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REPRESENTATIONS AND AUTOMORPHISMS OF
THE IRRATIONAL ROTATION ALGEBRA

BERNDT A. BRENKEN

Given an irrational number a, 4, is the unique C*-algebra gener-
ated by two unitary operators, U and V, satisfying the twisted commuta-
tion relation UV = exp(27ia)V'U. We investigate separable representa-
tions of A, which, when restricted to the abelian C* algebra generated by
V , are of uniform multiplicity m. These representations are classified by
their multiplicity, a quasi-invariant Borel measure on the circle (w.r.t.
rotation by the angle 2 7a) and a unitary one cocycle.

Separable factor representations lie in this class, the measure being
ergodic in this case. A factor representation is of uniform multiplicity m’
on the C* algebra generated by U, and if m, m’ are relatively prime, the
representation is irreducible. By use of an action of SL(2,Z) as *-auto-
morphisms of 4, that we construct, we arrive at a separating family of
pure states of 4, whose corresponding irreducible representations pro-
vide explicit examples with m and m’ occurring as any given pair of
nonzero relatively prime numbers.

Introduction. We study representations of the irrational rotation
algebras, a special class of C*-algebras that has received a great deal of
attention in recent years [13-16]. Our focus is primarily, though not
exclusively, on factor and, in particular, irreducible, representations of
algebras in this family. This class of algebras is parametrized by the
irrational numbers in [0, 1]. To each irrational number a in [0, 1], we make
correspond the C*-algebra A4, generated by multiplications by continuous
functions on T, the unit circle in the plane of complex numbers, and the
unitary transformation on L,(T, ») arising from rotation of T through the
angle 27a, where v is (normalized) Haar measure on T. More specifically,
let M, g be fg where f € C(T) and g € Ly(T, »), and let (Ug)(exp(27if))
be g(exp(27i(8 + a))) for each @ in [0,1]. Then A, is the C*-algebra
generated by {M,, U: f € C(T)}.

Although we have described 4, in a particular representation, in the
first instance, it can be characterized (uniquely, as it turns out) as a
C*-algebra generated by two unitary operators U and V satisfying a
“twisted” commutation relation UV = (exp 2wia)V'U. In the representa-
tion of A, we described, U is as noted and V is multiplication by z (the
identity transform on T). There are several other ways of viewing A, that
will be useful to us. The rotation of T through the angle 27a is a
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homeomorphism that engenders an automorphism of C(T). We use ‘a’ to
denote this automorphism as well as the parametrizing irrational number.
The mapping that assigns a” to the integer n is a homomorphism of Z, the
additive group of integers, into Aut C(T), the group of automorphisms of
(the abelian C*-algebra) C(T). Such a homomorphism is termed an
“action” of Z on C(T) and the triple (C(T), a,Z) is a C*-dynamical
system. A general construction associates a C*-algebra with such a dy-
namical system, the crossed product, C(T) X Z, of C(T) by Z via the
action. In the present case the crossed product is another description of
A,

From [5] the representations of 4, are in one-to-one (canonical)
correspondence with the “covariant representations” of the C*-dynamical
system (C(T), a, Z). That is, a representation # of A, corresponds to a
representation 7 of C(T) and a unitary representation of Z such that the
action of Z on C(T) is implemented by the unitary operators representing
Z on 7(C(T)). In our situation C(T) “appears” as a subalgebra of 4, and
Z “appears” as a group of unitary elements in 4, (and together they
generate 4,) — much as in our initial (representation) description of 4,,.
Given 7, then, « is the restriction of # to C(T) and the unitary representa-
tion of Z is the restriction of # to the unitary elements representing Z in
A,. We make use of the well-developed representation theory of abelian
C*-algebras to single out those representations 7 of A, whose associated 7
has “uniform multiplicity”. That is, we study those # for which 7 (C(T))
acts as an m-fold copy of a representation of C(T) in which the strong-op-
erator closure of the image is maximal abelian — in another form, the
commutant 7(C(T))" of #(C(T)) is a von Neumann algebra of type 1,,,.
Here, m is a given cardinal number and the representation # is said to be a
“uniform multiplicity m representation” (of 4,). We will be concerned
exclusively with the case of separable Hilbert space representations, so
that m is either finite or N,.

To each (separable) uniform multiplicity representation 7 of 4,, we
associate a triple (m, v, b), where m is the multiplicity of #, » is a
quasi-invariant regular Borel measure on T, and b is a certain “unitary
cocycle” (on Z with values in the unitary group of the algebra of m X m
matrices with entries in L*(T, »)). We prove that each factor representa-
tion of 4, is a uniform multiplicity representation, and v is ergodic under
the action of a, in this case. Two uniform multiplicity representations of
A, are unitarily equivalent if and only if they have “equivalent” triples:
the multiplicities are the same, the measures on T are equivalent (abso-
lutely continuous with respect to one another), and the unitary cocycles
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are cohomologous. We establish corresponding criteria for quasi-equiva-
lence of uniform multiplicity representations. In case m is finite we show
that the representation # is of type I (that is, #(A,)” is a von Neumann
algebra of type I).

Of course 4, has pure states and each of these gives rise to an
irreducible representation (by means of the GNS construction). Each
irreducible representation is a factor representation (of type I_) and is,
accordingly, a uniform multiplicity representation. By exploiting the sym-
metry of the two generating unitary elements U and V (the abelian
C*-algebra generated by U is also isomorphic to C(T)), we may associate
with each factor representation of A, a second cardinal number m’
(determined by the multiplicity of the restriction of the representation to
the subalgebra generated by U). We prove that the representation is
irreducible when m and m’ are relatively prime.

It is clear that there are multiplicity one representations (that is, ones
for which #(C(T))” is maximal abelian). These abound — indeed, the
representation in which we first described 4, is such. What is not clear a
priori is that there are irreducible representations of multiplicity greater
than one [1]. In §2.5 we construct such a representation for each finite
multiplicity m, where v is Haar measure. In effect we have found explicit
ergodic actions of Z on the algebra of m X m matrices with entries in
L*(T, »). In fact we find irreducible representations of A, such that the
pair of multiplicities m and m’ obtained by restricting the representation
to the C*-algebras generated by V and U respectively are any given pair of
relatively prime numbers. This is accomplished with the aid of an action
of SL(2,Z) on A, that we construct. Loosely speaking, we let an element
(matrix) of SL(2,Z) act on the “vector” ( p, q) of integers appearing in
VPUY and modify this by a (carefully chosen) phase factor to determine
the automorphism of 4, corresponding to that element of SL(2, Z). With
in [0, 1], “evaluation” at exp 2if is a pure state of C(T) and has a pure
state extension ¢, to 4,. For each g in SL(2,Z), g, ° B, is a pure state of
A,, where B, is the automorphism of A4, corresponding to g. With g
suitably selected, the GNS representation of 4, corresponding to ¢, - 8,
has the given multiplicities m and m’.

We show that the pure states ¢, and ¢4 of 4, are unitarily equivalent
if and only if exp 276 lies in the orbit of exp 276 under the action of «
(on T). We determine when g, and @4 o B, are unitarily equivalent. If H is
the subgroup of SL(2,Z) consisting of matrices of the form [}7] (n € Z)
and g € H, we show that @y o 8, = @y and @y © B_, = @, _4. We prove that
if @70 B, and ¢, are unitarily equivalent, then g or —g is in H, whence



260 BERNDT A. BRENKEN

¥g° B, aind ¢, are unitarily equivalent if and only if either g§EH and
exp 27if is in the orbit of exp27if or —g € H and exp — 27if is in the
orbit of exp 27if. It is also proved that the pure states of the form g, o g,
“separate” 4,,.

