
(3.3) si=inf{s > 0: [|f|s < NCT}, sa=inf{s >0: | f]ls < NOT},

and by 71 and 7o the radii of the balls centered in the origin having
measure s; and ss respectively:

CNT{V =35 and CNrév = $9.

We set s1 = CyRY if the set {s > 0: | f|ls < ché} is empty, and
so = CNRN if {s >0:|f]ls < ché} is empty. We explicitly remark
that it results s; < so and hence 1 < ro < R. Therefore the balls B,
and B,, centered at the origin and radii r; and ry respectively are both
contained in Bg.

In general the limit of solutions u,, as p goes to 1, is finite a.e. in )
when the datum f is small enough. For instance, if the datum f is
constant, that is f*(s) = A > 0, then

)

lim u, = 0, if A<

p—

=z ==

;Lnllup=+w, if)\>E;

(cf. [16]). In this section we analyze the behaviour of u, in a more
general case, where f is not constant, without any dependence on the
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smallness of the datum. Indeed Theorem 3.1 below states that, as p goes
to 1, up diverges in the ball B, , that it has a finite non-negative limit
(for which we give an upper bound) in the annulus B,.,\B,, of radii
and ro and finally that it converges to zero in the annulus Bg\B,, of
radii ro and R.

Theorem 3.1. Let u, be the solution to problem (1.1). Then

(3.4) lim1 up(x) = 400, for almost all x € B,
p*}

(3.5) 0< lim1 uy(z) < R—|x| for almost all x € B,,\B,,,
p*}

(3.6) lim1 up(z) =0, for almost all x € Br\B,,.
p—}

Remark 3.1. We explicitly observe that Theorem 3.1 improves the result
proved in [10] where the behaviour of u,, is studied just under a smallness
assumption on f, i.e. ||f||pne= < NC’}V/N. Indeed if || f|| v, < NC]lV/N,
then s; = s3 = 0 and therefore we deduce that

hm1 up(xz) =0 a.e. in Bg;
p—)

if [|fllpve = NC}V/N, then s; = 0 and hence the limit function is a.e.
finite in Bp, as in [10].

Remark 3.2. We point out that the values r; and 7o (or equivalently s
and s) may be different. Indeed consider the function f: B — R

defined by f(x) = ¥=1. Then we have f*(¢) = C3/N (N —1)0~/" and

]
(o) = NC’}V/NU_% for all o €]0, Cxy RN [. Consequently ||f||s = NC’ﬁ
for every s €]0, Cxy RN [; therefore, s; = 0 and s, = Cy R"V. This example
allows also to show that the value R — |z| in (3.5) may be attained, i.e.

then lim,_; up(z) = R — |z| (see Remark 3.2 in [10]).

Proof of Theorem 3.1: From (3.1) we can write, almost everywhere
in B,,,

(3.7) up(z) = Up(z) + I,
where
1 CNT{V o s ﬁ
(3.8) U (;5)27,/ sNTP (/ (o) da) ds, a.e. x€B;,
P NN Jeyaly 0 '

1 CnRY S, s T
(3.9) I :7,/ SN (/ f*(o)da) ds.
! Np/Oﬁ,/N Cnri 0
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Since I, is a nonnegative constant, by (3.7) it follows that
(3.10) up(@) = Uy(a),

for almost all z € B,,.
Now we evaluate U,(x), for almost every fixed z € B,,. Denote by

Oy = CN|£L'|N.

Since |z| < 71, it follows that o, < s;. Thus, by definition (3.3) of s1,
we deduce that
1
[flle. > NCY .

By (3.2), there exists a constant &, such that
0 <0, <6, <CnRY
and
67 f(6,) > NOT.
Note also that (3.3) implies 6, < s1. Hence, by the continuity of the
function g(0) = o~ f**(c) and by g(6,) > ché, it yields

(3.11) g(s) = s¥ f(s) > NCY,
for every s €]6, — 6,6, + [, for a suitable § > 0.
Therefore,
@) = [ p_,p,</sf*()d)p_lld
r)= ———F—+ SN g a S
P NP’ PN Joyfay 0
1 Gzp+0 o , s p_il

(3.12) + 7,]\7/ sNTP (/ (o) da) ds

NP’OJQ,/ ba 0

CnrlV s 1
! /Nl p,‘/(/f*()d)pld
+ — SN o)do s.
N7 CRN St 0

Since the first and the third integral in (3.12) are non-negative, we obtain

1 G.+06 " , s ﬁ
Uy(x) > ——~— SN~ (o) d ds
2 s [ ([ o)
1

1 /&ﬁé 1, 1 i /Sf*( a -1 ;
= S S ag g S.
NeyN Js, Neyd™ 0

(3.13)
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By (3.11) and definition of f**, we have
14
NCUN’

Thus, the right-hand side of (3.13) tends to 400 when p goes to 1 and

by (3.10) we deduce (3.4)
Now we prove (3.5). Using (3.1), we have

_i/f%®d0>L Vs €l6m, G + 3.
0

1

(3.14) wup(x) = — /CNRN i /Sf*()d "
. Up(x) = ——= sN —_— o)do s,
P NC}V/N Cnlz|NV NC}V/N 0

for almost all z € B,,\B,,, where, by (3.3),

syl ° Iflls N N
(3.15) ——i/ﬁwwg <1 se[Cnlz|™,OnRY.
NN Jo NeyN

Hence immediately follows that w, is nonincreasing with respect to p;
then lim, .; u, exists and it is non-negative. Furthermore, by (3.14)
and (3.15), we get

1
Y R O VP S
up(z) < 7/ sv! ds
! NCYN Joya <NC%N

1 CnRY
< 71/]\,/ sy ds.
NCy Cn ||V

Therefore lim, .1 up(z) < R — |z|, which gives (3.5).
Now we prove (3.6). By the definition of s3 in (3.3) we deduce that

Iflls < NCJ, ¥ s €lss, ChRN].

