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ESTIMATES OF MEROMORPHIC FUNCTIONS
AND SUMMABILITY THEOREMS

A. A. SHKALIKOV

The main goal of this paper is to prove the following
theorem.

THEOREM 1. Let L be an unbounded operator in a
Hubert space φ, having a discrete spectrum {λj}aG — BRΌ
Pg,h, where BR = {λ:\λ\^R}, Pq,h = {λ:Reλ^0, \λ\>l9 \ϊmλ\^
h(Re λ)q, h>0, —oo < q < 1}, and for some γ < oo, L'1 e σγ.
Also let the estimate

D-'W^Cd-K^G), λeG

hold outside the domain G' — BR\jPq,lh, and for some a > 0,

Σ l = n(t)^dtp

provided t is sufficiently large.
Then L e A(a, £>) for any a > max 0, p — (l — q).
Besides, if the numbers a or h can be chosen arbitrarily

small and p — (1 — q) > 0, then a — p — (1 — q) is admissible.

Introduction* Let L be an unbounded linear operator in a
separable complex Hubert space § with domain of definition £&(L)
which is dense in φ, having a discrete spectrum ff(Ir). Let {̂ }°°=1

be a sequence consisting of bases in the root subspaces of L, where
βj is a root vector corresponding to the eigenvalue xs. To each
vector x e @ we associate its Fourier series Σ (#, β*)βy with respect
to this system (not necessarily convergent), where {ef} is a system
which is biorthogonal to {eβ}.

We write L e sf{a, SK, φ) if for an arbitrary vector x in Wl,
where Wl is some linear manifold in φ, the Fourier series Σ (», ^?)βi
is summable in § to x by the Abel method of order a with paren-
thesis.

If we suppose that L has no associated vectors and all its eigen-
values {λ, } lie in the sector ΛΘ = {λ: | argλ | <: πj2θ, 1/2 ^ ί < oo}
then the Abel method of summability of order a(a <£ ί) consists in
replacing the series Σ (cc, ef)ej by series

(1) u.{t) - Σ β-a?(α, ef)ej

it is required that for any t > 0 after possible recombination of
its terms and appropriate use of parenthesis (not depending on x e
9R, or t > 0) this series converges in $ and its sum ux(t) converges
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to x in $ as t —> + 0. The branch of the function xa in (1) is selected
so that Xa > 0 if λ > 0. In the general case, when there do exist
associated vectors, the factors for the vectors eό in the series (1)
are defined by calculating the integral

- LY'xdX
2πί

along a contour which surrounds a corresponding eigenvalue (see
[9], where the Abel method was first introduced).

By o9 we denote the collection of all compact operators A, for
which Σ 8*(A) < oo, where &$(A) are eigenvalues of operator (AA*)1/2,
and by σ^ the collection of all compact operators.

The following result combines those of many authors.

THEOREM. Let L be an unbounded operator in a Hilbert space
φ having a discrete spectrum {Xj} c G — BR U Λθf where BR = {X:
| λ | ^ R}, ΛQ = {λ: I a r g λ | ^ πj2θ), and its inverse operator L~x£σr

for some 7 < θ. If the estimate

| |(xl - L)-1]] ^ Cd-\x, G), xeG

holds outside the domain G, where d(X, G) is the distance between
X and 6r, then

( 1 ) the system of root vectors of operator L is complete in the
space φ.

(2) L G j / ( α , © , if α e(7,0).

M. V. Keldysh [6], [7] proved the first assertion in the case
L = (I + V)H, where H = H* > 0, Veσ^ Subsequently, the
Keldysh method was generalized by many authors, in particular,
in a similar form the first assertion was proved by S. Agmon [1],
by I. C. Gohberg and M. G. Krein [3]. The second assertion is
much stronger. In [9] V. B. Lidskii proved, that L e s/(a, &(L),
φ), if ae(Ί,θ). Recently V. I. Macaev noticed that, indeed, the
second assertion holds.1

In many cases the spectrum of operator L lies asymptotically
in an arbitrarily small sector Aθ, i.e., the number θ may be chosen
arbitrarily large. Such cases occur for some differential operators
and are valid for operators which can be represented in the form
L = (I + V)H, where H > 0 and FeoΌo. In this situation the
interval for a is equal to (7, oo). For applications (see [9]) the
most important case is when the order of summability a — 1. In

1 This note is reported in the appendix to the book [5]. The appendix is written
by M. S. Agranovich.
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this connection it is highly important to clear up the general con-
ditions under which the interval for a can be extended. Indeed,
it can be extended if the spectrum of operator L lies asymptotically
not only in an arbitrarily small sector but in some domain which
is bounded by parabolas, lines, or hyperbolas.