Explicit computation of the unitary cocycle is made in several cases,
in particular, for the “multiplicity m” irreducible representations de-
scribed above. We define certain cocycles to be “diagonal” and compute
for uniform multiplicity m representations (m € {1,2,...,8,}) with diag-
onal cocycles the structure of the commutant of the image of the represen-
tation. The particular cocycle (its diagonal entries) imposes an equivalence
relation on the set of pairs of integers 1,...,m. This relation consists of all
pairs if and only if the representation is factorial. If the relation coincides
with “equality”, then the commutant is abelian. When a uniform multipl-
icity representation has multiplicity 8, and the cocycle arises from the
“bilateral shift” the representation is the familiar “group-measure space
construction” of Murray and von Neumann [17]. It is of type II, and
arises from the trace on 4,. In this connection, we make use of several
basic algebraic facts about 4, (see, for example, [12, 20]). It possesses a
unique tracial state, whence all finite representations of 4, are type II,
factor representations and each is unitarily equivalent to the trace repre-
sentation if it is cyclic [8]. In addition, 4, is simple, and, as noted earlier,
it is characterized as being generated by two unitary elements U and V
satisfying the twisted commutation relation UV = (exp 2wia)VU.

The recently developed K-theory of C*-algebras (see, for example,
[13]) supplies us with a natural map of Aut 4, to the group of automor-
phisms of Z X Z (= K,(A4,)). This map is the identity on SL(2,Z) and we
show that the kernel of this map (a closed subgroup of Aut A, in an
appropriate topology) contains the centrally trivial automorphisms (see [3,
7]) and, thus, also the approximately inner automorphisms of 4.

There are many questions related to the representation theory of 4,
on which we have not touched (the conjugacy of the maximal abelian
subalgebras of 4, and criteria for type III representations, for example)
and some for which our information is not complete (a computable
necessary and sufficient condition for factoriality of a representation, for
example). We expect to return to these questions in later publications.

During the course of these investigations, we have benefited from
conversations with several of our colleagues at the University of Pennsyl-
vania. It is a pleasure to express our gratitude to Joachim Cuntz, Vaughn
Jones, Robert Powers, Jonathan Rosenberg, and Antony Wassermann. A
special debt of gratitude is due to R. Kadison who suggested the general
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topic and whose patient and careful supervision of my thesis, from which
this paper is adapted, has led to several simplifications and improvements.

1. The irrational rotation algebra. A C*-dynamical system is a triple
(A, «, G) where 4 is a C*-algebra, G a locally compact group and « a
homomorphism of G into the group of *-automorphisms of A such that
x — a,(b) is continuous from G to A for each b € A. Given a C*-dynami-
cal system we may form a Banach-*-algebra L'(G, A4). If C(G, A) is the
vector space of continuous functions with compact supports from G to A
we endow it with a norm, involution and “twisted” convolution product
as follows [5, 12, 20]

171 = [ 1f(x)lax,
£2(x) = Ax) e (f(x)*,
(f=m)(x) = [ f)a(h(s"x) ds (£, € C(G. 4),x € G).

Here dg and A(g) denote the left Haar measure and the modular function
on G respectively. With this structure C(G, A) is a normed *-algebra with
isometric involution and L'(G, A) denotes its completion. A covariant
representation of a C*-dynamical system (A4, a, G) is a triple (7, U, H)
where 7 is a representation of 4 as bounded operators on the Hilbert
space H, U is a strongly continuous unitary representation of G on H, and
Un(b)U} = m(a, (b)) for x in G, b in A.

ProPOSITION 1.1 [5]). If (7, U, H) is a covariant representation of the
C*-dynamical system (A, a,G), there is a nondegenerate representation
(m X U, H) of L\(G, A) such that

(7 X U)(f) = fG 7(f(x))U,dx forfin C(G, A).

The correspondence (m,U, H) — (7 X U, H) is a bijection onto the set of
nondegenerate representations of L'(G, A).

The crossed product associated with the system (A4, a, G), denoted by
‘4 X _G’, is the enveloping C*-algebra of L'(G, A). The following “uni-
versal” property for 4 X G is a consequence of the preceding proposition
and the universal property of enveloping C*-algebras [4].
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PROPOSITION 1.2. Let 7 be the canonical map of L'(G, A) into A X G.
If (w,U, H) is a covariant representation of (A, a, G), there is a unique
representation (%, H) of A X G such that the representation % o 7 of L'(G, A)
is T X U.

Notice that if the group G is discrete and A4 is a C*-algebra with unit,
then G and A4 have canonical isomorphic copies in 4 X, G. Forif a € 4,
the function from G to 4 defined at e (the unit of G) by a, and taking the
value 0 elsewhere, is an element of C(G, 4) (C L'(G, A)) representing a.
We represent x in G as the element of C(G, 4) that maps x to Id, and
has the value 0 elsewhere on G. With these identifications the unit of 4 is
aunit for 4 X G.

We now define the irrational rotation algebra 4. If « is an irrational
number in [0, 1] define an action of the discrete abelian group Z via
homeomorphisms of the circle group T by n: e?" — 27" This
results in an action a of Z on Borel functions f on T given by (a, f)(e*™")
= f(e*™"* ") This action is by *-automorphisms on the abelian C*-al-
gebra C(T). Define 4, to be the crossed product C(T) X,Z of the
C*-dynamical system (C(T), a, Z). As Z is discrete and C(T) has a unit, Z
and C(T) have canonical ‘copies’ in C(T) X ,Z. Denote by U, the unitary
operator in C(T) X, Z corresponding to the element n of Z. For f €
C(Z,C(T)), f= 2 f(n)U, (where the product f(n)U, is the “twisted”
convolution product).

The one-to-one correspondence between representations = of 4, and
covariant representations (p, T') of (C(T), a, Z) is given by restriction, i.e.
"Tlcm =p and 7(U,) = T(n) (n € Z). There is an action ¢t - &, of T
(= Z) on A, the dual action, given by

&(f)(n)=1"f(n) (f€C(Z,C(T),t€T,nEZ) [12].
We may define a conditional expectation E: 4, - C(T) by

E(x) =fTa,(x) d  (x€4,),

where df denotes normalized Haar measure on T. We have E( f) = f(0)
for fin C(Z, C(T)). The algebra 4 is known to be simple [12, 20] and to
have a unique normalized trace 7. For fin C(Z, C(T)) the trace is given by
f = J1f(0)dr.

For W a unitary on a Hilbert space JC, B a C*-algebra on J(, we let
ad W denote the *-automorphism of B defined by x - WxW* (x € B).

If V, is the unitary in C(T) defined by ¢t —» ¢ (t €T), then UV, =
exp(2mia)V,U,. Suppose U, V are two unitary operators satisfying this
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‘twisted commutation relation’. As ad U is a *-automorphism of C*(V),
the C*-algebra generated by V, we have sp(}), the spectrum of V, is equal
to sp(ad U(V)) = exp(Qmia)sp(V'). Thus sp(V) =T and C(T) = C*(V),
the *-isomorphism mapping V; to V. Using Proposition 1.2. and the fact
that 4, is simple, we conclude that A4, is *-isomorphic to the C*-algebra
generated by U and V, the isomorphism mapping V, to V" and U, to U.
Dropping the subscripts from here on, we write U and V for U, V.

