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bo-RESOLUTIONS

MARK MAHOWALD

This paper considers the Adams-Novikov type spectral se-
quence with b0 as the spectrum. The action of the generator
of mgbo in the spectral sequence is completely determined. The
result is a complete determination of the v -periodic homotopy
of the stable sphere.

1. Introduction. Let bo be the 2-spectrum representing con-
nected real K-theory. This spectrum is a ring spectrum with a unit
and H*(bo) = AJ/A(Sq*, Sq®). (Unless otherwise noted, A is the mod2
Steenrod algebra, all coefficient groups are Z,, and all spaces are
localized at 2.)

Associated to a spectrum with unit, like bo, we have a tower
of spectra

S° S, S, . S, S
| fane ] |
bo S, Abo S, A bo S, A bo

where S, A bo ﬁA—‘ S, < S,;, is a fibration and I: S° — bo is the unit.

If we use the homotopy functor 7*, we get an exact couple with
st =, (S, A bo). Under reasonable hypothesis on the spectrum,
E** is an associated graded group of x,.(S°. This is true for bo
since 7;(S,) =0 for j < 3s and so for t — s < 3s, B = K%' for large
enough ». This spectral sequence will be written {F,(S°, bo, 7)}.
Clearly w,bo acts on E, but d, is not a 7.bo module map. Never-
theless, if two classes in F, are related by the action of a class in
w.bo and they both survive to E., then we will say that these two
classes are still related in this manner. In particular the class which
generates wbo is a basic periodicity class which we will call »:. (The
name is suggested by BP-theory and is discussed in [3].) A class
such that all multiples of it with ! are non zero is called a »,-
periodic class. Classes in E, which survive to E. but for which all
7..bo compositions except the identity do not survive will be said to
generate a Z, vector space. Our main theorem is:

THEOREM 1.1.

(a) E(S bo,t)=27Z t=0
=Z, t=12mod8
=0 all other t.
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The classes for t =1 and 2mod 8 are v,-periodic.

(b) EL(S, bo, ) = Z,p(k) t =4k
= Z, t=1,2mod8
=0 otherwise

where p(k) is defined by 4k = 2°P~'mod 2¢® and all the classes are
v,-periodic.

(e) E(S°% bo, ) =0 for 6s >t + 12 and is a Z, vector space (as
a 7. (bo) module) for all s > 1 and all t.

This result was essentially announced in [6]. Since that time
Milgram [12] and Carlsson [1], [2] have also investigated bo resolutions.
The setting in the unstable range has also been investigated and
results which are based on Theorem 1.1 were described in [7]. A
second paper will be devoted to discussing that material.

The edge result stated in Theorem 1.1 part (¢) guarantees that
the only classes which have a v, type periodicity acting on them are
described in parts (a) and (b). Other classes may admit finite mul-
tiples of v, but must form finite families. This is discussed more
fully in §6 and also in [3].

The paper is organized as follows. Section 2 states the main
ancillary results, which are Theorems 2.4, 2.5 and 2.7. Most of the
section is devoted to definitions and the introduction of terminology.
In addition consequences of 2.5 and 2.7 are obtained. The proof of
2.5 and 2.7 occupies §3. Section 4 contains the proof of 2.4. Section
5 analyzes the bo resolution and contains the proof of the main
theorem. Section 6 discusses v,-periodicity but a more detailed dis-
cussion is contained in [3].

2. The homotopy of bo A bo. Let g: S*— B*0 represent a
generator. Let 2%: 2°S®— BO be the double loop map. Clearly the
space 2°S® is homotopically equivalent to S* x W where W is the fiber
of 2°S* — 8. Let F,(2°S?) be the May filtration. (Compare [11] and
[12].) This induces a filtration on W, F%(Wz. Let f,: F,.(W)— BO
be the composite F,,(W)C F,,(2°S?*) c 2°S* 9, BO. Let B(n)=T(f,),
the Thom spectrum defined by f,. The following are some properties
of B(n) which follow immediately from the definition. (See [4] and
[5] for calculations of this type.)

2.1. B(n) A B(m)— B(n + m). The induced map in homology
is onto if n = 2° and m < 2.

This follows from the fact that F,, X F.,— F,..., using the
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multiplication in 22S®. The homology of £2°*S® is a polynomial ring
Zfx,, @, -] with dim x,i_,) = 2 — 1. Then H (W) = Z,[3, @5, 7, - - -].
If we assign a degree to x; by degz, = (¢ + 1)/2 then H,(F},,) is the
vector space generated by all monomials in %, of degree < 2n. These
facts give 2.1 when translated to Thom spectra.

