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OSCILLATORY SOLUTIONS AND MULTI-POINT BOUNDARY
VALUE FUNCTIONS FOR CERTAIN #th-ORDER LINEAR
ORDINARY DIFFERENTIAL EQUATIONS

M. S. KEENER

Consider the nth order linear differential equation
n—-1
(1) ¥+ 5 py® =0,

where p.(f) € Cla, o). This study explores some of the relation-
ships between multi-point boundary value functions for (1)
and the character of oscillatory solutions of (1). In particular,
it is supposed for (1) that a certain (n — 1) point boundary
value problem has no nontrivial solution and that two non-
trivial solutions with (» — 1) zeros in common are constant
multiples of each other. Under these conditions it is shown
that there exists an integer ¢, 1 <% < — 1, such that for
each a > a and every integer [, 1<1=<17—1, there is an
oscillatory solution of (1) with a zero of exact multiplicity [
at { =a. Furthermore, any solution of (1) with a zero at
t = a of multiplicity / = 7 is nonoscillatory.

In general, simple examples illustrate that oscillatory behavior
varies widely under no additional conditions on the equation (1). In
order to give some structure on which to base an investigation of
the given equation, we employ multi-point boundary value functions.
These functions have been studied by Alieu (in papers unavailable to
the author) and by A. C. Peterson ([6], [7]). These functions were
essentially used by Hanan [3] for n = 3 and, for n = 4, by Leighton
and Nehari [5] as well as the author [4]. The results in this paper
generalize some of the ideas of these papers.

We shall need the following definitions.

DEFINITION. We say a nontrivial solution y(f) of (1) has an
U — Gy — ==+ — 1, >k, 1; = n, distribution of zeros on an interval I
provided there exists points ¢, < ¢, < --- <, in I such that y(¢) has
a zero of order at least ¢; at the point ¢t =¢;, 7=1,2, ---, k. For
each te[a, o), 7y,...,(t) denotes the infimum of the set of numbers
b > t for which there exists a nontrivial solution y(¢) of (1) with an
%, — 9, — -+ — 1, distribution of zeros on [¢, b]. If no such distribution
exists, we write

’l‘iliz...ik(t) = o ,
If 7,4,..,(¢) = < for all te[a, «), we write
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7

iyigeeeiy = 0o,

The condition on equation (1) we employ in this paper is
(2) Titeeetegeteney = 0,

where the number two in the subscript appears in the jth position
for some 1 <7 <n — 1. The position of this number two proves to
be important. In order to simplify the statement of lemmas, theorems,
ete., we introduce the: following notation.

NoTATION. For integers 7 and j, 1 1< —2, 1 <j<n —1,
define

Staiit) = Pieosgivn )

where the number (7 + 1) in the above subscript appears in the jth
position. The symbol S,,_.);(t) denotes then the infimum of the set
of number b > t for which there exists a nontrivial solution y(f) with
(n — 1) distincet zeros at points ¢, t <t < <t, < -0 <t,; < b and
a zero at t =t; of order at least (¢ + 1). As Dbefore, if no such
solution y(t) exists, we write

Sin0i(t) = oo ;
if Siu_ij(t) = o for all te[a, ), we write
Sin—iyi = o0 .
In this notation condition (2) above is simply
(3) Stnpi = oo .

For » = 3, Hanan [3] has studied the oscillatory properties of
equations with Sy, = o or S,, = «. Dolan [1] has studied third-order
equations for which S, (t) < S.(t). For n = 4, Leighton and Nehari
[5] considered the equation

II]II

[r@)y"]" — p@)y =0,

r(@), p(z) € Cla, =), r(x) and p(x) are positive on [@, «). They show
that S, = « for such equations. The author [4] has considered
fourth-order equations for which S, = « or S; = c. The methods
of these authors are difficult to generalize since they make use of
the relatively low degree of the equation in question.
In this paper we make use of the following standing hypothesis:
(H) Any two nontrivial solutions with (n — 1) zeros in common
are constant multiples of each other.
The hypothesis seems to play a fundamental role in studies of
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this kind. For n =3, S, = o or S,, = « imply (H) trivially. For
n = 4, added conditions are often used to guarantee that (H) is
satisfied (see [4], [5]). For = > 4, little seems to be known about
equations satisfying (H). However, assuming S,,_,; = « for some
integer j, 1<7<n — 1, it is clear that two nontrivial solutions with
(n — 1) distinct zeros in common are constant multiples of each other.
Furthermore, under the same hypothesis, (H) will hold provided
(n — 1) X n matrices of the form