Let § €]sg, Oy RN [ be fixed. Since ||f]|s < NC]lV/N, we may write || f]|s =
(1- e)NC]lV/N for some € > 0. Thus,

s%_l/ f(o)do < (1-— e)NC'}V/N,
0
for all s € [8, R[. Therefore by (3.1), we have

1/N\-1 CNRY
(A=INOYTE [ v
NP’ N

up(7) <
Cn|z|N

1
= s¥lds,

(1— E)ﬁ /CNRN
NeyN

Cn|z|N
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for almost every x € B;. Since

1
1—¢)5
lim % —0,
p=l NCY
we deduce that lim, .; up(z) = 0 uniformly on B;. Thus (3.6) holds
true. O

Next we turn to describe the behaviour of |Vu,[P~2Vu,, as p goes to 1.

Proposition 3.1. Let u, be the solution to problem (1.1). Denote by z
the vector field

el

(3.16) z= 5

Then we have
(3.17) |V, (2)[P2Vu,(z) = 2(x), for every p > 1
and for almost every x € Bp.

Moreover it results

(3.18) 1l oo (B, mv) > 1,
(3.19) 121l Lo B\ B, ) < 1
(3.20) 12l Lo By vy < 1

Proof: By (3.1) it follows that, for almost every x € Bp,

1

Vauy(z) = — o] __1 /CNMNf*()d i
=T UN Ol g W) ]

(3.21)

Hence, the vector field

— *% z
(3.22) |Vup(2)[2Vuy(2) = == (O |2 V) —
does not depend on p and this implies (3.17). Moreover, since

2(x) = ———F— 7 (Cnl2|" )=,

0=~ O
(3.18), (3.19) and (3.20) follow in a straightforward way from (3.2) and
(3.3). =
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Remark 3.3. Let us point out that in the above proof, we have obtained

I fllopry
||ZHL°°(BR\BT;RN) = 7]\]0]1\1?1\[ s for all r 6]0, R[
Therefore we deduce
o'/ I £1l v, 00
3.23 Zlloo =  sup (o) = .
( ) H ” 0<o<CnNRN NC]lV/N ( ) NC]lV/N

Remark 3.4. As a straightforward consequence of the definition of z,
(3.1) becomes

1 OnRY 11 Sl/N
up(x) = 7/ SNz | —=
P NC'le/N Cnle|N lev/N

for almost all # € Br. Thus, if || f]| Lv.() < NOJ™, then

1
p—1

ds

1 OnRY
;Lnll up(z) = W /CNMN SN X{\z(sl/N/Czl\,/N)\:l}(S) ds

and, changing the integration variable, we finally obtain that the above
limit is equal to the measure of the set {|z(z)| = 1} N [|z|, R].

The above results, Theorem 3.1 and Proposition 3.1, allow to prove a
stability type result for the “limit equation” (1.2). More precisely we will
prove that if the norm of f satisfies suitable smallness assumptions, then
u = lim u, is a solution to the “limit problem” which can be formally

p*}
written
Du
—div| — | = in B
(3.24) 1V(|Du|) f inBr,

u=>0 on JBg,
in the sense of the definition given in [4], [6], [5].

Theorem 3.2. Let f € LN>°(Bg) with ||f||x. < NCNY and let u,
be the solution to problem (1.1), for any 1 < p < co. Then u, converges

a.e. in Bgr to a function u € Wol’l(BR) and there exists a vector field
z: Bp — RY such that

z € L®(Bg;RY) with ||z < 1;
—divz = f in D'(Bg);
2-v<0 HYN 'oae on O0Bg;
where v denotes the outer normal to OBRg;

z-Vu = |Vu| as measures in Bpg.
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Remark 3.5. We explicitly observe that the function u given by Theo-
rem 3.2 is a solution to (3.24) in the sense of the definition given in [4],
[6], [5] (see Definition 4.1 and Remark 4.3 below).

Proof of Theorem 3.2: Since ||f||s < NC]lV/N for all s €]0,CyRYN[, we
have r; = 0 and by Theorem 3.1 we have
(3.25) 0<u(z)= lirri up(z) < R—|z|, a.e. in Bg.
p—)
Moreover, from Proposition 3.1, we deduce that the vector field z defined

in (3.16) satisfies the conditions ||z||cc < 1 and

’

P
[f11N.00

[Vu,|P de < ; |Br.
/BR : NeyN

Since ||fllNoco < N C’}V/N, Sobolev’s inequality for BV -functions implies
that

Vu, = Du weakly” in the sense of measures.

On the other hand, by (3.16), (3.21) and (3.25), we have u € W, ' (Bg)
and

Vu(z) =0, if |z(z)| < 1,

Vu(z) = z(z) = _r

if |z(z)| = 1.
||

Moreover from (3.17), since u,, is a solution to problem (1.1), it follows
that —divz = f in D/(Bg). Furthermore, by definition of z, it results

(@) =~ |l
If |z| = R, then
z-v(r) = —|2(x) % . % = —|z(x)] < 0.

