THE MONGE-AMPERE PARTIAL DIFFERENTIAL EQUATION

rt—s?+A?*=0

M. Ii. MARTIN

Introduction. Recently the study of the propagation of a plane shock wave
moving into a quiet atmosphere, and leaving a nonisentropic disturbance behind
it, has been reduced [6] to the solution of a Problem of Cauchy for a Monge-
Ampére equation of the type

(D) t—-s2+ A =0, A= X(x)Y(y).

The present paper is devoted to a study of the Problem of Cauchy for this
partial differential equation with a view to later applications to shock propaga-

tion.

In the first section we determine those functions X (x), Y (y) for which (1)
has intermediate integrals. A summary of the results will be found in the seven

cases in Theorem 1.

The linearization (without approximation) of the seven equations found in
¢1 is carried out in § 2 with results summarized in Theorem 2. The individual

results (particularly on cases 3, 5) are of interest for the applications in mind.

The solution of the Problem of Cauchy is taken up in §3 and reduced to
the solution of the Problem of Cauchy for linear partial differential equations.

A summary of the results will be found in Theorem 3.

1. Intermediate integrals. In this section we investigate the intermediate
integrals of (1).

If either X or Y is zero, or both are constant, then A = const., and (1) has

intermediate integrals [ 3, pp. 154-155]

g-Ax=¢(p+Ay), g +Ax=1y(p-2Ary),
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involving arbitrary functions. These simple cases will be excluded in our search

for functions X, ¥ for which (1) has intermediate integrals.

According to classical theory [3, p.58], based on the differential systems

dz — pdx ~ qdy = 0, dz — pdx — qdy = 0,
(2) dp + My =0, (27) dp - My =0,
dg — Adx =0, dqg + Mdx= 0,

for the two families of characteristic strips, (1) will have an intermediate

integral

V(x,y, z, p, ¢) = const.

if, and only if, V is a simultaneous solution either of

I

Vi + pVz + AVg =0, Vi + pVz = AV,
(3) or of (37)
Vy + qVe = AV, =0, Vy + qVy + AV, = 0.

]
o

il

Any solution of the first equation in (3) must have the form
V=F(uv,y,p)ly u=2-px, v=g-XY X =fde,.
and will be a solution of the second equation if and only if

(4) xX e YFy = XYy + X - (YE, - YFy) + By + oFy =

|
<

is an identity in the independent variables x, u, v, y, p.

The manifolds

(5) i\/l: F‘=XX, I"2=1¥9 F3=AX71> F4=1,
Ni Gi=YFy Gy =~ YEy Gy = YF, — Y'Fy, Gy = Fy + vhy,

are at most one and four dimensional, respectively, with the bilinear condition
FiG, + F,G, + I3G5 + F4,G, =0

imposed on them, in view of (4). For this condition to hold, it is necessary
and sufficient ! that MCS,,, NCT,, where S,,, T, are linear orthogonal subspaces

defined by

1This follows as a special case of a general theorem which will be proved elsewhere

[71.
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4

St ZbkaFa=0 (k=1,+-+,n);
a=1
4

To: D aigGy=0 (i=1,eee,m; m+n=4),
a=1

the matrices

A= Haiall’ B = kuaH,

having ranks m, n, respectively. The linear subspaces S,,, T, are orthogonal
if, and only if, the composite matrix C formed by taking the m rows of A followed
by the n rows of B has the following property; the m-rowed minors in A are all
proportional to their complimentary minors in B, the indices of the columns of
A followed by the indices of the columns of B forming an even permutation of

1,2, 3, 4.
There are fives cases to consideras m =0, 1, 2, 3, 4.
I. m =0, n=4. This case does not arise, as it requires
Fi=F,=F, = F, =0,
whereas actually F; =1 in (5).

. m=1, n=3. Here

F, F, F, F, 4
St — = — =— = — T3:Zalaca=0,
an Q12 a3 a, a=1

and T; is a hyperplane with S, the normal to S; at the origin. From (5) the
equations of S; imply that X, X, are both constant and therefore X = 0, A = 0,

an excluded case.