(z"(a,), 2" (@), - -+, 207 (a))

@G=1 -k 0==m Sy, Sk, =n—1; 2=k <n — 1) have rank
(n — 1). Here {z,(t)}7, is a fundamental set of solutions for equation
1. This latter condition guarantees that solutions exist satisfying
(n — 2) homogeneous conditions and one inhomogeneous condition.
The proof that S(,_,); = = implies (H) follows then by an elementary
argument. We shall assume (H) throughout this study.

Peterson [6] has shown that if 7,,..,,(f) < o for some te [a, ),
then there exists at most one integer 7, 1 <j <mn — 1, for which
S, (t) = 0. Assuming (H), we show in this paper that if S,_,,; =
for equation (1) and a € (a, =), then for each integer [, 1 <1<,
there exists an oscillatory solution of (1) with a zero of exact order
latt=a.

The following lemmas prove to be quite useful in the construction
of solutions with certain types of distributions of zeros. Lemma 1 is
due to T. Sherman [8], while Lemma 2 has been used by a number
of authors. Lemma 3 and Lemma 4 are exercises stated here for
reference purposes.

LEMMA 1. (Sherman) Let f and g be functions with the following
properties:

(i) g has a zero of order ¢ =0 at t = a and g'“(a) > 0;

(ii) f has a zero of order p > q at t = a and fP(a) > 0;

(iii) f(@)g(t) = 0 for te (a, b];

(iv) f, g€ C?la, b].
Then given any K > 0 there 1s a constant ¢, 0 < c¢ < K, such that
i) = ft) — eg(t) has o simple zero at some point t.€(a, d and
(t) = 0 for te (¢, b].

LEMMA 2. Let fand g be functions with the following properties:

(i) f has a zero of order =1 at t = a and a zero of order
m=1att=0>;

(ii) g has a zero of exact order m, <n at t =a and a zero of
exact order m, < m at t = b;

(iii) f()g(t) == 0 for te(a, b);
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(iv) f, ge C?la, b], where p = max {n, m}.
Then there exists a montrivial linear combination hE) of f and g
such that h(t) has a double zero in (a, b).

LEMMA 3. Let f and g be functions with the following properties:
(i) f has a zero of even multiplicity at t = a.
(ii) 9(t) # 0 in some interval I containing t = a.
(iii) f amd g are continuous and positive on I\{a}.
Then there exists a constant K > 0 such that for ke (0, K) the function
k() = f(t) — kg(t) has at least two distinct zeros of odd order on I.

LEMMA 4. Let f and g be functions with the following properties:

(i) f has an isolated zero of odd order at t = a;

(ii) g does not vanish in some interval I containing the point
t=a;

(iii) f, ge C(I).
Then there exists a constant K > 0 such that iof |k| < K, the function
() = f(t) — kg(t) has at least one zero of odd order on the interval I.

LeEMMA 5. Let f and g be functions with the following properties:
(i) ¢ has a zero of order ¢ =0 at t = a and (—1)9'(a) > 0;
(ii) f has a zero of order »p > q at t = a and (—1)°f*(a) > 0;
(iii) f(¢)-9@t) = 0 for te[b, a);
(iv) f, g€ C?[b, a].
Then given any K > 0 there exists a constant ¢, 0 <c< K, such that
M) = f(t) — cg(t) has a simple zero at some point t,€(b, a) and
k() = 0 for te[b, t,).

Lemma 5 is an analogue of Lemma 1 and may be proved by
applying Lemma 1 to the functions F(x) = f(a — «) and G(z) = g(a — x)
on the interval [0, & — 3].