2.2. B(n)c B(n + 1) and Uy, B(n) = K(Z, 0)(localized at 2).
This is discussed in detail in [4].

2.3. If M,(k)=A/A(Sq", XSq"|n>2k) then H*(B(n))=M,(n). (We
will sometimes denote M (k) as M(2k) @, Z, where A, is the sub-
algebra of A generalized by Sq'.)

This follows immediately from 2.2 since H*(K(Z, 0)) = A @ ,°Z;-

Using the spectra B(n) we define 2. = V2, 2*B(t). The key
result about bo A bo is the following.

THEOREM 2.4. There is a homotopy equivalence between bo N bo
and 2, N bo. (All spaces are localized at 2.)

This theorem was first proved in 1969 [6]. Milgram [12] found
another proof which proceeds from a different point of view. The
proof given here, in spirit, is like the original one but the inter-
vening years have seen a development particularly in the Thom
spectrum approach. The following proof has profitted from this.

The first step is to get an algebraic version of 2.4. We need
to show that as modules over the Steenrod algebra H*(bo A bo) and
H*(2, N bo) are isomorphic. Recall that H*(bo) = A @, Z, where
A, C A, is the sub Hopf algebra generated by S¢' and Sg®. Since
the A-module structure of AQ,, Z, ® M is determined completely by
the A,-module structure of M, we need to determine the A,-module
structure of A@,, Z,. Theorem 2.5 will do this but it needs some
introduction.

Using the Cartan basis representation we have a Z,-basis for 4
given by S¢’ where I is admissible. (I = (4, %y, -+, ;) and 2 ;= 24,4,.)
Then XSq¢’ is also a basis where X is the anti-automorphism of A.
Since Sq¢'Sg™ = Sg**+' and S¢'S¢*” + S¢'S¢*"Sq* = Sq¢**+?, we see that
in order for a class XSg’ to be nonzero in A @, Z, i, = 0 mod 4.
Also since S¢*S¢*"* + Sq'S¢*" = Sq*"Sq* we see that 1, = 02). A Z-
bases for A @., Z, is given by considering XSq” with ¢, = 0(4) and
7, = 0(2). The proof of 2.5 will give this. A Z,-basis for M,(k) can
be given by XS¢?, I admissible, ¢, = 0(2), and 4, =< 2k. Thus each
class in M, (k) can be identified with a class in 4 by this basic choice.
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Then M, (k)XSq** will mean the action of A on XSg* restricted to the
subspace of A represented by M, (k).

These comments nearly complete the proof of the following.
What remains is to show that there are no further relations and
that the left A, action is correct.

THEOREM 2.5. Let g*: @,z >."M,(k) > AQ@. Z, be defined by
%M, (k) — M,(k)XSq* € A @4,Z,. Then g* is an isomorphism of left
A,-modules.

The proof will be given in §3.

The next step is to calculate the homotopy of bo A bo. We will
use the Adams spectral sequence and, in view of 2.5, all we need to
do is to calculate Ext, (M, (k), Z,).

The key step in this calculation will be the following. First
some notation. Let {bo‘} be a minimal Adams resolution for bo. By
this we mean that the spaces bo’ fit into a sequence

b0 «——bo' —— -+ <2 po

and the fiber of bo® <« bo'** is a generalized Eilenberg MacLane space
Il: K(BExti(Z,, Z,), ¢t — i — 1) and p} is zero. Let a(k) be the number
of 1’s in the dyaic expansion of k.

PROPOSITION 2.6. If k= 0(2) then A @42, ® M(k) is stably A
1somorphic to H*(bo**®). If k=20 + 1, then AQ. Z, Q M(k) is
stably A isomorphic to H*(bspin*~*). (bspin‘ is defined analogously
to bo'.)

This will be proved in §3. Note that bspin = M,(1) A bo, see
[10]. This proposition yields immediately.

THEOREM 2.7. For s > 0 and if k = 21, then Exty/(M,2l), Z,) =
Extytt-e®tsi-ad(7 7). For s >0 and if k=2l + 1, then

'Exti’f(vMi(Zl + 1), Z,) = Extgit-etr i« O(M (1), Z,) .
Theorems 2.5 and 2.7 can be combined to give:

THEOREM 2.8. If s > 0 then
Exts (H*(bo A bo), Z,)
— é [Exti-il-d—zx(l),t—4l—a(l)(Z2’ ZZ) @ Ext:}l—d—a(l),t—4l—a(l)—4(MI(1), Zz) .
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Since both Ext%/(Z, Z,) and Ext/(M,(1), Z,) are zero for ¢ — s =
3(4), there can be no differentials in the Adams spectral sequence
for bo A bo. This gives:

THEOREM 2.9. In the Adams spectral sequence for bo Abo, E,=F...

