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ON WEIGHTED POLYNOMIAL APPROXIMATION
OF ENTIRE FUNCTIONS

B. A. TAYLOR

An existence theorem for the 0 operator is used here to
prove some results on weighted approximation of entire func-
tions, Theorem 2 shows that if ¢ is a convex function on
€ = R such that the Hilbert space of all entire functions

S with | | f|2¢7%d1 < 4o (di Lebesgue measure) contains the
polynomials, then the polynomials are dense in this Hilbert

space, Two approximation theorems are also given which
are related to the theory of quasi-analytic functions.

The method used here is the analogue for €" of the method used
by Hormander in [7] (see also [6]) to prove approximation theorems for
analytic functions in domains of holomorphy. We apply an existence
theorem for the o operator, Theorem 4.4.1 of [7], to prove our Theo-
rem 1, which gives essentially a modification of the results proved in
Lemma 4.3.1 and Theorem 4.4.4 of [7]. Our proof is somewhat sim-
pler than the corresponding proofs in [7] because we are working on
€~ rather than an arbitrary domain of holomorphy, which makes several
technical details easier. The rest of the paper then deals with appli-
cations of Theorem 1 to weighted approximation of entire functions.

We point out that most of the results proved in this paper can
be proved by other methods. For example, Theorems 2 and 5 can be
deduced from results in [3]. However, the theorems in this paper are
much simpler than the corresponding results of [3]. The methods used
here also demonstrate that Hormander’s L? estimates for the o operator
are non-trivial even in one variable, as has already been pointed out
by Kiselman [10].

1. Application of the 0 existence theorem. We recall briefly
some of the results of Hormander as presented in [7]. Throughout
the following ¢ denotes a plurisubharmonic function on €* = Gx .. €
(n times, € = complex numbers), and L*g)(=L*€" $)) denotes the
Hilbert space of functions on €* which are square integrable with
respect to the measure e*d\n, where d\ is the Lebesgue measure.
Similarly, L (¢) is the space of differential forms of type (p, q¢) with
[ coefficients from L*g). The collection of all entire functions fe L¥g)
is denoted A(¢). A function fe L¥g) is n UA(p) if and only if 3f =
>i7-1 (0f/07;)dz; is the zero (0,1) form (with derivatives taken in the
sense of distributions).

We shall use a special case of Theorem 4.4.1 of [7].
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THEOREM. Let ¢ be a strictly plurisubharmonic function of class
C? such that

3, (@/0507)w,m, = 0 3 [0,
Iyk=1 i=1

where c¢(2) 18 a positive continuous function and z = (2, *++, z,.z, w =
(Wyy »++, w,) €@  For every g = 3\, 9.dz;€ L} (¢) such that og =0
and

[ 1oretjean < +=(107 = 3 10:F)
there exists u e L¥g) such that ou = g and

S | Pe~¢dN < S lgPe=*/cdN .

Actually, we need a slightly stronger version of the theorem in
which the hypothesis that ¢ € C* is relaxed. The weight functions we
wish to apply the theorem to are of the form ¢(z) + log 1 + [2[})
(2P = 51 |2;]* for z = (2, -+, 2,) €C@"), where ¢ does not belong to
the class C°. However, as pointed out by Hormander in [8], the theorem
is easily extended to this case by the same technique used in the proof
of Theorem 4.4.2 of [7]. Also from this proof, we see that for weight
functions of this form, we can take ¢(z) = (1 + |27

THEOREM 1. Let ¢, < ¢, =< ¢; < + -+ be plurisubharmonic functions
on €, let ¢ = lim;, .. ¢;, and suppose that S exp (—g@,)dN < + oo for

every compact set K. Then the closure of UJ L W(g; + log (1 + [2]%)
in the Hilbert space L (¢ + log (1 + |z2]%) contains U(p).

Proof. Let «,, «,, ++-+ be a sequence of C~ functions with compact
support such that «,(z) =1 for |2] =%n,0=Z a, <1, and

9 1" < k(1 + |2p)

J

>

(For example, let y € C~ have compact support, 0 <y <1 and () =1
for |z| £ 1. Then put a,(z) = x(z/n).) Let feWA($). Then fu, is a
good approximation to f, but it is not analytic, so we modify it as
usual. That is, put g, = d(fa,) = foa,. We will use the above exist-
ence theorem to solve the equation du, = g, so that the analytic func-
tion a, = fa, — u, belongs to U;W(g; + log 1 + |z]|*)) and converges
to f in the Hilbert space (¢ + log (1 + |z[9)).

