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INTEGRALLY CLOSED IDEALS AND ASYMPTOTIC
PRIME DIVISORS

L. J. RATLIFF, JR.

The first theorem characterizes local (Noetherian) domains
that have a height one maximal ideal in their integral
closure as those local domains whose maximal ideal M is a
prime divisor (= associated prime) of the integral closure
I, of all nonzero ideals I contained in large powers of M.
The second theorem describes (modulo a mild assumption)
all local domains R that have the following property: for
each ideal I in R and for all large n, all the ideals I” and
(I*), have the same prime divisors.

1. Introduction. In [12, (9)], local domains that have a depth
one prime divisor of zero in their completion were characterized as
those local domains whose maximal ideal M is a prime divisor of all
nonzero ideals I contained in large powers of M. Also, a similar
characterization of a subeclass of the class of local domains whose
completions have a depth one minimal prime ideal was given in
[12, (11)], but I was unable to give an analogous characterization
of this entire class in [12]. The first of the main results in this
paper, Theorem 1, gives the desired characterization, which was
described in the abstruet. This result is actually proved for local
rings, and the result [12, (9)] is also extended to this case (in
Theorem 0).

As an application of this result, we consider, in §3, the following
class of local domains R: for each ideal I in R and for all large =,
all the ideals I* and (I"), have the same prime divisors. Concerning
this class, McAdam and Eakin showed in [4, Prop. 24] that for each
ideal I in a Noetherian UFD of altitude two and for all » =1, all
the ideals I and (I™), have the same prime divisors. On weakening
the conclusion to “for all large %,” McAdam showed in [5, Thm. 6
and Prop. 8] that this continues to hold for all integrally closed
Noetherian domains of altitude two and “integrally closed” is a
partly necessary hypothesis. In [13, Prop. 12], I added two other
types of local domains that have this latter property, and the second
of the main results in this paper, Theorem 4, describes all Noetherian
domains that have this property (assuming that integrally closed
local domains of altitude three are catenary). The proof of Theorem
4 requires consideration of several cases, and Theorem 1 plays an
important role in some of these cases.

Concerning this second eclass of rings, I am indebted to S.
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McAdam for a stimulating conversation that showed me it was of
some interest, and the reader will note his large contribution to the
description of the rings in it.

2. Note on the prime divisors of (I"),. We begin by fixing
some notation.

If R is a ring, then R’ denotes the integral closure of R in its
total quotient ring. And if R is local with maximal ideal M, then
R* denotes the M-adic completion of R.

For an ideal I in a Noetherian ring R, the integral closure of
Iin R is the set I, = {xcR; « is a root of a polynomial of the
form 7" + 4,7+ --- + 4,, where ¢;€ '}, It is well known that
I, is an ideal in R and IS I, S Rad I.

We can now prove the first of the main results in this paper.
Before this, however, since Theorem 1 is proved in more generality
than the analogous result in [12], we first generalize that result to
local rings. (Concerning the condition (0): M = (0), it is shown in
[15, (8.15.1)] that if M is a prime divisor of zero, then M is a prime
divisor of all ideals contained in large powers of M.)

THEOREM 0. The following statements are equivalent for a local
ring (R, M) such that (0): M = (0):

(0.1) There exists a depth one prime divisor of zero in R*.

(0.2) There exist integers m such that M is a prime divisor of
all regular ideals contained in M™.

Proof. The proof given in [12] carries over to this more general
case, but three minor changes should be made: for (9.1)= (9.2), I
is a regular (instead of nonzero) ideal in R; and, in the second
paragraph of the proof of (9.2) = (9.1): a should be chosen to be a
regular element in M (instead of a nonzero element); and (ii) should
be changed to: the intersection of each infinite subset of 7 is a
prime divisor of zero.

We now state and prove the first of our main results.

THEOREM 1. The following statements are equivalent for a local
ring (B, M) such that altitude R = 1:

(1.1) There exists a depth one minimal prime ideal in R*.

(1.2) There exists a positive integer n such that M is a prime
divisor of I, for all ideals I & M™ such that height I = 1.

Moreover, if Rad R = (0), then these are also equivalent to:

(1.3) There exists a height one maximal ideal in R'.

Proof. It was shown in [8, Prop. 3.5] that (1.1) = (1.83) when
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R is a local domain, so it readily follows they are equivalent when
Rad R = (0).

