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p-ADIC ANALOG OF HEINE’'S HYPERGEOMETRIC
q-SERIES

NEAL KOBLITZ

Generalized complex analytic special functions of various
types, depending on a parameter 0<¢<1, have recently been
studied by R. Askey, G. E. Andrews and others [1-3]. The
purpose of this paper is to discuss a p-adic analytic con-
struction which is analogous to the classical theory of E.
Heine’s [7] g-extension of the hypergeometric function.

In the theory of hypergeometric series one denotes (a), =
ala+1)--- (@ + k—1). The corresponding notation for g-series is
(;9), =010 —a)l —aq)---(L — ag**). This “extends” the ordinary
(a), in the sense that for a=q% b=¢’ we have lim,, (a; 9),/(b; @), =
(@)/(Be-

In the complex analytic theory of g¢g-extensions one takes 0 <
g < 1 and defines the ¢-gamma function as

(1) Fq(x) — (1 - q)l—-z (qa:q)oo
(@ Qe

and the g-hypergeometric functions as

[ Y2
' " &S (@ @) e (G @) N e
mPn 54,0 | = Z ’ J y 4)5 ((1_q>]q1(] Y /2\n+ Mpd

? (bl- .-b, ) =g 005 0); - - (b3 0); )

The functions I', and ,¢, satisfy many relations which generalize
well-known identities for the ordinary gamma and hypergeometric
functions, and as ¢ — 1~ we have ' ,(x) — I'(x) and

a, A, o FRLIINs
m¢n ;qy x)—_—)an ; x lf a; = qai’ bz -_—;qﬁi .
bl”'bn Bl“'Bn

These g-identities, many of which go back to Euler, Jacobi, Heine,
Rogers, and Ramanujan, have applications to combinatorics, Lie
algebras, orthogonal polynomials, modular functions, and other areas.

We shall be especially interested in one identity, the following
variant of Heine’s transformation rule for .4, [8]:

(2) 2¢1<a b; q, c/ax) = (0)&; elo]2; @) 2¢1<a b/x; q, c/a) .
¢ (¢; Q)(c/az; @) ¢l

If we set x = b, then the ,4, on the right becomes 1; and if we set

373



374 NEAL KOBLITZ

a=4q% b=4¢q’ ¢=q", and use (1) we obtain

b

¢ & I (7 — a — B)
3 201 » 4, et ) = = 4
) ¢<q7 v ) T(7 — T — )

which extends the well-known relation ,Fi(a, 8, v;1) = I'(") (Y —a—
I —a)['(v — B).

In the p-adic analytic theory we work in the p-adic completion
2, of the algebraic closure of @,, and we take ¢ =1+1¢, tef,
[t|, <1. We shall often assume that [¢|, < p™"*7", in which case
¢’ = exp (7 log q) is well-defined for veQ,, |7|, <p™¥*V/|t],, i.e.,
on a dise strictly larger than the unit disc. In any ecase ¢" is
well-defined for v e Z, whenever |t|, < 1.

In defining the p-adic analog of 2¢1<acb; q, x), we shall take a,

b, ce 2, and suppose that a =¢% b=¢° with —a=a,+a,p+---€Z,
—B8=b,+bp+---€Z, We shall usually further suppose that ¢ is
not in the compact set g%, and let ¢ = dist (¢, ¢%) = min;., (jeg? —1|,)>0.

In this paper we shall prove identities analogous to (2) and (3)
for our p-adic ,4,. In particular, we relate the p-adic hypergeometric
g-series to the g-extension I',, [10] of Y. Morita’s p-adic gamma
function I", [12] and also to J. Diamond’s p-adic log gamma function
G, [4]. Then, in the special case ¢ = ¢, when p-adic convergence
of the series for ,4, becomes subtler, we introduce a g¢-extension of
Dwork’s modified hypergeometric function [6], prove convergence
and a formula analogous to (8) under certain conditions, and for-
mulate a conjecture on the validity of these results without the
“nonsupersingularity” conditions.

1. In [10] we defined a p-adic analog of I, by setting

(4) I, (a) =lim (1) ] +=2

n—a i<mpti 1 — @

I, , satisfies a functional equation, reflection formula and multipli-
cation formula analogous to the formulas satisfied by the ordinary
gamma function, and ', , approaches Morita’s function I", [12] as
qg—1.

