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BANACH SPACES WITH POLYNOMIAL NORMS

BRUCE REZNICK

A Banach space X is said to be in the class &, if, for
all elements « and ¥, ||z + ty||** is a polynomial in real ¢.
These spaces generalize L,, and are precisely those Banach
spaces in which linear identities can occur. We shall discuss
further properties of 3, spaces, often in terms of the
permissible polynomials p(t) = || + ty||**. For each 7, the
set of such polynomials forms a cone. All spaces in &, are
Hilbert spaces. If X is a two-dimensional real space in &,
then it is embeddable in L,. This is not necessarily true
for spaces with more dimensions or for &,, » =3. The
question of embeddability is equivalent to the classical mo-
ment problem. All spaces in &%, are uniformly convex and
uniformly smooth and thus reflexive. They obey generally
weaker versions of the Holder and Clarkson inegqualities.
Krivine’s inequalities, shown to determine embeddability into
L,, p #+ 2n, fail in the even case.

1. Introduction. Throughout, we shall consider real Banach
spaces, and, except where indicated, L, (Y, ¢) with real-valued
functions and real scalars. The phrase “X is embeddable in L,,” is
an abbreviation for “X is isometrically isomorphic to a subspace of
L, (Y, ) for some (Y, p).” Although &, was introduced and
motivated in [11], that paper and this one are largely independent.

2. Norm functions. Suppose X = {(x,, -+, &, is the real vector
space spanned by the x,’s and ¢ is a real function of m real variables.
Under what circumstances does || Sux;|| = é(uy, - -+, w,,) make (X, ||-|])
a Banach space? Foru = (u,, +--, u,), let ¢(u) = ¢(u,, +++, u,). From
the standard definition of the norm, it is evident that conditions
(A), (B) and (C) are necessary and sufficient. (Here, ¢ is an arbitrary
real.)

(A) ¢m) =0 and 4(v) = 0 implies o) = ¢(u + tv)

(B)  ¢(tu) = |¢|g(u)

©€) o) + ¢(v) =z ¢(u + v).

Condition (C) is cumbersome to verify; the following lemma simplifies
matters.

LeMMA 1. Conditions (A), (B) and (C) are equivalent to (A), (B)
and (D).
(D) @) = ¢(u + tv) 1s a convexr function in t for all u and v.

Proof. Assume (A), (B) and (C) and fix u and v. Then for 0 <
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N =1 Mp(ty) + (L =Mp(E) = Mpu+Ew) + (1 — Mg(u+ t,v) = (A +Nw) +
o((L —Mu + (1 = Ntw) = gw + (M, + (L — NEJv) = PN, + (1 — N)ty).
Conversely, assume (A), (B) and (D), then ¢(u) + ¢(v) = 4(0) + (1) =
24(1/2) = ¢(u + v).

Observe that it is sufficient to check ¢ on all two-dimensional
subspaces of X. For a discussion of a different condition on two-
dimensional subspaces, see Dor [2]. We shall consider spaces X in
Z,, for which p(t) = ||x + ty | is a polynomial in ¢ of degree 2m.
When p is given in this way, we shall tacitly assume that ||sx + ty |** =
s™p(tfs) for s = 0 and ||y||** = lim, ., t"*"p(t); that is, (B) is implicit.

THEOREM 1. Suppose » is a monnegative polynomial of degree
2n. Let X = {x,y) and define || -|| on X by p(t) = ||z + ty||*". Then
(X, 11-1) is @ Banach space if and only if 2np(t)p” () — 2n—1)(p'(t))* =
0 for all t.

Proof. With ||sx + ty|/* defined as above, we need verify (A)
and (D). Suppose (X, ||-]]) is a Banach space, then (t) = ||z + ty|| =
pt)* = f(t) is convex. If z and v are linearly dependent then
lz + ty]] = |a + bt|, and for p(t) = (a + bt)*, 2npp” = (2n — 1)(p').
If x and y are linearly independent, then f(¢) >0 and f is convex
if and only if f”(t) = (2n)*(f(#))"**2np)p" () — (2n — 1)('®?))") = 0.