The following theorem, which can be considered as the continua-
tion of the previous theorem, formulates the exact result.

THEOREM 1. Let L be an unbounded operator in a Hubert space
$, having a discrete spectrum {κά} <zG = BR\J Pq>hf where BB = {λ:
|λ | ^ R}> Pq,h = {λ:Reλ ^ 0, |λ | > 1, | Imλ | ^ h(ReX)q, h > 0, -co
<q < 1}, and for some Ύ < ©o, L^eβγ. Also let the estimate

|| (Iλ - L)-1!! ^ Cd-\\, G), λ~e~G

hold outside the domain G' == BR{J Pq,2h, and for some a > 0, p > 0

Σ 1 = n(t) £ at9

X\St

provided t is sufficiently large.
Then L e J^(a, φ) for any a > max 0, p — (1 — q).
Besides, if the numbers a or h can be chosen arbitrarily small

and p — (1 — q) > 0, then a = p — (1 — q) is admissible.

Some results about extension of the interval for a were obtained
by V. B. Lidskii [10], by V. E. Katznelson and M. S. Agranovich
(see [2]). All these results dealt with operators which can be
represented in the form of a weakly perturbed self-adjoint positive
operator, and the proofs of the appropriate statements used the
specific properties of those operators.

Theorem 1 includes and generalizes these results. For its proof
we use another more general method, where new estimates for
meromorphic functions play the basic role. These estimates have
independent significance; the following theorem formulates the
relevant result.

THEOREM 2. Let F(x) be a meromorphic function of finite order
Ύ in the sector Λθ, and its poles {λ̂  } lie in the domain Pg>h = {λ:
Reλ > 0, |λ | > 1, | I m λ | < h(Re\)q, h > 0, -co < q < 1}. Also let
the estimate | F(X) \ ̂  C hold on the boundary of the domain Pq,lh

and for some a > 0, p > 0

= n(t) ^ atp

provided t is sufficiently large.
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Then there exists a sequence rλ < r2 < < rk —» °°
£fee estimate

\F(X)\ ^ Cexp(α αfc|λ|p-(1-ff))

/̂ oZds /or αίi |λ | = rk9 λ e P?)2f t, where the constants C, σ do not
depend on λ, a, h, if 0 < h < fe0 αwd /&0 ^

S ^ 2 / ./£#ecZ number.

In the case when the function F(X) is meromorphic in the whole
complex plane and has the finite order 7, and when its poles {Xj}
are scattered in the sector Λθ9 θ > 7, n(t) <£ at* and \F(X)\ ^ C on
dAθ one can obtain, using the well-known theorem of Titchmarsh
(see for example [1], p. 278), the following estimate

I F{x) I ^ C e x p I X \*+e, ε > 0, | X | = rk, X e Aθ ,

where rx < r2 < ••• <r f c -» ° ° . This estimate was used by V. B.
Lidskii [9] for his summability theorem.

We note that in the case when {λ5-} are concentrated close to
the real axis, namely, in some domain PqΛ9 q < 1, Theorem 2 gives
a much sharper estimate.

Proof of Theorems 1 and 2. In this section we will denote
1. Λθ = {λ :arg |λ | ^ πj2θ),
2. PqΛ = {λ:Reλ > 0, | λ | > 1, |Im λ| < h(ReX)q, h > 0, - oo <

3. P g |Λ = {λ: Re λ > 0, | λ | > 1, 0 < | Im X \ < h (Re λ)g, h > 0, - oo

< g < 1},
4. £(s, r) = {λ: |λ - z\ ^ r), B(0, r) = S r .
If the sequence {λ J lies in the upper half-plane (Im λ,, > 0)

and

^ Im Xn ^ .

then the product

J?(Λ \ _ TT ^ ~ ^n 1 1
W ~ 1 1 Λ T~ 1

λ λ I
Xn

converges and is called Blaschke product for the sequence {λj.
We will start with the proof of the Theorem 2. The estimates

of Blaschke product will play the main role in proving this theorem.
First we will establish several lemmas.

LEMMA 1. Given any number ε > 0 and complex numbers a19
a2, * , &N> there is a system of circles in the complex plane, with
the sum of the radii not greater than 2εN, such that for each
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point z lying outside these circles one has the inequalities

I z — ak I ^ he, n — 1, , N,

if the numbers ak have been enumerated in increasing order of
\z - ak\.