The theorem below provides a good illustration of the techniques
used in the construction of solution with certain desired zero distribu-
tions. The technique is used often throughout the paper. Further-
more, it gives a relationship between an (» — 1) point disconjugacy
criteria and. a two point diseconjugacy criteria. The latter criteria
has received more attention than the former with regards to con-
ditions on the coefficients of (1) to induce such a disconjugacy. If
n = 4, Theorems 2 and 3 are similar to Lemmas 2.1 and 2.3 in [5].

THEOREM 1. If S(._,. = oo, then S,(t) =  for all t > a.

To prove the theorem it is necessary and sufficient to show that
the solution y(¢t) given by
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y(p)(a)—':O’ p=0711°",n_2’
y(”_l)(a) =1,

(¢ < a) does not vanish on (@, ). Suppose to the contrary that
y(b) = 0 for some b > a. We will show that there exists a nontrivial
solution w(t) with (n — 1) distinet zeros and a zero of multiplicity
two in the second position.

We first show that there exists a solution y,(¢) with a zero of
order (n — 2) at ¢t = ¢ and two distinct zeros, of odd multiplicity.
Let z,(t) denote a nontrivial solution of (1) satisfying the following
conditions:

x"(a) =0, »p=012 ---,n—3;
2,(0) =« 0.

Note that x{">(a) = 0 since x,(t) and y(t) are not constant multiples
of each other. If y'(b) = 0, we may choose sgn z,(b) so that Lemma
3 will apply at the point ¢ = b. In this way, we will have a non-
trivial solution with the desired properties. If #'(d) = 0, we may
choose z(t) so that z{"?(a) > 0 and Lemma 1 will apply. By applying
Lemma 4 at the point ¢ = b and then applying Lemma 1, we have
the desired solution. In either case, the solution y,(f) exists with two
zeros of odd multiplicity at ¢ = b, < b,.

Now we show there exists a solution y,(t) with a zero of order
(n — 8) at ¢ = ¢ and three distinct zeros on (a, =), one of which is
of odd multiplicity. Let xz.(t) denote a solution of (1) satisfying the
following conditions:

zP(a) =0, p=0,1---,n—4;
xy(b) =0 ;
,(by) # 0 .

Now we apply Lemma 4 at the point ¢ = b, to obtain a constant
K > 0 such that if 0 < |k| < K,

yi(t) — ka,(t)

has a zero of odd multiplicity on (b;,, ). We may choose sgn x{"*(a)
so that Lemma 1 applies, and hence there exists a number £, 0 <
| k| < K, such that

Yo(t) = %:(t) — Fay(t)

has a simple zero at t = b,c (a, b,) and vanishes at t = b, (b, ).
Similarly there exists a solution y,(¢) with a zero of order (n — 4)
at ¢t = ¢ and four distinct zeros on (a, «~), at least one of which is
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of 0dd multiplicity. The procedure is as before except the solution
x4(t) is chosen to satisfy the following (n — 1) conditions:

z”(@) =0, p=2012:---,n—5;

wa(bz) =0;
xa(gs) #0;
x5(b,) = 0.

We may continue this process until we have obtained a nontrivial
solution y,_.(t) such that y,_.(f) has a triple zero at ¢t = o and (n — 3)
distinct zeros on (a, ~) at t =b,_, < ++- < b, < b,_; and a zero of
odd multiplicity at ¢ = b,_;. Let x(t) denote a solution of (1) satisfying
the follwing conditions:

z(a) = 2'(a) =0
x2(b;) =0, 1=1,2 -0, m—4;
x(gn—3)¢0

where sgn #''(¢) is chosen so that Lemma 5 a_pplies at t =a. Then
as above we apply Lemma 4 at the point ¢ = b,_, to obtain a constant
K > 0 such that if 0 < k]| < K,

Yu—a(t) — ka(t)

has (n — 3) distinet zeros on (@, «). Corresponding to K, we apply
Lemma 5 to obtain a nontrivial solution

w(t) = yuil) — k2(t), k]| <K,

which has a simple zero on (a, a). Since w(t) has the desired pro-
perties, we have S(_,, % . This contradiction concludes the proof
of the theorem.

An analogue of the method of proof used in Theorem 1 may be
given to prove the following theorem. The primary alteration is the
interchanging of the roles played by Lemma 1 and Lemma 5.

THEOREM 2. If Si_iyne = o, then S,, = o for all t€ (a, ).