On the other hand, suppose 2np(&)p"(t) — 2n — 1)(»'(¥))? = 0 and
[|-]] is defined as above. If ||sx + ty]| =0 for (s,t) # (0, 0) then
either p(¢,) = 0 or lim ¢*"p(t) = 0. As the hypothesized condition is
translation-invariant, assume ¢, = 0 in the first case. Since p(t) =0
we have 9'(0) = 0; let »(t) = a,t* + o(t"), a, # 0, k = 2, for small ¢.
Then 2np()p”(t) — 2n — 1)(p'(t))? = —aik(@n — k)t*? + o(t*~?) hence
k= 2n, p(t) = a,t* and (X, ||-]) is a valid one-dimensional space. In
the second case, let p(t) = a,t* + o(t*) for &k < 2n, a, = 0 and ¢ large.
Then k& = 0 and (X, ||-]]) is again one-dimensional.

Now suppose p(t) >0. Let u = dx+by, v =cx+ay be given; (D)
will be satisfied provided (f) is convex, where

P (t) = ||dx + by + tlex + ay)|** = [et + d|[*"p((at + b)/(ct + d)) .

(If ¢=d =0, then + is a constant and so convex). Note that
@™ is again a positive polynomial of degree 2n so that "' is conti-
nuous. It suffices, therefore, to check that () = 0 for ¢t = —dJ/ec.
As above, "'(t) =0 provided 2mny(t)y'"(t) — 2n — L)) =0. A
computation shows that this expression equals (ad — be)*(ct + d)**
Cnpw)p”"(u) — (2n — L)(p'(w))*), where u = (at + b)/(ct + d). Thus,
if 2npp"” — (2n — 1)(p')* = 0 then every + is convex and (X, ||-])) is
a Banach space.
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It follows from Theorem 1 that the two-dimensional spaces in
., are characterized by »(t) = ||z + ty|]**, and that a study of such
polynomials is appropriate. Note also that generators may be chosen
to make any computations easier; in general, (D) must be separately
verified for each two-dimensional subspace.

3. The cone P,,. Let P,, consist of all polynomials p of degree
2n for which p(¢) = 0 and C,,(p(t)) = 2npE)p” () — (2n — 1)(9'(£))? = 0.

If p(t) = Z’(zl?)akt", then

C,.(p(t) = 4n¥(2n — 1)((2( ZZ)akt") <2(2n - 2)ak+2t")

)

We shall omit the subseript 2% when it is superfluous. As defined,
C,.(p) is a polynomial with nominal degree 4n — 2; the coefficients
for ¢*»* and t**~® actually vanish identically.

THEOREM 2. The set P,, is a closed cone.

Proof. Suppose p is in P,,. Then C(p) = 0 and for x = 0, »p =0
and C(up) = A*C(p) so Ap is in P,,. If p, is in P,,, then p, + p, =0
and C(p, + p) = C(p,) + C(p,) + 2np!'p, + 2np,p; — (dn — 2)pip;. Since
pp! =0 we have (2np;p;)"* = (2n — 1)"*|p;| so that 2np;'p, + 2np,p; —
(4n—2)pip; = 20((p1'P,)"* — (p,0:)"2)* +4n(p,0)) *(p,0:)* — (4n—2) | p,p, | +
(4n— 2)(|p0s] — P0,) = 0. Thus, P,, forms a cone.

Associate p(f) = 2(2;:)05,,75" with the element (a,, -, a,,) in R+
and pull back the usual topology. Convergence is then either pointwise
or coefficientwise. If {p,} is a sequence of polynomials in P,, and
0., — » then C(p,(t)) — C(p(t)). Hence P,, is closed.

By the proof of Theorem 1, if p(¢) is in P,, then so is

(ct + d)*"p((at + b)/(ct + d)) .

For future reference, observe that, if p, and p, are in P,, and
C((p. + p)(&) = 0 then Clp,(t) = C(py(t)) = 0, p!'(t)p:(ts) = pl(to)p;’(to)
and pi(t,)pi(t,) = 0.

Since P,, is a cone, it is natural to study its extreme elements.
For q(t) = (bt + ¢)*™, C,,(q9) = 0. Suppose ¢ = », + p,, wWith p, in P,,.
If b =0, then p, and », must both be nonnegative constants. Suppose
b = 0, then we may normalize b = 1 so q(f) = (¢ + ¢)**, hence p,(—¢) =
p(—e) = 0. As in the proof of Theorem 1, it follows that p,(t) =
r.(t+c¢)™ so each p, is a multiple of g. We have proved that (bt+¢)* is
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an extreme element in P,,. Since P,, is a cone, 3(b.t + ¢,)*" is in P,,.
This is to be expected in light of Theorem 1 applied to the subspace
of 4, generated by (b, b,, ---) and (¢, ¢; *--).