Finally, a straightforward calculation shows that, for every Borel set B C
BR)

/z-Vu:/ z-Vu:|{|z(x)|:1}ﬂB|:/ V.
B {|=(a)|=1}nB B

This yields the conclusion. O

Remark 3.6. One could think from the results in this section that the
set where |z| <1 is the same as the set where |u| < 400; this is not the
case as the following example shows.
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Consider problem (1.1) with datum f(Cy|z|") defined by

ﬂg_{Q if0<s<COn(B)",

(3.26) .
sl%’ if CN(%) <s < CNRN.

It is not difficult to check that the solution is given by

1 O RY , :
(3.27) up(x) = 7/ sV Lg(s)P1 ds;
P NC]lV/N Cn max{|z|, &}V
with
1
A CyRN\'™V RN N
S A — s T o S CN— CyR"Y.

(N—1)Cy/NaN-1
oN-1_-1
then g(s) < 1 for all s < CyRy and so up(xz) — 0 everywhere in Bpg.
(N —1)Ccy/NaN-1
N1 1
interval ]sg, Oy RN ], so that u,(x) — +oo everywhere.
Let us compute the vector field z: Since

. 0, if0 <]z <&
Up\T) =
T L eOnla )Y, i <l < R

Observe that g is an increasing function; thus, if A<

On the other hand, if A > , then g(s) > 1 in an

and so |Vu,|P~2Vu, does not depend on p, it follows that

0, if0< |z < &
Z(I> - x N e R

= 1/NoN—1 - 1/NoN-—1
AL %, then |z| < 1 everywhere while if A > %,

then |z| > 1 only in a neighborhood of the boundary that does not
intersect Br/2(0).
Hence, Bg2(0) C {|z| < 1} but {|u] < +oo} = 0 for all A >

_ 1/NoN—
%. Therefore, {|u] < +00} & {|z] < 1} for these values.

Finally, we observe that when the limit function blows up at the bound-
ary, it blows up everywhere.
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4. Stability results with W—1:°°(Q) data
Consider the nonlinear elliptic problems
{— div(|Vuy|P~2Vuy,) = p, in Q;

(4.1)
u, =0, on 0f);

where p > 1 and the datum p belongs to W—1°°(Q). Since by duality
arguments, W~1°°(Q) is included in W% (Q) for every p > 1, then the
existence and uniqueness of the solution u, € W,"*(2) to problem (4.1)
can be proved by classical methods (see, for instance, [18]). In this sec-
tion we will study the behaviour, as p goes to 1, of these solutions u,
to problems (4.1). We prove that, if the norm in W~=1°°(Q) of the da-
tum g is less than 1, then u, converges to the function u = 0; if the
norm in W=1°°(Q) of the datum p is equal to 1, then u, converges to
a function u belonging to BV (£2). Moreover we prove that u, does not
converge to any BV-function if the norm in W~=1°°(Q) of the datum g
is greater than 1 (see Subsection 4.1 below). As in the previous section,
we deduce a stability result for the limit problem (1.2) when the norm
in W=5°(Q) of the datum g is less than or equal to 1. Actually we
does not give a stability result in the case where ||/,L||W71,30(Q) =1 for
all p € W=1°(Q). We study such a case when u belongs to a subspace
of W=12°(Q), namely I'(2), the predual space of BV (Q) (see Subsec-
tion 4.2 below).

From now on, abusing of the terminology, we will say that u, is a
sequence and we will consider subsequences of it, as p goes to 1.

4.1. General data in W=1°°().
The main theorem of this subsection is the following.

Theorem 4.1. Let u, be the solution to problem (4.1).

If [|pllw 1.0y < 1, then, as p goes to 1, u, converges to 0 in L(2),
with g < %

If [|ullw—1.00 () = 1, then, up to a subsequence, u, converges to a BV -
function in L9(Q), with ¢ < .

If llpllw-1.00(0) > 1, then

lim [ |Vu,|dz = +o0,
p—1 Jq

and hence there is not any uw € BV (Q) which is the weak* limit of w,.
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Proof: Since u, is a weak solution to problem (4.1), the following in-
equalities hold true

/Q|Vup|p dr = <u,up>W71,oo(Q))W01,1(Q)

(42) < Nullw-r=o) / (Viup| de

, 1/p
< illyy—se 2117 ( /Q|wp|pda:> .

Therefore, one always has
(43) [ 19l do < il e

Assume first that || ||y 1.0 (o) < 1. Thus, we can write |||y 1.0 () =
1 — ¢, for a suitable € > 0. By Young inequality, we have

1 P -1
(4.4) / |Vuy| da < {—(1 — T + p_] Q] < 9.
Q p p

This estimate implies that there exist © € BV(Q) and a subsequence,
still denoted by wu,, satisfying u, — w in L9(Q), with ¢ < %, and

| Dul|(€2) +/ lul dHN Y <liminf [ |Vu,|dz.
a0 r—1 Jo
By (4.4), letting p — 1, we obtain
Dl @)+ [ Julan <o
o9

and therefore v = 0. Since v = 0 is the unique limit point, by Sobolev

inequality, we actually obtain that lim, ., u, = 0 in LI(Q), with ¢ <
N

N-1
Let us now assume that ||u|/y-1.00) = 1. Then (4.3) becomes

/ |Vup|P de < |Q] and by Young’s inequality we obtain
Q

(4.5) / V| dz < |9,
Q
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So that from Sobolev’s inequality for BV -functions we deduce the exis-
tence of a function u € BV () such that, up to subsequences,

Vu, = Du  weakly” in the sense of measures,

Up — U strongly in L(2), 1<¢< 725,
Up — U a.e. in €.

