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CARATHEODORY CONVEX INTEGRAND
OPERATORS AND PROBABILITY THEORY

NIKOLAOS S. PAPAGEORGIOU

In two recent papers, the author studied extensions of several
concepts of nonsmooth analysis to vector valued operators. The purpose
of the present work is to further continue this effort and to study, from a
probabilistic viewpoint, several properties of convex operators. In partic-
ular, we will examine how various basic concepts of vectorial nonsmooth
analysis associated with an integrand f(w, x) are related to those of the
integral operator F(x) = [ f(w, x) du(w) where the vector valued in-
tegral is defined in the sense of Bochner. Also we introduce a conditional
expectation for such integrands, study several of its properties, see how it
is affected by various operations of nonsmooth analysis, and derive a
vector valued martingale convergence theorem.

1. For real valued functions, the most important contributions on
this subject were made by Rockafellar [17, 18, 19, 20], who introduced the
notion of the normal integrand. Caratheodory integrands form a subset in
the family of normal integrands. Following Rockafellar, interesting results
were also obtained by Bismut [3] and Hiriart-Urruty [10]. Our work
generalizes several of their results to a vector valued context.

In our presentation, we will use parts of the general theory of ordered
topological vector spaces. For the necessary background on this topic, we
refer the reader to the books by Peressini [16] and Schaefer [23].

2. Preliminaries. We start by recalling some basic facts from the
theory of measurable multifunctions. For more details the reader can refer
to Castaing-Valadier [4], Himmelberg [9] or Rockafellar [20].

Let F: © — 2¥ be a multivalued function (multifunction) from a
space to the family of subsets of a space X. We introduce the set

GrF={(w,x) €2 X X:x € F(w)}

which we call the graph of F. Also for V' C X, we define F (V) = {w €
Flo)NV =+ @}. If X is a topological space, by P,(X) we denote the
nonempty and closed subsets of X.

The next theorem summarizes the interrelations of the different
notions of measurability of a multifunction that exist in the literature.
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THEOREM 2.1. Let (2, Z) be a measurable space and X a separable
metric space. Let F: @ — P;(X) be a multifunction. Consider the following
statements.

(1) F(B) € Z for every B € B(X) = the Borel o-field of X.

(2) F(C) € Z for every C closed subset of X.

(3) F(U) € Z for every U open subset of X.

(4) w — d(x, F(w)) is a measurable function for every x € X.

(5) There exists a sequence of measurable selectors { f,},-1 of F(+) s.t.
cl{ f,(w)},>1 = F(w) (Castaing representation).

(6) Gr F € Z X B(X).

Then we have the following relations among them:
HA) =@~ @) e @)~ (6).
(i) If X is Polish (i.e., is, in addition, complete) then (3) < (5).

(iii) If X is Polish and there is a complete o-finite measure on §, then (1)
to (6) are all equivalent.

Following Himmelberg [9], we say that an F(-) satisfying (1) (resp.
(2), (3)) is Borel (resp. strongly, weakly) measurable.

Let (£, 2, p) be a measure space and X a separable Banach space.
For a multifunction F: & — P.(X) we define the set

Sk={/(-) € LIx(Q): f(«) € F(w) pace.},

i.e. S} contains all integrable selectors of F(-).

It is easy to see that S is a closed subset of L%(R) and it is convex if
and only if F(w) is p-a.e. convex. Furthermore, this set may very well be
empty.

Using S; we can now define an integral for the multifunction F(-).
This integral was first introduced by Aumann [2] for X = R".

[, F(@) du(o) = { [ 1(o) du(w): £ = F.

As we already mentioned, the vector integrals should be interpreted as
Bochner integrals. Clearly [, F(w) dp(w) = @ if Sy = &.
We say that a measurable multifunction F: £ — P;(X) is integrably
bounded if thereis a ¢(+) € L(Q) s.t.
IF(w)]= sup ||| < ¢(w) pae.
x€F(w)
For an integrably bounded multifunction F(-) as above, using the

Kuratowski-Ryll Nardzewski measurable selection theorem (see [9] or
[20)), we see that S} # @, and [, F(w) du(w) # &.