The following theorem is fundamental in our work. The corol-
laries are along the lines of results of Peterson [7]. Basically the
theorem provides us with the existence of certain nontrivial solutions
with zeros of odd multiplicities which are useful in the constructions
of certain solutions.

THEOREM 3. Suppose Si._,; = o for some integer 5,1 <j < n— 1.
Let © and k be integers, l <t <nm — 2, L <k <n — 1. Suppose y(t)
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is a nontrivial solution of (1) with (n — 1) distinet zeros on [a, b) C
la, ) at a<a, <a,< -+ <a,.<band a zero at t = a; of order
(z + 1).

(1) If there exists an integer m for which either a, < Gn., < a,
or Ay < Ay < oy, then there exists a nontrivial solution w(t) of (1)
with (n — 1) distinct zeros on [a, b), a zero in the jth position of order
(t + 1), and at least one zero on (a, a;) U (a,, b) of odd multiplicity.

(ii) If k=1, and a < a, there exists a nmontrivial solution 2(t)
of (1) with (n — 1 + 1) distinct zeros on («, b), a zero in the (k + 1)st
position of order i, and a zero of odd multipliplicity on (a, a;).

(iii) If k= n — 1, there exists a montrivial solution z(t) of (1)
with (n — 1 + 1) distinet zeros on [a, b), a zero of order © in the kth
position, and a zero of odd multiplicity on (a,, b).

To prove part (i) of the theorem, we assume y(¢) has a zero of
even multiplicity at t=a, »=1,2,---,n — 4. Let cela,b) for
which y(c) = 0 and x(¢) denote a nontrivial solution of (1) satisfying
following boundary conditions:

2(a,) =0,  PF An Cuss s
(5) x(p)(a’k):()i p:]'yzy""i;
2(c) =0.

By (H), 2(a..) X (@.+,) # 0 and so we may choose x(t) so that sgn z(a,..)=
sgn (@, + €) for ¢ > 0 and small. Let I denote an interval con-
taining ¢ = a,,., for which %(¢) does not vanish on the set I\{a,..).
Applying Lemma 3, there exists a constant K > 0 such that if
0 <M< K,

w(t) = y(t) — Na(?)

has two distinct zeros of odd mltiplicity on I. By (5) w(t) = 0 and
the proof of part (i) is complete.

For the proof of part (ii), first suppose that y(t) has a zero of
odd multiplicity at ¢ = a,. Let ce[a, b) for which y(c) = 0 and 2(¢)
be a nontrivial solution of (1) defined by the (» — 1) boundary con-
ditions:

x(a':v):O’ P=2,8 -, —1;
sa) =0, p=12---,9-1;
2(c) = 0.

By (H), z(a,)x“ (a;) = 0 and we may choose z(¢) so that sgn 2'"(a,) =
sgn y(a, — €) for ¢ > 0 and small. Let I denote an interval containing
t = a, for which y(¢) = 0 on I\{a,}. By Lemma 4 there exists a con-
stant K > 0 such that if 0 < [\]| < K,
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y(t) — Aa(?)

has a zero of odd multiplicity on I. By Lemma 5 there exists a
constant k, 0 <\ < K, for which

2(t) = y(t) — €a(t)

has a simple zero on (a,, a, — d) for é > 0 and small. Then 2(f) 0
by (6) and has the desired properties. If y(t) has a zero at ¢t =a,
of even multiplicity, let xz(t) be defined by (6) above. The solution
2(t) may be obtained by applying Lemma 3 at the point ¢ = a,.

For part (iii), we may proceed in a way analogous to the proof of
part (ii). In modifying the proof of part (ii), Lemma 1 will play the
role of Lemma 5. Since the proof is essentially the same, we omit
it here for the sake of brevity. The proof of the theorem is then
complete.

The following corollaries are immediate consequences of parts
(ii) and (iii) respectively of Theorem 3.

COROLLARY 1. Suppose S.,_,ja) = o for some integer j, 2 <
J=<n—1. Then for te(a, =),
Sm-z)u’—u(t) = S('n—a)(j—z)(t) == S(n—i+1)z(t) = .
COROLLARY 2. Suppose S,_,; = « for some integer j, 1 <7

n—1. Let 1 and k denote integers such that 1 <7<n —2, 1
Ek<n—1—1. Then for te|a, «),

S(n-—i-l—l)k(t) é S(ﬂ—i)k(t) .

