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ON THE STRUCTURE OF PRINCIPAL IDEAL RINGS

THOMAS W. HUNGERFORD

In this paper all rings are supposed commutative with
identity (and all ring direct sums are finite). We distinguish
between a principal ideal domain (PID) and a principal ideal
ring (PIR) which may not be an integral domain. Our chief
purpose is to prove:

Tueorem 1. Every principal ideal ring R is a direct sum
of rings, each of which is the homomorphic image of a princi-
pal ideal domain.

A number of special cases of this theorem are well known. In
order to prove the general case one needs several facts about complete
local rings and formal power series rings. For the reader’s convenience,
this background material is summarized in § 1; the theorem is proved
in §2. In the final section is shown a counterexample indicating that
in a sense Theorem 1 is best possible.

1. Preliminaries.

DEFINITION 2. A Noetherian ring R which has a unique maximal
ideal M is a local ring.

The following proposition, a proof of which is in Lambek {5,
p. 34}, is extremely useful for characterizing local rings.

ProrosITION 3. The following conditions on a ring R are equivalent:
(1) R has a unique maximal ideal M;

(2) all nonunits of R are contained in a proper ideal M;

(83) the nonunits of R form an ideal M.

If R is a local ring, then [} M’ = 0; this fact is due to Krull [3,

Th. 2] and is also proved in ﬁagata [6, p. 12]. Consequently we
obtain

ProprosiTION 4. Let R be a local ring whose maximal ideal M is
principal, M = (a), then R is a principal ideal ring and every nonzero
element of R can be written in the form a*u, with w a unit.

Proof. Let reR. Since M’ = () (a’) = 0, there is a highest
power of a dividing #», say » = a*u. Then » must be a unit, since
all nonunits are in M and w € M implies o | %, hence a**|r. If J is
any ideal in R, all elements of J can be written in the form a'u, u a
unit. Choose such an element with ¢ minimal. It is then easy to
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verify that J = (a%).

A standard procedure with a local ring R (maximal ideal M) is
to topologize it by taking the family {M*|< = 1} as a base of neighbor-
hoods of 0 in R. It can be verified that this topology agrees with
the topology induced by the following metric on R: d(r,r) = 0;
d(r,s) = 27 if and only if » — se M" and » — s¢ M"*'. A complete
local ring is a local ring which is complete with respect to this
topology. The structure of complete local rings is well known and
will be described in Theorem 8 below.

If R is any ring, R[[z]] denotes the ring of formal power series
in one indeterminate with coefficients in R. The ring of polynomials
Rjx] is considered as a subring of R[[x]] in the obvious way. We
shall need several facts about such power series.

ProprosiTION 5. Let R be a ring. Then:

(1) If R is an integral domain, so is R[[z]];

(2) If R is Noetherian, so is R[[x]];

(3) An element fe R[[x]] is a unit if and only if the constant
term of f if a unit in R.

The proofs of (1)-(3) can be found in Zariski and Samuel [8,
Chapter 7] and in Nagata |6, Chapter 2].

COROLLARY 6. If R is a field, then R[[x]] is a principal ideal
domain.

Proof. All nonzero elements of a field are units; hence (3) im-
plies that all the nonunits of Rj[x]] are contained in the ideal (x).
Hence by (1), (2) and Proposition 3 R[[xz]] is a local integral domain
whose maximal ideal is principal. Therefore by Proposition 4 Rf[«]]
is a principal ideal domain.

It should also be noted that (3) implies that every element of
Rj[x]] whose constant term is irreducible in R is irreducible in R[[«]].

DEFINITION 7. A v-ring is a ring D such that D is a complete
local integral domain of characteristic zero, whose maximal ideal N
is generated by p(the p-fold of the identity element-ie. 1 +1 + .-+ + 1
(p times)), where p == 0 is the characteristic of the residue field D/N.

By Proposition 4, a v-ring D is a PID. Observe that (up to unit)
p is the only irreducible element of D.

THEOREM 8. Let R be a complete local ring whose maximal ideal
M 1is principal, M = (a). Then R 1is the homomorphic image of
DI[[z]] under a homomorphism which sends x € D[[z]] onto a € R, where
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D 1s either the field R/M (if char R = char B/M), or a v-ring whose
restdue field D/(p) is maturally isomorphic to R/M (if char R + char
R/M).

This is a very specialized version of the structure theorem for
complete local rings due to Cohen [1, Theorem 9 and 12].

2. Proof of Theorem 1.

DEeFINITION 9. A principal ideal ring R is special if R has a
unique prime ideal and this ideal is nilpotent.