CARATHEODORY CONVEX OPERATORS 157

In [8], Hiai and Umegaki proved that if F: & — P;(X) is integrably
bounded, then there is a unique E>*F: @ — P,(X) Z;-measurable s.t.
Spaor(Zo) = c{ E*f: f € S;},

the closure being taken in L'(Q). Also for every A € X, we have
s
o f( Y E5F(0) du(w) = d [ F(w)dp(e),
A 4

where

/A(Zo) E>F(w) du(w) = {js‘z g(w)du(w), g e SézoF(Zo)}-

Finally, we very briefly recall some useful facts about the Hausdorff
metric. If 4, B € P,(X), their Hausdorff distance is defined by

h(A4, B) = max{ supd(a, B), supd(b, A)}
: a€A beB
where d(-, -) denotes the distance function. It is easy to check that A(-, -)
is a metric on P,( X)) which is a complete metric space (the same is true for
P;(X), which is the family of all nonempty, closed convex, subsets of X).
If A, B are nonempty, bounded, closed convex subsets of X, their
Hausdorff distance can also be given through Hormander’s formula (see

[4])
h(A, B) = sup log(x*) — ap(x*)].

lIx*i<1
Here a,(-) (05(-)) is the support functional of 4 (B).

3. Convex operators. Throughout the rest of this paper (£, Z, )
will be a complete probability space, X a separable Banach space and Y a
separable w-sequentially complete Banach lattice which is order complete
(see [16]).

An operator f: X — Y is said to be convex if and only if for any x;,
X, € Xand allA € [0,1],

M) +1 = N)f(x) = f(Ax +0 = N)x,) € Y,
and, in a more suggestive notation,
f(}\xl +(1 = A)xy) < Af(x) +(1 - A)f(x,).

We mainly consider Caratheodory integrand operators f(w, x), al-
though in the last section we obtain results for more general integrand
operators.
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For now, let f: € X X —» Y be an integrand operator with the
following properties.

(1) f(w, -) is continuous, convex for p-almost all w € Q.

(2) f(-, x) is measurable for all x € X.

3) If(w, x)|| < h(w) p-a.e. for some A(-) € L}(2) and for all x € X.

Note that in (2), we don’t specify the kind of measurability of f(-, x),
since because of the separability of Y, strong (Bochner), weak (Pettis), and
Borel measurability all coincide (see [6]).

An operator f(-, -) satisfying (1), (2) and (3) is called a Caratheodory,
convex, L% (Q)-integrand operator. Consider the Lebesgue-Bochner spaces
L%(2) (1 <p < o0). Then on those spaces, we define the following
integral operator (usually known as the Nemitsky or superposition opera-
tor):

F(u) = [ f(w, u(w)) dp(w), whereu(-) € LE(Q) (1 <p < o).
Q
It is easy to check that F(-) is a norm continuous convex operator on

Li(RQ).
We start with an easy, but useful, Lemma.

LEMMA a. If f,(+), /,(-) € L%(Q) and fi(w) < fo(w) p-a.e., then
[ fi(w@) du() < [ f() du(w).
Q Q

Proof. Let y* € Y%. Then (y* f,(w) — fi(w)) = 0 p-ae. So
Jo(¥*, fr(@) = fi(w)) du(w) = 0. But

[, 0% 50) = @) @) = 3%, [ (1) = (@) du())
Hence for all y* € Y%, (¥*, [o(fo(w) — fi(w)) du(w)) = 0, which implies
J (@) du(@) < [ fi(@) dp(w). O
Q Q

Another useful preliminary result is

LeMMA B. A Caratheodory operator (not necessarily convex) is super-
positionally measurable, i.e. for every u: & — X measurable, w — f(w, u(w))
is also measurable.

Proof. Since u: @ — X is measurable, we know there exist simple
functions s,(w) = Ly X,k X 4, (@) 8.t. 5,(w) = u(w) pa.e. Then from the
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continuity of f(w, -), we have f(w, s,(w)) = f(w, u(w)) p-a.e. Let B €
B( X) and consider the set

U,={w e f(w,s,(w) €B}.
Clearly, U, = U;_, £ (U) N A4, where f, (v) = f(w, x,,). Hence U, €
2. Therefore for n > 1, w — f(w, s5,(w)) is measurable, so their limit

w — f(w, u(w)) is also measurable too. o

Since F: L§(§2) — Y is a convex operator, we can define its o-direc-
tional derivative by
F(u+Mh)— F(u) _ oclim F(u+ Ah) — F(u)
A ALO A
for h € L{(2) (see [12]). Here o-lim denotes the order limit.

Flo ) = i

THEOREM 3.1. For all u(-), h(-) € L?(2), we have
F'(u;h)=fﬂf'(w,u(w);h(w)) dp(w).