The following theorem gives a bound on the number of distinct
zeros of a nontrivial solution to the right of a zero of multiplicity
l=j7+1.

IA A

THEOREM 4. If 1<j<n—38, then S.,_,; = c implies for
te(a, ©) Sm-jn(t) = oo.

Proof. Suppose there exists a nontrivial solution y(f) with
(n — j) = 38 distinct zeros on (a, «) and a zero of order ( + 1) in
the first position. By Theorem 3(i), we may assume y(t) has distinct
zeros at points

t=a<a, <, < or < Gpojy

and that there exists an integer p =1 for which ¢ = a, is a zero of
odd multiplicity for y(t). Let ce[t, @) such that y(c) # 0 and ()
denote a solution of (1) such that
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e(@)=0, k=1--+,7-1;
(7) x(c) =0;
z(a,) =0, k+mp.

By (H), »(a,)z“'(a) = 0 and so we may choose sgn x“(a) so that
Lemma 5 applies at ¢ = a. Since 2x(a,) # 0 by Lemma 4, we have
a constant K > 0 such that for 0 < |A| < K

y(t) — \a(t)

has a zero close to t = a,. Applying Lemma 5, there exists a con-
stant N\, = 0 with |, ] < K such that the nontrivial solution (by (7))

w(t) = y(t) — Ma(t)

has a zero on («, a). The solution w(t) has » — j + 1 distinet zero
on (@, ) and a zero of order j in the second position. Hence,
Siaeirne(t) < oo for some ¢t > a. This contradicts Corollary 1 if j > 2
and the hypothesis if 5 = 2. The proof of the theorem is complete.

THEOREM 5. If for some integer j,1 <j =<n — 1, Si_yy; = <« for
equation (1), then no oscillatory solution of (1) has a zero of multiplicity
G+ 1) on (a, «).

If 1 <5 <n — 3, the theorem follows immediately from Theorem
4. For j =n — 2, we suppose, to the contrary, that there exists an
oscillatory solution y(t) with a zero of order (n — 1) at ¢t =a > a.
Since Siu_1ym_zy = oo, there exists a point ¢ = b > a for which y(b) =0
and ¢'(b) # 0. Let ce(a, ) for which y(c) = 0 and 2(f) denote a
nontrivial solution of (1) satisfying the following (#n — 1) conditions:

zP@)=0, p=0,1,---n—3;
x2(c) =0.

Note x(b)z"2(a)+ 0 by (H). We choose sgn " ?(a) so that Lemma 5
applies. Applying Lemma 4 at the point ¢ = b, there exists a con-
stant K > 0 such that if 0 < |A| < K, the solution

y(t) — ra(t)

has a zero close to ¢t = b. Applying Lemma 5, there exists a constant
A, |M] < K, such that

(8)

w(t) = y(t) — Ma(t)

has a simple zero on («, a). Hence, the nontrivial soultion w(t) has
a 1— (n—2)—1 distribution of zeros, contradicting Corollary 1.
This completes the proof of the theorem.
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The following theorem provides a separation theorem which is
quite useful in the construction of oscillatory solutions.

THEOREM 6. Suppose S._,; = o« for some integer j, 1 <j <
n — 1, and let | denote an integer such that 1 <1 <j—1. Suppose
yY(t) is a nontrivial solution of (1) which has a zero of multiplicity
lat t=a=a. Let [7,d]C(a, =) and suppose y(t) has at least
(G — 1 — 1) distinct zeros on (a,v) and at least (n — j — 1) distinct
zeros on (0, «). Denote these zeros of y(t) by

a<a1<"'<ai—l—1<7<o<b1<‘°'<bn—j—1'

Suppose further that there exists a point t = ce€(a, 7) U (0, «) such
that y(t) has a zero of odd multiplicity at t = c. Then y(t) has only
stmple zeros on [v, d].