Assume (1.1) holds, let M* = MR* be the maximal ideal in R*,
and let Z = Rad R*. Then it will first be shown that

(*) Z= )Y (M*), .

72>0
For this, it is clear that Z & (M*"), for each n, 80 Z S MNuso (M*™),.
Therefore [MN,so (M*))/Z S Nuso [(M*)e/ Z] S Nuso [(M*" + Z)[Z], =
Naso [((M*/Z)"],. Now R*/Z is analytically unramified, so (M*/Z)"),<
(M*/Z)~» with m(n)— ~ with =«, by [16, Lemma 3], so
Nuso [(M*Z)"], S Nuso M*/Z)™ = (0) in R*/Z. Therefore (*) holds.

Next, since (1.1) holds, let MN{ ¢, be a normal primary decomposi-
tion of the zero ideal in R*, where depth ¢, = 1 and height ¢, = 0.
Then, since height ¢, = 0, there exists an element z ¢ (N ¢;) — Rad q,,
so ¢ Z. Therefore, by (*), there exists an n such that x¢ (M*"),.
Also, since depthgq, =1, xzeKer (R*— R}) for all PecSpecR* —
{Rad q,, M*}, so if I is an ideal in R such that height =1 and
I: M = I, then it follows (by considering a primary decomposition of
IR*) that xeIR*. Therefore if I < M* then I, & (M™), & (M*"),,
so x¢ I.R* (by the choice of #), so it follows that M is a prime
divisor of I,. Therefore (1.1) = (1.2).

Finally, assume (1.2) holds. Then it continues to hold for R/Z,
where Z, = Rad R, since Z, & I, for all ideals I in R. Also, there
exists a depth one minimal prime ideal in R* if and only if there
exists a depth one minimal prime indeal in R*/Z,R* = (R/Z,)*, so it
may be assumed that Rad R = (0). Let b be a regular element in
M. Then, by hypothesis, M is a prime divisor of (b"R), for all
large n. Hence, since (b"R), = b"R’' N R, there exists a (height one)
prime divisor ' of "R’ that lies over M. Thus p’ is a maximal
ideal, so (1.2) = (1.3), and (1.3) = (1.1) when Z, = (0), as noted above,
so (1.2) = (1.1). M

We next give two corollaries of Theorem 1. The first of these
is closely related to two results of Nagata concerning the prime
divisors of principal ideals.

COROLLARY 2. (Cf.[6, (33.11) and (12.6)]). Let B be a Noetherian
domain and let b be a monzero nonunit in B. Then the following
statements hold:

(2.1) If P'eSpec B’ is a prime divisor of bB', then P'N B is
a prime divisor of (b"B), for all large m.

(2.2) If PeSpecBis a prime divisor of (b"B), for some n =1,
then there exists an integer m such that P is a prime divisor of I,
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for all nonzero ideals I & P"™ = P"B, B.

Proof. (2.1) Let P’ be a prime divisor of bB’ and let P = P'( B.

Then P’B';_p is a height one maximal ideal in the integral closure

s—p Of Bp, so PB, is a prime divisor of (b"B5), for all large =, by
(1.3)=(1.2). But (b"B;), = (b"B).B», so (2.1) holds.

(2.2) If P is a prime divisor of (b"B),, then there exists a (height
one) prime divisor P’ of b"B’ such that P"NB = P. Therefore if »
is large and I is a nonzero ideal in B such that ISP, then PB, is
a prime divisor of I,B, = (IBp),, by (1.3)=(1.2), so (2.2) holds. []

The next corollary concerns the Rees ring. By definition, the
Rees ring of B with respect to an ideal I in B is the graded sub-
ring #Z = Z(B, I) = B[tl, u] of B[t, u], when ¢ is an indeterminate
and » = 1/t. It is readily seen that w*<#Z N B =I* and (u"<#).N
B = (I"), for all n = 1.

It was shown in [11, Thm. 2.5] that (3.1) = (3.2), so the main
new result in Corollary 3 is that (3.4) = (3.1). However, Rees rings
play an important role when considering asymptotic prime divisors,
so it was decided to include all four statements in the corollary for
ease of reference. Corollary 3 together with [4, Cor. 17] give a
useful description of the relationship between the prime divisors of
(I*), and those of I” for large m.