Proof. We have the check that the integral in the conclusion of the
theorem is well defined. From Lemma 5 of [24],

’ . _ : f(w’u(w)+Ah(w))—f(w’u(w))
f(w, u(w); h(w)) = w-lim N :

From Lemma B we know that the above quotients are measurable. So
f(w, u(w); h(w)) being the weak limit of measurable operators is itself
measurable. Hence it remains to show that || f'(w, u(w); h(w))|| € L'(Q).
From the definition of the o-directional derivative, we have

f(w, u(w)) = f(w, u(w) = h(w))
< f'(w, u(w); h(w)) < f(w, u(w) + h(0)) - f(o, u(w))
= (@, u(w); h(w))] < [f(o, u(w) + h(w)) = f(o, u(w))]
VIflw, u(w) - h(w)) - f(w, u(v))]

— L, @) + 50 + (e, u() — (@)

+f (0, u(w) + h(w)) = f(w, u(w) = h(@))] +|f(w, u(w))]
< 1f(w, u(w) + h(0))] + 1f (@, u(w) = h(@)] + |f(@, u(w))l.

From the inequality, since Y is a Banach lattice, we get
I (@, u(w); k(o)) < If(@, u(w) + h(@))|| + 11/ (0, u(w) = h(w))]|
+f(w, u(w))]l.
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Hence ||f'(w, u(w); h(w))|| € L(R), which proves that it is Bochner
integrable. Next, for any 4(-) € L{(£2), by definition, we have

Fus h) = (;\_hl%l F(u+ )\’ih) — F(u) _ VX'I}BH F(u + }\n}\h) — F(u)
_ i [ fl@u(0) +2,h(0)) = f(w, u(w))
B \X;]-}Bn Q }\n d“(w)

So for every y* € Y*,
(y*, F'(u; h))

= lim
n— oo

(y*’-/s; f(“’> u(w) + Anhx(:))) —f(wa u(w)) dp,(w))

- iim [ (y*,f(w,u(w)+lamn;\1(w))—f(w,u(w)))d“(w),

n

and from the Lebesgue dominated convergence theorem,

(y*, F'(u, )
=f9 lim (y*,f(w,u(w)ﬂnh(w))—f(w,u(w)))duiw)

A

n—o0 n

=f9 (y*, (@, u(w); h(w))) du(w)
= (7. [ 700 u(0); (@) du(e).

Since this is true for any y* € Y*, we finally conclude that

F'(u, h) = [ f(@,u(@); h(w)) du(e). o
Because f: L{(f2) > Y is a convex operator, we can define its
subdifferential in the sense of convex analysis (see [12, 24]):
0F(u) = {A € L(LY(RQ), Y): A(w') — A(u) < F(u') — F(u)
forallu'(-) € L£(Q)}.
Using results of Valadier [24], we have the following complete char-

acterization of the above, generally multivalued, operator 9 F(-).

THEOREM 3.2. For all u(-) € LE{(R2), 9f(u) # & is convex and
equicontinuous in ( L%(R2), Y)) and we have the formula

F'(u; h) = max{A4(h): 4 €dF(u)}, h(-) e LE(Q).
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Furthermore, if the order intervals of Y are w-compact then 9F(u) is
compact for the weak operator topology on L(L%(K2), Y).

Proof. This result is an immediate consequence of Theorem 6 and
Corollary 7 in Valadier [24]. O

REMARK. If Y is reflexive then, its order intervals, being closed and
bounded (because of the normality of Y), are w-compact. For more
general conditions that imply the w-compactness of the order intervals of
a Banach lattice, we refer to Schaefer [23].

Now that we have introduced the subdifferential of F(-), it is natural
to proceed and examine how it is related to the subdifferential of the
integrand f(-, -). This issue is resolved in the next theorem.

THEOREM 3.3. If Y has the Radon-Nikodym property then for any
u(-) € L{(R), we have that A € dF(u) if and only if there is A(w, *) €
Ly x.v)(2) 5.t. A(w) € 3f (0, u(w)) p-a.e. and A(+) = [q A(w, -) dp(w).

Proof. We know (see [12]) that 4 € 0f(u) if and only if A(h) <
F'(u; h) for all h(-) € L{(R2). Also, from Theorem 3.1, we have

F'(u; h) =fﬂf’(w,u(w); h(w)) dp(w).

