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SUBDIRECT DECOMPOSITIONS OF LATTICES
OF WIDTH TWO

OSCAR TIVIS NELSON, JR.

The class of nontrivial distributive lattices is the class
of subdirect products of two-element chains. Lattices of width
one are distributive and hence are subdirect products of two
element chains. Below it is shown that lattices of width two
are subdirect products of two element chains and nonmodular
lattices of order five (jV5). (width = greatest number of pair-
wise incomparable elements.)

The statement follows from several lemmas. Throughout we
shall assume that α, b are arbitrary noncomparable elements of a
lattice L of width two.

LEMMA 1. x (α + 6) + y (α + b) = (x + y) {a + b) and

(x + α 6) (y + a-b) = x - y + a-b

for any x , y e L .

Proof. In any lattice

(1) x (α + b) + y (α + b) ^ (x + y) - {a + b) .

Trivially, if x and y are related, the identity holds. Thus, assume
that x and y are unrelated. There are three possibilities:

(i) Suppose x ^ a and y ^b. Then

x (α + b) + y (α + 6) = x + y = (x + y) (α + 6) .

(ii) In case a ^ x and b ^ y, a + b <. x + y. If a + b <L x OY y,
i t is easy to verify t h a t the identity holds. If a + b g£ & or y, then

a? or ?/ <; a + 6. Suppose x <: α + 6. Then

(& + 1/) (α + 6) = α + δ ^ # + V' ( α + &) = x * ( α + δ ) + 1/ * ( α + b)

This relation and (1) yield the equality.

(iii) Now suppose a ^ x and y ^ b. b ^ x implies t h a t x and y

are comparable while x ^ 6 implies t h a t α and 6 are comparable.

Thus, x and b are unrelated. Since L is of width two, a + y is

related to either x or 6, α + # ^ x and α + y fS & imply t h a t y ^ x

and α <* δ respectively. Thus, either x^a + y or b^a + y. In

case x ^ α + ί/, x ^ α + ^ / ^ α + & and y ^ b ^ a + b. Hence

x-(a + b) + y-(a + b) = x + y = (x + y)(a + b) .
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In case b ^ a -\- y, y<.b^a + y<^a + b. Thus,

(x + y) (α + δ) <, a + δ ^ α + y £ x (a + b) + y

= x-(a + b) + y-(a + b)

and the identity holds in all cases. A dual argument yields the other
identity.

By Lemma 1, if s and t are unrelated elements of a lattice of
width two, the mappings x —*x (s + t) and x —> x + s t determine
congruence relations Θs+t and ψ8.t.

LEMMA 2. #α + δ n fa.b = 0.

Proo/. If x ΞΞ 2/(#α+δ n φa.b), x (a + b) = y - (a + b) and αj + a δ =
2/ + a 6. x and ?/ are each related to either α or 6. Thus x <̂  a + 6
o r a>b ^ x . S i m i l a r l y , y<^a + b or a b^y. I f

#, 1/ ̂  α + δ, a? = α? (a + b) = # (α + 6) = y .

I f a b ^ x , y x — x + a b — y + a b = y . F i n a l l y , if x ^ a + b a n d
α b ^ 2/, α b ^ ί/ (α + 6) = α? (a + 6) — x, i.e., α δ <£ α?, 2/ again. Thus

a? = ?/ in every case, and # α + 6 Π ̂ α-& = 0.

LEMMA 3. If θa+b = 0, α + δ = 1; α?ιcί i / ψa.b = 0, α δ = 0.

Proof. By definition a? (α + δ) = ^(^α + δ). Thus ^α + 6 = 0 implies
that

x (α+ δ) = a?

for all a?, and consequently that a 4- δ = 1. Similarly, ψvδ = 0 implies
that a δ = 0.

LEMMA 4. // L is subdirectly irreducible, θa+b — 0, and a δ Φ 0,
£/ιew ί^ere exists pe L such that p and a δ are noncomparable.

Proof. If θa+b = 0, a δ =£ 0, and there exists no p as above, than
it is easy to verify that θa.b f] ψa.b — 0. (Note that x = y (θa.b) if and
only if x — y or a δ <* x, y, and that x = y{ψa.b) if and only if x — y
or x,y ^ α δ). Since α δ ̂  0, neither #α.5 nor ^α. δ = 0. Thus L is
reducible. This contradiction implies that p must exist.

If L and p are as in Lemma 4, p must be related to a or δ, but
α <̂  p or δ <Ξ p implies that p and α δ are comparable. Thus we can
assume that p is less than one of α, δ; assume p < a.

LEMMA 5. // L and p are as in Lemma 4, p + a δ αraί δ are
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noncomparable.