COROLLARY 8. Let I be an ideal in a Noetherian domain B
and let B = A (B, I) be the Rees ring of B with respect to I. Then
the following statements are equivalent for a prime ideal P in B
such that I < P:

3.1) P is a prime divisor of (I*), for all large m.

3.2) P is a prime divisor of (I™), for some n = 1.

(8.3) There exists an integer m and a prime divisor Q of (u™#),
such that Q N B = P.

(8.4) There exists a (height one) prime divisor Q' of u?’ such
that Q' N B = P.

Proof. It isclear (3.1)=(3.2). Also, (3.2)=(3.3), since (u"#), N
B = (I",, and (3.3) = (3.4), since u"#' N .F = (u™<#), and since
u#' and u™#’ have the same prime divisors.

Finally, if (8.4) holds, then @ = Q' N <# is a prime divisor of
(u#), for all large n, by (1.83) = (1.2). Therefore the proof of [11,
Thm. 2.5] shows that t/Z Q and Q@ N B is a prime divisor of (I*),
for all large =, so (3.4) = (3.1). O

3. On the asymptotic prime divisors of I* and of (I"),. Before
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stating the main result in this section, we first give three additional
definitions

An integral domain R satisfies the altitude formula if for all
finitely generated extension domains A of R and all prime ideals P
in A, height P + trd (4/P)/(R/p) = height p + trd A/R, where p =
PN R and trd D/C denotes the transcendence degree of the integral
domain D over its subdomain C.

It was shown in [1] that all large powers of an ideal I in a
Noetherian ring R have the same prime divisors, and we let A*(1)
denote this set, so A*(I) = Ass (R/I") for large m. Also, it was
shown in [11, Thm. 2.5] that for all large =, the ideals (I*), have
the same prime divisors, and we let ff*([ ) denote this set, so ﬁ*([ ) =
Ass (R/(I™),) for large n.

It was shown in [11, Thm. 2.5 and Cor. 2.6] that A*(I) < A*()
always holds. The following result, which is the main result in this
section, characterizes (modulo the assumption that all integrally
closed local domains of altitude three are catenary) when equality
holds for each ideal I in a Noetherian domain. This is a desirable
property, since, given: I; an integer k = 1; and, an ideal C such
that C, = (I*),; then for all ideals K such that C < K < (I*), and
for all large =, all the ideals K", (K"),, I* and (Ik"), (and hence
also I™ and (I"),) have the same prime divisors. It is therefore
somewhat disappointing that the class of such integral domains is
rather small.

THEOREM 4. Let .7 be the class of Noetherian domains B such
that A*(I) = A*(I) for each ideal I in B. Then the following state-
ments hold:

(4.1) If altitude B > 38, then B¢ ¥

(4.2) If altitude B = 3 and if one of the following statements
holds for each maximal tdeal M in B, then Be .7

(4.2.1) Height M < 1.

(4.2.2) Height M = 2 and either By = (By)' or there exists a
height ome maximal ideal in (By) .

(4.2.8) Height M = 3, there exists a height one maximal ideal
in (By), and for all height two prime ideals P C M either B, = (Bp)'
or there exists a height one maximal ideal in (Bp)'.

(4.8) The only other possible local domains in &7 are integrally
closed local domains of altitude three that do not satisfy the altitude
Sormula. In fact, assume (R, M) is such an integral domain and
let W be the intersection of the depth two minimal prime ideals in
R*. If Re . % then each pair of analytically independent elements
b, ¢ in R remains analytically independent in R*/W. The converse
holds if RI/M is infinite.
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Before beginning the proof of Theorem 4, the following remarks
should be made.

REMARKS. (5.1) It has been an open problem for more than
20 years whether all integrally closed local domains R are catenary.
If this holds at least for the case altitude R = 3, then Theorem 4
describes all Noetherian domains in .9 (see Remark 10).*

(5.2) It is shown in [3, Thm. 7 and Remark, p. 728] that there
are at most finitely many height two Pc M for which the condition
(in (4.2.8)) “there exists a height one maximal ideal in (B;)"”” can
hold.

(5.8) Nagata’s examples in [6, Ex. 2, pp. 203-205] in the cases
m=10and r =1 or 2 are in .%7 by (4.2.2) and (4.2.3).