Proof. This lemma is essentially equivalent to H. Cartan's
well-known theorem about estimating from below the modulus of a
polynomial, and its proof can be obtained by following the proof of
Cartan's theorem (see [8], Chap. 1, § 7).

Let E be a set in the complex plane and suppose, that for any
r sufficiently large the set E Π Bτ may be covered by a system of
circles, such that the total sum of their radii is not greater than
δr, where the number δ does not depend on r and 0 < δ < 1. The
number δ0 which is the minimum of such δ, we will define as the
linear density of the set E.

LEMMA 2. Let {Xk} be a sequence in the complex plane, such
that for all t sufficiently large

Σ 1 = n(t) ^ at .

Given any number 0 < δ < 1, there exists the set E of linear
density ^δ, such that for all zeD one has the inequalities

( 3 ) | s _ λ 4 | £ ; i ί L , Λ = l ,2 , .-• ,
4α

if the numbers Xk have been enumerated in order of increasing
\z - Xk\.

Proof Let xlf , Xko be the points of the sequence {Xk} lying
in the circle B2r. From the inequality n(t) <; at, (t > t0) it follows
that k0 ^ 2ar. Fix any δ, 0 < δ < 1. According to Lemma 1 (in this
lemma we put ε = δ/ia) there exists a set Er which consists of the
circles with total sum of the radii <̂  2εk0 ^ δrf such that for all
zeEr one has the inequalities

(4) i s - Λ ^ i ί L , fc = l,2, ...,ft0,
4α

if the numbers λj, , XkQ have been enumerated in order of increas-
ing \z - λfcl.

By the inequality n(t) ^ at, we conclude | Xk \ ̂  Λ/α for all λfc 6
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B2r. Consequently, if \z\ <Z r, then

( 5 ) | * - λ * | ^ ^ i - ^ - A . , fc = fco + l , &0 + 2 , ... .

2 2α
Let Gr = SΛ-B'r* G = Ur>*0

Gr> E = C\G, where by C we denote
the complex plane. According to (4), (5), the inequalities (3) hold,
if zeGr for all r > t09 consequently, they hold for zeG, i.e., for
zeE.

Evidently, Br Π EdEr; therefore the set Brf]E may be covered
by a system of circles with sum of the radii <̂  δr. Hence the linear
density of the set E is not greater than δ. Thus Lemma 2 is
proved.

LEMMA 3. Let the sequence {Xk} lie in the domain Pq

+,h and

Σ 1 = n(t) ^ at

provided t is sufficiently large.

Given any number 0 < δ < 1 there exists a set E, such that its
linear density :g<5 and for all XePq

+

>h\E one has the inequality

\B(X)\ ̂ exvi-σahδ-'lxl*), XβP+h\E,

where the function B(X) is defined by (2), and the constant σ does
not depend on X, a, h, δ, if 0 < h < hQ and hQ is any fixed number.

Proof. Denote X = μ + iv, Xn = μn + ivn. Then

X Xj,
= π (μ - μtγ

k=1 [ A, — λ,fc I

Taking into account that v ^ hμ", vk ^ hμl, \X — Xk\ ^t \μ — μk\,
q < 1, we obtain

S Π

According to Lemma 2, there exists a set i? such that its linear
density <̂  8 and for all λ"el£ one has the inequalities (3) after
enumerating the sequence {λj properly. Hence, if λ e Pq

+

ih\E, then
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-2ln\B(X)\

p Γ 128a2h2μ2q 4(2 - q)^a)2-qh2μq 1 .
Ji/2 L<?V + Ua2h2μ2q δ2~qx2~q + A(4a)2~qh2μq J

• ln(l + C2a
2-qδq~2h2μq) + C,ahδ-ιμq

+ C,ah2/2-^-^q/2-q ^ Cahδ~ιμq ^ Cahδ-'M' ,

where the constant C does not depend on λ, a, h, δ, if 0 < h < h0

and h0 is any fixed number. We note that in (6) the following
estimates were used:

f" °>2dx =ωδ-> arc tg
31/2 δ2χ2 + ft)2 1/2

ωdx ^ ω Γ[ωl/2~n~1 dx f°° dx
l/2 δ2-qX2~Q + O)

p
p dx Ί

" 2 Ll/2-ffί-l ίC2~gJ

o ) ^ 2 """
1 - g 1 -

The estimates (6) prove Lemma 3.