We now define a p-adic g-gamma function depending on a = ¢,
b = ¢*, and c¢ g% by setting

¢ clab . (¢/b; @)
5 I ; = lim 22 2 , beqg?, Zp
(%) 2’(c/a c/b q> e (63 Q) “oedn e

THEOREM 1. The limit (5) exists, is symmetric in a, b, and is
continuous in a, b, c.
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Proof. Let A, = (¢/b; q)./(¢c; q@).. Then
4, ="1‘i£13 (cq™; 9)./(6; @) = lim (e; Dt/ (€5 DmlC; D

which shows that the definition (5) is symmetric in a, b. Next,

An+kpN — lim (Cqm+n; q)kPN —_ lim H l:_o_q«r:_‘ff\: .
A, mm (6@ Qupy moed nsitien 1 — o

Since ¢q’ is bounded away from 1 and ¢**" —1 as N — o, the last
product approaches 1 as N — o uniformly in m and %. This shows
existence of the limit and its continuity as a function of a, b, c.

It will also be useful to have a version of (5) which makes
sense when ceg?. Now suppose e = dist (¢, ¢%») < |t], (where we
allow ¢ = 0, i.e., ceqg?). Since ¢ < |t|,, there is a unique 0= 7, <p
such that |eg — 1|, < |t|,. For a=¢q% —a=a +ap+ -+, We
define the modified symbol ( )¥ by (¢/a; 9)f = I (1 — (¢/a)q?), where
the product is over 0 < 7 <k, pta,+ 5 — j,. We then define

b . )%
(6) r:(“ elab, q>=1im Ll Oy e g, dist (e, a%) < |2, -
c/a c/b woa (65 @)y

THEOREM 2. The limit (6) exists, ts symmetric in a, b, and 1is
continuous in a, b, c. If a =4q% b= q° ¢ = q" €q?, then

’

¢ clab ) _ Iy, (v —a—pB)

(7) F?( ;
cla cfb I, —al,,(y—pB)

where I', , s the function (4). Now suppose ¢ & ¢% but still |cgo—1|,<
|tl?' Set o = q*a, b = q"ob’ ¢ = qj°0, where —a=a,+ap+ -,

—B=0b,+bp+:--. For sismplicity suppose j, = a, jo = b,. Then
F,,( ¢ c/ab; q)
(8) I ¢ clab _ 1 cla ¢fb ,
"\efa ep’ 1) ela, b) ( ¢ b )
» c’/a,’ C'/b' ’
where
“%“=f ,,’q%+mg@;
1—2¢/a’d if ay+ by > g, .

Proof. Existence, symmetry and continuity are proved just as
in Theorem 1. By continuity, it suffices to prove (7) when a= —n,
B=—m and v =1[. Let [I; denote [J;,;. Then the left side of
(7 is
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o a-g)
+mEj<l+mtn
I Q-4
1£5<t+n
by (6), and the right side is (see (4))
I'a—-¢) II' @ -4 I a-4)
g<i _7-<l+m+n _ — l+m=j<l+m+n ,
'@ —¢) II' @ — ¢%) I @ —¢)
i<l+n i<t+m l=i<i+n

To prove (8), by continuity it suffices to take —a =n = a, +
pn', —B=m = b, + pm'. The left side equals

Prbo+i—dg . c/a C/b

055 <n 0sj<n’ "if eg+bysiy
PYi—Jo 0=j<n’+1if ag+bg>dg

II @ —cq™)

0=s5<n’

I d—cg) ( II 1 — gt )

F,,( ¢ c/ab; q)
_ cla cfb

¢ dla'b
b [" . P
&(a, b) p(c,/a, % ,q)

(Note: if we had j, < a, or 7, < b,, then e(a, b)) would be a slightly
more complicated expression; in any case, we shall later be interested
in ¢ for which j, =p — 1.)

This completes the proof of Theorem 2.

2. We now proceed to p-adic hypergeometric ¢-series. Let
g=1+1t, a=q% b=q° be as before. Suppose c¢q?. We define

a b. — < (@5 0kb; D
2¢1”°< ¢ 7 x) k};f’(c; DG O

whenever the sum converges.
LEMMA. If |t], < p7V/* ™, then

(@; 9ulb; Dsc_
(¢; (g5 D

>0 as k—— o,

uniformly in a,b.