Note that f'(w, u(w); -) is sublinear. Then using a result due to Neumann
[11] and Saint Pierre [22], we know that for every d € X,

A(d) =fQA(w,d) dp(w)

with A(w, u(w)) € 3f(w, u(w)) p-ae. and A(-, d) € Lyx y,(2). Con-
sider a simple function s(w) = X}_;x;X 4,(w). Then we have

A(s) A(k‘i % | = © 4(xixce)

k=1

- % [ Ao, x) du(o) = T [ Ao, x4 (0)) di(e)

k=1"Ak k=1

~ [, Al mixa (@) () = [ 4] o, T xixa(e)] du(o)

k=1 k=1

'/;2 A(w, s(w)) du(w).
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Let {s,},-, be a sequence of simple functions s.t. s,(w) > h(w) p-a.e.
and [g ||s, (@) — A(w)|| du(w) = 0 as n — oo. As we just saw,

(5,) = [ A(0,5,(w)) dp(@).
From the continuity of A(-) and 4(w, -) p-a.e.,
A(s,) > A(s) and A(w,s,(w)) = A(w, h(w)) wpae.

Recall that
(0, u(w); ~h(0)) < A(w, h(0)) < f'(0, u(w); 1(0)) pae.,
SO
14(w, h(0))] < 1f (@, u(w); B(@))| V (@, u(w); ~h(w))]
<|f (@, u(w); h(@))] + | (0, u(w); ~h(w))| pae.
Since Y is a Banach lattice, we finally have
l4(w, (o)) < 11 (@, u(@); k()| + 11/ (@, u(w); ~h(@))]| pa.e.

Employing the Lebesgue dominated convergence theorem for Bochner
integrals, we deduce that

ﬁgA()—AM)—hmf (w,5,(w)) du(w)

=LAMJW»@M)

Therefore we conclude that
A €dF(u) iff A(w)e€ of(w,u(w)) p-ae.

as desired. O

For real valued functions, we know from the work of Rockafellar
[19, 20] that if f(-, -) is a normal complex integrand (e.g. a Caratheodory
convex integrand), then the closed and convex valued multifunction
w = f(w, u(w)), u(-) € L{(R), is measurable. But, when Y is infinite
dimensional, we are facing a technical problem. £ ( X, Y) is not separable
even if X = Y = separable Hilbert space (see Problem 83 in Halmos [7]).
So Theorem 2.1 is not applicable in this case. However, we can still say
something interesting about the measurability of the subdifferential multi-
function.

THEOREM 3.4. For all u(-) € L{(RQ), the subdifferential multifunction
f(w, u(w)) has a Z X B( X) measurable graph.
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Proof. We will start by showing the continuity of f'(w, u(w); -) on X
for every w € §. So fix and w € € and recall that for all d € X,

(%) flo, u(w)) = f(w, u(w) - d)
<10, u(0); d) < f(0, u(w) +d) = (0, u()).

Since f(w, -) is continuous, for every order convex neighborhood V of the
origin in Y, thereis a § > 0 s.t. if ||d|| < § we have

f(“’a u(w)) —f(ws u(w) - d)’ f(ws u(w) + d) —f(“’9 u(w)) ev.
Then using (*) and the order convexity in ¥, we can conclude that, for all
4]l < 8, f(w, u(w); d) € V, which shows that f(w, u(w); -) is continuous
at the origin. Next, using the sublinearity of f'(w, u(w); -), we will s?ow
that the continuity is in fact global. So let d € X\ {0} and let d, — 4.
Then because of the sublinearity of f(w, u(w); -), we have

|f(w’ u(w); dn) _f("‘” u(w); d)l
< flw,u(w); d, —d) V f(o,u(w); d - d,),

SO

”f(w9 “(""); dn) _f(""” u(w); d)”
<|f(w,u(w); d, —d) V f(w, u(w); d = d,)II.

Since the lattice operations are strongly continuous,

Tim |1/ (o, u(w); ,) = f(w, u(@); )] = 0.

Hence f(w, u(w); -) is continuous on all X as claimed. Now by S(-) we
denote the multifunction w — df(w, u(w)). Then

S(w)={4€L(X,Y): A(d) < f(w,u(w); d) foralld € X}.

Note that if for some 4 € (X, Y), we have A(d,) < f'(w, u(w); d,),
where {d,},., is a dense subset of X, then from the continuity of
f'(w, u(w); -) and A(-), and also from the fact that Y, is closed, we can
conclude that A(d) < f(w, u(w); d) for all d € X, so 4 € 0f(w, u(w)).
So for n > 1, consider the operators g,: & X Z(X,Y) — Y defined by
g, (w, A) = A(d,) — f'(w, u(w); d,). These are jointly measurable. Let
G,={(w,A) €U XZL(X,Y) g,(w,A) <0}. Then foralln > 1, G, €
2 X B(X). But observe that Gr S =N,,,G,.SoGrS € 2 X B(X). O

ReMARK. If X, Y are finite dimensional, then £ ( X, Y') is separable, so
from Theorem 3.4 and the fact that the subdifferential is closed valued, we
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can conclude, using Theorem 2.1, that w — 9f(w, u(w)) is measurable for

all u(-) € LE(Q).