Let ¥;(z) = 4;(z) + log (1 + |2]%), and let ¥ be defined in the same
way with ¢; replaced by ¢. Then define
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In, ) = {10, F(L + [2Feviar = 1o + 1z mevian,

and let I(n)be defined in the same way with ¥; replaced by ¥. Now
I(n) = S | f1Ploa, [Pl + |zP)e~tdN < KS | fPe~*d\ = ¢, and €, — 0 as

fzizn

n — oo, since | |f’¢e*d\ < +o. Moreover, g, has compact support
and the ¢; increase monotonely to ¢. Therefore, lim;_ .. I(n, j) = I(n)
by the dominated convergence theorem, so there is an integer j = j(n)
such that I(n,j(n)) < 2¢,. Then by the above theorem (and remarks)
applied with the weight function (V) there exists u, such that
ou, = ¢, and

S |, e VidN\ < 26, G =13m) .

If a, = fa, — u,, then a,e U, Ar;). Moreover,
[ 1 fevan < | frevid < 26, G = im)
so u,— 0 in L*¥). Also fo,— f in L¥¥), so that a,— f as asserted.

REMARKS. 1. It is not necessarily true that ((¢) is dense in
(s + log (1 + |2]))). For example, take, in one variable

6(2) = %log @+ 2P

so that 2(g) is the constants and (¢ + log (1 + |2[%) is the polynomials
of degree <1. However, we know of no nontrivial example in which
A(g) is not dense in (¢ + log (1 + |z[*)). Also, we know of no ex-
ample in which U, %(g,) fails to be dense in the Hilbert space 2(g).

2. Note that to prove A(g) is dense in UA(p + log L + [2[9), it
suffices to prove that the reproducing kernel K(z, w) for this latter
Hilbert space belongs to (¢), (as a function of one variable with the
other held fixed). This is the case in every nontrivial example we
know. However, we have been unable to prove this estimate for any
reasonably general class of weight functions.

3. As is well known, we note that questions of polynomial ap-

proximation are trivial when ¢(z) = ¢(|z]) is a function only of the
distance from the origin.

COROLLARY. (n = 1) Suppose Se“i’ldk < 40, and let
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SA(g) = {f e Ag): (L + [2]).f € L¥(9)} .
Then the closure of U; W(g;) 1 W(g) contains SU(g).

Proof. If fe SA(g), then zfe A(p) and then by Theorem 1 there
are functions a, is U; (g, + log (1 + [2[)) which converge to zf in
A(p + log (1 + [2[)). It is then easy to check that the functions
b,(2) = (a.(2) — a,(0))/z belong to U; A(s;) and converge to f in A(g).

2. Convex weight functions. In case the plurisubharmonic
weight function ¢ is a convex function on €" = R*, we can completely
settle the question of when the polynomials are dense in 2(¢). Recall
that for a convex function ¢ on R*™ = @", the conjugate convex func-
tion to ¢, ¢*, is defined by

¢*(w) = sup {Re <z, w) — 4(2): 2€ €},

where

n
{zy wy = X 205 z, we @,
1

THEOREM 2. Let ¢ be convexr on €".

(i) If 1eg), then ¢*(w) is finite on a meighborhood of the
origin in €~

(ii) If ¢* is finite on a neighborhood of the origin in €", then
the polynomials are dense in A(p).

The proof of (ii) of Theorem 2 is essentially an application of
Theorem 1, where the ¢; are finite maximums of suitable tangent
planes to the surface y = ¢(z), and part (i) is just a fact about con-
vex functions. Before proving Theorem 2, we shall collect some
elementary facts about convex functions which will be needed in the
proof.

DEFINITION. (a) £(¢) = {/(2): 2(2) < ¢(2) for all ze €}, where
Z(z) = Re <z, w> + A for some we €" and some constant A.

() F(g) = {we € ¢*(w) < + o).

(¢) F°(g) = interior of F(p).

Note that F'(¢), F°(¢) are convex, though possibly empty.