Finally let us assume that ||u[ly—1.00(q) > 1. Since [|ullw-1.00) =
limy, 1 [[pellyy - 107 We may take e >0 and po > 1 such that |||y -1.010)>
1+ ¢, for all p < po.

On the other hand, if ¢ € W, *(Q) with Vol rryy < 1, then

<M7 ¢>W—1,p’(Q))WOLP(Q) = /Q |Vup|p_1Vup . VQD dx
p—1
< </ |Vup|pd:c) .
Q

T P— {<u,<ﬂ>wl,p/(n),wgm(n) [ verde < 1} ,

then (4.6) implies

(4.6)

Since by definition we have

irg ;ﬁl,p/m) < /Q IV, |? dz.
Therefore,
(14671 < / |Vu,|P da
Q
for p < pg. This implies
;erll A [Vup|P de = +o0.

The conclusion follows from

/Q|Vu,,|pd:c=<u,up>W,1,oo(Q))W01,1(Q)§||u||W71,m/Q|Vu,,|d:v. O

Let us prove the following result which describes the behaviour of
|Vup,|P~2Vu,.
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Proposition 4.1. Let u, be the solution to problem (4.1), then there
exists a vector field z € L™= (Q;RYN) such that, up to subsequences,

(4.7) |V, |P~2Vu, — 2z weakly in LY() for all 1 < q < 400,

(4.8) —divz=pu inD'(Q),
(4.9) 1Zllo0 = lpsllw =100
Proof:

Step 1: Proof of (4.7): Arguing as in the proof of Theorem 4.1, we
obtain inequality (4.3). Then for every ¢, 1 < g < p’, we have

(p—1)q/p 1y
A O

(p—1)g 1 (=g

(410) P (p—1)q
< |Q| P ||u||W,1”’m(Q)|Q| P

S —

It yields that, for any g fixed, the sequence |Vu,|[P~?Vu, is bounded
in LI(Q;RY) and then there exists z, € LI(Q;RY) such that, up to
subsequences,

|V, [P 2Vu, — z, in LY(Q) forall1<q < +oo.

Moreover, by a diagonal argument we can find a limit z that does not
depend on g, that is

(4.11) |Vu,|P~2Vu, — 2z in LY(Q) for all 1 < ¢ < +o0.

Now by (4.10) we deduce

IVl 2 ¥y lly < 121 llyy 1000y for 1<g<+oc and for pe]l, g
Therefore, by lower semicontinuity of the norm, we have

(412)  llzlly < 1Ml ey for all 1< g < +oo.

Step 2: Proof of (4.8): Since wu, is a distributional solution to prob-
lem (4.1), it follows that

/Q [Vup P2V, - Vo dz = {u, <P>W—1,oo(g)7wolvl(g)a V€ Cy® ().
Hence, using (4.11) we obtain
/ Vpds = (10 iy ¥ 9 € CE(9),

that is (4.8).
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Step 3: Proof of (4.9): For any fixed h > 0 and p > 1, we denote
Dy ={x € Q:|Vuy(x)P~' > h}.
By (4.10) for ¢ = 1, as p goes to 1 we have
(4.13) \Vu, P~ 2Vuyxp, . — gn weakly in L*(Q;RY),
(4.14) Vup|P*Vuyxa\p,, — fn weakly in L'(Q;RY),
for some g, € LY(Q) and f, € LY(2). On the other hand by (4.10)
with ¢ =1

1 - 1| pellw-1. (02
@15) Dl g [ [Tyt < SR,
Q

Therefore by Hélder’s inequality and (4.15) for every fixed ®eL>(Q; RY),
with ||®|]c < 1, we have

(4.16)

/D |Vup,|P~2Vu, - ®

p,h

SUTNYN

p,h

1
q
Dol ([ 7upl0)
Q

1 _1 1-1 1
1-1 |Q|1 N H/’LHlevoo(Q)'Ql a HMHW*LOO(Q)

IN

IN

1 2-1
< 1—1 |Q| HMHW—qu(Q)-
q

By (4.13) and (4.16), for any fixed h > 0 we deduce

oo < el e

for every ® € L>(;RY) such that |[|®||o < 1. By duality we deduce
the following estimate for g

1 2-1
[ lonl < s 190y e

for any fixed h > 0. Moreover by definition of the set D, 3,

|X52\Dp,h|vup|p_zvup| <h, a..in.
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This implies, using the inequality contained in [24, p. 337], the following
pointwise estimate for fj

|fr] < h, ae. in Q,

for any fixed h > 0. Therefore f, € L>=(Q;RY). Applying once again
(4.10), we have

[l < [ 9l < 0l e
O\Dyp n Q

that is, for some g,

XD, A | VUpP > Vuplg < 1QY -1 ()

< 2|\ pllw 1,00 () for all ¢ > go.
This implies
[ frllq < 2[|pllw -1y for all ¢ > go.
Since f, € L= (4 RY), it yields
[fnlloe < 2[lpllw-1.00()-

Therefore, for every h > 0, we have

z = fn+ gn,

Cq
/Q|gh| < 1

[fnlloe < 2[lpllw 1.0 0
The above condition on g5 gives

hlim gn=0 in LY(Q)

with

and

and hence
hlim frn= hlim z—gn =2z in LYQ).
Since || frlloo < 2]|ptllw-1. () for all h >0, we obtain that z € L (Q; RY).
Then (4.12) implies
[2lloo < lllw—1.0(0)-
From (4.8) and the definition of the norm |||y —1.00 (@), since we have

(s b0 ), w2 (@) = /Q 2 Ve < el /Q Vel

the reverse inequality follows, and therefore (4.9) is proved. O
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Remark 4.1. In Theorem 4.1, when [|u|[yy—1.00(q) > 1, we did not state
which is the pointwise limit of u,. Nevertheless, an “a posteriori” argu-
ment can be done to obtain some kind of limit of the solutions. In fact,
we can prove the following claim.