Let X be a locally compact (2nd countable) Hausdorff space, p a
o-finite positive Borel measure and G a discrete countable group of
homeomorphisms of X (acting on the right by x - xs (x € X, s € G)).

The measure p is quasi-invariant under G if p(E) = 0 implies p( Es)
= 0 (s € G, E a measurable set). In this case the measure u, defined by
u(E) = u(Es) (E measurable) is absolutely continuous with respect to p
and the Radon-Nikodym derivative du /dp exists. The measure is in-
variant if du /dp = 1. The group action is free if p({x € X|xs = x}) =0
for each s in G\{e}, e the unit of G. The group action is ergodic if f, = f
for all s in G implies fis a constant a.e. ( f € L*( X, p)). Here f,(x) = f(xs)
(x € X, s € G) for any function f on G.

2. A class of representations of 4,. A separable representation p of
C(T) is of multiplicity m, m € N U {0}, if p(C(T)) is a type I,, von
Neumann algebra. Given » a regular Borel measure on T, let M, denote
the operator on the Hilbert space L*(T, ») assigning fg to g; g € L*(T, »),
f € L*(T, v). For H, a Hilbert space of dimension m, the representation
p,, of C(T) defined by mapping f to M, ® 1d; is a uniform multiplicity m
representation on the Hilbert space LT, ») ® H, . Conversely [10] if p is
a representation of C(T) of uniform multiplicity m, there is a regular
Borel measure » on T, uniquely determined up to equivalence of measures,
such that p is unitarily equivalent to the representation p,, above.

We consider those separable representations 7 of 4, whose restriction
to C(T) is of uniform multiplicity m, so we may suppose there is a regular
Borel measure » on T with 7|y, = p,. The measure » is necessarily
quasi-invariant under Z, for if f &€ C(T) we have ad w(U)(p,(f)) =
p,(a(f)), sop,(f)=0iff p,(a f)) = 0. The regularity of » ensures that
v, ~ V.

Our interest in singling out those representations = of 4, whose
restriction to C(T) is of uniform multiplicity lies in the fact that any factor
representation is such. The argument ([11] §3.8) shows that the projections
occurring in the central decomposition of the type I von Neumann algebra
m(C(T)) are invariant under ad m(U) and so lie in the center of 7(A4,)". A
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short argument shows that the measure » in this case must be ergodic, for
if f € L*(T, v) with a( f) = f, then

adm(U)(M;®1d,, ) =M, ®Id, =M ®Id, .

Thus M, ® 1d, lies in the center of m(A4,)" and f1s constant (a.e. »).

Given m in N U {0} and » a quasi invariant regular Borel measure
on T, we may form a covariant representation (p,,, U®I1d Hm) of
(C(T), a, Z) by

Uk = \dv,/dva(k) (ke LXT,»)) ([17,19]).

When there is no possibility of confusion, we write U instead of U ® Id H,-
Note that n - ad U, is then an action of Z by *-automorphisms on the
m X m matrix algebra over L*(T, v), I, (L*(T, »)).

We recall ([19]) that a map b of Z into the (non-abelian) group of
unitaries in M, (L>(T, »)) is a unitary 1-cocycle if b, , = b,ad U,(b,) for
n, r in Z. Two such cocycles b, ¢ are equivalent if there is a unitary Y in
M, (LT, v)) with b, = Y~'c,ad U(Y). With m and » fixed, there is a
one-to-one correspondence between unitary equivalence classes of co-
variant representations (p,,, ') of (C(T), a, Z) and equivalence classes of
unitary I-cocycles b of Z in I, (L>(T, »)) given by T, = bn(f]n ®Idy, )
(n € Z) ((19)).

Thus (unitary equivalence classes of) representations 7 of 4, with
7 | c(ry of uniform multiplicity are completely described by triples (m, », b)
with m in N U {c0}, » a quasi-invariant Borel measure (class) and b a
cocycle (equivalence class). In particular any factor representation of 4,
may be described by such a triple.

Suited to the study of factor representations is the notion of quasi-
equivalence. Let 7 and 7 be two representations of a C*-algebra % and R,
% the von Neumann algebras generated by «(A), 7(A), respectively.
Recall 7 is quasi-equivalent to # (write 7 ~ #) if there is a *-isomorphism
@: R - R with #(x) = @(m(x)) for all x in A, or, equivalently, if & « is
unitarily equivalent to @ # for some ¢,, ¢, ENU {0} (for =, 7
separable) [4].

If 7 and # are two separable factor representations of 4, that are
quasi-equivalent, then we see (as a *-isomorphism of von Neumann
algebras is weakly bicontinuous on the unit balls of the algebras) that
7 |¢(ry 18 quasi-equivalent to 7 | 4,. Now these representations of C(T) are
of uniform multiplicity (as =, # are factor representations). Thus the



AUTOMORPHISMS OF THE IRRATIONAL ROTATION ALGEBRA 265

measures » and # on T arising from these representations of C(T) must be
equivalent [10). We can therefore assume, as far as quasi-equivalence of
factor representations of 4, are concerned, that v = 7.

PROPOSITION 2.1. Let 7, 7 be two separable factor representations of A ,.
Let (p,, T) and (pz, T) be the associated covariant representations on
LXT,») ® H,, and L* (T, #) ® H, respectively, where v, ¥ are ergodic
quasi-invariant regular Borel measures on T and T, = b (U ® 1d H ns T, =
l;n(U ® Id ), with b,, b~n unitary cocycles. Then m ~ 7 iff v ~ ¥ (so by the
preceding comments we can assume v = V), and there exist ¢, ¢, in
N U {00} with mc, = wic, = r and a unitary W in M (L=(T, v)) on the
Hilbert space L*(T, v) ® H, such that

W( EB bl) = ( GB 5,)ad(0® d, )(W).

Proof. We have 7 ~ # iff there are ¢, ¢, with mc, = ric, = r and a
unitary W on L*(T, ») ® H, with W(®“ «) = (D #)W. This is equiva-
lent to

W(épm)Z(éépﬁ)W

and

W( GB b,(U® Id,,m)n) = ( GB b(U® IdHE)H)W.

The first equation means
W e p(C(T)) = M (L™(T, »)),

and the second is equivalent to

W(éb,) Z(éE,)ad(U®IdHr>W. O

We return to examining covariant representations (p,,, I') of
(C(T), a,Z), where m € N U {0} and » is a regular Borel measure of T.
We suppose from now on, without loss of generality, that »(T) = 1. The
next proposition shows that for m finite we always have a type I
representation.
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PROPOSITION 2.2. Let m denote the representation of A, corresponding
to a covariant representation (p,,, T) of (C(T), a,Z) where m € N and
v is a regular Borel measure of T. If R is the von Neumann algebra
{m(x)|x € A,}", then R is type 1. Furthermore there are central
projections P, s € {1,...,m}, of R with TP, = 1 and R'P, of type 1, or
P =0.