Ol. m = 2, n = 2. Here

4
Syt 20 b Fo=0 (k=1,2); Tp: 3 G =0 (i=1,2)
a=1

are linear orthogonal two-spaces, and



168 M. H. MARTIN

where A;;, B denote the determinants formed from the ith and jth columns of

A, B. From (5) the equations of S, yield simultaneous equations
(bux + bu)X + 613/‘111 + bx4 = 0, (bglx + bzz)X + b23/¥x + b24 = O,

for X, Xy, so that

Bs4 R41x+5'42
= P E— > l = >
Bizx + Bys Biyx + By,

the case in which all B;;, except By,, are zero being rejected, since it implies
X = 0. When the second equation is differentiated, two simultaneous equations

result for X which can subsist only if X = const.

We accordingly place

X=a#0, X =ay + ax (ag, @ = const.),

in (4), which implies two simultaneous partial differential equations
2YF, = Y'F, =0, (v+aY)Fy —aY'Fy, + B, —aYF, =0,

for F. If Y £ 0, the general solution of the first is

F=G(r,y,p), r=2v+Lu, L=7;é0.
and the result

1 ,
(-2—rL - aOY') Gy + Gy - a¥YGp + u(L' -

of substituting this in the second leads to

1
(E-rL—aOY')G,+Gy—aYGp=O; G, =0 or 2L - L? =0,

Under the alternative G, =0, we arrive at an obvious intermediate integral

(6) V=p+aY = const,, VY, =fYa’y,



MONGE-AMPERE DIFFERENTIAL EQUATION rt— s2 + A% = 0 169
valid for any function Y (y); with the second alternative, necessarily
Y=b(y—y0)'2 (b,y0=const.),
and we have two intermediate integrals
p - ab(y—yo)'l = const., (y—y )r+ 2agb(y —yo)'l = const.,
the first of which repeats (6), with the second becoming

abx
Px+q(y—y0)—z - = const.
Y =%,

in the original variables. If the first is multiplied by an arbitrary constant x,,

and subtracted from the second, a more symmetric form

X — Xg
= const.

plx—x¢) + gly-y,)—z—-ab
Y=,
results for the second.

With ab=£k, for A= /c(y—yo)'2 equation (1) consequently has the inter-

mediate integrals

x—xo k
plx—2xo)+qly—y)—-z-k =</J(P~ )

Y =%, Y =%,

% — %, k
p(x—x0)+q(y—y0)—z+k =¢l(p+ ),

Y=, Y =%,

involving arbitrary functions ¢, ¢/, the second intermediate integral arising from

(3.
IV. m=3, n=1. Here
4
S3: ZblaFa=0; Iy — = — = —=—,
a=1

and T, is the normal to the hyperplane S; at the origin. From (5) the functions

X, Y, F must meet the conditions
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, YF, -YF, YF,-Y'F, Fy + vk,
(byx+b,)X{ + bz X; + byy =0, — = = - ,
1 12 )41 13 1 14 b ™ ™ ™

and we begin with the case
(i) by # 0.
There is no loss in generality if we write
b =1, by ==x¢, O3 ==m, by =-ao,

to put the above equations in the form

(x —x0)A; = mX; —ay =0,

%o Fy = Fp =0, (m+ 1) Fy ~ LE, =0, (v+a,Y)F,+F =0,
where we recall L =Y /Y. We find

X=ay(x—xq)" (m=0); X=a(x—x,)"" (a=const, m#£0),

from the first of these equations. The last three are simultaneous equations for

Y, F. Any solution of the first must have the form
F=G(r,v,y), r=u+xup,
which, substituted in the remaining two, yields simultaneous equations for G:

(m+1)6; - LGy =0, (v+agY)G +Gy=0.

If m =-1, either G, = 0 to imply G = const., or L = 0 to imply

X=alx-x,)%Y=0b A=k(x-x)? k=ab,

and the existence of intermediate integrals

Y=Y k
plx—=x)+qly-y)-z+k =¢(q+ )»
X —Xq x—xo
Y=Y k
plx—xg)+q(y-y)-z-k =l//(q— )
x - X X — Xg
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analogous to those found in III.