This completes the homotopy ecalculations for bo A bo, (modulo
the calculations done in §3 for 2.5 and 2.7). The rest of the proof
of 2.4 will be done in §4.

3. The proof of several results from §2. (The first part of
this section is heavily influenced by Peterson’s lectures [13].)

We begin by studying the left A,-module structure of A @, Z..
It is easier to do these calculations in the dual. We have 7: 4 —
AQ.,, Z,. In each gradation each side is a finite dimensional vector
space over Z,. In the dual we have ZJé, ---] = A* D (A @, Z,)*.

The subset is more easily identified in the image of A* under
X, the anti-isomorphism. We represent this image as X[(4A @., Z.)*].

PROPOSITION 3.1. As left A-modules

X[(A ®A1 ZZ>*] = ZZ[SL Eg’ $3y o '] .

Proof. Since A@.,, Z,=A[A(Sq", Sq°) we have AD A RSO BST)
A— AJA(S¢', Sq*)— 0 which gives A* A* LEODLED 4w (AJA(Sq,

S¢) 0 and finally A* @ A* ZEDEED 4o ya @, z)1 0.

But &.S¢q = &, + &,_,. Hence the proposition follows.

Assign to each &, degree 2' and each monomial & = &gl ...,
the degree 37,277,

Let N, be the Z, vector space generated by monomials of degree
4n. Then ZJ&, &, &, ---1 = @, N,,..

PROPOSITION 3.2. As left A-modules ZJ[&, &, &, -] = @D, N,,..

Proof. The left A action is given by Sq&, = &, + &_.. In the
absence of &, &, &, & and products, degree (Sq'¢’) = degree &' and
degree (Sq%?) = degree &' (of course 0 has every degree).

PrROPOSITION 3.3. XN}, = M,(n).

Proof. Using the multiplication A* and the multiplicative nature
of the degree we have maps
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which are monomorphism if % # 2° and 45 = 2° and 4k < 2!, If n = 2
then the class corresponding to &,., generates the kernel. Now using
the obvious isomorphism XNy = M,(1) and the kind of argument of
[5] §4 we get the result.

Combining 3.2 and 3.3 we get the proof of 2.5. Using this
explicit caleulation we also can get the following. Let @, = S¢* and
Q. = S¢* + S¢*Sq*. Then Q; acts as a differential in M for any A
(or A,) module M.

ProPOSITION 3.4. [13] H . (X(A R Z)*, Q,) = Z[&] and
H,(X(A @Zz)*, Q) = K&, &, ).

Proof. Both of these are easy calculations from 3.2.

COROLLARY 8.5, H*(M(2Y, Q,) = Z, generated by the class in
dimension 0 and H*(M (29, Q,) = Z, generated by the class in dimen-
ston 2+ — 2,

We now begin the proof of 2.6. The strategy will be to construct
spaces R(n) with the properties:

(8.6.1) There is an A-module map fF: H*(B(n)) — H*(R(n)) which is
a stable A,-isomorphism.

(3.6.2) There are maps g¢,: R(n) A bo — bo™*™ 5 = 0(2) and
g.: R(m) A\ bo —— b spin*™~1—*» 5 = 1(2)

and g* are stable A-isomorphisms.

It would be nice to construct a map f, which induces the coho-
mology map but we have not done so.

Let Y, be the ith stage in an Adams resolution for S° constructed
by iterating the sequence Y, - S°— K(Z,,0). Then Y, =Y; AY,;
for any ¢ and j.

LEmMMA 3.6.8. Exty"(H*(X AY,), Z, = Exti*(H*(X), Z,) for
s >0 and any spectrum X.

The proof is immediate.
We will also use the following obvious lemma.

LEMMA 3.7. If there is @ map f: X —Y such that
fo ExtY(H*(X), Z,) — Exty'(H*(Y), Z,)
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18 an isomorphism for s > 0 then H*(Y) is stably A-isomorphic to
H*(X).

Let R(2°"') be the cofiber of the standard map RP¥"'-z— S,
(M is the stable adjoint of the composite RP— SO — 2S”.) Since
S“—/boi—»bo, where ¢ is a generator, is 2° times a generator, the
composite P*"'-* — §° — po>* is inessential if 7 > 0. Hence there is
a map

gzi——l: R(zi—1> -_ bO‘zi—l = bOZi_Lm .

For n = >% ,¢2 and ¢, = 0 or 1 let R(n) = A R(¢,2") where R(0) =
S°. If m = 0(2) there is a map §,: R(n) — AL, bo**'-'). By 3.6.3
H*(Abos®*'-1) is stably A-isomorphic to H*(bo*-*mbn-Ak)  The
map g, results by multiplying both sides by bo and multiplying
out.