Proof. Suppose there exists ge[7, 6] such that y(B) = ¥'(8) =0.
We wish to show that this supposition contradicts S(,_,; = . Obvi-
ously, then, I = 2. We shall construct a finite sequence of nontrivial
solutions {y,};=b with the properties:

(i) w.(t) has a zero at t = a of order (I — k);

(ii) y,(t) has at least (j — 1) zeros counting multiplicities and
(7 — U + k) distinct zeros on [a, 7);

(iii) w,(t) has at least (n — I + k) distinct zeros on [a, «);

(iv) 9(B) =v'(B = 0.

Having completed the construction, the solution y,_,(¢) implies
Si—pi(@) < oo contradiction S,_,); = co.

We now proceed with the construction. Define y,(t) = y(t). Let
N, € (@, =) for which %(7,) # 0; and I, denote an interval containing
t = ¢ for which y,(f) does not vanish on the set IL\{c}. Let x.(f)
denote a solution of (1) satisfying the following (n — 1) conditions:

z"(a) =0, p=2012-.-,1—-2;
x.(a;) = 2,(b,) = 0 for all < and m

9) such that a; # ¢ and b, = ¢ ;
z,(B) = 2(8) = 0;
mi(yio) =0.

By (H), " “(a)x.(c) = 0 and by Lemma 4 there exists K, > 0 such
that for | k| < K, the solution

y(t) — k()

has a zero on I,. By Lemma 1, there exists a constant %, with
|k.| < K, such that
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Yi(8) = yo(t) — ke, (t)

has a simple zero at t =c¢, e (a, a) (c,€(a,7) if I =5 —1) and, of
course, a zero at t = ¢e I,. Note further that y.(f) is a nontrivial
solution of (1) by (9).

If I > 2, we proceed with the construction. Let I, denote a closed
interval containing ¢ = ¢, such that y,(t) does not vanish on IL\{c}.
Let z,(tf) denote a solution of (1) satisfying the following (n — 1)
conditions where 7, is chosen so that y,(%,) == 0:

" (a) = 0, p=01...,1—-3;
2a;) = 2(b,) = 0 for all ¢ and m
for which a, = ¢ and b,, = ¢ ;

a0 w(®) = 0;
z(B) = wi(B) = 0 ;
() = 0.

By (H), z{"®(a)x.(c;) # 0 and by Lemma 4 there exists a constant
K, > 0 such that if |[k]| < K,

Y(t) — kay(8)
has a zero on I,. Applying Lemma 1, there exists a constant %, with
|k,| < K, such that
yz(t) = y,(t) — kzwz(t)

has a zero at t = ¢,e(a,c,) N I, and a zero at ¢t = ¢, e I,. Note ()
is a nontrivial solution by (10).

After (I — 1) steps, we obtain a nontrivial solution y,_,(t) with
the following properties:

Yia(a) =0
Yia(a) #= 05
Yii(ei) =0
1~i = ’ .:1,27”°’ - ;
(11) yl— (C_) O (2 l 2
Yi(C) = 0;
yl—l(ai) = yl—l(bm) =0 for all 7 and
m for which a; % ¢ and b, # ¢ ;
Yi(B) = yi-(8) = 0.
Furthermore,

ASa< O, < T, < v <G <A< e
<O, <BL<b < vee <bujy s

Then y,,(t) has (rn — 1) distinct zeros and a double zero at ¢t =g
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in the jth position. The contradicts S,,_,; = c, and hence no such
point ¢t = B exists. This completes the proof of the theorem.

We now proceed to the main results of this study. As mentioned
before, they give mth-order extension of some of the results of [3],
[4], and [5].

THEOREM 7. Suppose S,_,; = o for some integer j, 1 <j <
n — 1. Suppose y,(t) is an oscillatory solution of (1) which has a zero
at t = a > a of exact multiplicity 1,0 <1 <5 — 1. Then there exists
an oscillatory solution y,.,(t) of (1) which has a zero of order at least
C+1) att=a.