(5.4) It isclear that .o is closed under localizations, and using
Nagata’s example in the case m = 0 and » = 2 it can be shown that
& is not closed under passing to factor domains. And, if (B, M)
is a local domain such that R(X) = R[X]yzix1 € % then Re .9 and
the converse in an open problem. (If the converse holds, then
(econcerning (4.3)) it can be proved that an integrally closed local
domain of altitude three that does not satisfy the altitude formula
is in .%7 if and only if the following condition holds: for all pairs
of analytically independent elements b, ¢ in R(X), b, ¢ remain
analytically independent in R(X)*/W*, where W* is the intersection
of the depth two minimal prime ideals in R(X)*. The proof is quite
similar to the proof of Lemma 11.)

(6.5) Lemma 11 proves a somewhat stronger statement than
that in (4.3).

Proof of Theorem 4. It clearly sufficient to prove the theorem
for the case B is a local domain R and M is its maximal ideal, and
it is clear that if height M =1, then Re .7/

Now assume height M = 2. If R = R, then Re . by [5, Thm.
6]. If R R’ and R satisfies the altitude formula, then R¢ .o by
[5, Prop. 8]. Finally, if R = R’ and if R does not satisfy the
altitude formula, then there exists height one maximal ideal in R’
by [8, Thm. 3.1 and Cor. 3.4(i)]. Let I be a nonzero ideal in R.
(It is clear that fi*((O)) = A*((0)), so it suffices to restrict attention
to nonzero ideals.) Then Me fT*(I), by (1.3)=(1.2), so Me A*(I),
by [11, Thm. 2.5 and Cor. 2.6]. Also, if P is a height one prime
ideal in R, then clearly Pe A*(I) if and only if Pe A*(). Therefore
Re .

Next, assume height M = 38 and that there exists a height one
maximal ideal in R’. Let I be a nonzero ideal in E. Then by
(1.3) = (1.2) and [11, Thm. 2.5 and Cor. 2.6], Me ff*(I) N A*(I). Let
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P be a height two prime ideal in R. Then going through the same
three cases as in the preceding paragraph, it follows that Pe /I*(I )
if and only if Pe A*(I) when R, = (R;) and when there exists a
height one maximal ideal in (R;)’ (so R, #+ (R;)’ and R, does not
satisfy the altitude formula), and R,¢ & if R, # (Rp)’ and R;,
satisfies the altitude formula (and this clearly implies R¢ .&). From
this it readily follows that Re .o if and only if the conditions of
(4.2.3) hold, and this complies the proof of (4.2).

To complete the proof of Theorem 4, it remains to consider the
cases: height M = 3 and there does not exist a height one maximal
ideal in R’; and, height M = 4. For these cases, some preliminary
information is needed, so the rest of the proof of this theorem is
contained in Lemma 6, Corollary 9, Remark 10, and Lemma 11.

Lemma 6 describes a class of altitude three local domains that
are not in .7

LEMMA 6. Let (R, M) be a local domain such that altitude
R =38. Assume R + R’ and that there does mot exist a height one
maximal ideal in R'. Then R¢ .o

Proof. Since R # R’, let be M such that bR C (bR),. Let ye
(bR), — bR and let I = (b, yM)R. Then it is shown in [5, Prop. 8]
that M e A*(I), so to complete the proof, it suffices to show that
Me A*(I).

For this, let <& = R|u, tb] be the Rees ring of R with respect
to bR, let &, = R'[u, tb], and let . = R'[th, 1/tb]. Then & = &,
since tb is transcendental over R’, so # & . & &' < . = FZ[1/tb]
(since u = b(1/th) e ). Suppose there exists a prime divisor p of
u#' such that M = p N R. Then the proof of [11, Thm. 2.5] shows
that tb¢ p. Hence p& = .9 and so p&° N R is a maximal ideal
(since p N R = M). However, since tb is transcendental over R’ and
heightp =1, p& = (& N RS, hence height p& N R'=1. But
by hypothesis there does not exist a height one maximal ideal in R’,
so no prime divisor of u.#’ lies over M. Therefore M¢ A*(bR), by
(8.1) = (3.4). Finally, bR < I < (bR),, so (I™), = (b"R), for all m,
hence M¢ ﬁ*(I). ]

It follows from Lemma 6 and the proof of (4.2.3) that the only
local domains of altitude three whose inclusion in .& has not been
determined are those which are integrally closed. We explicitly
consider these rings in Remark 10 and Lemma 11.