If m # - 1, for the general solution
G=H(s,y), s=(m+1)v+Lr,

of the first equation for G to yield a solution of the second, requires that the

identity

[s +ag(m+ DYILHs + (m+ 1)Hy +r[(m+ 1)L~ L?1Hs = 0
hold. For # # const. this implies

(m+ 1)L =L?*=0, [s+ag(m+1)YILUs+(m+1)H, =0,

the first of which yields

b
Y - ( )mH (b, Yo = const. ),
Y=Y

so that the second becomes

s agh(m+1)
H, ~ + Hs = 0.
y—yo (y___yo)m'f-z

This yields the intermediate integrals

agh(m+1)

(y—yo)s -~ ——— = const. (m #£0),
my = y)"

(y—yo)s + agb log (y—y0)= const. (m=0),

or, in the original variables, the intermediate integrals ®

2If we write the intermediate integral for m # 0 in the form p (x — x¢ ) + q(y — yo)— z—
kn(r'’™—1) = const., r=(x—x)/(y=y¢), n=1/m, and let n —>oo, this intermediate
integral approaches the one for m = 0, in view of

lim n(rl/n-— 1) = logr,

n-— 00

for which see [ 4, pp. 139- 140].
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m \y=y,

k(%= %g\"
p(x—xo)+q(y—y0)—z+—( ) = const.

m\y~-y,
X —%g
p(x—x) + qly-y,) ~z — klog = const.
Y =,
X - %
plx—x9) + gly-y) -z + k log = const.
Y =%,
of (1) for
(x_xo)m-l
A=k
m+1
(y —y,)
(x =25 )"
A=k —
the second arising from (37).
The next case to consider is
(ii) by = 0, by, £ 0.
Here F = F (v, v, p), and we can write
bip =1, byg==m, by =c,

so that X, Y, F satisfy the equations

(”l 7é 0)’

(m £ 0),

(m=0),

(m=0),

(k =ab, m#0),

(k = agh, m=0),

X, ~mXi +c=0, Fy + ¢cYF, = 0, LF, + mF, = 0.

Since m =0 implies X = const., treated in Ill, we assume m # 0, and obtain

X = ae™*

from the first equation. From the second equation we get

(a = const.)
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F=G(r,v) with r = p - cYy,
and for this to satisfy the third, necessarily L = n = const., so that we have

Y = be™ (b = const.),

and the intermediate integral nr — mv = const.; or, in the original variables,

np — mg + ke™*e™ = const., np ~ mq — ke™* e = const.,

are intermediate integrals of (1) for

A= ke e™ (k=ab).
The last possibility is
(iii) by = by = 0, bz £ 0.
Here X| = const., so X = 0, which has been excluded.

V. m=4, n=0. This requires G, = G, = G5 = G, = 0; if we exclude

Y = const., as previously treated, this can only arise if F' = const.

If we observe that the form of (1) is left invariant under the transformations

in the group
x'=x =%, ¥=y -y %=y, y'=x; x"=kx, y'=ly,
the results of this section can be summed up in the theorem:
THEOREM 1. The Monge-Ampere equation

rt—s2+A2=0, A=X(x)Y(y),

has intermediate integrals only in the following cases:

A Intermediate Integrals
L0 q=¢(p)
2. 1 q-x=¢(p+y), g+x=y(p~y)
3. Y(y)#0 p + Y, =const.,, p-Y;=const., Yl=dey,

- x 1 x 1
4.y Px+qy—z——=¢(p~—), px+qy—Z+—=t/J(p+—),
y y y ¥
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m=-1 1 m 1 m

x x x

5. (m #£0) px+qy—z——<—> = const., px+qy—z+—(—) = const.,
Y m\y m\y
X1 x x

6, —— px + qy — z — log — = const., px + gy — z + log — = const.,
Y Y Y

7. e*eY p —q+e*e’ = const., p-q-e*e’ = const.,

and in those which arise from these under translations, reflections in the line

y = x, and dilations in the (x, y)-plane.