If 2n = 2, Cy(a,t* + 2a,t + a,) = 4(a,a, — ai) so that p = 0 implies
Cy(p) = 0. Hence the extreme elements of P, are precisely (bt + c).
Surprisingly enough, the same is true for 2n = 4.

THEOREM 3. The extreme functions of P, are (bt + ¢)*; indeed,
if » is in P, then p(t) = (bt + ¢,)* + (bt + ¢,)* + ¢} for some b, and c,.

Proof. Write p(f) = 2(}40)%#, then (48)"'C,(p(t)) = (asa, — ad)t* +

QCa,a, — 2a,0,)t° + (a,a, + 2a,a; — 3a2)t* + (2a,a; — 2a,a,)t + a0, — ai. If
p(t,) = 0, then, as before, p(t) = a,t — t,)'. If C(p(t,)) = 0, then with
q(t) = pt — t,), C(q(0)) = 0. As the conclusion is invariant under
translation, assume ¢, = 0. In this case, since C(p) = 0, a,a, = a} and
a; = a,a,. As a, = p(0) %0, let a, = ra,, then a, = 7%, and a, =
r*a,. If a, = r*a, + s then C(p(t)) = sa,t*(rt + 1)%, so s = 0 and »(¥) =
a,(rt + 1)* + st'.  (In general p(t) = a,(r(t —t,) + 1)* + s(t — t,)*.) If the
degree of C(p(t)) is less than four, then by a similar argument,
o(t) = a,t + r)* + s, s = 0. Finally, suppose that C(p(t)) is a positive
quartic and let p,(t) = p(t) — N, then C(p;(t)) = C(p(t)) — 4\p”(t). Since
p" is quadratic, and pp” > 0, 4p"(t))'C(»(t)) is continuous, goes to
infinity quadratically in ¢, and achieves a minimum X, > 0 at ¢ = ¢,.
Thus p(t) — N, is in P,, C(p;,(¢,)) = 0; hence p(t) = N, + ao(r(t — ;) + 1)* +
s(t — t,)*, which may be rewritten as in the conclusion.

By considering (ct + d)*p((at + b)/(ct + d)) instead of p, we may
replace ¢t by s*(ct + d)* for any pre-selected ¢ and d. It would be
nice if this pattern continued for 2n = 6; unfortunately, this is not
the case.

THEOREM 4. If n = 3 then there exisls a polynomial p in P,,
which cannot be written p(t) = X(bt + ¢.)™.

Proof. Fix n and let p(t) =t 4+ ¢* + 1. A computation shows
that G,.(p(t)) = (8n® — 20n* + 12n)t* + (8n® — 4n»)t* % + (4 — 4n)E* + 4n.
Since % =3, each term but (4 — 4n)t* is positive. For
[t] £ 1, (4 — 4n)i* + 4n = 0; for |t| = 1, (Bn® — 4n¥)E** + (4 — 4n)i* >
(8n® — 4n® — 4n)t* > 0. Thus GC,,(p(t)) = 0 and p is in P,,.

Suppose t** + & + 1 = X(b,t + ¢,)**; from the coefficient of ¢ and
£ 0 = Shict and 1 = (22”)2616?:*—2. Since n = 3, the first implies

that b,c, = 0 for each %, and this contradicts the second.
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The coefficient 1 for ¢* is not the best possible. The following
proposition provides a sharp estimate.

PropOSITION 1. If & + at™ + 1 is in P,,, then
0= ax2n@n — ek, n),

where (c(k, n))" = (2k)7*(2n — 2k)* "2k — 1) *(@2n — 2k — 1)*".

Outline of proof. Suppose p,(t) = t** + at* + 1 has the largest
a, then C,,(p. () =0 and C,,(p.(t,)) =0 for some t,. Hence the
derivative vanishes at ¢, as well. This gives two quadratic equations
in «@ which may be solved simultaneously. After eliminating an
extraneous solution, the bound is derived.