The following lemma is of some interest in itself, since it can
frequently be used to show that given an ideal J and a prime ideal
P such that J £ P, Pe A*(I) for some ideal I between J and J,.
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(For example, let J = K™ in Corollary 8.) The lemma will be used
to show that if either altitude R >3 or altitude R =3 and R
satisfies the altitude formula, then R ¢ .7

We consider the analytic spread of an ideal I in a local ring in
several of the following results. The analytic spread of I, denoted
I(I), is defined by I(I) = depth (M, u)#(R, I). Therefore I(I) =
altitude R.

LEMMA 7. Let K< P be ideals in a Noetherian ring B such
that P is prime, let h > 1, let K™ be the ideal generated by the hth
powers of the generators of K, and let I = (K™, PK"B. If, for
infinitely many n, K""B, + K"Bp, then Pec A*(I). Moreover, if
By 18 an integral domain that satisfies the altitude formula and
height P > (KB,), then P¢ A*(I).

Proof. It may clearly be assumed that B is local and P is its
maximal ideal. Then we have I"Z K" and I = K™ + PK"["
for all », so I*< K* 4 PK"*, Therefore, if I" = K", then it
follows that K'* = [I" = K™" since (B, P) is local. On the other
hand, if @ € Spec B is such that I £ @ c P, then clearly I"B, = K"B,
for all n. Therefore since I* & K*" it follows (on considering primary
decompositions) that if K™ = K** for infinitely many =, then P
must be a prime divisor of I™ for infinitely many n, hence Pe A*(I),
by [1].

If B, is an integral domain that satisfies the altitude formula
and height P > [(KB;,), then P¢ ﬁ*(K)by [5, Thm. 3]. But clearly
K" < K*< (K™),, hence KM I< (K™),. Therefore (K'*), =
(K, = (I™), for all n, so A*(I) = A*(K), and so P¢ A*(I). [

COROLLARY 8. Letb, ---,b, (g > 1) be analytically independent
elements in a local ring (R, M), let K= (b, ---,b,)R, let h >1,
and let I = (K™ MK"R, where K™ = (b b2, ---, b})R. Then Me
A*(I). If R is a domain that satisfies the altitude formula and if
g < altitude R, then M¢ A*(I).

Proof. Let v(J) denote the number of elements in a minimal

basis of an ideal J. Then »(K"**) = (hng+_ 1— 1) (binomial coefficient)

and (K™ = (% ;3 1_ 1), since b, ---,b, and b}, bl, ---, b* are
analytically independent in R. Therefore K" = K/** hence the
conclusions follow from Lemma 7 (and the fact that I(I) < v(I) by

[7, Lemma 4, p. 151]). ]

Corollary 9 contains a proof of (4.1).
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COROLLARY 9. Let R be a local domain such that either
altitude R = 3 and R satisfies the altitude formula or altitude R > 3.
Then R¢ .7

Proof. Assume first that altitude R > 3. Then it is shown in
[2, Cor. 2.25] that there exist prime ideals P in R such that
height P = altitude R — 1 and R, is unmixed. Fix such a P, so
height P = 38 and R, satisfies the altitude formula, by [8, Thm. 3.1].
Therefore, since the altitude formula is preserved under localization,
it suffices to prove that R ¢ . when altitude R = 38 and R satisfies
the altitude formula. For this, let M be the maximal ideal in R,
let b, ce M such that height (b, c)R = 2 and let I = (b% ¢}, Mbc)R.
Then Me A*(I) — A*(I), by Corollary 8, hence R¢ . % 1

Concerning Corollary 9, it should be noted that it follows im-
mediately from [5, Thm. 6 and Prop. 8] that a local domain R of
altitude = 2 that satisfies the altitude formula and is not integrally
closed is not in .7

REMARK 10. It is readily seen that if all integrally closed local
domains of altitude three are catenary, then all such local domains
satisfy the second chain condition for prime ideals, and hence satisfy
the altitude formula, by [8, Thm. 3.1]. Therefore if this holds,
then & has been completely determined. If if does not hold, then
we have shown (by the proof of (2.4.3), lemma 6, and Corollary 9)
that the only other possible local domains in . are integrally
closed, have altitude three, and do not satisfy the altitude formula.
We next consider what can be said in this case.