Proof. C l e a r l y a b ^ b (p + a b). S i n c e p < a, p + a-b tί a,
and hence b (p + a b) ̂  a 6. Thus 6 (j> + α 6) = α 6. Since α
and δ are noncomparable,a 6 ̂  b; and since α δ, p are noncompar-
able, p + a b Φ a b. Thus 6 and p + α δ are noncomparable.

LEMMA 6. If L and p are as in Lemma 4,

L = {x\x ^p + a-b}U{x\a b ^x} .

Proof. Trivially, if z is related to a b, z is in one of the sets.
Thus suppose that z, a b are unrelated. Since α δ, p are noncom-
parable and L is of width two, z must be related to p. If z ^ p,
£ ^ JP + α b. If 2 is also related to p + α δ, z is in one of the sets.
Thus, suppose that p ^ z and that z and p• + α δ are unrelated. By
Lemma 5, p + α b and & are unrelated. Thus, z must be related to
6. If 6 <: 2, α 6 ̂  ^ and if z ^ &, j> ̂  z < b(p + α 6 ̂  6). But both
conclusions are impossible. Thus L is the union of the two sets.

LEMMA 7. // L and p are as in Lemma 4, θp+a.b Π ψa-b — 0.

Proof. If x ΞΞΞ y(θv+a.h Π ̂ α δ), & (p + α δ) = # (p + α δ) and
cc + α δ = τ/ + α δ. If

α, 2/ ̂  P + α δ, a? = a? (p + α δ) = y (p + a δ) = y;

a n d i f a b ^ % , y , % = z % + a ' b = y + a - b = y . T h u s s u p p o s e

# ^ p + a δ

and a b ^ y (By Lemma 6, we can assume that this is the only re-
maining possibility.) Then x = x (p + a δ) = y (p + α δ) ̂  T/, i.e.,
x ^y. Also, # + α δ = τ/ + α δ = τ/. Since

Thus, #<^τ/<^p + α δ, and a? = x (p + a δ) = ί/ (p + α δ) = y.

LEMMA 8. If L is a subdirectly irreducible lattice of width two
and α, δ are noncomparable elements of L, a + b = 1 and a δ = 0.

Proof. By Lemma 2, #α + δ Γ) Ψv& = 0. Since L is irreducible,
0α+6 = 0 or ψa.b = 0. Suppose θa+b = 0. Then α + δ = 1 by Lemma
3. If a δ ̂  0, ψ*β.δ ^ 0 by Lemma 3. Also, by Lemma 4, there is
an element p of L which is noncomparable to α δ. For this p,
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θp+a b Π t α δ - 0

by Lemma 7. Hence θp+a.b — 0. But this is impossible since it implies
that 1 = p + α 6 ^ a or b. Hence a b == 0. If ^α.& = 0, a dual
argument completes the proof.

(Note that Lemma 8 implies that a subdirectly irreducible lattice
of width two has a zero and a one.)

Let L be a subdirectly irreducible lattice of width two. If there
were an element z of L — {0,1} which was comparable to each element
of L, ΘZΠ ψz — 0 with θz Φ 0 and ψ s ^ 0. Thus, since L is irreducible,
it must be the union of the pairwise disjoint sets {0,1}, CΊ, C2 where
d , C2 are chains such that the sum of elements from different chains
is 1 and the product, 0. If each chain has at least two elements,
then one can define two congruence relations Rl9 R2 as follows:

x ΞΞ y(Ri) if and only if x = y or x, y e d (i = 1, 2). Clearly,
R1f\R2 = 0, but Ru R2 Φ 0 since each chain contains at least two
elements. Thus, one chain must contain exactly one element. If both
chains consist of a single element, L is a direct product of two-
element chains, and hence is reducible. Thus, L consists of {0,1},
C19 C2 where d contains only one element and C2 contains at least
two elements. Suppose C2 contains at least three elements p < q < r.
Define relations Sl9 S2 on L by

x = y (SJ if and only if x — y or 0 < x, y ^ q,

x ΞΞ y (S2) if and only if x = y or q <̂  x, y < 1 .

It is easy to show that these are congruence relations. Clearly
S1 Π S2 = 0. Thus S1 = 0 or S2 = 0. But p = q(S1) and q ΞΞ r(S2), a
contradiction. Thus C2 consists of exactly two elements, and L ~ NΛ.
Hence

THEOREM. Every lattice of width two is a subdirect product of
two-element chains and Nδ.

COROLLARY. The only subdirectly irreducible lattice of width
two is N5.

For each n >̂ 3, one can exhibit a lattice to show that it is false
that all lattices of width n are subdirect products of lattices from
some class of finite lattices. For a fixed n, it would be of interest
to find a lattice property P such that if L were of width n and had
property P, that L would be a subdirect product of finite lattices.
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