ProposiTION 1. If K is a compact subset of F°(¢) of distance
greater than & > 0 from the complement of F(¢), then
$(2) = h(z, K) + d|z| — A

where
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h(z, K) = Sup {Re {z, w): we K}
1s the support function of K and A = A(K, 0) is a constant.

Proof. Let K’ denote the set of all points of € which are of
distance at most 0 from K. Then K’ is a compact subset of F°(g).
Now ¢* is continuous on F°(¢) (see, e.g., [4]), and thus bounded on
K', say A =sup{¢*(w): we K'}. Let ze€". Choose uwecC", |u| =0,
such that {z, u» = 6|z|. For each we K, the vector w + we K. Thus
A=o"w+ u) = Relz, w+ u) — ¢(2) = Rez, wy — ¢(2) + d|z|. This
holds for all we K, so A = h(z, K) — ¢(z) + 0|#2|, which is equivalent
to the desired inequality.

PRrROPOSITION 2. Let F(¢) be as above. If F°(¢) is empty, then F
is contained in a (real) 2n — 1 dimensional hyperplane. Moreover,
& 18 constant on lines perpendicular to this hyperplane.

Proof. The set F where ¢* is finite is clearly convex, since

¢*(aw, + (1 — @yw,) = ag™(w,) + (1 — a)g™(w,)

for 0 < a < 1, and any convex set in R* = €" with empty interior is
contained in some (not necessarily unique) hyperplane. Suppose such
a hyperplane is

H={we€": Rez”, w) + A = 0} where 2"e@" AeR.

Now, ¢(z) = sup {#(z): 7€ Z7(6)} (see, e.g., [4], or apply the Hahn-
Banach theorem). Let se€ .<7(¢). Then /(2) = Re {z, w) + ¢ for some
constant ¢ and some we €”, and

Re (z, w) + ¢ < ¢(2) .

This implies that ¢*(w) < + o, hence that we H. Therefore, #(z) is
constant on all one (real) dimensional lines orthogonal to H, and ¢(z),
as the upper envelope of all the ~e 29(g), is also constant on such
lines.

ProprosITION 3. Suppose that F°(¢) contains the origin. Then
there is a compact subset K of €* and a number ¢ > 0 such that

$(02) — ¢(2) = &(0 — 1)|z]
for all 6 > 1 and all z¢ K.

Proof. We will prove this by obtaining a lower bound on (9/0t)¢(¢2)
for large real numbers ¢t. Let &€ > 0 be such that the closed ball of
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radius 4¢, and center at the origin is contained in F'’(¢). If K denotes
the closed ball of radius 2¢ and center at the origin, then i{z, K) =
2¢|z| so from Proposition 1,

$(z) = 2¢lz| — A.

Consider for ze €", |z| = 1, and for te R, the convex function of ¢,

9(t) = g.(t) = ¢(tz) .

Let dg/dt denote the left hand derivative of g(t). Since the difference
quotients of a convex function are nondecreasing,

dg , . .

Fra sup {(g& + 4t) — gk&))/dt: 4t < 0} .
For large positive ¢, g(¢) = 2¢t|z| — A and consequently dg/dt > e. De-
fine, for r > 0, E(r) = {z€ €~, |z| = 1:dg/dt(r) > ¢}. What we have
just proved above is that U,., B(r) = {z€ €": |z| = 1}. But dg/dt, as
a function of 2z, is lower semicontinuous, because it is the upper en-
velope of a family of continuous functions. This implies that each
E(r) is open. Since the sets E(r) increase with increasing », it follows
from the compactness of {#ec €":|z| = 1} that for some 7», > 0, E(r,) =
{ze €™ |z| = 1}. Then if |2| =7, and 6 > 1,

8(02) — ¢(2) = 6(01z|(z/|z])) — ¢(|21(z/|z]))

- S“”ﬂdt > (2] — |2]) = &6 — 1)|z] ,
12l dt

as asserted.

Proof of Theorem 2 (i). Assume, by way of contradiction, that
6*(w) is not finite on a neighborhood of the origin in €". Then, since
F(g) is convex, there is a z € € such that Re{z, w> < 0 for all we F(g).
After perhaps a linear change of variable, we may suppose that z =
1,0,9,---,0), so that Re w, <0 for all w = (w,,---,w,) € F(¢). But,
#(z) is the upper envelope of the functions #(z) e &“(¢), and each such
/(z) has the form /(z) = Re<z, w) + ¢ where we F($). Therefore, each
/(z) is nonincreasing in the variable Rez,, and so the same is true of

#{z). This clearly implies that Se*d’d)» = <4 oo, which contradicts the
assumption that 1e%(¢). Thus, (i) is proved.