LEMMA 4. Let the sequence {λj lie in the domain Pq,h and

( 7 ) Σ 1 = n(t) ^ atp .
h

Then there exists a holomorphic function J(λ) in the domain
Pq,ih> such that

(a) J(Xk) = 0 /or αlZ points of the sequence {λj, α^ώ λfc is an
s-multiple root of J(λ), if it is repeated in the sequence s times.

(b) M ( λ ) | ^ l , ifxePq>2h.
(c) given δ > 0 ί&erg exists a set E, such that its linear

density ^ δ and for λ e Pq>2}\E one has the estimate

(8) |J(λ)| ^ expί-σαAδ- ' lλp-^) ,

where the constants σ, β > 0 do wo£ depend on X, a,h, δ, if 0 < h <
h0 and h0 is any fixed number.
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Proof. Let us consider the function p(x) = [λ1"5 + 2k(l — q)i +

τyn-*m ιι j s e a S y ^ 0 verify, that provided τ is sufficiently large,
the function p(X) maps the domain Pqt2h inside the domain P ^ , ,
i.e., p(Pqth)czPplh>, where g' = 1 — (1 — q)/p, In! = 6pft. Hence, the
sequence {pn} = {/0(λn)} lies in the domain Pβt Λ, and furthermore,
according to (7), we have

Σ i= Σ i

Σ 1 = Σ

According to Lemma 3, given any number δ1 > 0, there exists
a set E, such that its linear density ^ ^ and for X 6 Pg

+,k\E one has
the estimate

(9) 15(̂ )1 ^exvl-σahδT'lpn,

where £(/>) - i7(p - pk){p - ^ J " 1 . Evidently, \B{p)\ < 1 if Im/0>O.
Taking into account that p~Xpp,h>) Z) Pί>2fc> we find that the function
z/(λ) = B(p(X)) is holomorphic in the domain Pffι2A and satisfies condi-
tions (a) and (b). By virtue of (9), we have

if xeρ-\Pq

+

f}hf)\ρ-\E)-DPq>2h\p-1(E). Thus, the proof of Lemma 4
will be complete if we show that the set p~\E) has the linear density
^C3[/β

9 where the constants C > 0, β > 0 do not depend on α, /&, Sx.
Then, supposing δ = Cδ[/β

9 we will obtain the estimate (8).
It is sufficient to show that if the set Wl has linear density

5Ξε < 1, then its image ζ(ϊΰl) under the map ζ(X) = λ̂  has the linear
density <; Cεκ', where K' — min (K, 1) and the constant C does not
depend on ε.

For any r sufficiently large, there exists circles B(zlf εf), such
that they cover the set 3K Π Br and Σ εi ^ ε ^ If ei ^

l(s* + ε<o* -

by virtue of the simple inequality |(1 + «?)c — 1| ^ d(Λ:)|^|, which
holds for \z\^l. If | ^ | < s , , then B(zl9 ε,) c δ ( 0 , 2εJ c ΰ ( 0 , 2rε).
Taking into account (10), we find that the set ξ($R) f] B(0, r*) may
be covered by circles with the sum of the radii not greater than
(2rεY + Cx Σ Gt \ *i I"'1 ^ (2reY + C^1 Σ ^ ^ C2r%e" + ε).

This means that the set ξ(Tt) has linear density ^ 2C2ε
κ', where

tcr = min(Λ:? 1). Hence Lemma 4 is established.
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LEMMA 5. Let the sequence {Xk} lie in the domain Pg>h and

(11) Σ 1 = n(t) ^ at* ,

provided t is sufficiently large.

Then outside the domain Pqy2h one has the estimate

(12) I V(X)\ ^ C e x p ( ~ | λ r ε ) , e > 0, XeC\Pg,2h,

where the function V(X) is the canonical product for the sequence

(13)

Proof. If ± λ e PCj2fe, λΛ 6 PfffΛ, then there exist the constants
Cl9 C2 depending only on h} q, such that

(14) |λ

If - λ e P?)2fc, then the estimate (14) holds for g = 1, and con-
sequently (14) holds for all λ ϊ P ? ) 2 A .