If =1mod2 then ¢, =1 and R(n) = R(n — 1) A RA). This
gives R(n — 1) A R(1) — bo*»~V-»-1 A R(1). But since R(1) A bo =
b spin, H*(bo*»V—*»=0 A R(1)) = H*(b spin**»~V-*=-1)  This completes
the construction of the maps g,.

LEMMA 3.8. The maps g, induce stable A-isomorphisms.

Proof. By the way the maps are constructed it will be sufficient
to show that the lemma is true if » = 2'. Since R(1) A bo =
bspin (R(1) = B(1)) there is nothing to show in this case. In general
we will show that

Exty!(H*(R™, Z,) = Bxty"'"%(Z, Z,) = Exty'(H*(bo" ), Z,) .

Then we will show that g¢,; induces this isomorphism. This will
complete the proof. Let the image of A, Q@i H*(R(2Y)) in
H*(R(2%) be F,. Then F,/F, , = A, @,,Z,. Thus there is a filtration
H*(R(2Y) so that the associated graded is just [@Z=! 3“4, R, Z.1P
3?74 M,(1). There is a spectral sequence going from Ext,(, Z,) of
this associative graded module to Ext, (H*(R(2%), Z,)).

But

Ext, (@ 34, @., %) © 3"~ M), 7)
7=0

2i—1. .

= @ 1 Ext3it(Z,, Z,) @ Exty! (M), Z,) .

§=0
So there cannot be any differeptials. These groups are easily seen
to be the same as Exty'(H*(bo* ™), Z,).

We now need to show that g, induces this isomorphism. Let
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3Pt % RP¥* ' be the attaching map of the next two cells i.e.,
the mapping cone of ¢ is RP**". The map ¢ gives a map ¢*: P¥ii_, —
R(2). Since the bundle over P*' has order 2¢ the composite g,iq*
must be essential; it must be essential in R(2°) A bo also. There it
must represent the composite Pii_, — 8™ —o R(2) A bo. Thus g,:
must induce an isomorphism for ¢ — s = 2+ but this and the natural
bo action forces an isomorphism everywhere.

Next we need to construct maps from H*(B(n)) — H*(R(n)). By
the definition of R(n) and property 2.1 of B(n) it will be sufficient
to construct Fj: H*(B(2Y)) — H*(R(2%)). Since R(1) = B(1) we need
only consider ¢ > 0. Following [5] we have M(2+) — H*(IP¥ '~
which is an epimorphism of A-modules.

The image of A(Sq', XSq*|k > 2+') — A — H*(IP*"?) is just the
class in dimension 1. Hence there is a map between M, (2°) and
H*(R(2%). This is the map

LEMMA 3.9. The map f}: M,(2") — H*(R(2%) is a stable A,-iso-
morphism.

Proof We need check what the map does in @; homology.
Clearly f;; induces an isomorphism in the @, homology. Smce H,(M(29,
Q) =27, generated by the class in dimension 2'+' — 2 and f;} maps this
class nontrivally we must verify that its image in H*(R(2%)) is not
a boundary. Indeed it is easy to see that H, . (H*(R(2Y, Q,) = Z, gen-
erated by the class in dimension 2+ — 2, (since Sg*a**~! = a*"** and
Sq¢*Sq*a*" ™ = a*"*™). By the theorem of Wall [13] this implies that
% is a stable A,-isomorphism.

This now completes the proof of 2.6 since if n = 0(2)

Exts“(H*(B(n) A bo), Z)"2 Bt (H*(R(n) A bo), Z)

Ik 2 Exty (H*(bo™™), Z,) .

If n =1(2) we have the analogous formula.

4, The proof of 2.4. We begin with the following corollary of
(3.6.2.)

LEmmA 4.1. If f: B(k) A Bl)— Bk + 1) is the multiplication
map of 2.1 then f* is a stable A,-isomorphism if k = 2¢ and | < 2¢.

Proof. Indeed H*(B(k) N bo) and H*(bo*™~**) are stably A-iso-
morphic. Thus bo*—%® A ho¥-*h = pok+D-«k+h) if L — 2 gnd [ < 2%,
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We need to determine what happens if &k =1 = 2%

DEFINITION 4.2. A sequence N'— N — N" of A,-modules is stably
A, exact if there is a free A,-module which can be added to each
term to get an exact sequence.

PROPOSITION 4.3. A stably A, exact sequence of A,-modules induces
a long exact sequence in Ext groups for s > 0.

This is immediate.

Motivated by Lemma 8.7 we say f is a stable A-isomorphism
through dimension ¢ if f induces an isomorphism in Ext:’ for s > 0
and t — s < ¢.