Proof. Since for any n =1 we have

1 — gt _ n+j _ n+k—1 <1
05i<k 1 — @it Ip 0ii<k § + 1 1p k p= ’
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it follows (passing to the limit as » — a) that [(a; 9)./(q; @):l, = 1,
and similarly |(b; q),/(¢; @):], = 1. Hence it suffices to show that
(g; Q)ic®/(c; @), — 0. If [¢|, > 1, then [(¢; @)/, = |cli, and the assertion
follows because (q¢;q), clearly approaches 0 as k— c. Suppose

lel, £1. We show that (g; 9)./(c; @), — 0. Let ¢ = dist (¢, g%) > 0.

Case (1). &= |t],.
Since

ifptyg+1,

1 — ¢, = |(§ + D], <
| ¢, |(9+)|"—5/pifp;j+1,

while |1 — ¢¢?|, = ¢, it follows that

:Ii — 0.
0<i<k 1 — cq’
Case (ii). & < |t],.
Choose k, = 0 so that |1 — cg*|, =¢. We set

1

C = -
1—cqg’

b
P

0=y <k
and we use the fact that
[1 — eqhti], = |1 — ¢g™ + cq®(1 — ¢)|, = max (¢, |1 — ¢’|,)

(here equality holds in the non-archimedean triangle inequality
because strict inequality would mean that ¢ = |1 — ¢7[,>|1—ecqg*"|,,
contradicting the definition of ¢). Thus,

1 . qj+1

0zi<k 1 — eq? |» T o<k

1 — ¢

1 — of
1 — eghotd =C 11 Sl ql,,’

» 0<j<k—ky &
ll—q?lp<e

which approaches 0 as & — co. This completes the proof.

THEOREM 3. Let g =1+ 1%, |t], <p™* . Then 2c,zsl,j,(acb; qQ, x>

converges and s continuous for a,beq’, cg¢q”, x|, = |cl,. 6ip
satisfies the following transformation rule for x € q’»:

(9) 2¢1,,,(acb; q, c/ax> = l’,,( ¢ C/ax;q) 2Bip (a b/x; q, C/a>-

\e/a c¢/x ¢lx

In particular, for x = b this gives

(10) 2¢1,p(“cb; q, c/ab>=rp( ° clad, )

cla c¢fb 4
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Proof. Since |¢/ax|, = |¢|, for a,xcqg”, the lemma ensures
convergence and continuity of each of the series in (9). Theorem
1 ensures convergence and continuity of fp ( c/ca cé 7;; ;q). By con-
tinuity, it suffices to prove (9) for a =¢™, b=q™, z =q7, i.e., to
prove that

- (@7 007 s £y 1 — cg't*
C = —_—
& @GOG D V= AL cq"

11)
S (07 D@ Qi ggnyt
=0 (eq'; (a5

But these are finite sums and finite products, and the formal identity
in Q(q, ¢) follows from Heine’s classical identity (2), which becomes
the same as (11) when we set a =¢™, b=q¢™, x = q~'. (Of course,
this identity is initially over the complex numbers, but it gives an
identity of elements of Q(g, ¢).) This completes the proof.

REMARK. If a =¢% b=¢*, a,B€Z,, and ¢ = ¢', V¢ Z,, then it
is easy to verify that
( ¢ clab

C/a C/b ’Q>:Gp(7)+Gp(’Y—a_B)

- GP(’Y —a) — Gp(ﬂ/ - B) ’

lim log, I,

q—1

where G,: 2,\Z,— 2, is J. Diamond’s p-adic log gamma function [3]-
As a corollary of Theorem 3, we then obtain the following relation
of Diamond [5]:

log, Fi(a, B, 7;1) = G,(7) + G,(v —a — B) — G,(7 — )
—G,(v —pB), YeRQ,\Z,, o, BEZ, .