There exists a function v satisfying, up to subsequences,
(417) fuplP™ v weakly in L) and [olly <]l (0,
for all 1 < q < +o0.

To prove this claim, we must carefully apply Sobolev’s inequality. It is
well-known (see, for instance, [25, p. 57 or p. 82]) that a straightforward
argument yields a simple connection between Sy, and Sy, namely:

N -1
Snp < MSN, (1<p< N) and so
- D

2N
Snp <2(N—-1)Sy for1<p< ER

From (4.10), we deduce

1
YV, |91 o=y < |Q|am-D T
Q| up| > | | ”/‘”Wfl,oo(gz)'

Consider r such that 1 < r(p — 1) < %, by applying Sobolev’s
inequality, we get

r(p—1) D % r(p—1) gl
N < Sy ([ IVl
Q Q

1 T
< SN,r(p—1)|Q| rp=1) ||:u||11/7vflloo(ﬂ) .

Since % > 1, Holder’s inequality implies

T(plfl) 1 % NN?TT(Z(JP:S)
/|U;D|T(p_1) <|Q|~ /(|UP|T(p_1)) ’
Q Q

1 L1 ey
S SN,r(p—l)|Q| T(p71)+N ||:u||lz/)[/*11’°°(ﬂ)'

Therefore, taking Sy ,p—1) < 2(N — 1)Sy into account, we obtain
1 1\p—1
lep P~ 1 < (207 = DSNIQTTTF )l ),

o 2N
for all r satisfying 1 <r(p —1) < 55~
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Now let ¢ satisfy 1 < ¢ < p—il < r and apply Holder’s inequality, then

1
1_1 _ "
P~ g < 1215 (/ pl"? 1))

1 1\P1
< 1907 (28 = DSV )" w10,

Since p — 1, it follows that we may consider any ¢ such that 1 <
q < +o0; moreover, |u,[P~! is bounded in L?(Q) and its bound tends

to |Q|%HMHW4,00(Q) as p — 1. Therefore, (4.17) is a consequence of a
diagonal argument.

We also remark that there is some connection between the func-
tions v = lim,_qu, and v. Indeed, on the set {u = 0} it yields
v < limsup,_,; e®~D1slurl < 1 ae., while on {|Ju| = +oo} we have
v > liminf, ,; ep=Dloglupl > 1 g, Finally, up a null set, we obtain
v=1o0n{0 < |u| < +oo}.

Remark 4.2. Since the Marcinkiewicz space L:*°(Bg) is included in
W—12°(Bg), if Q is the ball Bg and the datum u belongs to L:>°(Bg),
then Proposition 4.1 and Theorem 4.1 hold true. Taking into account
Proposition 4.1 and Remark 3.3, we may deduce that for every f €
LN’OO(BR),

gt/N (1,00
[ fllw-10(Bg) =  sup (o) = N
W (Br) 0<o<CnNRN NC}V/N NC}V/N

Observe that Theorem 3.1 implies the existence of a finite limit if and
only if

2z~

[fllNoe= sup o f*(g) < NC
0<o<CpNRN

)

that is, when || f|ly-1.00(B,) < 1.

As in the previous section, the study of the behaviour, as p goes to 1,
of uy, and |Vu,|P~2Vu, allows to deduce a stability result to the “limit
problem” formally written

D
—div (ﬁ) =p in Q,
u=0 on 0f.

(4.18)

Let us begin by recalling the definition of solution to this problem (see [4],
[5], [9] and [12]). To this aim, we need to introduce the following distri-
bution (cf. [7]):
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Let u be a function belonging to BV (€2) and let z be a vector field
belonging to L>(Q;RY) such that div z, in the sense of distributions,
belongs to BV (2)*, i.e.

(div z,p) = —/ z-Vedr
Q
for all ¢ € C5°(£2). Then we define the distribution
(z,Du): C§°(Q) — R
by

(4.19) ((2, Du), ¢) = —/ uz-Vodr —(div Zau‘p>BV(Q)*,BV(Q)a
Q

for every ¢ € C$°(2). Since u € BV(Q) ¢ LN"1(Q), ¢ € C(Q),

z € L®(Q;RY) and divz € BV(Q)*, all terms in (4.19) make sense.
Moreover as in [5, pp. 126-127] we may define the weak trace of the

exterior normal component of z, which will be denoted by [z, /].

Definition 4.1. A function u: @ — R is a solution to (4.18) if the
following conditions hold true

u € BV (Q);

there exists a vector field z: £ — R¥ such that

(4.20) z € L®(Q;RY) with ||2]e0 < 1;
(4.21) —divz=p in D'(Q);

(4.22) [z,v] € sign(—u) HY'-a.e. on 9
(4.23) (z, Du) is a Radon measure and
(4.24) (z, Du) = |Du| as measures in {.

Remark 4.3. Let us observe that if the function u in the previous defini-
tion belongs to W1(Q), then the measure (z, Du) coincides with z- Vu.
As already observed, this means that the function u and the vector field z
whose existence has been proved in the previous section yields a solution
to problem (3.24).

The announced stability result it is now an easy consequence of The-
orem 4.1 and Proposition 4.1.
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Theorem 4.2. Let u, be the solution to problem (4.1).