Proof. To show @ is of type I it is enough to show that R’ is type L. If
a bounded operator C on L*(T, ») ® H, liesin R, then C € p,(C(T))’ =
M, (L>(T, v)). Thus R’ C M, (L>(T, »)), which is a type I, von Neu-
mann algebra. It is well known that @’ must then be a direct sum of type
I, (s < m) von Neumann algebras (R’ inherits a faithful scalar trace from

M, (L=(T, »))). =

Let m be a representation of A, with 7 |-, a uniform multiplicity
representation. Conditions on the triple (m, », b) associated with = are
reflected in the structure of the von Neumann algebra R = #(A4,)”. We
have seen, for example, that R is type I if m < co. Another case consid-
ered below is when » is ergodic and b is a “diagonal cocycle”. In this case
%R, will be type I and we can say exactly when @} is a factor by examining
an equivalence relation on {1,...,m}. Note m = oo is not excluded in
these considerations.

We say an operator in I, (L*(T, »)) is diagonal if it lies in the (von
Neumann) subalgebra @7 L*(T, »). A unitary cocycle b of Z in
M, (L*(T, v)) will be called diagonal if b, is diagonal.

LEMMA 2.3. Let 7 be a representation of A, corresponding to a triple
(m, v, b) where, in addition, v is ergodic and b is a diagonal cocycle. Let
by = @" A\, with A\, € L*(T, p) and let R = n(A,)". We have a relation
~on{rEN|l=r=m}if m<oo and on N\{0} if m = oo by defining
r ~ s iff there is a non-zero element d of L*(T, v) with a(d) = X,}\Sd. The
following hold.

(1) The relation ~ is an equivalence relation.

(2) If C € R’ and j * k then the jk entry of C (viewed as a matrix in
B(LXT, ») ® H,)), ¢,y is zero.

(3) If AERNR, the center of R, and j~k with j# k, then
a, =ay anda, = 0.

Proof. (1) Call d a “(j, k) solution” if d is a non-zero element of
L*(T, v) with a(d) = )_\j}\kd. As b is unitary, we have |A |= 1,50 ~ j, as
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constants are (j, j) solutions. If d is a (j, k) solution, dis a (k, j)
solution. Note that |d|> = dd is a (k, k) solution and thus a (non-zero)
constant as v is ergodic. Thus if 4 and A& are (J, k), (k, r) solutions,
respectively, dh is non-zero and so a ( j, r) solution.

(2) A bounded operator C on L*T,»)® H, lies in {4’ if C €
p(C(T) =M, (L>(T, »)) and ad(b,U)(C) = C. The latter equation
holds iff ad U(C) = b¥Cb, iff a(c,) = A, A, for each j, k. By definition
cjp = 0ifj =~ k.

(3) Letdbe a(J, k) solution. We define an element C of ¢, ( L=(T, »))
as follows: the j, k entry of Cis d, ¢ 1> Ckk are two arbitrary constants and
¢,, = 0 for all other r, 5. As a(c,;) = A, A, forallr,s, CER'". As 4
commutes with the elements C, we have, upon examining j, k entries from
the matrix equation AC = CA, (a,, — ay)c; = ay(c;, — ¢xy). We may
vary the constant ¢ ; — ¢, at will, while the left side of the equation
remains unchanged. Thus a;, = 0 (a.e. »). Now ¢;, = d is non-zero and
a,,a,, areconstants (as 4 € ). Thusa, — a,, = 0. O

PROPOSITION 2.4. With the hypothesis of the previous lemma, the
following are true.

() Ifk = jforallk #jthen R = @"CsoR= D" B(LXT, »)).

(2) If k ~j for all k, j then R’ is a type 1, factor.

(3) If r = s, some r # s, then R is not a factor.

(4) R is type 1.

Proof. (1) For C in R’ we have ¢, is a constant for each k as » is
ergodic. By the lemma, ¢,, = 0 for all , s with r # 5. Thus R’ = " C
and R = @™ B(LXT, »)).

(2) The lemma shows for 4 in R N A" thata,, =0 and a,, = a, (isa
constant) for all r, s with r # 5. Thus R is a factor. Let E be the element
of M, (L*(T, »)) described by defining all entries e,, to be zero except the
(J, k) entry which is a (j, k) solution d with |d|= 1 (a.e. »). Again, as
ale,,) =\, Ae,,, Eisin Q. The (k, k) entry of E*E, dd, is equal to 1
(a.e. v), while all other entries are zero. Thus E is a partial isometry with
initial projection P, and final projection P,. Here P, denotes the projection
in R’ that has all zero entries except the (7, r) diagonal entry, which is 1.
The projection P, is abelian in M, (L*(T, »)), thus abelian in R’. As
ZPP. =1d, R istypel,,.

(3) We display non-scalar elements 4 in the center of R. If &, h, are
two distinct constants, define a, = h, if r~j, a; = h, if j~s and
a,, =0, all other p, q. As r = s, a;, is well defined. Note that 4 is not a
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scalar and, since @”"C C R’ 4 € R’. To conclude that 4 € R, we
prove AC = CA for all C in ®,’. We show that the ( p, q) entry of AC,

hC,, iffr~p,
a,pCoqg = 1 h CM iff p ~s,
0 otherwise,

is equal to the ( p, q) entry of CA,

h(C,, iffr~gq,

Cpg%qq = hZCpq iff g ~s,
0 otherwise.
If r~pand r~gq, then p ~ g so c,, = 0. Similarily, if p ~ s and ¢ = s,
then p < g and ¢,, = 0, and we have AppCpg = Cpglqq- 1f Oth r # p and
p = s, then we must show ¢, a,, = 0. This can be non-zero only if r ~ ¢
or g ~ s. In both cases, p = g (otherwise r ~ p or p ~ s, contradicting our
present assumption). Thus ¢,, = O and ¢, ,a,, = 0.

(4) Changing to an equlvalent cocycle by a permutation unitary, we
may assume that if j ~ k, then j ~ s for all s with j <s < k. Combining
the arguments in (2) and (3) shows R’ is a direct sum of type I factors. [J

An example where 4 is a factor is b, = Id. For an example with 4}
not a factor let » = Haar measure on T and b, = [;'9]. Then 1 = 2, for if
d € L*(T, v) with a(d) = —d, then a,(d) =d. As 2amod 1 is still irra-
tional, d is a constant. Asd = —d, d = 0.

Suppose the 1-cocycle b is cohomologous to a diagonal cocycle, i.e.,
there is a unitary Y in 9, (L°(T, »)) such that Y 'b ad U(Y) is a
diagonal cocycle. Then the covariant representation (p,,, 7)) is unitarily
equivalent to a covariant representation with a diagonal cocycle. A result
of Kadison [9] shows that if m is finite, there is a unitary W in
M, (L=(T, v)) such that W*b,W is diagonal. Note that, in general, this is
not enough to ensure that our cocycle is cohomologous to a diagonal
cocycle. However, if the unitary W had constant entries, i.e., W € M, (C)
® Id;>r,), then ad U(W) = W and the cocycle b is cohomologous to a
diagonal cocycle. If m is finite and b, is a unitary in I ,(C) ® Id, >,
such a unitary W with constant entries always exists.