Here

F i) = > (W)B); i
oo, B, 0) = 3 CYi
3. We now want to extend the definition of ,4,, to certain
a, b, ¢ with c € ¢”, in particular with ¢ = q. The case ¢ = ¢ will be
the g-extension of Dwork’s [6] p-adic analytic continuation 8(a, B; x)
of the series
Fya, 8 Lz = > {@iBi g
=0 g%
Suppose that ¢ =¢* b=¢),, —a=a,+ap+ €%, —B=

b+ bp + ---€Z, |cg? — 1], <|[t],, 0=J,<p, and o' = g%, b =
g*b, ¢’ = g°c. Note that in the definition that follows we make a
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shift in argument x+— cx/ab so that Theorem 3 involves evaluation
at = 1 rather than at x = ¢/ab.

DEFINITION.

@b _ (a; Q)i(b; @); [ cx )
¢‘V( ¢’ x) = o (¢; 9):(a; O); <ab>

ab
‘@ b Pa+1 o 34, X
(12) 2¢ffp< ; 4, x) = lim Y
¢ Nooo a b
¢N( ’ 5 qp’ xp)

Cc

if the limit exists.
Note that if ¢ ¢ ¢% and |z|, <1, then the limit (12) exists, and

. ab abd cx a' b'. » czr
(13) 2¢1,p( ¢’ q, x) = z¢1,p( ¢ y 4, _E>/2¢'I,p( ¢ y 4 a'b’) .

The above definition of ,¢f, is a natural g-extension of Dwork’s
hypergeometric functions in [6].

THEOREM 4. Let |t|,<p™™?™", and let 2 cCq’ X ¢%» X D,
where D = {c||c — q|, < |t],}, be the largest set on which the limit
(12) exists and is continuous in a, b, ¢c. Then for a, b, ce
¢ clab >
o ofb 74

where '} is defined im (6) and &(a, b) 1s defined in Theorem 2.

(14) oBlp (a b; @ 1) = ¢&(a, b)rzf(
¢ ¢

Proof. Note that j,=» —1 for ceD. If a,b, ceg? X ¢% X
(D\ ¢%), then we use (13) with z = 1 together with (10) and (8) to
obtain (14). Since ¢% x ¢% x (D\¢*)C <7 is dense, the theorem
follows. ,

We now look more closely at the case ¢ = q.

THEOREM 5 (Dwork [6]). Let

FOX) = 3, BYG)X e Q,[(X1], i 20,

and let
F(X) = 5 BUGHXI.
0<5<pl

<5

Suppose that
(1) B®0)=1, 1=0;
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(2) BB (50D, =1, 4,5 = 0;

(3) BY(G+")/B(j/p] +lp"™) = BY(5)/B"([j/p]) mod p”,
1, 3,1 = 0.
Further suppose that the B (j) depend continuously on parameters
@y, -, a0, €27 and satisfy (1)-8) for a, ---,a,€SC . Let RC
S x {xeR,||x], <1} be the subset on which

(15) |Fo @), =1 for all i,k =0

(“nonsupersingularity condition”). Then

— Timn L h(2)
@) = im TE.

exists and 18 continuous on R.

REMARKS. 1. If, as in our case below, we have |B“(j) — [,|, <1
for some 0, < p, i.e., if the B”(4) have residue classes in the
prime field, then (15) need only be verified for & = 0.

2. This formulation of Theorem 5 is somewhat different from
Dwork’s. Dwork further assumes that for some fixed »: B“*(4) =
B“(j) for all 7, . In that case (15) is only a finite set of conditions,
the set of x satisfying (15) (the “nonsupersingular” x) is quasi-con-
nected, and Dwork shows that f(x) is analytic there. We do not
want the periodicity condition, but we do want the continuous
dependence on parameters. An examination of Dwork’s proof in [6]
shows that the same proof applies without any changes at all under
our assumptions in Theorem 5.

THEOREM 6. Suppose that |g — 1|, < p™**™, and set

Ofs — BO(A. . _ (a; 9);(b; @), q
B = B0, b = LEDIED ()
fora=q¢,b=¢, —a=a,+ap+---€Z,, —B=b+bp+ ---¢€
Z,. Define a and B% by —a =a;, + a0+ -+, —B8 =0b, +
by + -+, and let a¥ = ¢”’a®, b =¢*"*". Let B"(§)=B"(J; a"?,
b; q*). Then BY(j) satisfies conditions (1)-(8) of Theorem 5.
Suppose | — 1|, < 1. Then condition (15) holds if and only if a,+
b, < p for all 1, i.e., if and only if there is mo carrying when —c
and —pB are added.