These ideas can be illustrated by the following example. Consider

B(1) A B1) — B(2) — X¥*M, N B(Q1) .

The induced maps in cohomology give an A,-stably exact sequence.

Pictorially we have

B(1) A B(1) B@2) v A, S4My. A B(1)

The curved lines indicate Sg® and the straight lines indicate Sg'.
This example generalizes to give

THEOREM 4.4. The cohomology sequence induced by
B(2") N B(2Y) L, B(2") — XM, v B(1)
18 a stably A, exact sequence.

Proof. 1t is sufficient to verify the result for cohomology modules
which are stably equivalent. Thus the map f is equivalent by 3.6 to

B bo¥ Pt —— o T
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and % in dimension zero is a degree 1 map. (Note that it is not
obvious that such a map exists but the multiplication f does exist
and via 3.6 we get h.) The following charts will illuminate the
argument.

4 L
4 ] £ i 4
] + 4 1
2 3 1 + -/
. 1 1 J
i=0 . b b
t—s=2—-8  —4 2+ 2+ — 8 —4 2+

Exty  (H*bo**+%2, Z,) Extly‘ (H*(bo™ "), Zy)

Let a be defined by the cofiber sequence

SM, A M, = M, — M, A\ B() .

Let j be the composite 32 **~3Mf, — S¥**—+  po?***-2,

Clearly a-j =~ 0 and so we have 7,3*"-M,, A B(1) —bo* ™. Also
it is easy to see that hj; is null homotopic.

Thus there is a map &: 50> **~* U,;: CM,. A B(1) A bo — bo* >,

An easy calculation shows that & induces an isomorphism in the
Ext, groups except if s = 0 and ¢ = 2°+* — 6. This is equivalent to
the theorem.

Now we can prove 2.4. We proceed by induction. Let Q2% =
Vi<a 2¥B(j). Clearly 2*—bo A bo and 21 A bo— bo A bo is a homo-
topy equivalence through dimension 7.

Suppose we have a map h,: 2%~ — bo A bo such that 22~ A bo—
bo N bo is a stable A-isomorphism through dimension 2¢+* — 1. Then
by 4.4 we see that [2¥-' A (S°V Z¥B(@21) A B(2-Y)] A bo — bo A bo
exists and gives a stable A-isomorphism through dimension 2+ — 5.
Consider the diagram

I, A B) — 3UB@) A B@) A bo— bo A bo
Zgi+2B<2i) .

We need to show that the composite represented by the top row is
null homotopic. The _composite is clearly filtration = 1. Therefore
it factors through 2*-!' A bo. But Q%! A bo is A equivalent to

V [281’b04j-0((.7') v 28j+4b Spin4j—a(j)] .

j<2’5_1
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The 2'+* — 1 connected cover is just a wedge of 3*"bo. The gen-
erating homotopy classes have various s filtrations depending on which
piece of 2 it came from. (The reader is encouraged to draw an
Ext diagram using 2.8 for ¢ = 2, 3 or 4 to see this clearly.) There
is a map of bo' — bo for any I and this map induces an isomorphism
in homotopy in dimensions greater than 21 + ¢, where ¢, = 0, [ = 0(4),
= —1,1=14), = —2,1 = 2,3(4). Thus there is a map of degree
divisible by 2'*' on the bottom cell of Y***B(2"1) A B(2~') A bo —
Q%' A bo so that the following commutes.

Z¥FML A B(1) — Z¥PBEY) A B2 A bo— bo A bo

| |

EQiJ.—zB(zi_l) A B(zi—l) A bo ——s .Qﬁ_i_l"l A bo ————— bo A bo

The bottom row has degree divisible by 2+ on the bottom cell.

Adding this map to the product map we have a map 3***B(2") A
B2 —bo A bo of the right degree (1 on the bottom cell) which
can be extended over ¥’ B(2%). This gives 0¥ ' A (S°V 2¥"B(2)) —
Q771 5 po A bo with the desired properties. This completes the
proof.

5. bo resolutions. We now are prepared to analyze the bo
resolution. In order to facilitate the calculation we introduce another
spectrum. This and similar spectra are described in [4]. Let S°—
B?0 be a generator and let f: 2S°— BO be the adjoint. Let X be
the Thom spectrum of f. (This is called X; in [4].) The key prop-
erties of X are the following:

5.1. X is a ring spectrum. (See 1.1 of [4].) The proof uses
the fact that the Thom spectrum of a bundle classified by an H-map
is a ring spectrum.

5.2. X A X = 28% A X and this homotopy equivalence is induced
by the composite map g given by

05 x S X% 085« 08° x 25 pgr x 0850
where 4 is the diagonal and g is the multiplication. The homotopy
equivalence the other way looks the same except 4 is replace by
A(x) — (x, x7Y). We will call that composite k. Clearly ¢ and % are
homotopy equivalences and one is the homotopy inverse of the other.
(Again see [4] for a fuller discussion.)