If the measure » is ergodic, the unitary b, has constant entries iff T}
commutes with U,. This follows from the fact that 7, commutes with U,
iff ad U(b ) = by iff a((by) ;) = (b)), for each j, k.
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3. Automorphisms of 4,. A representation of the discrete group
SL(2,Z) as automorphisms of 4, arises naturally when viewing 4, as a
twisted covariance algebra [6]. We also investigate a few simple properties
of the group homomorphism of Aut(4,) to Aut(K,(4,)) defined by
mapping an automorphism y of 4, to v,, the induced isomorphism of the
abelian group K,(A4,). We show that the kernel of this map, v — v,, is
closed and contains the centrally trivial automorphisms.

If G is a separable locally compact group and T the circle group, a
Borel function w from G X G to T is a multiplier (a 2-cocycle on G with
coefficients in T) [11] if

(@) w(x, y)w(xy, z) = w(x, yz)w(y, 2),(x, y, z) € G;

(b) w(x, e) = w(e, x) = 1 with e the unit of G, x € G.

Given a multiplier w on G, an w-representation of G is a strongly
continuous map L of G to the unitary group on a separable Hilbert space
with L, = Idand L, L, = w(x, y)L, for x,yin G.

Define a multiplier on the discrete group G = Z X Z by

m’ ml
7 b
n n

where |7* 7| denotes the determinant of the matrix [ ™], m, n, m’, n’ in Z.
For g in SL(2,Z), we note w(g(m, n), g(m’, n’)) = w((m, n)(m’, n’)),
where SL(2,Z) acts on Z X Z in the usual manner. We form the Mackey
obstruction group, a locally compact separable group G(w) with underly-
ing set {(x,?)|x € G, t € T} and multiplication given by (x, t)(y, t') =
(xy, w(x, y)tt’) for x, y in G and ¢, ¢’ in T. The usefulness of G(w) lies in
the fact that the w-representations of G, L, are in one-to-one correspon-
dence with the unitary representations W of G(w) restricting on 7 to a
multiple of the one-dimensional representation ¢ — ¢. The correspondence
is given by W(x, ¢t) = (L _[11].

Let C(G(w), T) be the set of functions from G(w) to C with f(zx) =
t7'f(x) (t € T, x € G(w)) such that f(m, n, t) is non-zero for only finitely
many m, n in Z. Define a normed *-algebra structure on C(G(w),T) as
follows: for f, h in C(G(w), T),

w((m, n), (m’, n")) = exp[wia(m'n — mn’)] = exp[m’a

Ifl= 2 1f(m,n,1)],

m,neE’L
f*(m? n, t) :f(—m>—n’ t—l)a
frh(m,n,t)= 3 f(a,b,)h[(-a,-b,1)(m, n,1)].

a,beEZ
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The enveloping C*-algebra of the completion of this normed *-algebra,
denoted C*(G(w), T), is a twisted covariance algebra. There is a one-to-one
correspondence between *-representations of C*(G(w), T) and representa-
tions of G(w) restricting to a multiple of 1 —» ¢ on T [6].

The C*-algebra C*(G(w),T) is *-isomorphic to A4,. If f,, . is the
element of C(G(w), T) defined by mapping all elements to zero except
(m, n, t), which is mapped to t~'¢(m, n), where &(m, n) = exp(miamn),
we have

f(m,n) * .,2'71,}7) = exp(zﬂian.:ln)fim+rﬁ,n+ﬁ)‘

Thus £, o, and f, ;, are two unitaries ¥, U, respectively, with UV = e*"*V'U.
The C*-algebra generated by f,, and f,, is C*(G(w),T). Thus
C*(G(w), T)y=A4,.

For g in SL(2,Z) let g(m, n) = (1, 7i) denote the usual action of
SL(2,Z) on Z X Z. Let v, be a map of G(w) to G(w) defined by
Y (m, n, 1) = (g(m, n), 1) (g € SL(2,Z)). As w(g(m, n), g(p,q)) =
w((m, n)(p, q)) for m, n, p, g in Z, v, is a group automorphism of G(w).
The relation v, ,, = v, ,, for g, g, in SL(2, Z) shows that y: SL(2,Z) -
Aut,,,(G(w)) is a group homomorphism. Define an action of SL(2,Z)
by isometric *-automorphisms of the normed *-algebra C(G(w),T) by
8f(x) = f(v,-(x)) for fin C(G(w),T), g in SL(2,Z), x in G(w). This
action extends to an action g — B, of SL(2, Z) by *-automorphisms of the
enveloping C*-algebra 4,. For later use we note that

,Bg(VmUn) = Bg(f(M,n)) = g(ma n)-lg("h’ ﬁ)f(r’r':,r’f)
= ¢(m, n)"'t(m, A)VAUT.

If 9 is a C*-algebra with unit, let U() be the unitary group of
M, (A) and U(A) the connected component of the Id in Uy ().
We define K,(%) = lim Uy(%A)/ U%(%), the direct limit of the direct
system of groups (U (¥)/UXY), ,), where @, U(%)/UXY) —
U, (N)/UL () is given by x — (39). For d in U, () we denote by [d]
its image in K (). K, is a functor from the category of C*-algebras (with
unit, although this is not necessary) to the category of abelian groups [18].

Let U, V be two unitary operators with UV = e2"*V'U that generate
the C*-algebra A4,. It is known ([13]) that K,(4,) = Z © Z, where [U],
[V] correspond to (0, 1) and (1, 0), respectively. Examining the automor-
phisms B, (g € SL(2,Z)) of 4,, it is clear that (B,), is just the map g on
YACWA

Putting the topology of pointwise norm convergence on Aut(4,) (a
net y; > vy iff |ly,(x) — y(x)|| - O for each x in 4,), we have that the
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subgroup {y € Aut(A4,)|y, = Id} is closed. To see this, suppose y; —> y
in Aut(4,) with (v,), = Id for all j. Then there is a j, with ||y, (U) —
Y(U)| <€ and |y (V) —v(V)l <e, where ¢ is chosen small enough to
ensure that y (U) (resp. v,(V)) lie in the path component of y(U) (resp.
y(V)) in U(A4,). Thus [y, (U)] = [y(U)] and [U] = (v )« [U] = [¥(U)].
It is also seen that [V'] = [y(V)] and thus y, = Id.

DEFINITION. A norm bounded sequence {x,} in a C*-algebra U is
(norm) central sequence if ||x,a — ax,|| - 0 as n — oo for each a in A. An
automorphism y of ¥ is centrally trivial (i.e., y € C((A)) iff ||y(x,) — x,]|
— 0 as n — oo for each central sequence x, in % (3], [7].

Note that if y € Aut(2) and {x,} is a central sequence, then {y(x,)}
is again a central sequence. It follows that Ct(¥) is a subgroup of Aut().
Also Ct(A) contains Int(9), the group of inner automorphisms of A, for
if Wis a unitary in ¥ with y(a) = WaW* (a € %), then

ly(x,) = x|l =Wx,w* — x| =|Wx, = x,W[|->0  (n- o)

for any central sequence x,,.

In the C*-algebra 4, there are ready examples of central sequences. If
p, € N\{0} is a sequence with ¢*""»* - 1 as j - oo, then both U?, V%
are central sequences. For example

sV — vus||=|UnvU =2 — V]=|(e*™2* = 1)V -0 asj— oo.

Thus [U”x — xUP|| - 0 for x in the *-algebra generated by U and V, and
as this algebra is dense in A4, this holds for all x in 4,.