If |pllw—1.00 (@) < 1, then, as p goes to 1, u, converges to u = 0 solution
to problem (4.18) in the sense of Definition 4.1.

If |pllw 100 () > 1, then there is not solution to problem (4.18) in the
sense of Definition 4.1.

Remark 4.4. We explicitly remark that by Theorem 4.1, if || p[|yy 1,00 () =
1, then u, converges, up to a subsequence, to a function v € BV (Q).
Nevertheless we are not able to prove, in general, that u is a solution to
problem (4.18) in the sense of Definition 4.1 (cf. Examples 4.1 and 4.2
below).

We conclude this subsection by showing some examples with datum
belonging to W~1°°(Q). The following example gives the explicit ex-
pression of the limit function u when ||p||yy 1,000y = 1.

Example 4.1. Let Q be an open subset in RY containing Br(0) and
consider a vector field g:  — R? defined by

o) = —@(signxl,...,signm\/), if o]+ -+ |an| < R;
0, if [z1|+ -+ |an| > R.

Since |g] < 1, divg € W=1°°(Q) and | div(g)|lw-1.=@) = 1. We
point out that divg ¢ L1(f2) since evaluating this divergence some mea-
sures appear. The solution to

—Apup, =divg, in
up =0, on 0€);
is given by
VNR _ VN ; .
up(z) =4 ¥ Nz + o)), i |z 4+ fan] < R
0, if|$1|+"'-‘r|$N|>R.
Hence, u,, does not depend on p and

u() = liny u (v)

_ YNE _ N (|gy| 4+ |n]), if [e1] + -+ [on] < R;
0, if|.’L‘1|+"'+|fL'N|>R.

It is easy to prove that w is a non trivial solution to the limit problem.
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Example 4.2. Let us consider the problem
—Ayu, =divg, in Bg;
u, = 0, on O0Bp;

where g € L®(Bgr;RY) is a radial and bounded vector field. It is well-
known, see [23], that the solution of this problem is given by

1 CnRY o1
(4.25) up(x) = 7/ G(t)» tN " dt,
: NO}V/N Cn|z|N

where G is a non-negative function which depends on u,, satisfying

CNRN ’ ’
[ cwra=[ jgpd
0 Br

(see [2]). Thus, applying Holder’s inequality and performing easy com-
putations, it follows that

1 CnRY Ur s cyRrY 1/’
up(z) < ——— / G dt / thP qt
3 NO}V/N < 0 Cn|z|¥

1 1/p pN 1
< ——~C\N"RN?| g%
NOYN TN

N(p—1) - N
><(Zvi_p((@vlﬂcl”) 70— (OxRY) TN ))>

o (p—1
RN/p ﬁ 1 N(p—l) (p—1)/p ) |£L‘| ZZ—IP P-1)/p
= lelle |x|NpP< N-p ) _(f>

RN/p 1 <N(p _ 1))(p1)/p
- .

< = llgl -
N A N

Therefore, if ||g]lco < 1, then Hg||(1>é(p71) goes to 0 and so

lim u,(x) = 0.

p—1
On the other hand, if ||g]|cc = 1, then
) RN 1

(Observe that this estimate is worse than (3.5).)
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4.2. Data in the predual space of BV (Q2).

In the previous subsection, we have stated a stability result when
lllw 1.y # 1. The case [[ul|y-1.0(q) = 1 is the most interesting
since then lim,_, . u, defines non-trivial solutions to the “limit prob-
lem” (4.18). To check that lim, .. u, is indeed a solution to (4.18),
apart from passing to the limit, some extension of Anzellotti’s theory
is required. We refer to the definition of solution to (4.18) given in
Definition 4.1.

We are able to extend the Anzellotti theory in some distinguished
subspaces of W ~1°°(Q). The case of the space of all Guy David measures
is cumbersome and will be provided in a forthcoming paper. The case of
the predual space T'(Q2) of BV (Q) is shown in the Appendix. We point
out (see Theorem 5.1 in the Appendix) that if z € L>(Q; RY) is a vector
field such that its divergence in the sense of distributions belongs to I'(2),
then the distribution defined in (4.19) is always a Radon measure.

In this subsection we completely analyze the case where the datum p
belongs to I'(2). The main theorem of this subsection is the following

Theorem 4.3. Let i € T'(Q) and let u,, be the solution to problem (4.1).
Then the following statements are equivalent:

1) Up to subsequences, u, converges a.e., as p goes to 1, to a measur-
able function u which is a solution to problem (4.18) in the sense

of Definition 4.1.
2) [ullw-1.(0) < 1.

Remark 4.5. Since it is well-known that uniqueness does not hold to
problem (4.18) (we refer, for instance, to [8, p. 485]), we cannot deduce
that, when ||p|lw-1.(q) = 1, there exists lim;, .1 u,, but just that a
“subsequence” converges, as stated.

Proof of Theorem 4.3: We start by assuming that |[u||y 1,500y < 1. By
Proposition 4.1, there exists a vector field z € L>(Q;RY) such that
Iz]loe <1 and

(4.26) |V, [P~*Vu, — z  weakly in L(Q) for all 1 < ¢ < +oo.