Proof of Theorem 2 (ii). If F'°(¢) contains the origin, then we may
choose ¢ > 0 such that & = {w:2|w| < ¢} is contained in F°(g). If
f(®) = exp <z, wy, with we 7, then it is easy to verify that the power
series of f converges to f in A(g). Therefore, (i) will follow from
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assertions (a)-(d) below. The proofs of (a), (b), and (d) are routine,
and (c) follows from Theorem 1.

(a) Let ¢ denote an open subset of F'°(¢). Then for each we &,
exp (<7, w)) € A(g) and the closure of the linear span of all such ex-
ponential functions contains exp (1{z, w)) for all we F°(g).

(b) The closure of the linear span of the exponentials exp (1{z, w)),
with w e F°¢) contains all entire functions of exponential type f(z) of
the form

7@ = | exp €z, w)duw)

where p is a Borel measure of compact support, whose support is
contained in {fw:we F°g)} = 1F°(¢).

(¢) The closure in 2(p) of the entire functions of exponential type
described in (b) contains all f € 2(s) such that f(6z) € () for some real
number 4 > 1.

(d) If fed) and r <1, then f(rz) e WAU(g) and lim,_,~ f(rz) = f(z)
in ().

We first prove (a) and (b). Let ge(p) be orthogonal to all
exp (3<{z, w)), with we ¢”. The estimate of Proposition 1 allows us to
prove easily that

Gw) = | 78 exv (142, w)) exp (—s@)NE)

is conjugate analytic for we F°(¢). By hypothesis, G vanishes for
we ¢ so G vanishes on F'°(g) since F°(¢) is connected (even convex).
Part (a) then follows by the Hahn-Banach theorem. The proof of (b)
is essentially the same. If f(z) is of the form given there, then

| 7@ exp (—sEE = | Gz = 0,

the interchange in order of integration being justified by Fubini’s
theorem and the ineguality of Proposition 1.

We will use Theorem 1 to prove (¢). Let » <1 and ¥(z) = ¥.(z) =
#(rz). We want to choose ¢, < ¢, < --- with sup;¢; = v in such a
way that U, 2(¢; + log (1 + |2])) is a subset of the class of functions
described in (b). To do this, let #,(2), 4(z), -+ be a sequence of func-
tions in .27 (v) such that sup {4(2): 5 = 1,2, ---} = ¥(2), and then define
6;() = max{/(z), ---, 4(®)}. (To see that such functions « exist, note
that each ~ e _<(v) is of the form ~/(z) = Re {2z, w) — ¢ for some ce R,
wel". Set B={(w,c)e€” x R:/(z)e < (¥)}. Then B has a count-
able dense subset (w,, ¢,) and

7(?) = Re <z, w,> — ¢,
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is a suitable sequence.) It then follows from Theorem 1 that the
closure of U, A(g; + log 1 + |2)) in A + log (1 + |2])) contains
A(¥). By Proposition 3, ¥(2) + log (1 + [z2[°) = (), except possibly
on a compact subset of €” and, consequently, convergence in

A + log (1 + 12]9)

implies convergence in ().
To complete the proof of (¢), it remains to show that each

feWg; + log (1 + [2[9)

is of the form prescribed in (b). Let v, = ¢; + log (1 + [2®). By
construction of the ¢,, there are points w,, «+-, w; € € and constants
¢y *++, ¢; such that ¢, is the maximum of Re {z, w,) — ¢, k =1,2,-+-,7.
In particular, it follows easily that

F:(2) = sup {;(z + w): |u| < 1) < (%) + Const.
But for feA(¥;) we have, since f is analytic

1

flz) = A

|0+ wivw,
where £k, is the volume of the unit ball in €*. Thus

&) =

Slu!gx |z + w)| exp (—3V;(z + w) + $¥5(2 + w))dM(u)

exp (15, | 156 + )l exp (— i, + W)drw) -

n

N

Applying Schwarz’s inequality to this last integral, and then extending
the domain of integration to all of €, we find

@< I(1] - exp (39:(2) ,
where |f| is the norm in UA(y;). Therefore,
|f(2)| = Const. || f|| exp (3¥4(2)) .