We see then that there are extreme functions in P,,, n = 3, which
are not of the form (bt + ¢)*.

ProrposiTION 2. The extreme rays of P, are generated by
(ct+ad)"f((at + b)/(ct + d)) ,

where fi(t) = t° + 6N + 15N** 4+ 200°%° + 150 4+ 6AE + 1, and [N <
1/2 or |\ = 1.

Outline of proof. As in Theorem 3, we consider special cases
and then subtract various (¢t + d)”s. Then f, are those polynomials
for which Cy(f3(0)) = 0 and C,(f) is at most quartic.

. As Proposition 2 is not directly relevant to the rest of this paper
and its proof is tedious, we omit the details. The general question
of finding the extreme rays of P,, for » = 4 remains open.

Let Q,, denote the closure of the cone of polynomials of the
form 2, (bt + ¢,*"; Q,, S P,, with equality if and only if 2n =2
or 4. As any 2n + 2 distinet 2nth powers are linearly dependent,
we may assume that B < 2n + 1. Suppose q(t) = Z(zkn)a,,t" is in @,,.
Then ¢ = lim q,,, where ¢, (&) = D2 (B¢t + e/™)*. Since J(b{™)*" —
a,, and X(c¢{”)™ — a,, we may take || < M, |e”| < M. Thus there
exists a convergent subsequence with limit b; and ¢; so that one may
write q(t) = > (b;t + ¢;)* for all ¢ in @,,. Similar considerations
apply for the generalization of @,, to several variables.

4. Subspaces of L,,. In [11] we showed that L,,(Y, ) is in
Gy that is, || f + tg| = S}f + tg™dp is a polynomial in ¢ for all
f and g. The converse, as we shall see, is false. Suppose that
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X = {x, y) is a two-dimensional space in .&,,, then p(t) = ||z + ty|*
is in P,,. Suppose that X is embeddable in L,,(Y, p), then p() =

S(zg@)akt" = S(f + tgymdp = || f + tg|/*. By Holder’s inequality, since
S fdpe < oo and Sg“d;e < oo, S > EgFd e < oo so that the integral can

be broken up and a, = Sf“‘“”g"d;z. Let Y, ={se Y:f(s) =0}, Z =

Y—Y,; let dv=f"dg and h =gf"* on Z. Then we have a, =

ghkdu, 0<k<2n—1 and q — S hdy + S g dp. I @) =
z

)

y(h{(— oo, 7])), then a, = gw sd® for 0 <k <2n — 1 and a, >

Soo ?nd@
B Conversely, suppose there exists a nonnegative measure @ and
a,’s so that a, = S t*d® and a,, = S t*d®. Define (Y, 1) as follows:

Y= RU(p}p=0on Rand p(p} = a, — |_s*d0. Let (f(s), g(s)) =
(1s) on R and (0,1) on {p}. Then | f + tg|* = r (1 + stydd +

(= |7 sman)er = 3(2e]” stag (o] smds)e = 5(2)as =

p(t)

Fortunately, this transforms the embedding problem into the
classical moment problem, which has been studied extensively. The
complete solution is known, see for example Akhiezer [1] p. 71, and
we may combine this solution with the previous discussion to obtain
the following theorem.

THEOREM 5. Let X be a two-dimenstonal Banach space in G,
with generators x and y and let p(t) = ||z + ty | = <2kn>akt". Define
the (n + 1) x (n + 1) matriz B = (b;;) by b;; = a,,; for 0=1, j <n. Then
X is embeddable in L, if and only if the matriz B is positive
semidefinite. Further, X is embeddable in L,, if and only if p
is in Q2n.

Proof. The positive semidefiniteness of B is equivalent to the
solution of the described moment problem. If p is in Q,, then X
is embeddable in 42" in the obvious fashion. If X is embeddable
in L,,, then by approximating d® by a sequence of point masses,
we see that p is in Q,,.

COROLLARY 6. If X s two-dimensional space in ., then X 13
embeddable in L,. There are two-dimensional spaces in F,,, n =3,
which are not embeddable in L,,.
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Proof. Combine Theorems 3, 4 and 5.

The case for higher dimensions is less clearcut. Professor J. H. B.
Kemperman [6] has pointed out, using techniques from [4] and [5],
that the analogous moment problem in more than one variable has a
solution which requires knowledge of all polynomials f(u,, ---, u,) of
total degree 2n which are nonnegative for all real ..