ProposITION 3.1. If y € Ct(A4,) then v, = Id.

Proof. Fix a sequence p; € N\ {0} with ¢*"7* > 1 as j - o0. As v is
in Ct(A4,), we must have ||[y(U?) — UP|| - 0 and |[y(V?) — V|| - 0 as
J = o0. Thus for j large enough, y(U»)U» € U’(4,), so

[1] =[v(um)u=2] = p,([v.(U)] = [U]).
As K |(A,) is torsion free, v, [U] = [U]. Similarly, v.[V] = [V]. 4

We have seen that (3,), is the map g on Z & Z. Thus B, is not in the
closure of Ct(A,) for g # Id.

An interesting question is whether the image of the map ¢ — ¢, of
Aut(A4,) to Aut(Z X Z) is all of GL(2,Z) or exactly SL(2,Z). In other
words, is there an automorphism ¢ of 4, with ¢, of determinant —1, in
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particular with ¢, = [?!]? Rewording this amounts to askimg if there are
two unitaries, o(U) and (V) say, of 4, with commutator [@(U), ¢(V)]
(= o(U)e(V)e(U) 'p(V)™") = exp(27ia), and such that the equivalence
class [@(U)] = [V] and [@(V)] = [U] (where U, V are generating unitaries
of 4, with [U, V] = exp(2wia)).

4. Pure states of 4,. We define for each 6§ in [0, 1] a pure state ¢,
of A,. We show g, is unitarily equivalent to ¢, (i.e., there is a unitary W
in A, with @y 0 ad W = g,) iff 2™ € {29 |y € Z) (that is, iff 6’
and @ lie in the same orbit of the a action of Z on T), and also state
similar conditions for g, o B, to be unitarily equivalent to ¢, (for g in
SL(2,Z)). We show, too, that the set of pure states {g,° B,|0 € [0, 1],
g € SL(2,Z)} separate the points of 4.

Recalling the conditional expectation E: A4, - C(T), we define a
linear functional ¢, = p, o E for 8 in [0, 1] where p, is the (pure) state of
C(T) given by evaluation at the point 7" f T. Asg,(1) = 1 and

@g(x*x) = py( E(x*x)) ZLPG(&,(x*x)) dt =0

(since p, is positive), ¢, is a state. The following proposition also follows
from more general considerations [2].

PROPOSITION 4.1. The state @, is a pure state of A,,.

Proof. We show that if 1 is a positive linear functional with 0 <7 < ¢,
then n = Ag, for some A in C. For ¢ a positive linear functional on 4, let
N(¢) = {x € 4, |p(x*x) = 0}, the left kernel of ¢. If K denotes the
dense subalgebra C(Z, C(T)) of 4,, we show

(%) KN g;'(0) € KN N(gy) + KN N(gy)*.

If () is true then
KN @'(0) C KN N(gy) + KN N(gy)*

CKNN(n)+ KN N(n)* CKnNn'0),

the last inclusion following from the Schwarz inequality. Thus K N ¢;'(0)
C K N n7'(0) and n | = Ay | for some A € C. Continuity yields n = Ag,.
We prove the inclusion (*).

K N N(gy) = {k € K|py(k*k(0)) = 0}
= {k € K|@y( T, (1k(-n) 1)) = 0}
= {k € K|k(-n)(e2"®*") = 0,n € Z}.
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Also
K 0 N(g,)* = {k € K|qy(kk*(0)) = 0}
= {k € K|k(n)(e?™) =0,n € Z}.

Now fix a k in K N ¢;'(0). As 2" 5 @270 for all n in Z\{0}, there
are f(n), g(n) in C(T) with k(n) = f(n) + g(n) and f(n)(e*""?) =
g(n)(e?*™ ") =0 for all n € Z\{0}. For example, if n € Z\{0} let
g(n) = k(n)h(n) and f(n) = k(n)(1 — h(n)), where h(n) is an element of
C(T) with h(n)(e?*"®) = 1 and h(n)(e?"(®~") = 0. Letting f(0) = g(0) =
1k(0) and defining f, g in C(Z, C(T)) in the obvious way, we have
f+g=k,withf€ KN N(gy)* and g € K N N(¢,). Thus the inclusion
() is true. (|

Given 6, 6’ in [0, 1] with 2™ = ¢27(®+n) for some n in Z, then
@y o adU" = ¢y on A, (as they agree on the dense subalgebra generated
by U and V).

PROPOSITION 4.2. For 8, 8" in [0, 1], ||@y © ad x — 4| = 1 for all x in
Aa lferwiﬂ’ e {eZwi(0+na)|n = Z}

Proof. If e2™% = 2m+79 for some n in Z, we have seen that there is
an x, namely U”, with @4 o ad x = ¢j..

Now suppose e?>™ ¢ {e2"®*1®) | p € Z). For fixed x in C(Z, C(T))
we find b in C(T) with @yo ad x(b) =0 and ¢4(b) = 1. As x is in
C(Z,C(T)), there is an m in Z with support x C {-m,...,m}. The
hypothesis on @, 8’ allows us to find b in C(T) with b =0, ||| =1,
b(e*"®) = 1 and b(e>"** ") = 0 forn € {-m,...,m)}. Then

@y © ad x(b) = @y(x * b x x*(0))
= 2 x(m)a,(b)x(n)(e) =0

(as a,(b)(e?™?) =0 for n € {-m,...,m}), while @,(b) = b(e?>"?) = 1.
Thus ||gg ©c ad x — @, || = 1 for x in C(Z, C(T)). With x in 4, we choose
a sequence x; in C(Z, C(T)) converging to x in norm. Thus
lim;_, |lps © ad x; — @, o ad x|| = 0 and the proposition follows. O

If a state @ is unitarily equivalent to a state ¢, thatis,if poad W =1
for some unitary Win A4,, we write ¢ ~ .

COROLLARY 4.3. For 0, 0’ in [0,1], @, ~ @, iff e*™% € {20+ ne))
n € Z}.
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As B, (for g in SL(2,Z)) is a *-automorphism of 4,,, the states ¢, © 8,
are pure. We examine what these states look like on the dense subalgebra
{Zfiniee 4,,V?U" | a,, € C} of 4,. Recall

B(V?U") = £(p, n) E( 5, A)VPUT,
where (g, i) = g(p, n) and &( p, n) = e™*?" ( p, nin Z). Thus
Bg( zaanpUn) = zapni(p’ n)_lg(ﬁ’ ﬁ)VﬁUﬁ = 2 cﬁﬁ' iUﬁ’

where

We have
SO

Thus

For g = [#7] in SL(2, Z),

g—l:[i ;lr] and  ¢;0 = a5 _pz4(dp,~bp) .

Thus
%(Bg( Ea,,anU")) = Ea(dk‘-bk)i(dk,—bk)_'ez""k".
k

Note that if g is in the subgroup H = {[{ ']|n € Z} of SL(2, Z), then
Py ° B, = @g on {2 a,,V7U"|a,, € C}, 50 gy ° B, = @y on 4,. Also if
gis of the form [;' "] for some nin Z (so ~g € H), we have g, o B, = @16

ProposITION 4.4. If 0, 0" € [0, 1], g € SL(2,Z) and @y © B, is unitarily
equivalent 1o @, then g or —g is in H = {[{}]|n € Z}.