That each solution of the partial differential equation of first order repre-
sented by an intermediate integral is actually a solution of the appropriate
Monge-Ampere equation may be verified directly by differentiating the inter-
mediate integral partially with respect to x and y, and calculating rt — s 2.

2. Linearization of the Monge-Ampére equation. The integration of (1) for
all cases except the first in Theorem 1 will be reduced to the integration of

linear partial differential equations of at most the second order and quadratures.

The differential system (2), (2”) is replaced by an apparently over-de-

termined system

2g= Prg = qy5 =0, z, = px, = qy,=0,
(7) Ps +)\)’B=0’ pa_)\ya= 0, A=Mx, v, 2, p, q),
95 = )\xﬁ =0, g, +Ax,=0,

of six equations for five unknown functions
(8) x=x(C(, B)7 Y -"—‘}’(C(, B)r zZ = Z(O‘, B)’ p= p(f/\, B)’ q= q(C(, B)y

of the characteristic variables® «, 8. Actually, if one supposes that the quantit
y PP q y

4 = z, = px, ~ qY,

vanishes along a curve C drawn on a solution surface S defined parametrically

by the first three equations in (8), provided the curves o = const. on S cut C,

3The idea of introducing the characteristic variables a, 8 as independent variables
to replace the characteristic differential system (2) by the system of partial differential
equations (7) has been ascribed to Hans Lewy in a footnote on p.327 of [ 1]. According
to Goursat [ 3, pp.106-116], the idea goes back to Ampére. Lewy was the first to use
them, however, in the proof of the existence and uniqueness of the solution to Cauchy’s
problem when intermediate integrals do not exist.
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it is easy to show that 4 = 0 on S; for the remaining equations in (7) imply
[1, pp.329-330] A,B = 0, and therefore, since 4 =0 on C, it vanishes every-
where on S.

If X=A(x,v,p, q), the four equations in the last two rows of (7) form a
determined system for the unknown functions «x, y, p, ¢ of &, 8. Corresponding to

any solution
(9) x=x(B) vy=yP), p=pB), g=q(x B)
of this system, the first row in (7) yields

2

(10) z=/%[_(§) da+(%)ﬁdﬁ]=z(o&,ﬁ),

when x4, y, %, yg are eliminated with the aid of the remaining equations.
Consequently

(1) -~ Az, ("_> - Az, (A = Mp?),
P/, Plg

so that z (O, B) is a solution of the linear equation

A A
B a
(11) za,8+—2_Xza+Jz/3“O’

the function A(u«, B) depending, in general, on the selection of the solution

(9).

It is worth noting that z (¢, ) is a solution of the linear equation (11) for

A=M(x,y, p, q), i.e., this result is not restricted to the special form A=

X ()Y (y).

The treatment of the various cases will be based on the following lemma.

LEMMA. The integration of the system

v —Ku/3=0, v+ Kku =0, k= k(= B),

B

is equivalent to the integration of either one of the pair of conjugate [ 5] linear
equations
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4

L) = uym o (u, = ug) = 0, M(v) =, 4+

2k

< )=0
K‘Ua—‘Uﬁ= .

2

If ulv] is a solution of L (u)=0[M(v)=0]1, its conjugate function v{u] may
be obtained by quadratures.

We begin with:

Case 1. Here (1) is the equation for the developable surfaces, and its

integration is well known.

Case 2. Instead of (7) we have

(12) 25— Pxg = qy; = 0, z = px,~qy =0,
Pty =0 p-y=5
qﬁ—xﬁ=0, q, + x,= 0.

From the intermediate integrals

pt+y =0y, p—y=Bo, CAO,,6’0=const.,
we obtain solutions
(13) z = Uyx —xy + Gy), z=,80x+xy+G(y),

involving an arbitrary function G(y).