LEmMMA 11. Let (R, M) be a local domain such that altitude
R =38 and R= R'. Assume R does not satisfy the altitude formula
and let W be the intersection of the depth two minimal prime ideals
an R*. Then the following statements hold:

(11.1) If Re .o then each pair of analytically independent
elements in R remains analytically independent in R*|W.

(11.2) If ((IR* + W)/W) = 2 for all ideals I im R such that
I(I) =2, then Re .

(11.3) If R/M is infinite and if each pair of analytically in-
dependent elements in R remains analytically independent in R*/W,
then the hypothesis of (11.2) holds, so the conwerse of (11.1) also
holds.

Proof. Note first that since R does not satisfy the altitude
formula, there exists a minimal prime ideal z in R* such that
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depthz < 8 by [8, Thm. 3.1]. Since R = R’, depthz >1 by (1.1) =
(1.3), so depthz = 2, and so the ideal W exists.

(11.1) Assume Re . and let b, ¢ be analytically independent
elements in R. Let I= (b ¢, Mbc)R, so Me A*(I) by Corollary 9,
and so Me A*(I) = ff*((b, ¢)R), by hypothesis. Therefore by (8.1) =
(3.4), there exists a prime divisor p’ of w<?’ that lies over M,
where “#Z = Rlu, tb, tc]. Let N = (M, u)<?, so N is a depth two
prime ideal (by [9, Lemma 4.3] (applied to R[w]w,., and u, b, ¢)
together with [9, Lemma 4.2], since b, ¢ are analytically independent
in R). Now, by the proof of [11, Thm. 2.5], tb¢ »’ or tc¢ p’ and
P=9p"N<# is not maximal. Therefore, since N & P, either
depth P =2 (so P= N) or depthP=1. We will first show that
P = N.

Let #* = R*[u, tb, tc] and P*= P<#*. Then .2, is a dense
subspace of 7%, by [9, Lemma 3.2]. Also, there exists a depth
one minimal prime ideal in (ZZ)* =(Zp)*, by (1.8) = (1.1) (since there
exists a height one maximal ideal in (<%;)’), so there exists a depth
one minimal prime ideal in .22, since Z% is pseudo-geometric. Let
w be this ideal, so z = w N R* is a minimal prime ideal, by [14,
Thm. 1.5]. Also, #*/(wN . #*)=.F(R*|z, (b, c)R*[z) = (say)#,, by [14,
Lemma 1.1], and so P*/(w N &%) = (say)P, is a prime ideal that con-
tains (M*/z, u)#,. Now R*/z satisfies the altitude formula and
height P*/(w N &%) = 1, since depthw = 1, so we have height P, +
trd (#/P,)/(R*|z)/(M*/z)) = height M*/z + trd <Z/(R*/z). Thus
height M*/z = trd (&Z/P,)/(R*/M*) = [6, (14.6)] altitude.zZ/P,, so
height M*/z = depth P, < 2 (since .#Z/P = %/ P*= <,/P,). But
height M*/z = depth z = 2, so depth z = height M */z = depth P, = 2.
Therefore depth P =2, so P= N, and so P,= (M*/z, u)%, Let
L = (R*/2)[u)rver- Then (M*/z, w)L[th, tc] is a depth two prime
ideal, since P, is, so u, b, ¢ are analytically independent in L, by
[9, Lemma 4.3], and so b, ¢ are analytically independent in R*/z.
Therefore, since W < 2z (since depth z = 2) and b, ¢ are analytically
independent in R*/z, [10, Remark 4.3(i)] shows that b, ¢ are analy-
tically indepedent in R*/W.

(11.2) Assume the condition on ideals of analytic spread two
holds. Fix a nonzero ideal I in R and let PeSpecR — {(0), M}.
Then R, = (Rp), since R = R’, so Pe A*(I) if and only if Pe A*(I)
(by [5, Thm. 6] if height P = 2, and clearly if height P = 1). There-
fore it remains to show that Me A*(I) if and only if Me A*(I).