However, we can show that another multifunction originating from
the integrand operator f(-,-), namely the epigraph multifunction, is
measurable.

Recall that for every w € {1, the epigraph of f(w, -) is defined by

epi f(w, ) = {(x,y) € XX Y:f(w,x) <y}.

Since f(-, -) is Caratheodory, it is easy to see that w — epi f(w, -) is
closed valued. (It is also convex if f(w, -) is convex, but we do not need
this for the next theorem.)

THEOREM 3.5. The multifunction & — epi f(w, *) is measurable.

Proof. By definition

epi f(w,-) = {(x,y) € XX Y: f(w, x) <y}
={(x,y) € XX Y:f(w,x)—y <0}.

Let f(w, x) —y = ¢(w, x, y). Clearly ¢ is measurable in w and continu-
ous in (x, y). Hence using Theorem 6.4 of [9] (or Lemma I1I-14 of [4]), we
conclude that w — epi f(w, -) is measurable as claimed. O

The next result compares the o-directional derivatives of two
Caratheodory convex integrand operators f(-, -) and g(-, -) which satisfy
a certain integral equality.

THEOREM 3.6. If, for every u(-) € L{(R), we have
[ o, u(@)) du(w) = [ g(o, u(w)) du(w),
Q Q
then for every h(-) € L{(82), we have

/g (@, u(@); k(@) dp(w) = fg g'(w, u(w); h(w)) dp(w).
Proof. By definition

£, u(@): h(w) du(@)
[ i £00:8(0) £ (0) =l u(w)
Q

A, L0 A,

du(w).
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From Lemma 8 of Valadier [24], we know that

o £(6:40) + A, (6)) = (0, u(w)

n— oo n

g F(0,u(@) +2,h(0)) = (@, u(w))

n— oo A

n

So for every y* € Y*,

fgf’(w,u(w);h(w)) dp (o)

[ flor 1) + () —f(w,u(w)))

Q n—>o

dp(w),

n

and from the Lebesgue dominated convergence theorem we know we can
pull the limit outside the integral. So,

fo’(w,u(w); h(w)) dp(w)

Aoy CYOE RIS CEEIN P
Py CCER NI CEEIN P
Sy CCRI I CIE CRICE PR
Following the same reasoning as above, we easily obtain
i [y, ot £ A —glon o)),

——/ w, u(w); h(w)) dp(w).
Therefore we conclude that

J (@, u(w); k(@) dp(w) = [ g'(w, u(w); h(w)) dp(w). O
Q Q

A useful notion in convex analysis, that provides us a better under-
standing of the asymptotic behavior of a convex function, is that of the
recession function. If we start with a convex operator f: X — Y, then its
asymptotic operator f0* is the operator that has as its epigraph the
asymptotic cone of epi f. This definition immediately leads us to the
conclusion that (f0)(-) is a positively homogeneous convex operator.
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Furthermore, if f(-) is continuous, then f0™ is given by
( ) Supf(x"")\};)'f(x).

(f0*)(h) =

A>0
Since the quotients are increasing with A, we can write
+ —_
(70*)(h) = orlim LEF A = 1(x)
A= A
If f(-) is order bounded form above, then, employing once more
Lemma 8 of Valadier [24], we can show that
: +Ay) -
(%) (f0+)(h)=w-hmf(x Ay) f(x)
A-> 0 A
In fact, and the same is true for the o-directional derivative, we can
show, using some results of [23], that the limit can actually be taken in the
norm topology. However, the weak convergence is enough for our purpo-
ses.
Then using (*) and a proof parallel to that of Theorem 3.6, we can
easily prove the following result. As always, f: @ X X—>Y is a
Caratheodory convex integrand operator.

THEOREM 3.7. If there is a g(+) € LY(R) s.t. |f(w, x)| < g(w) p-a.e.
for all x € X, then for all h(-) € L{(R),

(FO*)(h)=fQ(f0+)(w;h(w)) dp(w).

4. Conditional expectations. In this section we study the condi-
tional expectation of Caratheodory convex integrand operators. In
sequential multiobjective decision making, such as multistage stochastic
programming problems, we work with the observations (information) that
we gather as the process evolves and so we need to consider the condi-
tional expectation of the cost integrand f(-, -).

So suppose f(-, -): & X X — Y is a Caratheodory (convex) integrand
operator s.t. f(-, x) € L%(Q) for all x € X. Let =, be a sub o-field of =.