Arguing as in the proof of Theorem 4.1, we obtain inequality (4.5) and
then a function u € BV (Q) such that, up to subsequences,

Vu, — Du weakly” in the sense of measures,
Up — U strongly in L9(2), 1<¢< 725,

Up — U a.e. in €.
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As a consequence, u, — u weakly* in BV (Q2) and therefore
(4.27) (1, up>r(sz),Bv(Q) — (H, U>F(Q),BV(Q)-

Since u,, is a weak solution to problem (4.1) then, choosing as test
function wu,p with ¢ € C§°(2) and ¢ > 0, we get

/ |VupPode = (i, pup)r@),Bv Q) — / |V, |P~2Vu, - Vo u, dz.
Q Q
Passing to the limit in the right hand side, since y = — div z, we get
(4.28) lirri |Vuy,[Pode = {(z, Du), ¢).
p— 9]
On the other hand, by Young’s inequality
1 -1
/ [Vup|pde < —/ [Vup P dr + p_/ pdz
Q P Ja P Ja
and as a consequence,
/ |Dulp < liminf/ [Vup|pde < liminf/ [Vuy [P de.
Q p—1 Q p—1 Q

Therefore, by (4.28), it yields

[ 1pue < [ 0w

for every ¢ € C§°(R2) with ¢ > 0. Hence, |Du| < (2, Du) and ||z]jc <1
implies |Du| = (z, Du), thus (4.24) is done.

Taking now u, as test function in the weak formulation of prob-
lem (4.1), it follows that

/Q IVapl?” d = {1, phyy 1.0 (Q), W ()
Applying Young’s inequality we get

1 -1
/ V| do < —/ V| de + =20
Q P Ja p

(4.29)
1 p—1
=—{u,u 7 +—19].
p( PIT(Q), BV (Q) , 1]

Now we let p goes to 1 in (4.29), by (4.27), it yields

Dul(2) + /a BE A R R —
Q



404 A. MERCALDO, S. SEGURA DE LEON, C. TROMBETTI

or equivalently,

—(1, u)r(0),BV(Q) +/(Z,DU)+/8 lul dHN~* < 0.
Q Q

By Green’s formula (5.4) in the Appendix below, we get

/ [z, V] udHN? +/ lu| dHN ! < 0.
G19) o9
Since ||[z, V]]lco < ||2]loo < 1, it follows that

[z,v]u+ |ul =0 HY'-ae. on 9Q,

which proves (4.22).
Now let us assume that [|j][yy—1,5 () > 1. By Theorem 4.2 we deduce
that there is not solution to problem (4.18). O

Remark 4.6. We point out that the solution whose existence is proved
in Theorem 4.3 satisfies a variational formulation, namely:

(4.30)  |Dul(Q) +/

o [ul dHN Y + (1, w) v )+ BV (@)

< /69 w| dHN ! + /Q(Z,Dw) + (1, u) By Q)+, BV (Q)>

for every w € BV ().

Next, we will only sketch the proof of this fact, which is “inspired” in
[5, pp. 133-134 and pp. 139-140].

Let w € W, %(Q) and take w — u,, as test function in the weak formu-
lation of problem (4.1) for 1 < p < 2, it follows that

/ [Vup|P~2Vu, - Vu —/ [Vupl? = (p, w — up) By ()« BV(Q)-
Q Q

In order to take limit when p — 1, apply Young’s inequality and have in
mind (4.26) and (4.27), to get

| Dul(€2) + /69 [ul dHN ™Y + (1, w) By )+ BV (@)

< / 2 - Vw + (1, u) By (Q)*, BV (Q)»
Q

for all w € WO1 2 (). By approximating, this inequality holds for all
w e Wy (Q). In the following step assume that w € W11 (), take into
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account (wy,), (the sequence of Lemma 5.1), pass to the limit as n — oo
and obtain

Dul(2) + /6 4+ sy v

< / |w] dHN ! +/ z - Vwdz + (u,u) v (), BV(Q)-
o9 Q
Finally, given w € BV (Q), by Proposition 5.1, consider w,, € W(Q)
satisfying wy|an = w|sq for all n € N,

wy, — w  in LY(Q),

/ |[Vwy,|dx — |Dw|(£2).
Q
Next apply the above inequality to each w, and let n goes to co tak-

ing into account (u,wn)pvQ)<,BvQ) — (K, W)Bv Q) BV(Q) and [ z-
Q

Vuwy, dx — / (z, Dw). Then we arrive to the desired inequality (4.30).
Q

Remark 4.7. The same scheme followed in Theorem 4.3 can be adapted
when the datum lives in LY(Q). Indeed, if p = f € LY(Q) and
Ilfllw 1.0y < 1, then (4.5) holds true and so we may find u € BV (Q)
such that, up to subsequences,

Vu, = Du  weakly” in the sense of measures,
Up is bounded in L¥T (Q),

Up — U a.e. in Q.

These two last properties imply that u, — u weakly in LNt (), so that

(4.27) becomes
/ fupdr — / fudzx.
Q Q

Once we have obtained this convergence, we may follow the same proof
of the above theorem and get that w, converges to a solution to prob-
lem (4.18) in the sense of Definition 4.1 if and only if || f|[y—1.00() < 1.

We point out that the above reasoning cannot be extended to all
data belonging to the Marcinkiewicz space LV'*°(Q) since, in general,
up bounded in L%’l(Q) and up — w a.e. in © does not imply u, — u
weakly in L%’l(Q). Nevertheless, we can handle every datum that
belongs to L™:>°(Q2) by using truncation (see [19]).
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Example 4.3. In this example we give an element of the predual T'(Q)
which does not belong to LY:>°(().

Let h € Co(] — 1, 1[N~1) satisfy 0 < h < 1 and hlj_1/21/9~— = 1.
We consider Q =] —1,1[¥ and g: Q — R¥ given by
A
11—«
with A € R and % < a <1, and we set F'=divg.