To prove the theorem let {a;}z, denote the consecutive zeros of
y,(t) with @ < a,. Define a sequence of nontrivial solutions {x,(¢)}:,
of (1) by the following (n — 1) conditions:

xf:p)(a)zo, p:071’2y"'yl;
z(a;) =0, k=1,2,-.-,5—1—-1;
xi(a2i+k)=0, k=1,2,"',n_j_1.
Suppose first that either j = n — 1 or |  j — 1, and define
G = Qsisy s if J=n—1
ay, if j=n—1 and [#35—-1.
Consider the intervals (a;, @) C(@j_i1—yy Q2r) (Where a;;,, =a if
l=7—1and a,;, = o if j =n — 1). The claim is that for large 7
there is at most (! — 1) such intervals for which z,(f) does not vanish.
For a proof of this claim, let [a, @] C(@;_i_;, @24:) be an interval
on which x,(¢) does not vanish. By Lemma 2, there exists a non-
trivial solution
wi(t) = yi(6) — cwi(t)

which has a double zero at t = b,¢€ (ai, @4.:). Now by Theorem 6,
w'(@) = 0 and so

13 C, = (@) .
12 “= 3@

If {[@n,, @nl}i-: is a collection as such intervals, then for each k& by
13)

zi(@)
One = =Y
k y(@)
and so w, (t) has (n — 1) distinct zeros with a double zero in the jth
position. This contradicts the assumption S,_,,; = <, and the proof
of the claim is complete.
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We return to the proof of the theorem. We now have a sequence
{w;(t)}. of nontrivial solutions each of which vanishes at t = a,
k=12 --.,7—1—1 and a zero of order (! + 1) at ¢t = a. Further-
more, there is at most (I — 1) intervals [a;, aru] S (@j_i—, Gury) ON
which ,(t) does not vanish. If {z;(¢)}?-, denotes a fundamental set of
solutions for (1), then for each 7 there exists constants {c;};-, such
that

z(t) = k§=l ca2i(t) .

If we normalize the sequence {x;(t)}=, by the condition

(14) Sieh=1
for each 7, the resulting class of solutions is trivially relatively com-
pact in the solution space. Therefore, there exists a subsequence
{x, )}z, which converges — uniformly on compact sets —to a non-
trivial solution %;.,(¢) of (1). The zeros of y,.,(t) are limit points of
the zeros of the solutions {»,,(t)}iz,. It follows from the claim above
that ¥,..(¢) has a zero on [a., a;y,] for all but possibly (I — 1) such
intervals. Hence, ¥,.,(t) is an oscillatory solution.

To complete the proof of the theorem, we assume j =% — 1 and
l=7—1=mn—2. We must show that the solution given by

y””(a,):O, p:0,1,~--,7b——2
Yy a) =g+ 0

is oscillatory. If y(¢) is nonoscillatory, we may choose ¢ so that
y@) > 0 for large t. By (H), y(a;) = 0 for all v. Without loss of
generality let y"3?(a) > 0, and let (a,, a;.,) denote an interval for
which ¥,_,(t) > 0 (note by assumption ¥,_.(a,) = ¥Yn—s(@;+,) = 0). Then
by Lemma 2 there exists a constant N and a point ¢,€(a;, a;y,) for
which

u(t) = Yaslt) — My(t)

has a double zero at ¢t =t,. Then

)\4 — yn-—z(to) > O .
Yn1(to)

Then
w(@)u""(a) = —My(a)y."(e) <O0.
It follows that w(t) has a zero of odd multiplicity on (a, a,) for large

1. Hence, y(f) vanishes on each interval (a,, @,.,) for which y,_,() > 0
and ¢ is large. This completes the proof of the theorem.
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Theorem 7 only guarantees the existence of an oscillatory with
a zero at t = a of order j. The following theorem gives a sharper
picture with regard to the number of oscillatory solutions vanishing
at t =a >a. For j =n — 1, the added condition 7, = o« is un-
fortunate. It is not known if S._y i, = c implies r{_,, = o for
large t. The condition was used in [4] and played a similar role
there.

THEOREM 8. Suppose Si,_.,; = oo for some integer j,1 <j<=n—1.
If (1) has an oscillatory solution, then given a > a and an integer I,
01 <7, there exists an oscillatory solution y,(t) with a zero at t = a
of exact order l. Furthermore, every nontrivial linear combination
of yi(t) and y,_(t) is escillatory except when I =n — 1. In this case,
the added condition 7 ,_,, = o implies that every montrivial linear
combination of y..(t) is oscillatory.