DEFINITION 4.1. We say that g: € X X —» Y is a 2 -conditional
expectation of f(-,-) if and only if g(-,-) is a Caratheodory (convex)
integrand operator, for all x € X, g(-, x) € L (®, £,) and forall4 € =,

[ 1o, x) du(o) = [ g(w, x) du(w),
A A
ie forall x € X, g(-, x) = E>f(-, x).
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Naturally enough we start with an existence and uniqueness result.

THEOREM 4.1. If f: @ X X is as above then f(-, -) has a Z -conditional
expectation which is unique up to p-a.e. equality.

Proof. Since for every x € X, f(-, x) € L%(R), we know from Theo-
rem 4 of [6] that g(-, x) = E>f(-, x) exists and is unique up to p-a.e.
equality, for x € D = dense in X we claim that for p-almost all w €
x — g(w, x) is continuous. So fix an w € @ and let ¢ > 0. Then there is a
8 > 0 s.t. if [|x — x|} < 8, where x’, x € D, we have || f(w, x) — f(w, x")||
< &. Also we have

“g(w’ x) - g("‘” x,)” = ”Ezof(w’ x/) - Ezof(w, X)”
= IE*(f(w, x) = f(w, x))II
From Jensen’s inequality, we have
IEZ(f(w, x) = f(o, XDIl < E*||f(w, x) = f(e, x)]l
So eventually we get
lg(w, x) — g(w, x)|| < E®||f(w, x) — f(w, x)|| < E*e = ¢,

which proves that g(w, -) is continuous on D. It is also o-Lipschitz [13] and
so extends uniquely to X and E>f(w, x) = g(w, x).

Next for all x;, x, € X and A € (0,1) and for all 4 € Z, we have,
from the convexity of f(w, -) and Lemma a,

J 8o Ax + (1= N)x) d(w) = [ (o Ax +(1 = N)xy) dp(@)
< [ (M@, x) + (1= M) f(0, %)) dps(@)

= [ (Ao, ) + 101 = Ng(o, 2)) di().
So, for every y* € Y%,

(y*,fA g(w, Ax; +(1 — A)x,) dp(w)
= /A (y*, g(w, Ax, +(1 = A)x,)) dp(w)

< [ (Mt 3) 41 = V(00 x,)) ()

”
[, (% Ag(@,x1) +(1 = Mg(w, x2) di(«).
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Hence

(y*9 g(""’ )\xl +(1 - }‘)xl))
< (y* Ag(w, x) +(1 = A)g(w, x,)) prae.

But from Krein’s theorem (see [16], p. 72), we know that Y% is generating,
re. Y* = Y% — Y*. Using that, we get

glw, Ax; +(1 = A)xy) < Aglw, x;) +(1 - A)g(w, x,) peae.

By changing g(-,-) on a set of u-measure zero we get that g(w, -) is
convex for all w € (. o

Actually from both a theoretical and applied viewpoint we would like
to know something stronger than the previous result. Namely, whether the
2,-conditional expectation is uneffected when we compose f(w, -) with an
element in LE(2; Z,). So now let f(-,-) be an L'(2)-bounded
Caratheodory convex integrand.

THEOREM 4.2. If g € E>f then for all u(-) € L2(Q, =), g(w, u(w)) is
the 2, conditional expectation of f(w, u(w)).

Proof. Since by hypothesis g = E>f for every x € X, and for every
A € 2, we have

fA“f(w,x) dp(w) = L g(w, x) dp(w).

Now consider a simple function s(w) = Xj_1x,Xx4(w) with 4, € 2,
k =1,...,n. For such a function we have

[ 7o) dn(@) = [ 1{o0 % xixa(0)] die)
=L Ses)due)= % [ (o) dulo)

k=174N AﬁAk

=j:4 g(o), Z kaAk(w)) d,u(w) =L g(w,s(“’)) d,u(w).

But we know from [6] that we can find simple functions {s,},.; s.t.
s,(w) > u(w) p-a.e. Then from the Lebesgue dominated convergence
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theorem and the continuity of f(w, -) and g(w, -), we get
lim [ f(w,5,(w)) dp(w)
n—o00 Y4
= [ Jim f(w,5,(0)) dp(@) = [ f(0, u(@)) dn(e)
4 n—o A

and
Jim [ g(e,s,(w)) dp(e)

=f,4 lim g(w, s,(w)) du(w) =j; g(w, u(w)) du(w).

n— oo

(Note that for every x € X ,

lig(w, x)ll = IE*f(w, x)|| < E¥||f(0, x)|| < E¥*¢(w) ae..)
Therefore for all 4 € 2,

/A flw, u(@)) du(w) = fA g(w, u(w)) du(w). O

Using this result, we can easily show that for all u(-), h(-) € L{(2),

E*f'(w,u(0); h(0)) = g'(w, u(w); h(w)).
This can be viewed as a completion to Theorem 3.6.