Since g € Co(Q;RY), it follows that F' € I'(Q2). On the other hand,

g(x1,29,...,xN) = ( (1- |:vl|)1O‘h(:vg,...,xN),O,O,...,O> ,

—Asign zq

F(l‘l,l'g,...,,’EN) = 7h($2,...,$]\[).
(1 = far])e
We now prove that F ¢ LY:°°(Q). Indeed, given ¢t > 0, one has
A

($1,$2,...,£L'N) S RY . 7h($2,...,$1\/) > t}
{ (1 — [z )

D {(a:l To,... xN)GRN:# >t and h(za, ... xN)—l}

3 3 ) (1 _ |$1|)a ) 3

D ER'#>1€ ><_—11N71
TER T e 22 '

Now, it follows from

1/«
|{x1€R:m>t}|—2(%)

that
[

|{($1,JJ2,...,£L‘N) E]RN : |F£L'1,,’E2,...7CEN)| >t}| > ja’

with 1 < 2 < N. By (2.1), we deduce that F' ¢ LN->°(Q).

5. Appendix

This Appendix contains some simple facts on I'(Q2) which we prove
for the sake of completeness.

5.1. Norm of T'(f2).
We need the following result, which is stated in [7] (see also [5]).

Lemma 5.1. Given u € BV (Q), and so u|gq € L (09Q), there exists a
sequence (wy), in WH(Q) N C(Q) satisfying

(1) wn|69 = U|aQ-
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1
(2) | |Vw,|dz < / lu| dHN =1 4 =
Q 0 n

(3) / fwal da <
Q
1

(4) wy(z) =0, if dist(z, 0Q) > ~

A straightforward consequence of conditions (2) and (8) is
(5.1) wp, =0 weakly” in BV (Q).
Proposition 5.1. If u € T'(Q)), then

S|

(5.2) lullw 1.0 ) = Il B ()= -
Proof: Since |||y 1.0 () < |1l Bv(02)-, we only have to see the inequal-
ity |lpllsv ) < [lullw-1.(q). To this end, let u € BV (£2) be such that

|Du|(22) —|—/ lul dHN 1 <1
o

and fix e > 0. Given u € BV(Q), consider the sequence (wy,)y, of
Lemma 5.1; observe that (5.1) implies (u,w,) — 0. Let n € N sat-
isfy
1
(1, wn)r(0), BV ()| + o se

Since n is already fixed and (u — wy)|sq = 0, there exists a se-
quence (pg)r in C§°(Q) such that ¢ — u — w, weakly* in BV ()
and fQ [Vor| < fQ |D(u — wy)|. Hence,

(1, S%)F(Q),BV(Q) — (,u — wn>F(£2),BV(Q) as k — oo

and

1
/|wk|d:c < |Du|(Q)+/ |V, | < |Du|(Q)+/ lu| dHN 14— < 1+e.
Q Q o0 n

Then
[{1, w)r ), BV )| < [ wn) ), BV )| + (1 — wn) @), BV ()]

< e+ i [ oe)r@), By (@)
Se+t klglgo (s ¢k>W71,x(Q)7W&,1(Q)|
<e+ likminf |l —1.00 () / Vi | dz

et lpllw-r0o ) (1 + €).

Since € is arbitrary, the conclusion follows. O
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5.2. The Anzellotti Theory in I'(Q2).

In this second part of the Appendix, we adapt Anzellotti’s theory to
the case div(z) € T'(2). Recalling that [z, v], the weak trace of the exte-
rior normal component of z is already considered (see [5, pp. 126-127]),
we have to define (z, Du), see that is a Radon measure for all u € BV ()
and prove a Green’s formula. We only show the proofs corresponding
to (z, Du) in Theorem 5.1 bellow, the others follow the same schema
of [7] adapted in the same way than the proof of Theorem 5.1.

Theorem 5.1. Let z € L>®(Q,RY) be a vector field such that its di-
vergence in the sense of distributions & = div(z) belongs to T'(2). Then
(4.19) defines a Radon measure on Q such that for every open set U C Q
and for every ¢ € C§°(U), we have

(5-3) (2, Du), @) < lllloollzll oo | Dul(U)

Proof: Since u € BV (), we may find a sequence (uy), in C®(Q) N
BV () such that

up, —u in LYQ),

lim |Vuy,| = |Du|(V),
1%

n—oo

for all open set V' CC § satisfying | Du|(0V) = 0.

Now, given ¢ € C§°(U) take an open set V' such that supp(¢) C V CC
U and |Du|(0V) = 0. We point out that (u,p)y is a sequence in BV ()
that weakly™ converges to ue. It follows from div(z) = & € T'(Q2) that

(& un )r),Bve) — (§uP)r@),BV(©Q)-
Observe that [, z-Vu, pde = — [ un 2-Vodr— (&, un 0)r),Bv () for
all n € N, and so the sequence (fQ z-Vuy, cp) converges to ((z, Du), ¢).

|2 Vun| do < ellwlelimw) | Vil ds,

letting n goes to 400, we have

[((z, Du), @) < [[llsoll2] Lo (0 [Pl (V) < [l lloo [ 2]l Lo 0y [Pl (U). - O
It is straightforward consequence of the above arguments that

[ @< [ 10l < 2l | DulB)

for all Borel sets B C .
Finally, we state the Green formula that may be proved in our case.

Since
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Theorem 5.2. Let 2 € L>®(Q,RY) be a vector field such that its di-
vergence in the sense of distributions £ = div(z) belongs to T'(Q). If
u € BV (), then

(5.4) (div(2), u)r(e).Bv(Q) +/(2,Du) :/a [z, V] udHN L,
Q Q
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