5.8. The bundle f has a bo orientation o: X — bo and o* induces
an isomorphism in @, homology.

Proof. Consider S* T, 8% ... x 808 Since in the Thom
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complex of 4, of, XSq¢* is also nonzero and XSg* has the same Cartan
formula as Sq¢* (with S¢* ® S¢* replaced by XSq¢* @ XSq*) we see that
XSq¢* U is nonzero in H*(X) for each k. But (2.4.1) shows that XSg*
on the fundamental class of bo generates the @, homology.

Consider a resolution of S° by X. This gives the following
diagram

(5.4) )%——»X/\ X
|

Since 0: X — bo there is a mapping of resolutions

S e T X
(5-5) S~
S, S,

For resolutions of this sort the E, and E,-terms are more easily
described in the following way. Let Ibo be defined by the cofiber

sequence S° 2 bo L Ibo. (IX is similarly defined.) Consider the
sequence of spectra where 1 is the identity map and the trailing
S%s are suppressed. In particular

bo = bo AN S8°——— Ibo A bo
P A
is the first map.

bo 22 Ibo A bo T (Tbo)y Abo— -+
(5.6) P
mA—%’(Ibo)"/\bo——e cee
ProproSITION 5.7. The E, chain complex of the bo resolution is
the chain complex resulting from the sequence of spectra 5.6 after
applying the homotopy fumnctor.

This is a standard result.

The results of the first three sections assert that the homotopy
of (Ibo)° A bo is a sum of modules of the form =, (bo’) for various
values of j together with Z,-summands of Adams filtration zero.
We will always disregard the Z,-summands of Adams filtration zero
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in this resolution. The m,(bo’) modules are given by 3.6. In par-
ticular (Ib0)° A bo = 2¢ A bo and H, (H*(29), Q,) is in 1 — 1 correspon-
dence with the distinet bo’ modules. Since the map o: X — bo has
the property that o* induces a @, homology isomorphism we can
analyze d, by looking at the X-resolution. The first result is the
following.

THEOREM 5.8. The following diagram commutes

(IX)y A XIDPA% (1xyn A X

! }

(28 A X — " (08 A X

where 6, = Z(—1)0% and 0. is induced by the following map of spaces:

00028 X o X RS — 28" x .- X 28°
o + 1 factors o + 2 factors
Si=1xX"t..-1,41x%x---x1.

Proof. The map 1 A p A L, and the resulting chain complex is
equivalent to

X o+t F s Xote

where F'= 3(—1)F* and F*=1X%X --- X 1,¢,1---1 where the ¢ is
in the ith place. Consider the composite

(QS§)0+1 —_— (QSb)a+1 ___) (QSb)u+l — e _—x_i (QS5)0+1

1XhX1
IX1IX - X¥x1- (QS5)U+2 (QS5)0+1
> . (QS5)a+2

1xgx1 1xg
The Thom complex picture is
@S ANX— @S ANXANX— - — X _ff X
— RSN X — s — (28 A X

The map & is just h(x, y) = h(x, 2~'y). The composite » which
induces the homotopy equivalence (2S%)° A X — X+ is

h’(xly Tty xa+1) = (wly x-ly Lz, xé—lx?»’ ) x;lxa’i'l) .

The “differential”’ map just inserts a base point in the ith position.
The map g just unravels the map giving (x,, 2., s, *« -, L;_q, Ty L5y Lisrs
s+, %y4,). This is the assertion of the theorem.
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COROLLARY 5.9. The maps o: for 1 < o are 7, (X) module maps.
07t 18 not a w(X) module map.

We will analyze the differential in the bo resolution by the
following device. Each class in H, (H,.(2°), Q,) is identified with a
class in H,((28%°). We will determine what happens to the A,-module
so determined by tracing it in the X-resolution sequence. What we
will prove is that by just considering the part of the differential
which is a bo map, we get an acylic chain complex except for o = 0
and 1 modulo, at each level, elements of Adams filtration zero. To
begin we need the following.

THEOREM 5.10. The construction of the bo splitting can be made
s0 that the following diagram commutes modulo elements of Adams
JSiltration = 2.

bo N\ bo —— 2. A bo

o/\oI Iq/\o

XANX—028 AN X
where q: Q8% —V ;o0 S¥B(j) is the stable map 28 —V ., 56— 0.
and ¢: S°— B(j) is the incluston of the bottom cell.