I t follows from condition (11), that \Xk+1\ ^ a~1/pk1/p. Taking
into account that

we obtain the estimate

exp (±- +

, if « = - 1 ,

Σ
|g2

^ - Σ
fc=l

λ

(15)

v n(2\λ\)

Σ Σ |

^ -2CS Σ I λ |sw(21 λ | ) I - / ' Z Λ » ( 2 I λ I)

Further, using (14), we have

Σ In 1 - -

Since
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we

(17)

y i

finally

nil λ

\ x}

get the

π Λ

λk\>2\λ\

A. A. SHKALIKOV

)+ λ

estimate

λ Wn ( λ +

- • J S m e x p ( ~

^ ^ Π exp ( -

^ Π |2iexp(-2

= exp (-2 Σ

^ exp ( - Σ

Σ+i

λ

λ

X

N

+ • vX\ J

X

" + 1 ( i -

" )

1p+ε'

p ^ XS

λ Γ)

if ε > 0 is chosen, such that /) + ε/2 ̂  v + 1, and |λ | is sufficiently
large. The estimates (15)-(17) prove Lemma 5.

REMARK. According to Titchmarsh's theorem, there exists a
sequence rx < r2 < < rk —> oo, such that the estimate (12) holds
not only for XeC\Pq>2h, but also for | λ | = rk.

LEMMA 6.2 Lβί ίΛe function /(λ) δβ holomorphic in the sector
Λθ = {λ: I a r g λ | < ττ/2 ,̂ 61 ̂  1/2}, Zeί / feαt e no zeros inside this
sector and let the order of its growth be p<oo. Then for any

given δ > 0 inside the sector Λθ+δ one has the estimate

where the constant σ does not depend on λ.

Proof. If the function ψ(z) is holomorphic in the circle | z | ^ 1
and has no zeros in this circle, then its modulus satisfies the
inequality ([8], Chap. 1, § 6):

1 - 1 - \z\

where c = 2^-1(0)^maxu,s l \ijr(z)\. The function z(μ) = (μ-l)(μ + l)'
2 A similar lemma (unpublished) was obtained by another method by G. V.

Radzievskii.
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maps the right half-plane into the unit circle, and as | μ \ —> °o we
have asymptotically (μ = \μ\eiφ)

μ V\μ\2

V\μ\2 + l + 2\μ\cosφ-V\μ}2

2 cos φ + 0(\ μ]'1)

Hence, the function g(μ)9 which is holomorphic, bounded and
has no zeros in the right half-plane, satisfies the inequality

(19) ln\g{μ)\ ^ ""f1^1 , if μeΛ1+δf \μ\>l.
2 cos (arg μ)

Suppose that θ > p. Then θ — τ > p for some τ > 0. In this
case the function /(λ)exp(—λ*~Γ) is holomorphic and bounded in
the sector Λθ. If X = μ1/Θ, then the function g{μ) = f(μ1/θ) exp ( - μθ~τ/ϋ)
satisfies (19) and one has the estimate

(20) ln\f(X)\^ -σ\X\θ, XβΛθ+δ, | λ | > l .

In case θ ^ p we consider the function Λ(λ) = /(λ) exp ( — eίφπ/2Xp+δ),
which is holomorphic and bounded in the sector Λφ

p+2δ = {λ: —
π/2((l/p + 23) + φ)< arg λ < π/2(l/(p + 2δ) - φ)} c Aθ, if l/(ρ + 2δ)-
1/θ <φ < 1/θ - l/(p + 2δ). All sectors ί̂̂ +2 cover the sector Λθ,
when ^ changes in the indicated limits. Therefore, it is sufficient
to show that the function /(λ) satisfies (18) in every sector Λφ

p+Sδ.
The function μ(X) = (e+ίπ/2xy+2δ maps the sector Jφ

+2 into the
right half-plane. Then the function g(μ) = fφ{eriφ7tl2μυ^2h) is holo-
morphic and bounded in the right half-plane, and hence its modulus
satisfies (19). From this inequality we obtain

(21) lnf(X) ^ -<7]λr2 δ, λSi i +a,, |λ | > 1 .

The inequalities (20), (21) prove Lemma 6.
Now let us go on to the proof of Theorem 2.

