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METABELIAN GROUPS WITH AN IRREDUCIBLE
PROJECTIVE REPRESENTATION OF
LARGE DEGREE

F. R. DEMEYER

The structure of a metabelian group admitting an irredu-
cible projective complex representation whose degree is the
square reot of the order of the group studied.

In [7] a class of metabelian groups admitting a faithful irredu-
cible projective representation was characterized. If G is a finite
group with irreducible projective representation T* so that T*(1)*=
[G:1] then T* is a faithful irreducible projective representation.
Conversely, if G is abelian and 7* is a faithful irreducible projective
representation then T*(1)* = [G:1]. We study metabelian groups G
admitting an irreducible projective representation 7* with T*(1)*=
[G:1]. Given such a group one can construct, using Schur’s theory,
a central extension G of G with center Z and an ordinary faithful
irreducible representation T' of G with T(1)> = [G: Z] and T*(gZ) =
T(g) for all g€ G (see p. 358 of [1]). A group G with an irreducible
representation T so that T(1)* = [G: Z] is called a group of central
type.

Groups of central type have been studied in several places (see
for example [3] and [5]). We study metabelian groups G admitting
an irreducible projective complex representation whose degree is
V[G:1] by studying the associated central extension G of central
type using the methods of ordinary representation theory. In this
note all groups are finite and all representations and characters are
assumed to be taken over the complex numbers. All unexplained
terminology and notation is as in [1].

I. An abelian group G is said to be of symmetric type in case
G = A x A for some abelian group A. It has been shown that an
abelian group G is a group of symmetric type if and only if G
admits a faithful irreducible projective representation [4] if and
only if G admits an irreducible projective representation T* with
T*(1)? = [G: 1]([2]). For any group H let Z(H) denote the center
of H.

THEOREM 1. Let G be a group of central type with center Z.
Assume there 18 a faithful irreducidble character £ on G with {(1)*=
[G: Z). If there is a mormal subgroup H of G with ZS HCS G
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and both G/H and H/Z abelian then

(1) H is a group of central type so H/Z(H) is of symmetric
type.

(2) There is a mormal subgroup K of G with HZ K < G so
that K/H is of symmetric type and [G: K] =[Z(H): Z].

Proof. First assume G is a p-group, » a prime. By Schur’s
lemma ¢ |, = {(1)¢ for a faithful linear character ¢ on Z. Proceed
by induetion on [Z(H): Z] to prove: If 4 is an extension of ¢ to
Z(H) then 7 = N1)» where M1)*=[H: Z(H)], and thus H is a
group of central type with center Z(H). If [Z(H): Z]=1 then H
is a group with cyclic center Z such that H/Z is abelian. In this
case it is easy to check that the commutator map induces a non-
degenerate bilinear function from H/Z x H/Z to Z. It follows by
Proposition 8 of [2] that H is of central type and H/Z is of sym-
metric type. Moreover ¢” = A(e)rn for an irreducible character A on
H with MY =[H: Z). If Z(H)+ Z let e Z(H) — Z with z*e Z
and z-Z in the center of G/Z. We can find such an x because G is
a p-group. Let H, = {ye€G|[z, y] =¢}. By Theorem 3 of [3], [G:
Hl=p and H, is a group of central type with center Z(H,)= Z{x).
If 4 is an extension of ¢ to Z(H, then %+ = p(e)o0 where p(e)’ =
[H: Z(H)]. If X =ker 4y = ker p then X is a subgroup of Z(H,)
so that XN Z = {¢} and H,/X is a group of central type with a
faithful irreducible character p. Clearly Z(H)/X <€ Z(H/X). If
hX e Z(H/X) then for any ke H, [h, k]e X. But H/Z is abelian so
[h, Kle Z, and ZN X = {e}. Thus he Z(H) and Z(H)/X = Z(H/X).
We apply induction to the group H,/X, and obtain H/X is a group
of central type with center Z(H)/X. Thus H is a group of central
type with center Z(H) and H/Z(H) is of symmetric type. More-
over, if +r is an extension of + to Z(H) then ¥ = M1)A where
M1): = [H: Z(H)].

To prove (2) let K = {ye G|\ =2}, Since G/H is abelian, K <]
G. We proceed by induction on [Z(H): Z] as in the proof of (1) to
show (K, H, )) is a fully ramified triple [5] or [6], i.e., there is an
irreducible character p on K so that o[y = en where ¢ = [K: H].
This suffices by Theorem 1.1 of [5] to show K/H is of symmetric
type. If Z(H) = Z then K = G and p={ works. If Z(H) + Z let
H, X, 4, ) be as in the proof of (1). If ye G — H, then \(x) =
Myxy™) = Mxz) where z€Z — {e}. But M|z, = Me)Py so \xz) =
[Me)r(@) ] (z) = Mx)p(z) = Mx)p(2). Since ¢ is faithful, y¢ K and
thus K € H,. Since XN Z = {¢} we can apply the same argument
in G/X to see K/X is the intertia group of )\ in G/H. Apply induc-
tion to H,/X. Then (K/X, H/X, ) is a fully ramified triple so (K,
H, \) is fully ramified. To prove [G: K] = [Z(H): Z] we have from
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Cliffords theory (p. 342 of [1]) polz = e\, + +++ + N\,) where by
relabeling we can let A\, = A where the )\, are conjugate irreducible
characters, and =» =[G: K]. Thus p(1)*=[G:Z]= e\1l)n®=[G:
KI|K: H|[H: Z(H)|[Z(H): Z]. Since ¢* = [K:H], Me) = [H: Z(H)],
and n = [G: K] so we have [G: K] =[Z(H): Z].