The integration of the system in the third row of (12) is equivalent to the
integration of either of the linear equations
L(x) = X5 = 0, M(q) = 9p =0,

and for (9) we find the formulas of Goursat [ 3, pp.154-155]

1 1 1 1
x=5[g//(ﬁ)—¢'(0()], y=§(0(—,8), p=§(c<+[3), q=-2-[¢'(a)+ v(B) ],

where ¢(ct), () are arbitrary functions. Carrying out the quadratures in (10)
yields

1
(15) z=?‘1:(oc+ﬁ)[<//’(ﬁ’)—¢'(a)]+5[¢(a)—y&(6)],
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a solution %, containing two arbitrary functions, of

to which (11) reduces.

The solutions (13) are not contained among the .solutions (14), (15). For
example, for the first solution in (13) the sum p + y is constant over the entire
solution surface; but for a seclution (14), (15), while the sum p +y= o is
constant along each characteristic & = const., it varies from one characteristic

to another.

Case 3. System (7) is replaced by

(16) 2= pig—qyg=0, z,—px —qy,=0,
beY, -, b, =, (v, - [Yay)
qIB—_Yxﬁzo, qa+Yxa=0,

The intermediate integrals yield solutions
(17) z=0x-Yx+Gly), z=Bx+Yx+G(y)

~ontaining an arbitrary function G (y).

To obtain other solutions we observe that

1

Y, = =(a-p),

2o |

and consequently Y is a function « of o —~ 3. In view of the lemma, (9) becomes
1
(18) x=x(a, B), y=yla-pB), p=E(CA+B), g=q(x% B),

where x [g¢] is any solution of the linear equation L(x)=0 [M(q)=0], and ¢
[x] is determined by quadratures. From (10) the function z is obtained by carry-

ing out the quadratures.

(19) 2 =%f(_0_+’<f)—2 [-(afﬁ)a da+(ajﬁ)ﬁd¢a]= 2 (0 ),

*This redﬁces to the partial differential equation £ (—1,—1) of Euler-Darboux when
B is replaced by —B. See [2, pp.54-70].
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and is a solution of the linear equation

(20) ( K’ 1 ) ( K’ 1 ) 0
zZ o—— + zZ t+|— - 2p= U
B 2« a+ Bl % \2« «+pB) A
Case 4. This is a special case of the above in which

a B qa—qﬁ
L(x)=xaﬁ— - =0, M(q):qa,8+ oy =0,

are the Fuler-Darboux eauations £ (1, 1), £(~1,~1) respectively, and it is
possible to give [ 2, p.64] explicit formulas for (18), (19):

a8 = ) gt (B (e )+ - )
ha—ﬁ’yﬂz—a’phz *P)y =210~ ¢+ +§¢—w,
’ 1C<+f6> d)—(tg
19 - - ‘o) - ,
(197 ¢ 20<~,8(95 v a-p

containing arbitrary functions ¢5(ct), i( ), with (20) becoming

, 20 26
(207 Zo5 = zZ + — z,=0.
& «? - g2 E B2 B
Case 5. System (7) becomes
(21) Z/@‘"PXB“‘U’B= 0, E I O 0’
X1 X1
pﬁ+ym+lyﬁ=0, pa~ym“ Ya= 0,
xm-l xm-l
q‘B.—FI xB=0, qa+}//m+lxa=0.

From the intermediate integrals

1 xm ]_ x m
(22) Px+‘IY~Z~—(—\) = Uo, px+qy—2+—(—) =By
m\y m

we obtain solutions
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m m

-
(23) z = x6(r) — — — Uy, z=xG(r)+£—-—B0 (r=x/y),
m m
containing an arbitrary function G (r).

To obtain other solutions, we observe from Theorem 1 that

m

x m 1
(24) (—) ==(B-a), px+gqy —z=—(a+p),
y 2 2

and use the first of these equations to eliminate x from the second row, y from

the third row of (21), to replace these rows by

1-1/m

0 1 m(B )
’ = =\ - ’
Tty [2 ]

I

(25) Pg— Ky 1]/3=0, Pt K, M,

1+1/m

1 m
0’ é?z ;;’ K2 = [E; (ﬁg"a)] .