Specifically, one transforms the polynomial p(, ---,¢,) =
[|#g 4+ t, + <+ + t,x, | for a space X = {(a,, ---, x,) into a family of
equations a(m,, «++,m,) =\ -c " -« tyodp; my + -+ + m, < 2n,
with inequality if 3m, = 2n. Suppose f(uy, --+, u,) =0 for all real
u; and f(u, +++, u,) = Ib(m,, +++, my)u™ «-- uy», where the sum is
taken over all m,, Xm, < 2n. Then certainly S cee S Sy ooey u)dp =
a(m,, « -, my)b(m, «+-, m,) = 0. It turns out this condition holding
for all such f is sufficient for the existence of a measure with the
desired property.

Since X is real, it is unreasonable to embed X in an L,, space
with complex scalars; one might, however, embed X in an L, (Y, p)
space with real scalars but complex-valued functions. This situation
is taken care of by the following theorem.

THEOREM 7. There is an isometry from the space of all complex-
Junctions in L, (Y, ), taken with real scalars, into real L,,(Z,v),
where (Z,v) consists of 2n + 1 copies of (Y, p).

Proof. It is well known that 42 is embeddable in any infinite-
dimensional Banach space. Let z and y be orthogonal generators of
42 and let ¥ and ¥ be their isometric images in 4,. Then (* + )" =
|tz + uy||*™ = ||tZ + wy || = Z(bit + c,u)*™; by the remarks at the end
of §3, we may say that (& + wu®* = 374" (bt + c,u)™. Define the
mapping ¢ from L, (Y, ) with complex-valued functions to L,,(Z, v)
as follows: if f = g + 1h is the decomposition into real and imaginary
parts, then ¢(f) = b9 + ¢,h on the kth copy of (Y, ¢#). For real

Niy SO Sy + Nofs) = Ng(f) + Nag(f2); 1S 1P = ?c,:;riy(bkg + ch)y"dp =
Sy(gz + hEyrdp = SY' FImdp = || 1™ so ¢ is an isometry.

We may actually choose b, and ¢, by: b, +ic, =a(n)exp@rki(n+1)™"),
—1/2n
where a(n) = 2((27:7’)(271, + 1)) . Hilbert has proved that b, and ¢,

may be chosen to be rational; see Ellison [3] p. 11 for an extended
discussion. In any case, it suffices to consider embeddings into real

L,,.
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5. A counterexample. The remaining case for embedding is
the three-dimensional one for .Z%. We shall construct a three-
dimensional space in &% which is not embeddable in L,. Consequent-
ly, there are spaces with arbitrarily large dimensions which are not
embeddable in L,. This example is drastically simplified from the one
appearing in the author’s thesis.

Suppose X = {z, ¥, 2) and a polynomial p(u, v) with total degree
4 is given. Let ||-|| be defined on X by ||z + uy + vz|* = p(u, v);
||tz + uy + vz|* for ¢ = 1 is defined in the usual way. In view of
Lemma 1, we need check (A), (B) and (D) on every two-dimensional
subspace of X. Conditions (A) and (B) will be automatic. A two-
dimensional subspace of X is either (y, z) or {(x + ay + ¢z, by + dz)
for some a, b, ¢, d. Thus, for f(u, v) = (p(u, v))"*, it suffices to show
that (t) = f(a + bt, ¢ + dt) is convex for all @, b, ¢, d. (We consider
{y, ) separately.) Adopt the usual convention that f(u, v) =
(0/ou) f (w, v), fulu, v) = (0°/0v") f (w, v), ete. Theny"(t) = (b°f,, + 2bdf,, +
d*f)(a + bt, ¢ + dt). Hence it suffices to show that f;,=0,f, =0
and f,,f, = fii at all points in the plane. If we can verify this for
f = p** then (X, ||-|) will be a Banach space.

THEOREM 8. For X = (&, ¥y, 2>, let ||tz + uy + vz|* = " +
6t%(u? + v*) + (u* + v*):.  Then (X, || - ||) s @ Banach space which is not
embeddable in L,.