Now we show Theorem 1 is true without requiring G to be a
p-group. By the hypothesis H is nilpotent so H = [[, H, where p
are the primes such that p|[G: 1] and the H, are the p-Sylow sub-
groups of H. Let G, be a Sylow p-subgroup of G, then Z(G,) =
G,NZ and Z(G, < H,< G,. Moreover, G, is a group of central
type whose irreducible character of large degree is faithful. (Theo-
rem 2 of [3].) Thus H, is a group of central type with center
Z(H,) and there is a normal subgroup K, of G, containing H, with
K,/H, of symmetric type and [G,: K,| = [Z(H,): Z(G,)]. By Theorem
2 of [3], H is a group of central type with center Z(H), and if K
is the normal subgroup of G which is the inverse image under the
natural homomorphism of I, K,/H, in G/H then K/H is of sym-
metric type since each Sylow subgroup is and [G: K]=11, [G,: H,] =
I1.[Z(H,): Z(G,)] = [Z(H): Z]. This proves the theorem.

There is a central extension G of A4, X Z, of order 2°3® which is
of central type, G is not nilpotent, yet G satisfies the hypothesis of
Theorem 1.

Theorem 1 does not hold if { is not faithful because the center
of H does not behave properly. However, if G is a group of central
type with center Z and irreducible character { with {(e)* = [G: Z]
then the kernel X of { is contained in Z so if one is only interested
in the structure of G/Z it is always possible to replace G by G/X
where X is the kernel of { and apply Theorem 1 to G/X. In Theo-
rem 1 it is not necessarily the case that G/K = Z(H)/Z as the
following example shows. Let H be the elementary abelian group
of order 8 generated by =z, ¥, 2. Let J be the cyclic group of order
4 generated by w and let J act as a group of automorphisms of H
by w(x) = y, wly) = 2z, w(z) = 2. Let G =[H]J be the semidirect
product. Then the center of G is generated by z and has order 2.
Let ¢ be the faithful linear character on Z and extend ¢ to 4 on
H by +4(y) = ¥(x) = 1. Then + has 4 conjugates under J so ¢ =
has degree = 4 and is irreducible. Thus G is a group of central
type, H <| G, and both H and G/H = J are abelian. Thus H is of
central type with center H, the group K of Theorem 1 is H and
G/H = J = H|Z. Notice, however, that in the group G one can
find an abelian normal subgroup N such that G/N = N/Z, namely
N = {ay, w%). Then G/N = N/Z is the Klein 4-group.

Using the results in [7] it is easy to characterize the metacyclic
groups G admitting an irreducible projective representation of degree
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#=[G:1}">. By 1.6 and 4.1 of [7] such a group must be the semi-
direct product of two cyclic groups of order n. If G = (a,b|a" =
b* =e, ba = a’d) is the semidirect produet of a cyclic. group of order
n with itself then by 4.4 of [7] G admits an irreducible projective
representation of degree n if and only if # — 1 is the least positive
integer exponent so that L+ 7 + -+ + "' =0 mod n. This was
pointed out to me by the referee.

We conclude by showing how to construct a group G of central
type with G/Z metabelian. This construction will characterize meta-
belian groups G with an irreducible projective representation of
degree [G: 1]2

First it is necessary to recall some terminology and results
from §2 of [6]. Let G be any finite group with normal subgroup
N so that G/N is abelian. Let @ be an irreducible character on N
with ¢ = ¢ for all ge G. Then (G, N, 0) is called a character triple.
Let xz, ye G. The character # can be extended to a character ++ on
the subgroup (N, y) generated by N and y. The character 4~ is
another extension of 4 to (N, ¥)> s0 ¥° = A for some linear charaec-
ter N on (N, y). Define a complex valued bilinear function on G X
G by the equation (zx, ¥) = Mxyx~y™). It is shown in [6] that this
inner product is well defined. The bilinear function is nondegenerate
if {xeG|{x,y) =1 for all yeG} = N. By 2.7 of [6] the triple (G,
N, 6) is fully ramified if and only if the bilinear function defined
above is nondegenerate.

Begin with an abelian group Z, and a cyclic subgroup Z. Let
¢ be a linear character on Z, such that ¢ |, is faithful. Let H be
an abelian group of symmetric type and let v: HX H— Z be a
nondegenerate bilinear function. Such a function exists if and only
if exp (H) divides [Z:1]. Let H be any central extension of Z by
H with factor set v. Then (H, Z,, ¢) is a fully ramified triple and
thus is a group of central type with center Z(H) = Z,. Also ¢% =
Me)n for an irreducible character » on H with Me)* = [H: Z(H)].
Next let K be an abelian group of symmetric type. Let a: K —
Aut (H) so that ¢*® =¢ for all ze K and Z< {yeZ, |a@)(y) =¥
for all xe K}. Note that ¢*® = ¢ if and only if A*® = )\ since \
vanishes off Z, and Z, is characteristic in H. Let K be one of the
normal extensions of H by K determined by a. Then (K, H, ) is
a character triple and (K, H, \) is fully ramified if and only if the
form ( , ) defined above is nondegenerate. In this case \* = p(e)p
where o is irreducible on K and p(e)! = [K: Z]. We choose a K so
that (K, H, \) is fully ramified. Finally let C be an abelian group
with [C:1] =[Z,: Z] and let B: C— Aut (K) such that ¢ == ¢ for
all c#e¢ and Z S {yeK|Be)y) =y for all ceC}. Let G be any
normal extension of K by C determined by B with G/H abelian.
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Then o = { is irreducible on G since p is distinet from all its con-
jugates under C and {(e)* = [G: CTp(e)* = [G: Z]. Thus G is a group
of central type satisfying the hypothesis of Theorem 1 and an
examination of the proof of Theorem 1 shows every group satisfy-
ing the hypothesis of Theorem 1 is constructed in this way.
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