Now each /() < ¥(2) = ¢(r2) where r < 1, so each w; occurring in
the representation of /(z) necessarily belongs to F°(g). Also,

log (1 + [2[) = 0(c[z])

for every € > 0. Thus, ¥,(2) < h(z, K) + 0(1) for some compact subset
K(=K;) of F°(¢). Thus,

| f(2)| = 0(exp (3h(z, K))) = 0(exp (k(z, 2K))) .
It then follows that f(z) is of the form in part (b) (see, e.g., Martineau
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[12, p. 150], or Hormander [7, p. 98], or for the case n = 1, [1, p. 74]).
This completes the proof of (c). -

Lastly, we prove (d). Let fe¥(g). We will use the fact that
if f; — f pointwise and || f;|| — || f|l, then f; — f in 2(¢) (see, e.g., [5,.
p. 209]). Clearly lim,_.,- f(r2) = f(?) pointwise. Also

1

2n

| f(rz) [P = S [ f(r2) [P exp (— ¢(2))dN(z) = g | f(2) P exp (—8(2/7))dN(z) .
Outside the compact set of Proposition 3, ¢(z/*) decreases monotonely
to ¢(z), while on the compact set, ¢(z/r) converges uniformly to 4(z)..
Thus, || f(r?)|? converges to

S | f(2) [ exp (—8(2)dN(z) = || F ] .
This completes the proof of Theorem 2, (ii).

When ¢* is just finite on an open set, we can make the following"
adjustment of Theorem 2.

THEOREM 3. Let ¢ be conver on €, and let F°(¢) denote the in-
terior of the set om which ¢*(w) < + oo,

(1) If fl» = exp Kz, w)) € A(9), then 2w e F°(g), and

(i1) If F%¢) 1s not empty, then the collection of functions f(z) =
exp Kz, w)) with 2w e F°¢) have dense linear span in 2U(g).

Proof. If w,eC" and ¢,2) = ¢(z) — Re {z, w,», then the mapping
f(® — f(z) - exp (3<{z, w,») is an isometric isomorphism of 2(g,) onto A(g)
which carries exporential functions onto exponential functions. Also,
the set on which ¢ is finite is the translate by —w, of the set on
which ¢* is finite. The above theorem then follows from Theorem 2,
or more correctly, from assertions (a)-(d) of the proof of Theorem 2
applied to the space 2l(¢,) with ¢, defined using an element w,c F£°().

We can also prove Theorems 2 and 3 for norms other than the:
L? norm.

DEFINITION. (a) $7%(g) = { f entire: || £}, = (‘ ; f{”e—‘f’dk>””< Lol
() U=(¢) = {f entire: f(zle*? —0 as |z|— +c}, and ||f]l. =
sup {| f(z) le™**: 2z € G},

THEOREM 4. If ¢ is conver on C" and if ¢* 1s finite on a neigh-
borhood of the origin, then the polynomials are dense in the Banach.
spaces 7(3), 1 < p < +co.



532 B. A. TAYLOR

Proof. We prove this only for finite p, the case p = «~ being
essentially the same. As in (d) of the proof of Theorem 2, we have
Jrz) — f(z) in AP(g) as r—1". Fix r <1 and choose r < p < o' <
0"’ < 1. Then exactly as proved in (¢) of Theorem 2,

o2 = 1151, exp (2662

where ¢(z) = sup {$(z + u): |u| = 1}. By Proposition 3,
$(rz) < 6(02) + 0(1) < (0 2) — (0 — P)Iz] + 0(1) .

Hence f(rz) € A((2/p)(0’ 2) = WN(2/p)e(0’ 2)). Apply Theorem 2 to obtain
polynomials p;(z) converging to f(rz) in this Hilbert space. Then these
polynomials also converge to f(rz) in 2?(p). For, we have pointwise
convergence and the bound, derived as above,

|p;(z)| < Const. exp (%5(9’ z)) .

Whence, by Proposition 3,
$(0'2) < 60”2 + 0(1) < 6(x) — (1 — p")|z| + 0Q1),

and therefore S |p;j(z) — f(rz) |Pe*d\ converges to zero by the dominated
convergence theorem.