Proof. Note that ||tx + uy + vz|| > 0 unless { =u =v =0 so
that (A) is satisfied. On <y, 2), ||uy + vz|| = (W* + v»)* so (y, 2z) is
isometric to 4* and (D) is satisfied. In general, let f = pY,
then 16f, = p~"(4pp, — 3p}), 16f, = p™"*(4pp, — 3pi) and 16f,=
p " (4pp,, — 8p,p,). We must show that 4pp,; — 8p} = 0 and that

(4ppu — 3PD(ADD — 3D7) — (4D — 3P,0,)°
= 4p(4p(pupzz - pfz) — 3pipy, + 6p1pzpm - 3p§pu)
= 4pD(p) = 0 .

For p(u, v) = || + uy + vz||* =1 + 6(u®+ v*) + (u* + v°)° let w = u® + +%,
then p = 1+6w+w? p, = 4u(8+w),p, = 4v(3 + w), P, = 4@+w+2u?),
Dy = BUY, P, = 4(3 + w + 29%). Hence

4pp,, — 3p; = 16(3(1 — u*)? + v*(19 + 12u® + u*) + v*(9 + 2u?) + v =0

and similarly 4pp,, — 3p; = 0. Further, p,0,, — 0% = 48(w + 3)(w + 1)
and pip, — 2D.0,P, + PP, = 64w(w + 3)°, hence
D(p) = 192(w + 3)(w + 1)(w* + 6w + 1) — 192w(w + 3)°
=192(w + 3)(w — 1= 0.
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Thus (x, ||-]]) is a Banach space.
If X were embeddable in L, then for some f, ¢ and &, ¢ +

63 (u® + v%) + (w* + ) = S (tf + ug + vh)'dy, so Sf‘ = Sg* = Sh‘ =
S i = ‘ fht =1, S o°h? = 173. The first five equations imply that
F2=g* and f° = h*p — a.e.; this is contradicted by the sixth. Alter-
natively, in the spirit of the moment problem, 0 < S (f*—g*— h)dp=
—1/3. Either preof shows that X is not embeddaf)le in L,.

One can make a lengthy plausibility argument that the set of
polynomials »(¢, u, v) = ||t + wy + vz|[* has 15 degrees of freedom
for spaces in .7 and 14 for spaces in L,. The last degree of freedom
manifests itself here as the coefficient of v

6. Other properties of &,. Since Q,, £ P,,, with strict inclu-
sion for n = 3, it is not obvious that spaces in .Z5, are necessarily
as “nice” as spaces in L,,. For example, L,,(Y, ¢) is uniformly convex
and uniformly smooth (see Lindenstrauss and Tzafriri [10] p. 127 for
definition) and hence reflexive. Holder’s inequality says that, if

Sf% = ng” =1, then Sf"gz”"‘ =1 for 0 <k <2n. Thus if q(t) =

14+ St (2}?>akt" + t™* is in @,,, then |a,| < 1; indeed, 1 = a, = rk),

where 7(2j) =0, 725 + 1) = —1. Clarkson’s inequality states that
1F + gl + 1F — gl Z 20171 + 913 i a@) = it % )autt is in
Q,., then q(1) + ¢(—1) = 2(q(0) + a,,). As a whole, these properties
extend to .&3,, although numerical constants are generally weaker.

Koehler [7] defined a G,, space to be a Banach space on which a
on-fold inner product <z, ---, x,,> is defined, satisfying certain
regularity conditions. In [11] it was shown that @,, spaces and &,
spaces coincide. Koehler [8] proved that G,, spaces are uniformly
convex. That is, &5, spaces are uniformly convex and thus reflexive.
To prove uniform smoothness and the other regularity conditions we
need the analogue to Holder’s inequality.

TagoREM 9. If p(t) = 1 + St <2£>akt" Lt is in P,, then
there are constants so that m(k, 2n) < a, < Mk, 2n).

Proof. Since p'**(t) is convex, by the triangle inequality on the
space induced by p, X — |t <o) <A +|t])™, sofort =0, t— 1)<
p(t)Z(t+1)™. The set of 2n—1 equations Zi’;:‘(zl?)akjk:p(j)—l—jz“,

1<7<2n —1, has a Vandermonde determinant, hence (%?)ak may
be expressed in terms of p(j) — 1 — j5**. Since p(j) is bounded one
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obtains bounds on a, which are, in general, wildly generous.
Alternatively, a sequence of polynomials with unbounded a,’s has
a subsequence from which can be deduced the existence of 7 in P,,,

pt) = Dt (%?)d,,t", not all @,’s equal to zero. This yields a con-
tradiction.