i

(26) 96+ K, §B= 0, q,- «, §a

In view of the lemma, the integration of (25) is equivalent to the integration of

either one of

A
("a"",@)=0’ M(P)=Pa,3+ —

L = -
(27) (71) TaB o 3

o (py=Pg) =0,

1
(4 ==(1-1/m)),
2
and the integration of (26) to the integration of either one of

B B
(28) L(&=¢4- — (&, =&)=0, M(g)=q,5 + —

(q,-q,)=0,
-B 3 q, ‘7/3

(B = %(1 £ 1/m)),

all of which are Euler-Darboux equations of the type E (k, k). A solution (9)
of the last two rows of (21) may be obtained by starting with either (25) or
(26). To fix the ideas, let p = p (&, B), y = y (&, B) be any solution of (25). The
first equation in (24) yields &= &(«, B), with ¢ = ¢ (&, B) determined by quad-

ratures from (26). Finally we obtain z = z (%, 8) from the second equation in
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(24). Thus the integration of (1) is reduced to the integration of any one of the
linear equations (27), (28) followed by quadratures.

For m = 1 this case reduces to the preceding one; and (27), (28) simplify

to

L(n)=7']aﬁ= 0, M(p):paﬁ= 0;

& &5 % 95

::0, :‘/I = 00
T3 1 (q) 9up+ TF

L(‘f) = é:alg*

By carrying out the process outlined above we find a solution containing two

arbitrary functions

o-p 2 r ., , ‘1 N |
STl o p=5(¢+y7 q—4(a—B)(¢+¢)~§(¢~¢),
with

$- ¢
=——— - —(a+p),
z ¢1» 12 +B

to which (187), (19°) reduce under the change of parameter
a=¢ (), B= ¢ () a=¢@, B=¢(P),
provided one observes that
= ag () ~ ),  Y=BPPB - %(P.

Case 6. System (7) is the same as (21) for m = 0, but the intermediate
integrals (22) are replaced by

X X
px+qy—z—10g7=%, px + gy — z + log—= B,
y

with the solutions

(29) z=xG(r)-logr—- co, z=9cC(r)+logr—ﬁ§0 (r=x/y),

in place of (23), and the relations
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x 1 1
log—==(p-w, px+q -2==(+p),
y 2 2

replacing (24). The quantities «,, «, in (25), (26) are now

VL e(ﬁ-a)/z,

Kl 2

and instead of the Kuler-Darboux equations (27), (28) we find linear equations

with constant coefficients

1 1
L(n)= g~ 7 ™ 5) =0, /M(p)=paﬁ+Z(Pa— Pg) =0,
(30)

1 ) 1
L(‘f)=§aﬁ+z(§a~§ﬁ)=0’ M(q)=qa‘B_ Z(qa"' q/B)=0°

Once a solution of any one of these has been obtained, the integration of (1)

proceeds as in the previous case.

Case 7. The intermediate integrals are
p-q+e'ed =0, p-q-eTed=p,
and have the solutions
(31) z=G(r)—xe" + Ugx, z=G(r)+xer+Box, r=x+7y.

In place of (24) we find
1 1
(32) x+y=log§(0(-—ﬁ), p-—-q:i(aq_ﬁ)’
and (25), (26) are replaced by

1
(33) Pg= K V5= 00 Pt k3= 05 Ky = (B0,

1
(34) g~ K% = 0, g, + K%, =0, x, =§.(o(—ﬁ),

so that instead of (27), (28) we obtain Euler-Darboux equations of the special,
forms [ 2, pp.69-70] E (£ 1/2, +1/2), specifically
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1/2 1/2

B8 L) =yas= g Gam v =00 Wp)=pag+ o= (i) =0,
1/2 1/2

L(x)=xaﬁ— (xa—xB)=O, M(q):qaﬁ+O;~B(qa——qﬁ)=0.

Ty

Starting with a solution of any one of these, say p = p (¢, 3), one determines
g = ¢ ( f3) from (32) and calculates the functions x = x (¢, ), y = y (&, B) by
quadratures based on (33), (34). A final quadrature (10) then yields z=z ( c, B3).