3. Weight functions of the form v(r) + u(x). We study in
this section weight function of the form ¢(2) = v(r) + u(z), where

2= (2 o, 2), 7 = (2], =+, |2, 1),

and z = (Rez, ---,Rez,) = (%, ---,2,). In order to guarantee that
¢ be plurisubharmonic, we assume that the following conditions are
satisfied.

(i) wu(x) is convex;

(ii) w(r) is a convex function of log » (i.e., v(e™, ---,€™) is
convex);

To insure that %(s) contains the polynomials, we assume

(iii) v(r) = A>r log (1 + »;) for each A >0 and », + «+- + 7,
sufficiently large.

In order that the space %(p) contains some exponential functions
with frequencies near zero, we also assume

(iv) wu(x) =d(x,|+ -+ + |2,]) — C for some d >0 and some con-
stant C.

Lastly, we assume a technical condition which is needed in our
proof.
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(v) wo(r, -+-,7,) is nondecreasing in each variable r,.

From (iv) it follows that «w*(t) = sup, (¢.x,+ -+ + t,x, — u(x)) where
= (X, ++-, 2,), x; real, is finite on some neighborhood of the origin
in R~

DEFINITION. E(w) = {exp (?, t,)): w*(t) is finite on a neighborhood
of t, in R"}.

The following theorem is useful in proving that certain spaces of
quasi-analytic functions are analytically uniform [15].

THEOREM 5. If ¢(2) = v(r) + u(x) satisfies ()-(iv) above, then the
linear span of the exponential functions in E(w) is dense in A(g),
1=p=s +oo.

Proof. The proof is quite similar to that of Theorems 2 and 4,
so we shall only outline the steps for the case » = 2. The functions
#; may be chosen as follows. Let u;(x) be an increasing sequence of
convex functions such that u;(x) < u(x), u;(x) — u(x), and

u;(@) = 0(Ja,| + «+« 4 |2a))

for each 7 > 0. Such a sequence may be constructed as in the proof
of (¢) of Theorem 2. Let v;(r) be an increasing sequence of convex
functions of log r (as described in (ii) above) such that v;(r) < v(r),
v;(r) — v(r) and

v;(r) = 0(2 log (1 + m)) for each 7 >0.

Such a sequence may be constructed by passing to the convex function
v(e™, - - -, e™), and proceeding as before to construct v;(e™, ---e™), which
thus defines v;. Then ¢;(z) = u;(r) + v;(x) is plurisubharmonic and
1N = ¢2§ e, i 6.

Now exactly as in the proof of (d) of Theorem 2, f(rz) — f(2) as
r—1 for each feA(g). Therefore,

V= U U %e:(r2)

is dense in 2(¢), by Theorem 1. Consequently, it suffices to prove that
every f e V is a limit, in (), of linear combinations of the exp (Kz, t)).
Each f e V satisfies an estimate of the form

3.1) @] = AQ + 7, 4 « -+ + 7.)" exp (3(2, K))

for some constants A, B, where h(x, K) is the support function of some
compact subset K of the interior of the set of all ¥ = (y, *++, ¥.), ¥;
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real, such that

3.2) w*(Y) = sup (Y, + + o+ + Yuls — (@) < + o0 .

Further, each f satisfying (3.1) is the limit in 2((¢) of functions of the
form

(3.3) @) = Se“’”g(t)dx(t)

where g is an L*? function with compact support contained in the in-
terior of the set of all y satisfying (3.2). This may be seen for example,
by multiplying each f satisfying (8.3) by functions

7.6) = | e, 0ane) |

where

1
6271.

X)) = —-x(/e)

and 0 < x(¢) is a C~ function on R* with compact support such that
S L@)dN(E) =1, to obtain a function F.(2) = f(2)X.(2) which, for ¢ small,
still satisfies (8.1) and which is in L? on the imaginary subspace of €*.
As e— 0", F.— f in 2(¢), and the Paley-Weiner Theorem implies that
F. is of the form in (3.3). Lastly, it is easy to prove that each f of the
form (3.3) is a limit in A(¢) of linear combinations of the exp Kz, t)).
This completes the proof. ‘

In view of Theorem 5, to study when the polynomials are dense
in A(¢) for ¢ as above, it suffices to find when the exp ((z, ¢)) can be
approximated by polynomials. The answer to this question is given
by the following theorem, which is in fact equivalent to the Denjoy-
Carleman theorem on quasi-analytic functions.