It follows that the set of all points (a, ---, @,,_,), 4, in R™* g0
that 1 + >t (21? )akt" + ¢ is in P,, forms a closed (Theorem 2) and

bounded (Theorem 9) set. Thus functionals, such as p(1), achieve
maxima and minima on A.

The actual values of m(k, 2n) and M(k, 2n) can be found in a
few instances. Since p(¢) in P,, implies p(—t) and ¢**p(l/t) are in
P,,m2j + 1, 2n) = —M (27 + 1, 2n), m(2n — k, 2n) = m(k, 2n) and
M@2n—k, 2n) = M(k, 2n). As L,, spaces are in &, M(k, 2n) = 1 and
m(k, 2n) < r(k). These coefficients are a two-dimensional property;
consequently m(k, 2n) and M(k, 2n) are already determined for 2n = 2
or 4.

In any case, a, = lim,. (|2 + ty|| — ||z]]), so |a,| =<1 and
M@, 2n) = —m(1, 2n) = 1. Further, C(p(0)) = 2n)*2r — L)(a,a, — a)
s0 a,=0 and m(2, 2n)=0. The condition in Theorem 9 is, for general
p in P,,, a, < M(k, 2n)at*a%,, where @ = k/2n. From the convexity
of z*, extreme values are attained on extreme elements in P,,. In
this way, considering Proposition 2, one can show that M(3, 6) =
—m(83, 6)=1 and M(2, 6)=>5""%1565-+4961/10)°=1.000905. The general
problem remains open.

THEOREM 10. If X is in G, them X is uniformly convex, uni-
Jformly smooth and so is reflexive.

Proof. The uniform convexity follows from Koehler, or by noting

that ||z} = lly]l =1, ||z + y|| = 2 implies ||z +ty||=1+¢ for £ =0
so p(t) = (1 + &)™ and ||x — ¥|| = 0. Since the set of coefficients A,
for which ||z|] = |lyll =1, ||z — || = ¢ is compact, ||z + || achieves
a maximum, which is strictly less than 2.

For uniform smoothness, let ||z|| =||y||=1. For ¢t <7, by

Taylor’s theorem, ||z + ty|| + ||z — ty]| = 2 + (2n — 1)(a, — a})t* + o(t?).
Thus 1/2(J|x + ty|| + ||z — ty]]) — 1 < ¢z®* + o(z®) so X is uniformly
smooth.

If X is any Banach space, suppose ¢ = ||y|| = [|z|| =1 and u =
le +yll=llx —yll=v. Thenu +v=2tsou”+v*=u”+ 2t —u)’ =
2t» = t* + 1. Thatis, ||z +y|*+ |le—y|]? = ||2||” + ||y ||” with equality
if and only if ||z|| =|lyll =z + ¥|| =|lz —¥|| =1. In this case,
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by the triangle inequality, ||z + r¥|| =1 for |r| £ 1 so X cannot be
in &,. Thus, by the compactness of A4, ||z + | + ||z — ¥|** =
cn)(||z|*™ + |ly|*) for x and ¥ in X in &Z,. Takingz =0, ¢(n) < 2.

THEOREM 11. If X isin 5, forn <3 then ||z +y|f* + |z —y||* =
2()|z | + ||y |[™), but this is not mecessary true for n = 4.

Proof. For n <2, X is embeddable in L,,. For n =3, let
5+ ty ' = Sibeo (7 )ast® then |2 + w1l + |1z — y|I' = 2 21 — 2|y |l =
30(a, + a,) = 0 since m(2, 6) = m(4, 6) = 0.

Fix n = 4 and set p.(t) = 1 + e(t® — 3t* + t°) + t™ and ||z + ty||** =
p.(t), then [z + y[* + [l — y|* — 2(|z[P" + [|y|[**) = —2¢ >0 for
€ > 0. A computation shows that C,,(».(¢)) = 4n*(@n — 1)t 2 +
e(g() + eh(t)), where g(t) = 4n’@n — L)t (> — 3t* + t°) +
2n(l + £")(2 — 3682 + 30t — 4n(2n — L)E=4(2t — 126 + 68%) and h(t) =
2n(t® — 3t* + t3)(30t* — 36¢* + 2) — (2n — 1)(68° — 12t° + 2t).