Proof of Theorem 2. Let F(x) = F1(X)(F2(X))-\ where jp\(λ), F2(X)
are holomorphic functions of finite order ^ 7 in the sector Aθ, and
{λj are the zeros of the function F2(X). According to Lemma 4,
there exists a function J(λ), which satisfies the condition (a)-(c) of
this lemma. By V(X) we denote the canonical product (13) for the
sequence {λj. Let us consider the function
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where

G(λ) - F(X)J(X) = J
φ(X)

The function G(λ) is holomorphic in the domain Pqt2h; we want
to show that it has growth of finite order in that domain. Let
3fk = Pq>2h Π Br]c where rk are the numbers that were mentioned in
the remark after Lemma 5. According to Lemma 5 and Titchmarsh's
theorem, we have

- λ O U , ^ C, l tW e χ P(-^OI^ f c ^ C ,

if 7' > max (7, θ), and the constant C does not depend on k.
By virtue of the maximum principle, we have the functions
^(λ)exp(- X7') and ψ(X) exp(—λr') are bounded in the domain Pqt2h9

i.e., the functions φ(X), ψ(X) have finite order <̂  7' in the domain
Pq,2h By inequality (12) we find that the function φ(X) has order
^ 7' in the domain Aβ. As soon as ^(λ) has no zeros in the sector
Aβ, we conclude from Lemma 6 that the function ^-1(λ) has order :g7'
in sector Aθ+δ, δ > 0. Hence, the function G(λ) has order ^ 7' in
domain Pg,2λ.

For λ e 3Pg,2fc we have the inequality | G(λ) | ^ C, insofar as

Using the Phragmen-Lindeliif principle (see, for example [8],
chap. 1, §14), we have |G(λ)| ^ C for all XePg>2h. Hence, according
to Lemma 6,

(22) \F(X)\ ^ CM(λ)!-1 ^ Cexpί-σαftδ-'lλl*-"-*) ,

if λ 6 Pq>2h\E, where the set £7 has linear density <; δ; the constants
C, σ, /3 do not depend on λ, α, fc, δ, and one can choose δ arbitrarily
small.

Obviously, if the set E has linear density < 1/2, then there
exist numbers 0 < rx < r2 < 1 < rk —• °o, such that the circles
1 x I = rfe do not interesect the set E. Then, the assertion of theorem
2 follows from the estimate (22).

Essentially, Theorem 1 may be considered as a corollary of the
Theorem 2.

Proof of Theorem 1. Fix the number a, such that p — (1 — q)<a.
All eigenvalues of the operator L, except for a finite number, lie
in the sector Λa+ε, ε > 0. Without loss of generality, we suppose
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that there are no eigenvalues of the operator L outside the sector

Let cceξ>. Consider the integral

Uβ(t) = - L . j e" iβf(λl - LY'xdX, ί > 0 ,

where the contour Γ is the boundary of the sector Λa+ε. Since
| |(λl — L)"1!! <; C|λ | - 1 for λ e Γ , the function ux(t) is correctly defined
for all t > 0. For the proof of the theorem we have to show that

(a) the function ux(t) can be represented in the form (1) and
the series (1) converges in φ after some rearrangement of paren-
theses not depending on t and x.

(b) limt_*+0 ux{t) = x.
It follows from L e σΐf that (λl — L)~ι is a meromorphic func-

tion of order <; Ί (see, for example, [9]). According to Theorem 2,
there exists a sequence rx<r2< < r* -» °o, such that for | λ | =
rfc one has the estimate

(23) II(λl- L)~ι\\ ^ exv(-σah\X\*-{ί-q)) ,

where the constant σ does not depend on a, h, 0 < h < h0.
Let iΓn = {λ: rn £ |λ | <Ξ rn+1}, ^ n = Λα+e Π £„. It follows from

estimate (23), that for any t > 0 (α > 3> — (1 — ?))

(24) Uβ(t) = ί
n-

and the series converges in φ.
Calculating the integrals in (24), we obtain the assertion (a).

We note also that in the case when either α, or h can be chosen
arbitrarily small and p — (1 — q) > 0, the assertion (a) is valid for
α = p - (1 - 9 ) .

As was mentioned before, under assumption ||(Jλ — L)"1]! <;
Cd~\X, Λa+ε), the assertion (b) was proved by V. B. Lidskii [9] for
any xe£&(L), and by V. I. Macaev (see [5]) for any xe$.

We note only that (b) is valid for x, which can be represented
as a finite linear combination of eigenvectors of the operator L,
and all such x are closed in φ. Consequently, the assertion (b) is
valid for all x, if ||%β(ί)|| ^ C||aj||, where the constant C does not
depend on ί, 0 < ί <£ 1. But this fact may be proved also by using
the ideas from a theorem of E. Hille about the generation of holo-
morphic semi-groups (see [4], § 12.8).

As was shown in [9], the summability theorems have an impor-
tant role in solving some nonstationary differential equations. The
applications of Theorem 1 to such problems will be considered by
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the author in a subsequent paper.
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