We can generalize our result on the existence of 2 ,-conditional
expectations to (convex) integrand operators that are in L%(Q) only
locally. However, before doing that we need to introduce some auxiliary
material. To our range space Y, we adjoin a greatest element + oo and
extend the vector space operations in a natural way. Therefore, we set
+ 00 + (—o0) = +00. We will denote the augmented space ¥ U { + oo}
by ¥. The topology of Y is then extended to ¥ as follows. A set U will be
said to be open in Y if the trace of U/ on Y is open and if —co € U (resp.
+00 € U); then for U= UN Y we have U~ Y, = U (resp. U= U +
Y.). We have then to extend the norm of Y to include + o0. So we define
|| + oo|| = o0 and we say that y, = + oo if and only if ||y, || = oo and

{11¥:}4>1 1s bounded, while y, 5 — o if and only if ||y,|| = o and
{1l 1} 451 is bounded. This definition is consistent with the extended
topology defined earlier, since, as we can easily check, the sets U,, =
{(ye Yy > M, llyll< My} and V), = {y € Vi |ly|| > My, |Iy*]| <
M,}, M, M, > 0, are neighborhoods of + oo and —o0, respectively, in
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that topology. The introduction of these points at infinity is very useful
for purposes of nonsmooth analysis and optimization. Among other
things, it allows us to incorporate the constraints of a constraint vectorial
optimization problem into the cost operator using the indicator function
and so to transform the problem into one without constraints.

In the next result we will consider operators with values in ¥. So we
have

THEOREM 4.3 If f: @ X X — Y is a (convex) measurable operator s.t.:
(i) SUP, e, ppll /(@ Xl < &,(w), where a,(-) € LX(Q), n > 1, and
B(0,1) = {x € X:||x|| < 1};
(ii) for all x € X, f (-, x) € L%(Q) then f(-, -) has a unique = y-condi-
tional expectation in the sense that there is a unique (convex) integrand
operator g: & X X = Y s.t. forall A € 2, and all x(-) € LY(0),

J #o,x(0) du(w) = [ (e, x(w)) du(w),
A A
where the above integrals may be + .

Proof. For n > 1 and for a fixed y € Y, consider the integrand
operators

flw, x), X € nB,,
flw, x) =

y A f(w,x) x €& nB,.
Clearly, f,(w, x)1 f(w, x) as n = co. Since Y is separable, so is Y, and
then from Schaefer [23] we know that the latter has an order continuous
norm. So f,(w, n) 5 f(w, x). Observe that for all > 1 and x € X,
1., x) € L%(Q). So f,(-, x) has a = -conditional expectation which we
denote by g,(-, x) € LY (9; =,). Hence, for all 4 € 2, and all x(-) €
L3(0),

f,, fo(w, x(@)) dp(w) = f,, g,(@, x(@)) dp(®)
< L fr(w, x(w)) dp(w) = fA Zrin(@, x(@)) du(w),

which implies g,(w, x) < g,,,(w, x) p-a.e. So we see that { g,(-, x)},., is
increasing sequence of ¥-valued operators for all x € X. Let g(w, x) =
V®_,8.(w, x). Because the measurable operators from £ into Y are an
order complete lattice, we deduce that g(-, x) is measurable for every
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x € X. Also observe that, for all y* € Y* and all 4 € 3,,
(%, [ £, ) dnto)
= [ " fo, ) diw(@) 1 [ (57 f(w,x)) du(o)
= ([ fo,) du(o).

Similarly, we get

(7 [ sl duto)| 1y, [ sle,x) du(a).

We consider two cases:
IIf [,f(w,x)du(w)= +oo then (y*, [,g8(w,x))= +o0. So we
have

Lf((«),X) dM(w)=Lg(w’x)d“(w)= too.

II If [,f(w, x) du(w) < + oo then, since by Krein’s theorem Y is
generating,

fAf(w,x)du(w)=fAg(w,X)dM(w)-

If f(-, -) is, in addition, convex, then, as in Theorem 4.1, we can show that
g(-, +) is also. Hence E=of = g. 0
Now that we have established the existence of a Z;-conditional
expectation of a Caratheodory convex integrand operator in the sense of
Definition 4.1, we will proceed and compare their subdifferentials.