The results obtained may be summarized in the theorem:

TuneorREM 2. Whenever the partial differential equation

nt—s2+ A2 =0, A=X(x)Y(y),

has intermediate integrals, its integration can be reduced to the integration of
linear partial differential equations of the first and second order, and quadra-

tures.

3. The Problem of Cauchy. In the Problem of Cauchy one requires a solution

z =z (x, y) of (1) such that along a prescribed curve (the carrier)
C: x=x(t), y=v9(2),

in the (x, y)-plane, the partial derivatives p = zy, ¢ = zy take preassigned

values (the Cauchy data)
Ciip=p(t), g=q(t).
We begin with the simplest case.

Case 2. Here the Problem of Cauchy imposes the following conditions
o+ B=2p(2), &= PB=2(t), ¢’ (c)+ ¢ (B)=2q(), ¢ (c) -y’ (B) =-2x(2),

on the arbitrary functions ¢(c), /(3) entering into the formulas (14) of Goursat.
These imply

a=p()+y(t), B=p(t)~y(t); (W) =q(t)~x(t), v (B)=q(t)+x(t),

of which the first pair determine a curve (the carrier)
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D a=a@)=pe)+y(t), B=pBt)=p(t)-y(t),

in the characteristic (0, B)-plane, the horizontal and vertical lines of which are

termed characteristic lines.
Provided® ¢ # 0, 3# 0 we can invert the equations defining I' to obtain
t=flw), t=g(p),

and obtain the required functions ¢(a), ¢»(8) in (14), up to arbitrarily additive

constants, by quadratures from

¢ () = g (f()) =2 (f(), ¥ (B)=q(g(B))+x(g(p)).

If I is a segment of a characteristic line, say of o = (o = const., the Cauchy

data C; cannot be taken arbitrarily, but must fulfill the conditions
p(t)+y(t)=cg, q(t)—x(t)=k=const.,

so that up to the additive constant k, the carrier C prescribes the Cauchy data
C,. The first equation for I" fails to determine f(c), and ¢ () may accordingly
be taken arbitrarily in Goursat’s formulas, subject to the single condition
¢’(ctg) = k. Due to the arbitrariness in ¢(a), the solution of the Problem of
Cauchy is not unique. In addition, the general solution (13) of the intermediate
integral p + y = 0y offers an additional solution, for we have ¢ + x = G’(y), and
if I' is not a point, y =y (t) # const., so that t=t(y), and G(y) can be de-

termined from
GC(y)=q(t(y))+=x(t(y))

up to an additive constant.

The carrier I will be a point if, and only if, C, C, have the form
C: x=x(t),y=y,=const.,, C;: p=p;=const., q= q(t),

and therefore necessarily, as follows from (1) with A = 1,

g(t) £ x(t) = k = const.
The solutions (13) of the intermediate integrals

p+y==CGo=pPy+Y¥ys P=Y=By=Py=¥o>

5We forego consideration of the difficult case in which a or 8 changes sign.



184 M. H. MARTIN

offer solutions for these Preblems of Cauchy, containing an arbitrary function

G (y), provided G*(y,) = k.
Case 3. The carrier I' in the characteristic plane is defined by
' a=a(e)=p(e)+ Y (y(2)), B=PBt)=p(t) =Y (y(2)).
By differentiating the first and fourth equations (18) with respect to ¢t we obtain
xaCZ +x,8’8= x, -—xad + x,BB= K'lc;.

Along an arc of I" for which d # 0, B;é 0 these equations specify Cauchy

data
D.C-—K_ll; ;€+K'1(}
x = —, Xg=——F,
Y2 # 28

on the carrier I" for a Problem of Cauchy for the linear equation L (x) = 0. The
solution of this Problem of Cauchy can be effected by quadratures, once the
resolvent [ 5], a properly chosen two-parameter family of solutions of the con-
jugate equation M(q) =0, is known, and, up to an arbitrarily additive constant,

is unique.