THEOREM 6. If ¢(z) = v(r) + w(x) satisfies (i)-(v) of this section,
then the fumctions in E(u) can be approximated by polymomials im
A(g), 1 < p £ + oo, if and only if

+o0
(3.4) SO -]-v—f%-df = 4+ o

for every r = (r, ++-,1r,). Consequently, the polynomials are dense
in W(E),1 < p< 4o if and only if (3.4) holds.

Proof. We first show that if (3.4) fails, then the polynomials
cannot be dense in A?(¢). We shall prove this only for the case p =
+ oo, as the other cases may be easily deduced from this by arguments



ON WEIGHTED POLYNOMIAL APPROXIMATION OF ENTIRE FUNCTIONS 535

analogous to those used previously to pass from one value of p to all
other values of p. Thus, assume that for some » # (0, -+, 0)

Fe y(sr) -
SO ———1+82d8< 4 oo

It is no loss of generality to suppose that exp ((z, 7)) € A=(g), since if
not, we can replace » by &r for some small ¢ > 0. We claim that
exp ({z, r)) cannot be approximated by polynomials in A~(¢). For,
assume that P, is a sequence of polynomials converging to exp (Kz, 1)
in A=(¢). Then for some constant C > 0,

| P,(z)| < Certi70 v

In particular, if { =a + % is a complex number and F, () = P,(r{),
then F', is a polynomial in { and

log [F,(ib) | = v(|b]r) + u(0) + log C.

For the polynomials F,, we have the well-known majorization given
by Poisson’s formula,

log | Fu(a + ib)| = L S”" O log |F.(it)lds, (@ > 0) .
T J-e @ + (b — 7)°

In particular, for a > 0, we have

log |F (@) < u(0) 4+ log C + a S:: B_Z’%”)T_zdf .

However,

S“" VT g0 as a— 4o
o a? _+_ ,Z-Z

if (3.4) fails. Therefore, since the P, are assumed to converge to
exp ((z, ) in A=(¢), we have for a > 0

alr, ry = lim log | F',(a) | < o(a) + Const ,

which implies <r, > = 0 and therefore » = 0, a contradiction. Thus,
exp <{z, ) cannot be a limit of polynomials in A=(g).

We now prove the sufficiency of (3.4), again only for p = =, as
the other cases are similar. To simplify the notation and computations,
let us assume we are in the case of two complex variables. Define <
to be the open set in R* on which u*(t, t,) is finite. Then let F be
the set of all (¢, t,) in ~° for which P(z, z,)e""1*%%2 ig a limit of poly-
nomials in U=(p) for all polynomials P. It is easy to check that F' is
a (relatively) closed subset of £” Therefore, if F' is also an open
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subset we have F = 7, since ¢ is convex, hence connected, and this
is what we had to prove. ‘

To prove that F' is open, we first prove the following apparently
weaker assertion.

(™) If w*@t,t) < 4o for |t,] < 2¢, |t,| < 2¢ then F contains
{(tu tz): Itxl <g, |t2| < 5} .

The proof of (*) is based on the Denjoy-Carleman theorem. Let
L be a continuous linear functional on A~(¢) which annihilates all
polynomials. By the Hahn-Banach theorem, it is enough to prove that

L(zrzretn+ies)y = 0 for [t <e, |t <e€.
Define for such ¢, t,,
St ) = L(etrte) |
Then f is infinitely differentiable and

an+m
——f(t, t,) = L(zrzperitien) |
amt;,,f(l 2 (212 )

so it suffices to prove that f(¢,, t,) = 0. Now
|26, 0| = Lo < Cllarena|

since L is continuous. However,

lz;netlzll é eu*(tl,O) sup r:ue—v(rl,o)
r

and the sequence of constants

b, = sup rre=""v?

determine a quasi-analytic class since (3.4) holds with » = (1, 0) (see,
e.g., [11]). Also,
an
oty

£0,0)=0,7n=0,1,2, -+,

so f(t,, 0) =0, |t <e.