Proof. Choose { B,} a sequence in C(Z, C(T)) with B, — W (in norm),
where W is a unitary in 4, with @y, © B, = @, o ad W. Thus

n—n

S |B,(m)|” = E(B,B¥) » E(WW*) = E(1d) = 1d
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in the norm of C(T) as n » oo. Let € > 0 be given. Choose n, in N with
NE(B,B)) — ld¢pll <&/4 and ||gpcad W — ¢y © ad B,|| <e/4 for n =
n,. As support B, is finite and a is irrational, we can choose p in Z\ {0}
with | e?77*™ — 1|< /4 for all m in support B, . Thus

B, (m)[ (7))

(po(B”OVPB;"O) = pa(E(BnonB:o» — 2e2ﬂip(0+ma)(

is within e/4(1 + ¢/4) of e?>"?°E(B, B* )(e*""%), which is within ¢/4 of

ng " ng

e*7'P° Thus @,ad W(V'?) is within ¢ of e2>7"?®. However,

0 if bk+#0

kY — 5

q’)el’Bg(V ) {eZ-rrihkﬂ’ if bk = O,
for k in Z and g = [}7] in SL(2,Z). Choosing ¢ small enough and letting
k =p (so k is non-zero), we have @y B,(V?) = @40 ad W(V'7) only if
b=0.Thus gor —gisin H. O

COROLLARY 4.5. For 6, 6" in [0,1], g in SL(2,Z), we have @, ° B,
unitarly equivalent to @, iff g € H and e*™% € (*™*"9|n € Z} or
—g € Hand e?™% € {200 | p € 7).

Proof . 1f @ © B, ~ @y, we have gor —gin H. If g € H, @5 © B, = .,
SO @y ~ @y. We know this is equivalent to 2" € {2+ |y € Z). If
-g € H, then gy, © 8, = @, _,,, 50 @,_, ~ @, which is equivalent to "¢’
€ {e?"®* "9 |p & Z}. The reverse implication of the corollary is im-
mediate. O

We now show that the set of pure states {g,°B,|0 €[0,1], g €
SIL(2,Z)} separate the points of A4, i.e., if x in 4, is non-zero, then
®g © B,(x) # 0 for some 6 and g.

We proceed with some preliminary calculations. For x = 2, ... a, V'U*
in A, 7 the trace on 4, and m, n in Z, we have

(VU = o S, b0 )

= |amn|‘

If s = g.c.d.(m, n), choose g = [!/] in SL(2, Z) with g(m, n) = (s,0). We
have g7' = 1[4, 771 and g7'(s,0) = (m, n), sods = m and —bs = n. We saw
(in computing g,( B,(x)) that

E(B(x)) = E(B(Za,vU’)) = %a(dk,_bk)i(dk, —bk)'Vk,
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)

[r(E(8,(x)7 )
The algebra {Z;, .. a,,V'U’ | a,, € C} is dense in 4, so continuity yields

r(xV="U~=")| =|r( E(B,(x))V )

= 'a(ds,—bs)' = ,a(m,n), .

for x in 4,.

PROPOSITION 4.6. The set of pure states {@,8,]6 € [0, 1], g € SL(2,Z)}
separate the elements of A,.

Proof. If §, ;) denotes the element of L*(Z X Z) which is one at
(r, j), zero elsewhere, we define unitaries 7 (U), m(V) on L*(Z X Z) by

7.(V): 8.y = Ort1.ys

7(U): 8,

27ira
riy =€

As 7 (U)m (V) = e*™x(V)m(U), A, is isomorphic to the C*-algebra
generated by 7 (V), 7 (U).

Denoting this isomorphism by 7, we note that 7, with cyclic vector
80,0y 1s the GNS representation of 4, associated with the trace 7. For x
non-zero in A, w(x)#* 0, and we have p, ¢q, r, j in Z with
(m(x)8, s 8, ;) 7 0. Now

()7, (V2U)80,0, 7,(V U7 )85 )|
=(m (U~V"xVPU)8, 800))|
=|r(U~V="xV?PU9)| = |1(xVPUU~V " )| =|r(xV?P~UT)],

so there are m, n in Z with |7(xV ~"U ") |# 0. The preliminary calcula-
tion shows there is a g in SL(2,Z), s in N with 7( E(B,(x))V ~*) # 0. Thus
EB,(x)V ™ # 0 and EB(x) # 0. For some 6 in [0, 1], 0 7 py( E(B,(x))) =
@p( B(x)). t

S. Irreducible representations of 4, and ergodic actions. Given a
factor representation 7 of 4,, we associated with it a cardinal m, namely
the multiplicity of the representation restricted to the C*-algebra gener-
ated by V. We can, of course, associate a second cardinal m’ (and a
second ergodic quasi-invariant regular Borel measure »” on T) with =,
where the restriction of 7 to the C*-algebra generated by U (which is
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isomorphic to C(T)) is unitarily equivalent via a unitary W: @™ LX(T, »)
- @™ LXT, v’) to the representation g > @™ M, of C(T) of uniform
multiplicity m’ on @™ L*(T, v"). If (m, », b) is the triple associated with =
and f, the function ¢ > ¢" on T, then b, = W* ®" Mf"WIZ,"‘ (n €Z) (as
m(U") = b,T,).

In the proposition that follows, we describe a sufficient condition for
factor representations of 4, to be irreducible.

PROPOSITION 5.1. If 7 is a factor representation of A, and the restriction
of m to the abelian C*-subalgebras generated by V and U are of uniform
finite multiplicities m and m’, respectively, and m and m’ are relatively
prime, then 7 is an irreducible representation.

Proof. Let A, and A4, be the abelian C*-subalgebras of A4, generated
by ¥V and U, respectively. By assumption, 7(A4,)’ and 7(A4,) are von
Neumann algebras by types I,, and I,,, respectively. Each contains
m(A,), and w(A,)" is a factor by assumption. From Proposition 2.2., as m
(orm’) € N, m(A,) is type I. Suppose m(A,) is of type I,,. Then there are
n orthogonal equivalent projections E,,...,E, in m(A4,)" with sum I. This
equivalence persists in 7(4,)’. Since 2 E, = I, each E, has central carrier I
in m(A4,)". From [10] there is a non-zero central projection Q in 7(A4,)’
such that QF, is the sum of j equivalent abelian projections in 7(4,)".
Since QE, and QE, are equivalent in w(A4,)’, QE, is the sum of j
equivalent abelian projections in m(A,)" for each k in {l1,...,n}. But
Q = 2 QE,, so Q is the sum of nj equivalent abelian projections in 7(A4,)".
Now 7(A,)Q is of type I,, so m =nj and n divides m. This same
argument applied to 7(A4,)" and m’ yields the fact that n divides m’. By
hypothesis, m and m’ are relatively prime. Thus n = 1; #(A4,)" is a factor
of type I,, so m(A,)" consists of scalars and = is irreducible. O

We shall see examples of irreducible representations of 4, for which
the finite multiplicities m and m’ above are any given pair of non-zero
relatively prime numbers.

Let (p,,T) be the covariant representation associated to a factor
representation 7 of A,. Thus p,, is a representation of C(T) with uniform
multiplicity m € NU {o0} on @™ LXT,») with » a quasi-invariant
ergodic regular Borel measure on T and 7, = h,U,, where h, is a unitary
cocycle in M, (L>(T, »)).