Since every PIR is Noetherian and every maximal ideal is prime,
a special PIR is a local ring. Furthermore the nilpotency of the
maximal ideal implies that every Cauchy sequence must eventually be
constant and therefore convergent. Hence a special PIR is a complete
local ring.

LEMMA 10. Ewvery principal ideal ring R is the direct sum of
principal ideal domains and special principal ideal rings.

This is just Theorem 33, page 245, of Zariski and Samuel [7].
In view of the lemma it suffices in Theorem 1 to assume that R is a
special PIR and thus a complete local ring with (nipotent) maximal
ideal M = (a). By Theorem 8, R is the homomorphic image of DJ[z]],
where D is a field or v-ring. If D is a field D[[x]] is a PID by Corol-
lary 6. If D is a v-ring, D[[x]] is not a PID. Consequently, to com-
plete the proof of Theorem 1 we must show that when D is a v-ring,
R is the homomorphic image of a PID.

Let ¢: D[[x]] — R be a ring epimorphism such that ¢(z) = a. Our
method is to factor out of D[[«x]] a principal ideal generated by an
irreducible element in such a way that the resulting quotient is a
PID. We shall choose this irreducible element to be in kernel ¢.
Thus ¢ will induce a homomorphism from the quotient onto R and
the theorem will be proved.

As above we shall write p for the ordinary prime integer as well
as for the p-fold of the identity in R and in D (and therefore also
in D[[«]]). In the present case D is a v-ring and by Theorem 8 we
have: char R + char R/M = char D/(p) = p # 0. It follows that pe R is
a nonzero nonunit. Therefore by Proposition 4, p can be written in the
form a*u, with 4 a unit in R; k > 0 since p is in the ideal of nonunits
M = (a). Choose c¢e D[[x]] such that ¢(¢) = u. Then the element
f= —cx* + p of Df[x]] is in the kernel of ¢ (since @(x) = a and
@(p) = p). Furthermore since the constant term of f is p, which is
irreducible in D, f is irreducible in D[[«]].
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It is proved in Krull [4, p. 13] that if D if a v-ring, then D[[«]]
is a unique factorization domain. Therefore the ideal (f) generated
by the irreducible element f is a prime ideal (see, for example, Zariski
and Samuel [7, p. 21]). Thus the quotient S = D[[x]]/(f) is an integral
domain and ¢: S— R is an epimorphism,

To complete the proof we need only show that S is a PID. By
Proposition 4 this will be the case if we can show that S is a local
ring with principal maximal ideal. D[[«z]] (and hence S) is Noetherian
by Proposition 5. If ke D[[x]] let h denote its coset in S. Since
@(%) = a, which is a nonunit in R, ¥ must be a nonunit in S. There-
fore (%) is a proper ideal in S. Also since f=0 in S and f has
constant term p, B e (). Now let & be a nonunit in S. Then hisa
nonunit in D[[«]] and therefore has constant term which is a nonunit
in D. Since (p) is the ideal of all nonunits in D, the constant term
of » is in (p). But then & is a sum of an element in (x) and an
element in (p). Therefore & is the sum of an element in (¥) and an
element in (p) S (%). Hence h e (%) and (%) contains all nonunits of S.
Thus by Proposition 3 S is a local integral domain with principal
maximal ideal. By Proposition 4, S is a PID and the proof is complete.

COROLLARY 11. FEwery special principal ideal ring is the homo-
morphic image of a principal ideal domain.

3. Further comments. In a certain sense, Theorem 1 is best
possible, Namely the following conjecture is false: every principal ideal
ring is the homomorphic image of a principal ideal domain. A counter-
example to this conjecture is given by the direct sum S=R@ Z of
the reals and the integers. S is clearly a PIR which is not an integral
domain. Also every Z-module is an S-module by pullback along the
projection R@ Z — Z. In particular the additive group of rationals @
is an S-module. As is well known @ is not a direct sum of cyclic
groups, and hence cannot be a direct sum of cyclic S-modules.

Suppose S were a proper quotient of an integral domain D, say
S = D/(¢). Then every S-module is also a D-module which is annihi-
lated by the ideal (¢). Thus every S-module is a torsion D-module of
bounded order and therefore by Kaplansky [2, Th. 6 and p. 36] is a
direct sum of cyclic D-modules. Therefore every S-module, (in par-
ticular @) is also a direct sum of cyclic S-modules, a contradiction.

In closing we note the following easy consequence of Lemma 10,

COROLLARY 12, A principal ideal ring R is a direct sum of
principal ideal domains if and only if it has mo nonzero nilpotent
elements.
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