Proof. Condition (1) is trivial. It suffices to prove conditions
(2) and (8) for ¢+ = 0; then the conditions for 7 will follow by replac-
ing a,b,q by a”,b?, ¢*’. Setting j = j, + pj, 0= 5, < p, so that
[4/p] = 7., we have
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(a;9); _ (a; 9)F if jo = a,;
(a'; ¢");, (@; OF(1 —a'g??) if j, > ay,
where we recall that

;= I (A —agd".

0sk<g,prk—ay

Since [g/ab|, =1 and |1 — a¢*|, = |k + «af, - |t],, it follows that

1 ifjoéao,joébo;
B o', if a0, <7, =50,
BOGYBUG, =4 PP Fa<nzh
[p.71+p/8 {p if bo<.70§ao;

|pds + pa'l, - [pgy + pB'l, i 5> a, >0
This proves (2).

To prove (3) it clearly suffices to take [ = 1. For simplicity we
further assume that j, < a, 7, < b,; the other cases are treated
similarly. Then, since both sides of (38) are p-adic units, it suffices
to prove that

pN—1

(a; @)Fon(b; OFion(q; QFF . (@)
16 E] . y
16) (a; F(b; OF(g; @F v (ab)?”

By continuity, we may suppose that « = ¢, b = ¢ ™. Now

1 — ag®
(@; @Fov(e; ©F  _ j§k<a‘+pN,pJ;k—ao< )
(a; OF (@5 Qv II 1 - g

F<k<j+pN,pik+1

— 1—¢q* )
- j—nggj,mk < 1 — qk+p1" :

But (1—¢")/(1—g¢***") = 1mod p” if pt k. Since also (a'b")*""/(ab)*"
is of the form (¢*)?" for some p-adic integer z (namely, z = —a —
B+ a + @), it follows that the left side of (16) is a product of
terms which are all congruent to 1 mod p”, as desired.

Finally, suppose |[x — 1|, <1, and let P be the maximal ideal
(open unit dise) in 2,. We have

= 1mod p" .

Fo@ = 3, (a(i)§qpi)j<bm;qpi)j/ qpi >j

025<p (qpf; qpiﬁ \qg®@p®
@Y. (Q@)Y,
= 5 @8 moq p
0<j<p ‘7!2

Il

=% (3)()

/ mod P
J
=("2"

= . .
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Hence |F{?(x)|, =1 if and only if a, + b, < p.

THEOREM 7. Suppose that the conditions of Theorem 6 hold with
e — 1], <1 and a, +b; < p for all i. Then the limit (12) exists
and

b b
(17 2¢:tp(“ g, 1)=r:(q ala ;q),
q q/a q/b

where I'y is defined in (6).

Proof. Existence and continuity in a, b of the left side follow
from Theorems 5 and 6. It then suffices to verify (17) for a = ¢,
b =q™™. In that case both sides involve finite sums and products,
and the proof is very similar to that of Theorems 2 and 3.

REMARK. Theorem 7 is a g-extension of Theorem 2 in [11].

Conjecture. Theorem T holds without the condition that a; +
b; < p for all ¢©. If a,+ b, = p, then the factor &(a,bd) defined in
Theorem 2 must be inserted on the right. If a 4+ B 18 a nonpositive
integer, we require that both a and B be monpositive integers
(otherwise the limit (12) would give 0/0).

REMARKS. 1. The proof of Theorem 7 shows that the conjecture
holds whenever one of @ or B is a nonpositive integer (and the
other can be any p-adic integer).

2. Using Diamond’s method in [5], one can prove the conjecture
under a fairly weak assumption: that the p-adic absolute value of

’ ’
the partial sums ‘¢N(aq,,b; q°, 1>l grows strictly slower than »%.

In addition, Theorem 7 and the pconjecture can be generalized to

2¢ffp<acb 5 a, 1> for ¢ # q. In our context, Diamond’s method involves

letting z ¢ ¢%» approach c € q¢? and estimating the difference between
the ratio on the right in (12) (with x = 1) and the same ratio with
¢ replaced by z.
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