Proof. The splitting of X A X can be constructed by using the
analogous induction argument to that given for 2, A X. The fact
that we needed to consider the possibility of modifying the argument
at each power of 2 given a possible obstruction to commutativity.
But we were careful to show that the modification was always done
by a class of high filtration and only involved the bottom class of
B(j). Compare the proof of 2.4 given in §4.

Now we are prepared to prove the main theorem. The first step
is the following.

THEOREM 5.11. FEach homotopy class in 7w (I°bo A bo) is either
of Adams filtration zero, or in the image of d,, or is mapped
essentially under d,, or 0 =0 or 0 =1 and the homotopy can be
identified with . (B(1) A bo).

Proof. The strategy of the proof will be first to look at the
part of the differential which preserves Adams filtration. Then we
will look at the part which raises filtration by 1 and see that these
two considerations cover all the homotopy except as described in the
theorem.
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The first part we will accomplish by noticing that the resolution
is really a standard resolution of an exterior algebra. To set this
up recall that I%o A bo— Y Z*t+HuB(j) A --- AN B(j,) Nbo. We
label the wedge on the the right by V_. Z'"'B(N) A bo where .77, =
{N =(n, ---, n,)}, BIN) = B(n,)AB(n,) AB(n,) and |N|= 34N,. Sup-
pose |N'|=|N"| with N'e_#;and N"e€.+4;,,. The map I¥'B(N")A
bo— V_. 2¥'B(N) A bo 4, Vi, 2Y¥' B(N)Abo— ¥ B(N")Abo is
zero if N’ and N” are not “adjacent”. By this we mean that =] =

7 for 1 < s n, =n!,, and n} = n},, for ¢ >s. The map is a map
of degree 'n between the bottom cells otherwise. This is the
content of 5.8. When the degree is 1(mod 2), i.e., when [’m] =1

mod 2 then the composite is a homotopy equivalence modulo a wedge
of K(Z,’s on each side. Indeed

—

B(N') A bo = bor-ssimp __, ‘L”f,]B’(N") A bo
n;

’
n;
~ [ ]b IN’|/2—=Fa(n’; )+am) “(”L—H)

n

But

n;
<c{n"J = a(n!') + a(ni,,) — a(n§)> mod 2 .
Thus to discuss the filtration preserving situation it will be sufficient
to determine how the bottom cell of each B(N) maps. To do this
we need look at the resolution

612) e-Hoepae Tl o 0N

and apply homology and then take the homology with respect to Q,.
H*(H*(Q), Q) — H*(H*“y), Q) -

This complex is just the same as

(5.13) *(.QS°)——>H*(QS5 N 283 )——+H (285 ))—> SR

Finally this complex is just a resolution of an exterior algebra and

its homology is a polynomial algebra on generators, .57 with dimension

2" and of filtration 1. These generators correspond to B(2!). Thus

there is a way to write H,((2S%°) as a sum .+,° + &, + £, so that

0,(&,) = Z,+, and 0,.47° =0. The classes _#,° can be chosen so that
A5 ={(n)|n; = 2% and j, < Jit)-

Now we look at .#;° = {(n,)|n, = 2/ and 7, < i1}
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LEMMA 5.14. Let Ne.#4,° be such that n,_, <mn,. Then the
composite

IYIB(N) A\ bo—— 27 A bo — 271 A\ bo — 'Y B(N') A bo

where N' = (n]) and n) =n,, s <0, n)=n,, = n,., 18 a homotopy
equivalence mod element of Adams filtration zero.

Proof. As in the preceeding proof we compare with X. In this
case we have the binomial coefficient (Z“ ) Recall that », = 27 and

/2

so the coefficient is 2 X & where & is odd.

Now B(N) = bo'"W1=22 agnd B(N') = bo'¥!-o-22,  Thus a map of
Adams filtration 1, but not higher, on the bottom cell induces an
isomorphism of homotopy, modulo classes of filtration zero. This
proves the lemma.

Note that in this case the classes in the coker are not just Z,-
summands of 7,.(B(N')) but include classes which are a part of the
essential bo homotopy of B(N). They still are classes of Adams
filtration zero.

We have completed the proof of the Theorem 5.11. What remains
to be proved in the main theorem is “edge” result in part (¢) and
to consider the map in homotopy induced by bo — Ibo A bo — 3*B(1) A
bo. This second part is described completely in [10]. An easy way
to see those results from our perspective is to again consider the
diagram.

Bo ——s 31B(1) A bo

I ]

XTZ"‘X

The fact that k& factors through X — 28° A X allows one to show
that k.(a*) = jo(a*~*). This implies that in %' the homotopy in
7,;(bo) increases in Adams filtration by 7 where j = 2° X odd. From
this calculation parts o, and b follow immediately.

To establish the “edge theorem” we first note.