If ' is a segment of a characteristic line ¢ = &y, the Cauchy data C, C;

must meet the conditions
p(t)+ Y, (y(£)) = &y, L}(t)— Y(y(t))x(t)=0,

so C implies C; up to an additive constant. The Cauchy data on I reduce to

| =.

x

8= = g(B)

=

and fail to determine a unique solution to L (x) = 0, so that the solution to the
original problem of Cauchy C, C; framed for (1) is likewise no longer unique.
In addition to this multiplicity of solutions, the general solution (17) of the
intermediate integral p + Y; = &, provides another, for if I is not a point,

t = t(y), the arbitrary function G (y) is determined by
G (y) = q(e(y)) + x(e(y)) Y(y)

up to an additive constant.
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The carrier I' will be a point if, and only if, C, C; have the form
C: x=x(t), y=y,=const.,, Cy: p=p, =const., g=q(t),
and therefore necessarily, as follows from (1) with A=Y (y),
(1) + Y(y)x(t) = k = const.
The solutions (17) of the intermediate integrals
p+Yi(y)=co=p,+Yi(y), p-Yi(y)=p,=p, - Y1 (y,),

offer solutions to these Problems of Cauchy containing an arbitrary function

G (y), provided G'(yo) = k.
Case 4. This case comes under Case 3, and also Case 5 for m = 1.
Case 5. Ior the carrier I" we have

m m

1/x L /x
r: a=px+qy—z——(—) =a(t),B=px+qy—Z+—(—) = p(¢),
m\y m\y

where
z=/(p92 +qy)di=z(t).

Recalling that 7= y™! we write

o+ mgB=1, —m G+ mgB=xi'p,

where «, is defined in (25).

As long as G # 0, B # 0 these equations specify Cauchy data

n-K'p n+Kip
= ——— s Mg=

.

20 2,/:%

on the carrier I' for a Problem of Cauchy for the linear equation L(n)=0 in
(27). The resolvent of this equation is known [5, pp.401-406 ], and the solution
of the Problem of Cauchy can be carried out by quadratures. The solution is

unique up to an arbitrarily additive constant.

If T is a segment of a characteristic line & = 0.y, the Cauchy data C, C;
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must meet the conditions

xm-l m=1
p o+ y=20, q-
m+1 m+1

¥ ¥

with C, determined by C up to translations. The Cauchy data

=

na=—<=8(B)

™

are insufficient to determine a unique solution to L (7n)= 0, and the solution of
the original problem of Cauchy again is no longer unique. The general solution
(23) of the first intermediate integral in (22) offers an additional solution,
provided the arbitrary function G(r) can be properly determined. This will be
possible, as long as r=r(t) # const. (C not a radial straight line), or, what
is equivalent, [" is not a point. Indeed, from (23) we determine G by integrating

rm-2

G(r) =

_ 9
_2'>

Y r

the given functions vy, ¢ of ¢ becoming functions of r, since ¢t =t (r).

For I" to be a point (&g, f3,) it is necessary and sufficient that

1 1/m
x m
px+qy—z=k=-§(a0+ﬁo), ;=r0=[—2—([30-—0£0)] ,

conditions which are equivalent to the requirements

X

ﬁx+qy=0, — =Ty
y

on the Cauchy data C, C,. It is obvious from the very form of the intermediate
integrals (22) that any one of general solutions (23) meets the required con-

ditions.

The treatment of the remaining cases does not differ substantially from this

case and we may sum up our results as follows:

TuEOREM 3. Whenever the partial differential equation
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it — s2 4+ A2 =0 (A =X(x)Y(y))
has intermediate integrals
(%, ¥, 2, Py G) = Chy Blx, y, 2z, p, q) =B
the Problem of Cauchy
C: x=x(t), y=y(t) Ci: p=p(t), g=9q(s),

for this partial differential equation defines a carrier
I':oa=alx(e),y(t),z(e), ple)y,q(t))=u(e),
B= Bl (1), y (1), 2 (1), p (1), ¢ (1)) = B(),

in the characteristic plane, and reduces to a Problem of Cauchy with Cauchy

data on this carrier for a linear partial differential equation of the second order.

If 1" is a segment of one of the characteristic lines 0. = const., or 3 = const.,

or a point, the solution is not unique.
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