For this, if I(I) =1 then I(IR(X)) =1. Since R(X)/MR(X) is
infinite, there exists an element b in R(X) such that bR(X) S
IR(X) < (bR(X)),, by [7, Cor., p. 151]. Thus, since R(X) = R(X)',
(bR(X)), = bR(X), hence IR(X) is principal, and so I is principal.
Therefore I* = (I*), for all n, so A*(I) = A*(I) and M¢ A*(I). If
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I(I) =8, then let &2 = <#(R,I). Then depth (M,u)# = 3, by hy-
pothesis, so height (M, w)#Z = 1 (since altitude &2 = altitude R + 1).
Therefore there exists a height one prime ideal @ in < such that
(M, w)Z S Q, so Q is a prime divisor of u<Z and of (u.<#),. There-
fore M = QN ReA*(I), by (3.8) = (3.1), so Me A*(), by [11, Thm.
2.5 and Cor. 2.6]. Finally, if I() = 2, then the hypothesis implies
WIR*+W)/W)=2. Let &= AR, I), #* =RHR* IR*), FH =
B(R*|W, IR* + W)/W), and W*= WR*[t, u] N &#*. Then by the
definition of analytic spread, there exists a depth two minimal prime
divisor P, of (M*/W, u)<%,. Since .Z,= .#*/W?*, by [14, Lemma 1.1],
let P# be the pre-image in <#* of P,. Then P? is a depth two mini-
mal prime divisor of (M*, u)<#*. Also, with P= P*N .22, &, is a
dense subspace of .2Z%:, Dby [8, Lemma 3.2]. Now altitude .2, =
altitude R*/W+1=38, so depth P,=2 implies height P,=1. Therefore
height P#/W?* =1, so there exists a depth one minimal prime ideal
in 2% Therefore there exists a depth one minimal prime ideal in
(F)* = (Hp)*, so there exists a height one minimal ideal, say N,
in (42,), by (1.1)= (1.3). Therefore M = NN Re A*(I), by (3.4) =
(38.1), and so M e A*(I), by [11, Thm. 2.5 and Cor. 2.6].

(11.3) Assume R/M is infinite and let I be an ideal in R such
that I(I) = 2. Then, since R/M is infinite, there exist analytically
independent elements b, ¢ in R such that (b, )R S I < ((b, ¢)R),, by
[7, Cor. and Thm. 3, p. 151] (applied to I) together with [7, Thm.
4, p. 152] (applied to (b, ¢)R). By hypothesis, b, ¢ remain analytically
independent in R*/W, and clearly (b, ¢c)R*/W & (IR* + W)W <
(b, OR)E*| + W)/ W < ((b, e)R*|W),, so W(UIR* +W)/W) =2, by [7,
Thm. 2, p. 151]. But altitude R*/W =2, so I((IR* + W)/W) < 2.
Therefore the hypothesis of (11.2) holds, so Re.%, and so the
converse of (11.1) holds. ]

This paper will be closed with the following question and
remarks.

QUESTION. If I is an ideal in a local ring such that I(I) = 2,
then do there exist integers h such that I'™" =« I** for infinitely
many n?

REMARKS. (12.1) It seems to me the answer to the question
must certainly be yes, but I have not been able to prove it. If it
does hold, then with R as in Lemma 11, Re€ .7 if and only if the
condition in (11.2) holds. For, let Re .o let I(I) = 2, let A such
that I™" 5= J** for infinitely many %, and let K = (I™, MI*)R. Then
Me A*(K), by Lemma 8, so Me A*(K) since Re.” Therefore
Me A*(I") = A*(I). Thus essentially as in the proof of (11.1) (but
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using the definition of I(I) to get a depth two prime divisor of
(M, w)# (R, I) rather than analytical independence), it follows that
depth (M*/W, u)Z(R*|W, (IR* + W)/W) =2, so ((IR* + W)/W) = 2.

(12.2) Actually, for the result in (12.1) to hold, it would be
sufficient for the following to hold: if I(I) = 2, then there exist
integers g and % and ideals C and K such that C, = (I*),, CES K<
(I%),, and K™ = K** for infinitely many n. (For theAn, by Lemma
8, MecA*(K*), where K* = (K™, MK"R, so MecA*(K*), since
Re. and so Me A*(K") = A*(I"*) = A*(I).)

Added in proof. It was recently shown by T. Ogoma in Non-
catenary pseudo-geometric normal rings, Japan J. Math., (to appear),
that there exist integrally closed local domains of altitude three
which are not catenary.
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