As n = 4, the highest order term of g + eh is

2n(4n?® — 26n + 42)t***,

there exist ¢, and R so that for 0<e=<e¢, and |t| > R, (g + eh)({t) = 0
and thus C,,(p.()) > 0. As (g +¢ch)0) =4n, for 0 <e <¢, and |[t| <o
or |[t| > R, C,,(p.(t)) > 0. On the remaining (compact) set, ¢* is
positive and |g| + ¢|k| is bounded, so for some further reduced
range of ¢, C,.(p.) > 0 and p, is in P,,.

For n = 4 take e = .04, then p.(f) = t* + .04¢° — .12¢* + .04¢* + 1.
A direct computation shows that Cy(p.(t)) = 64(¢2 + 1) + 11.5392(¢" + ¢) +
9.68(t° + t*) + 447.9104¢°. If we factor out .64¢° and let w = ¢* + t7%,
then we obtain #® — 18.03u* + 12u + 735.92 = q(u). (The range for
t*+¢t% is u=2.) Clearly ¢@) >0, and ¢ achieves its minimum
when % = %, = 6.01 + 1/32.1201 = 11.67. Since q(u,) = 9.79 >0, C(4) <
1.96. This bound is not sharp. This example also shows that m(4, 8) < 0.

The question of describing spaces dual to spaces in &, also
remains open. Indeed it is false, in general, that the dual space to
a subspace of L,(Y, 1) is necessarily embeddable in L, p™ + ¢ = 2.
For example, if p =2r/@n —1),2=(1,1,0),y =(1,0,1) and X is
the subspace of /° generated by « and ¥, then X* is not even in
%, let alone L,,. We omit the proof.

7. Krivine inequalities. Krivine [9] has described necessary and
sufficient conditions for a space to be embeddable in L, provided p
is not an even integer. Krivine’s proof does not apply when p = 2n
because it involves the Taylor series remainder of cosz. Theorem
12 discusses this ease and provides an underlying reason for this
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failure when viewed in conjunction with Corollary 6.

THEOREM (Krivine). If 2r — 2 < p < 2r < 4k then a mecessary
and sufficient condition for X to be embeddable in L, is that (1) holds
for all elements x; and all choices of real scalars r, with Xr, = 0.
The sum 1is taken as the i;’s range independently from 1 to m and
as the €;'s range over all choices of sign +1. The sum has m*2*-t
terms.

(1) (“‘1)7;1"'.21"'1'1 ce Tiz,,Z [ + &y + <o + 82kxi2k||p =0.
1= ‘2k= &5

THEOREM 12. If 4k > 2n and X is in 5, then the sum in (1),
taken with p = 2n, is identically zero.

Proof. By Theorem 11 in [11], it suffices to verify any linear
identity on one space in &, say C. Since in (1) all elements are
combined with real coefficients, by Theorem 7, we may embed C
isometrically in R. It therefore suffices to check that (2) holds in R.

(2) S - Z‘ml ?‘isz(tq_ e )" =0.

i1=1 ig=1
Because of the signs in the inner sum, we may rewrite this in the
form X%;d;t;i® .- ¢i5%”, where j indexes all partitions of 2n into 2k
even integers and d; is the positive multinomial coefficient. If we
now exchange the order of summation, then (2) becomes (3).

(3) > d; Hl<§‘,1'r tw))zo.

Fix j; since 4k > 2n, at least one of the =w;(s)’s is zero. Thus,
one term in the product is 37; = 0, each term in the sum vanishes
and (8) is verified.

For 2n = 4, there are spaces in &, which are not embeddable
in L,, so that Krivine’s inequalities do not extend. For 4k = 2n and
X = L, (Y, p), it is not hard to show that the left hand side of (1)

becomes <SZ"rxd,u) which is nonnegative. If, on the other hand,
X is the space in Theorem 8, x, =2, %, =Y, %; =2, 1 = —2,7, = 1, =
1, then > >3 r»;¥||x, &+ o;|* = —16. It is possible that a careful
study of Krivine’s inequality for such borderline cases could lead to
an embedding theorem for L, p = 2n.
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