ProPOSITION 5.15. If X is a space whose cohomology is free
over A, then Ey'(X, bo, ) = Ext’'(H*(X), Z,).

Proof. Let A, be a space such that H*(4) = A,. Then bo A
A, = K(Z,0). Hence the bo resolution for A, is just an Adams

resolution.
We can filter H*(S,) by letting
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F, = zﬂiim A, ® HYS,) .

Then F,/F,_, is as follows.

FyF, = 3*M,1)
FJ/F,,=0 i=4,56,82910,12, 13, 14
Fi[Fs = 3(A, @., Z2)

Fu/F,, = 3"(A, @, Z:) & I"M,1) .

Using this filtration we can get an estimate on S, A M,,. First
observe that S, is 1l-connected. The first portion of H*(S, A M,)
is M(1)® M1 Q M1 ® M,1) ® H*(M,) and a simple calculation
shows that this module is stably A,-isomorphic to H*(S* A M,).
Hence for s>4 there is a function of ¢, f(¢), such that E5*(M,, bo, w) =
0 for s > f(t) if E;~*'*S, A M,, bo, ) = 0. This last expression is
valid if Exti** %A, Z,) =0 and E;*"*(M,, bo, ) = 0. The first
occurs for 6s > ¢t + 12. (This follows easily from a calculation of
Ext, (4, Z,.) Using this estimate inductively we see that if 6s >
t + 12 then 6(s — 4) > (¢ — 28) + 12. This implies E; (M., bo, ) =0
if 6s >t + 12.

A much sharper estimate is available. Indeed the theorem is
true for 6s > ¢ + 6 but the proof requires a much sharper analysis
of the resolution. Our goal was only to establish the “1/5 line”.

6. wi-periodicity. There are a variety of ways to define v,
compositions in homotopy. The followihg is equivalent and is con-
venient for our purposes. Let Y be the stable complex XM, A CP*
It is easy to see that there is a map f:23°Y —Y of filtration 1 such
that H*(Y U, CX?Y) is the subalgebra of A generated by S¢' and
Sqg®. There are four choices of v, and we use any one and call the
map f, v;. Let 7:S"— X be a class. Then there are potentially

four maps
(6.1.1) iy 2L, S"—7—>X where p, is of degree 1.

T¥

(6.1.2) 3i-* L SiM, X where p, is of degree 1 and ~* is an
extension of v (if it exists).

(6.1.3) Zf“lYTZ"‘zP;——rlX where P; = RP*S' and p, and ~*
3
are analogously defined.

(6.1.4) Sy Ly,
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If (6.1.1) exists we call the map v{. The first always exists but
may be inessential. The others sometime exist and, when they exist,
are sometimes essential. If a map of type 7 exists and the composite

l
Fimeriany 2, pioy s X
Té
2

is essential for all [ for every 7% then we say that v is wv,-periodic
of type 7.

To illustrate this we give the following examples. 6.2(a) If 2
generates 7,(S°) then 7 is v,-periodic of type 2, 7f is inessential and
7, i =38 and 4 do not exist.

(b) If v generates m,(S°) then v is v,-periodic of type 3 but not
of type 1.

(¢) The generator of the image of J in the 8¢t — 1 stem is v,-
periodic of type 1. The element of order 2 in the image of J in the
8%k — 1 stem is v,-periodic of type 2.

THEOREM 6.3. The only homotopy elements in w,(S°) which are
v,-periodic of amy type are those classes discribed in E“*(S°, bo, )
E»Y(8°, bo, 7).

Note that other classes may have finite v.-compositions but this
theorem describes all the those which admit v,-composition of all
order.

Proof. Let v be a homotopy class of bo filtration s=2. This gives
Si— 8, s=2. Now consider the composite if possible X/—*+Y —

.
ity ﬁSs. The filtration of %, is 1 and hence by 1.1.(c), theré
is a commutative diagram

Tivg

iy — S, — S, A bo

AN /
N S
28S,_, N\ bo

where d, is the connecting map in the spectral sequence. Thus
Yiv, — pf: 2**Y — S, is a map which when projected to S° re-
presents viv,. But v, — pf lifts to S,.,. Clearly the edge theorem
of 1.1.(c) or just the fact that S, is 38s — 1 connected guarantees
that some w,-iterate will lie in a zero group. This gives the
theorem.

REMARK. To connect this result with other results about w,-
periodicity we give the following result.
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PROPOSITION 6.4. There is commutative diagram

syl y

NS

oM, 5 5M,

where the maps p, are degree 1 and 80* 1s the coextension over 3*M
of the extension of XYM, 8—;83.
g

The result is an easy ecalculation using the Adams spectral
sequence because there are no classes of filtration 4 earlier than
hih,.
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