Theorem 7 assures the existence of y;(f). Given an oscillatory
solution ¥,(f), 1 <1 < j, with the desired properties, we construct the
oscillatory solution y,_,(¢) by a method analogous to that used in the
proof of Theorem 7. The sequence {;(t)}, will be chosen this time
so that

zi"(a) =0, p=01---,1—2;

x(a) =0, k=1 .--,5—1, if 17—-1;
T(@ger) = 0, k=1 ... n—353—1, if 7n—2;
z,(b) =0,

(15)

where {a;}, denotes the consecutive zeros of y,(t) with ¢ < a, and
the point ¢ = b is chosen so that be (a, a) and y,(b) # 0. The method
used in Theorem 7 can be used to show that if either j = » — 1 or
l # j, there exist at most (I — 2) intervals in (a;_;, @y, of the form
la;, @;.,] for which #.,(f) does not have exactly one simple zero on
la;, @;.,]. Furthermore, the sequence {x,({)}=, can be normalized by
(14) and a corresponding convergent subsequence extracted. The
subsequence will converge — uniformly on compact sets —to a non-
trivial oscillatory solution y,_,(f), where y,_,(b) = 0.

We now show that every linear combination of ¥,(t) and y,_.(t)
is oscillatory, ie., Wly(), yi.()] = v:(O)yi(¢) — yiu(B)yi(t) = 0 for
large ¢. Suppose on the contrary that W{y,(t,), v,—.(t,)] = 0. There
then exists a constant A such that

w(t) = yi-(t) — M)

has a double zero at ¢t =¢,. Since S(,_,; = o, it follows from (15)
and Theorem 6 that w(t) does not change sign on an interval of the
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form [as, a,.,] (k large) if ¢, is large. Accordingly, v,_.(a.)y,—(a;..) > 0
and hence z,(t) has two distinct zeros on (ay, a.:,) for large enough 1.
This contradicts above statements for x,(t). Therefore, Wy, (t), y,_.(t)]=0
for large values of ¢ and every nontrivial linear combination of ¥,(¢)
and y,-,(t) is oscillatory.

To see that y,_.(¢) has a zero of exact order (! — 1) at ¢ = a,
note first that if j = n — 1, then ¥,_,(t) and y,(¢t) have (n — 2) zeros
in common by construction. Since y,_,(b) = 0 and y,(b) == 0, the re-
sult follows by (H). Now if j <n —1 and [ < j, S,_,; = = implies
(@ )Yi-(a;_) = 0 and

2(t) = yi(@;—)yi—.(t) — yi-(a;—)y.(2)

is oscillatory. Accordingly, Theorem 6 implies y{'5"(a) 0. If j<n—2
and [ = J, then

2(1t) = yi"(@)y.(t) — yili(a)y.(t)

is oscillatory, and Theorem 5 implies yi';"(a) = 0.

To complete the proof of the theorem, we need to consider the
case | = j = n — 1. Suppose y,_.(t) has consecutive zeros at t = a <
A <ty < vor <y < ++-,and y,_,(t) denote a nontrivial solution with
a zero at ¢ = a of order (» —2) and y,_,(b) =0 where b>a is chosen
so that y,_.(b) = 0. Since ¥, ,(t) and ¥, .(t) have (n — 2) zeros in
common at t = a, (H) implies y{*5"(a) = 0. Suppose [a,, a,.], b < ay,
is an interval for which y, ,(f) = 0. Lemma 2 and (H) imply for
some t,€ (@, a,+,) the solution

_ _ (Y2t
w(t) = Yu_o(t) (yn_z( t0)>yn_1(t)

has a double zero at ¢ = ¢,. By Theorem 6,

yn—-z(to)

Hence ¥._,(t) vanishes on each interval (a, @,.;) for which
sgn ¥ _(a)Y._s(a,) = sgn y,_.(0)y5?(a). Therefore, y,_,(t) is oscillatory.
Finally, the last statement in Theorem 7 follows immediately from
Lemma 2. The proof of the theorem is then complete.

0 < wd)w"(a) = — (M>yn_l(b)y;’:”(a) .
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