Now we also assert that (¢, 0) € F. For, from the above argument
with »(r,, 0) replaced by v(r, 0) and u(x) replaced by &|z,|, it follows
that there is a sequence of polynomials in 2z, which converges to

e, 6] < e,

in the Banach space A~(3v(r, 0) + ¢&|x,]) of entire functions of one
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variable. In particular, there are polynomials P, such that
I-Pn(zl) _ etlzll é _Lel/zv(rl,())—i—sml] .
n

Then

|2r P (2,) — ziet?| < ’rz gl/20(r,0) el
n

< ConSt- 61/21:(0,1'2)+112v(11,0)+u(x1,x2)
I

< Const. LT ety
T on

since w(r,, 7,) is nondecreasing in each variable. Therefore,
P,(z)25 — 27"

and consequently
atm _fit,, 0) = Liere) = 0, |t,] <e.
Then also

St 0 = 0

so (¢, 0) € F' as asserted.

We now proceed as earlier and apply the Denjoy-Carleman Theo-
rem. Thus

= Cl|zpetriatin||

' ot S e 8

< Ce'vi2) qup (rpe=""m)
r

and hence for fixed ¢, f(t,, t,) = g(t,) belongs to a quasi-analytic class.
As verified above

f(tlyo)—o m—O 1 2 cee

at2

80 f(t, t,) = 0, |t,] < ¢, |t,] < &, which completes the proof of (*).

It remains to prove that F' is open. Let (¢, t,) € F. Choose ¢ >0
so small that (¢, + s, ¢, + s)e e for |s,| < 2¢, |s,] <2 Then let
W2y, ) = ule, €,) — tw, — tx. We have that 4*(s,s) < +o for
[s,| < 2¢, |s,| < 2. Applying (*) with the weight function v(r, r,) +
#(x;, %), we obtain the existence of polynomials P, converging to
evitiz in =(v(r, r,) + %(x, x,)). But the norm of
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Pnetlzﬁ—tzzz — e(t1+31)21+(t2+32)12

in the space with weight wv(ry, 7)) + w(x, @,) is equal to the norm of
P, — et in the space with weight v(r, 7,) + % (, 2,). Therefore
gtitatran i g limit of polynomials in =(g) for all [s,| < ¢, |s,| < &.
It is easy to deduce from this that

z;"z;"@(tl""l)’l"'(‘z*'sz)"‘2

is also a limit of polynomials so that (¢, + s, ¢, + s;) € F. This com-
pletes the proof.

4. Examples. We conclude with some simple examples. Consider
the weight functions ¢(2) = |x|° + |y |*, where z; = x; + 2y;, |®| = > |25,
and |y| = X\ |y;|. Then

(A) The polynomials are dense in A?(g) if s=1,t =1, or if s<1
and ¢ < 1.

(B) The polynomials are not dense in %(¢) if s=1,¢t <lors<1,
t=1.

The first part of (A) is a consequence of Theorem 2, and (B) fol-
lows from Theorem 6, which shows that the exponential funections
cannot be approximated by polynomials even in the space with a larger
weight function |x|* + 7’. The other part of (A) is a consequence of
a Phragmen-Lindelof theorem. For, if, say s < ¢t < 1, then it follows
from a Phragmen-Lindelof theorem that each f € 2*(¢) satisfies

| = Cexp(%(]zl[ 4 oeee lans) .

However, [2,| + <<« + [z, < |¢|°+ |y < [®]° + |y | for |[y| = 1. From
these estimates, it follows easily that the Taylor series for f(6z) con-
verges to f(0z) in A’(¢) for each # < 1. It is also clear that f(6z) —
f(z) in A?(¢) as § — 1, so the polynomials are dense, as asserted.

Lastly, we give an example where the topology is much weaker
than a norm topology but in which polynomial approximation still fails.
It is easy to construct such examples using Theorem 6. For instance,
let

& = {f(x + iy) entire: || f|. = sup|f(2) exp (—|z[/*** — @ [**)]
< 4o for each 0 < e < 3}.
Then % is a Fréchet space with the topology determined by the semi-

norms, || ||., and it follows from Theorem 6 that ¢* cannot be appro-
ximated in % by polynomials.
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A result similar to Theorem 1 has been proved by J. P. Ferrier
(Approximation with bounds of holomorphic functions of several com-
plex variables, to appear in Ann. Inst. Fourier, Grenoble). In addi-
tion, two independent proofs of Theorem 2 have been given in the
dissertations of D. Wohlgelenter (Yeshiva University) and J. Metzger
(University of Michigan).
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