PROPOSITION 5.2. Let m, (,,, T') be as above. The representation = is
irreducible iff ad T is an ergodic automorphism on M, (L*(T, v)).
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Proof. Note C € w(A4,) iff C € p, (C(T) =M, (L°(T,»)) and
TCT* = C. Thus n(A,) = CId iff for Cin M (L*(T, »)), ad T(C) = C
implies C € CId. a

Note that if m = 1, then ad T is the ergodic automorphism « on
L>*(T, »), so = is an irreducible representation. In the next paragraphs,
explicit irreducible representations of 4, are given for all m in N. These
examples also serve to show that there are irreducible representations of
A, for which any pair of non-zero relatively prime numbers m and m’ can
occur as the multiplicities (obtained by restricting the representation to
the C*-algebras generated by ¥ and U respectively). Choose b, d in N\ {0}
with g.c.d.(b, d) = 1. There are z, k in Z such that g = [24] € SL(2, Z).
For 6§ € [0, 1] the (necessarily) irreducible representation associated with
the pure state ¢, © B, is a representation of 4, whose restriction to C(T)
has multiplicity b. It will also be clear that the uniform multiplicity of this
irreducible representation restricted to the C*-algebra generated by U is d.
Note that given b, d in N\{0}, there are many elements g = [Z4] in
SL(2, Z), however, given two such g, = [Z4] and g, = [4 4], we have

_ 1
gzg,'EH:{[O '11]|nEZ}

Thus @, ° B, is equivalent to gy © 3, .
We first find a representation 7 of 4, associated with the pure state
@y © B,. Define 8 in L*(Z) by

_ [0 ifm#n,
8"(’”)’[1 if m = n.

Define unitaries #(V'), #(U) on L*(Z) by describing their effect on the
basis {8, |n € Z} of L*(Z).
'ﬁ(V) 8r N e2md"08—21rid"ra8r+b,

We have #(U)#(V) = e*"*#(V)#(U). Thus A4, is *-isomorphic to
the C*-algebra generated by #(V'), #(U), the *-isomorphism (denoted #)
mapping V to #(V) and U to #(U).

If p, n € Z then

'ﬁ'(VpUn): 8r N evrinanWipd“'a

Xe—Zvrid"a[p(r+nd)+p(p-—1)b/2]8 ndt b
r+nd+p
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SO

(7(VPU")8, 8,)= {ezw,pd—lae_,,,-,,,,,, if nd + pb = 0,
0 otherwise,

which is equal to @, o B(V?U"). As g.c.d.(b, d) = 1, we can choose p, n
such that nd + pb is any preassigned integer. Thus §, is a cyclic vector for
the representation # of 4,. Linearity and continuity imply ( 7(x)&,, §,) =
®g © B,(x) for all x € A,,. The representation # of 4, is associated with the
pure state ¢, © B, so it is irreducible.

We show that # |-y, is unitarily equivalent to the multiplicity b
representation p, with Haar measure on T. Investigating 7 |-,, Where
C(T) is the C*-algebra generated by V, we see that L*(Z) is the direct sum
of b subspaces { H,}’~;, where H, is the 7 |, invariant subspace gener-
ated by {8, |g € Z},j=0,...,b — 1. If W, is the partial isometry on
L*(Z) with initial space H, and final space H,, determined by

W_/: aqb+j N e2md“aqj8qb (q e Z)’

then W= @/_/W, is a unitary transformation from @; ' H, onto
®y~ ' Hy, with W(7 |oqy(x) = (O w(x)W (as W,7#(V)S,,., =
(V)W 8,,+,), where 7 is & |y, restricted to the subspace H, and x € C(T).

We show 7 is equivalent to the multiplication representation of C(T)
on L*(T,u) where p is Haar measure on T. If f is an element of

B = {zﬁnite anVn l a, € C}, then

2 2 2
I (D8l = (n(*f)80,80) = 3 fa,f" = [ 1] d.
finite
The linear map Y defined on B, a norm dense subspace of LX(T, p), to H,
by f — 7(f)§, is therefore an isometry onto a dense subspace of H,. The
map Y extends to a unitary map (also called Y) of L*(T, p) onto H,. For
xin B,

Y*a(V)Y(x) = Y*a(V)7(x)8, = Y*#(Vx)§, = Vx,

so continuity ensures that Y*m(V)Y is multiplication by ¥ on L*(T, p).
Thus 7 is unitarily equivalent via the unitary Y* to the multiplication
representation of C(T) on L*(T, p), and # lc(ry 1s unitarily equivalent to
the multiplicity b representation p, on @/~ ' L*(T, u) via the unitary
(D' Y*)W. In an analogous manner we note that # restricted to the
C*-algebra C*(U) generated by U is (unitarily equivalent to) a multiplic-
ity d representation on ©¢~' L¥(T, u).
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To determine the unitary cocycle 4, for the representation 7 of A4, we
examine what #(U) looks like on @©~!'L*(T, p), ie., we compute
(D' YHWHU)YWH(BL'Y).

There are a, s in N with 0<s<b, d =ab + s and g.c.d.(b,s) =
g.c.d(b, d) = 1. The unitary #(U) maps H; isometrically onto H,  if
0=j<b—s5 and onto H,_,_, if b—s=<j=b— 1 Note that
Y(y(n)V") = 4,, with

'Y(n) — e—Zwind"Bewid"ab(n(n—1)),

so(forx, y € {0,...,b —1})
V»wa(U )WY (V")

Y(n + a).Y(n)e'lriae2ﬂid"a[ns+ax]Vn+a
ifss=x<b—landx —y =y,

< ‘Y(" +a+ 1)Tn)emanWid"a[n(s—b)+(a+l)x]Vn+a+l
f0=x<sandy —x=b—z3s,

L0 otherwise.

Letting

g(x) _ {e—217id"0aevrid'la[20x+s+ba2]Va ifs<x<b—1,
e—2m‘d“'0(a+l)eﬂid"a[Z(a+ l)x+2ab+s+ba2]Va+]

fo=s=x<s,
we have

VWi (V)WY (V") = e2g(x)V" = g(x)a(V7"),

wherex —y =sifs<x<b—landy —x=b—sif0 =x <s.
Thus the unitary cocycle A, in I, (L*(T, u)) associated with
(D' YWR(U)W*(D. ™' Y) is the following matrix on @5~ L¥(T, p):
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Noticing that the entries of this matrix are continuous functions on T,
we have the additional information that ad 7 = ad h,U (see Proposition
5.2) is actually an ergodic automorphism of the C*-algebra I, (C(T)).
We have thus found explicit examples of cocycles which perturb the
non-ergodic action [a, | — [a(a,,)] on M, (C(T)) (m > 1) into an ergodic
action.

We have inequivalent pure states with the same pair of relatively
prime numbers as their multiplicities. For example, with g =[;%] as
above, @y o B, * @, o B,, with 6’ not in the orbit of §. Also if g" = [}* <1
then g’g™ & H, so ¢, © B, * @5 © B, for all 8 in [0, 1]. One sees, however,
that @, o B, has b, d as its associated multiplicities (as does gy © B,).

Remark added in proof. Y. Watatani has also considered a representa-
tion of SL(2,Z) as automorphisms of A, in Toral automorphisms on
irrational rotation algebras, Math. Japonica, 26, No. 4 (1981).
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