THEOREM 4.4. If £ (X, Y) has the Radon-Nikodym property, f: § X X
— Y is an LQ)-bounded Caratheodory convex integrand operator, and
g = E>f, then R(-) € 0g(w, x) if and only if there exists T(-) € 3f(w, x)
s.t. forall h(-) € L{(Q),

E*T(w, h(w)) = R(w, h(w)) p-a.e.

Proof. First let R(-) € 9g(-, x). Then R(w) € 0g(w, x) p-a.e. SO
R(w, h(w)) < g'(w, x; h(w)) p-a.e. for all h(-) € L{(2). But as we men-
tioned earlier in this section,

fﬂ g'(w, x; h(w)) dp(w) = fﬂ (@, x; h(w)) dp(w).
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Let R(h) = [oR(w, h(w)) du(w). This is linear and continuous for the
norm topology on L{(§2). So from the result of Neumann [11] and Saint
Pierre [22], we know there exists 7(-) € L}g,( x1) (8, Z) s.t.

R(h) = /ﬂ T(w, h(w)) dp(w)
and
T(w, h(w)) < f(w, x; h(w)) p-ae.

Observe that the latter inequality implies that 7(w) € 9f(w, x) p-a.e. so

T() € of(x). )
Now let A(w) = h(w)x 4(w), where 4 € = and A(-) € L{(Q, Z,).
Then

R(h) = [ T(a, h(0)x4(0)) du(w) = [ R(e, h(0)x4(0)) du(@),
which implies
J, T(w, k(@) du(e) = [ R(@, h(w)) du(w),

and since this is true for all 4 € 2, we conclude that
E>3T(w, h(w)) = R(w, h(w)) p-ae.

as claimed.

The implication in the opposite direction is more or less obvious,
because if we let T(-) € 9f(-, x) and R(w, k) = E>T(w, h) p-a.e., since
T(-) € 9f(-, x), we know that for all # € X,

T(w, h) < f'(w, x; h),
and integrating over any 4 € 2, we get
M) J, T(o, by dp(@) < [ f(@,x3 h) du(e).
4 4
But once again, we use the fact that
2) [ 1o, x; h) dp(w) = [ g/, x; h) du(w).
4 4

Also since E=T(w, h) = R(w, h) p-a.e., we have

(3) jA T(w, h) dp(w) =/A R(w, h) dp(w).
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Combining (1), (2) and (3) above, we get

fAR(w,mdu(w)szg’(w,x;h)du(m

for all 4 € 2 and all & € X. Since both integrands are Z,-measurable we
get that for all 7 € X, R(w, h) < g'(w, x; h) p-a.e., which means R(w) €
0g(w, x) p-a.e. So R(-) € 9g(-, x). O

In the next result, we examine the conditional expectation of the other
important multifunction associated with f, namely the epigraph of f. For
that purpose, assume X and Y are, in addition, reflexiveand f: @ X X = Y
is a Caratheodory convex integrand operator s.t. for all x € X, || f(w, x)||
< ¢(w) p-a.e., ¢(-) € L=(). Assume X, Y are locally uniformly convex.

THEOREM 4.5. If g € E>of then E>oepi f(w, -) exists and
E*epi f(w, ) C epig(w,).

REMARK. Note that by its nature epi f(w, -) is not integrably bounded
so the existence result cannot be deduced from the work of Hiai-Umegaki

8.

Proof. To prove the existence of Eepi f(w, ), we will use an
approximation method. So for n > 1, let epi f"(w, ) = epi f(w, -) N
nB(0,1). Clearly, epi f"(w, -) is integrably bounded, so by Hiai-Umegaki
[8], we know that E>vepi f"(w, ) exists and is a closed, convex valued,
integrably bounded multifunction.

Note that epi f"(w, -)Tepi f(w, -) as n = oo for all w € L. Then for
allz* € Z* = (X X Y)* = X* X Y*, 00 pr(0(2%) T Oepi f(w(27)- Also for
n > m > 1, since epi f"(w, -) and epi f"(w, -) are both bounded, closed
and convex, we can use Hormander’s formula and obtain

h(epi f"(w, -),epi f"(w, -))

= SUD |0y, pr(y ) (2%) = Oy (27%)]
llz*)1=1
(*) < | S*]iTpl Iaepi (@, ﬁ[epif"‘(w’-)]c(Z*H
= " Sll—}pl loaepif”'(w,')ﬁ[epif’"(w,.)]c(Z*) |.
z¥||=

Then by Aubin’s [1] Proposition 6 (p. 99), we know that

Oconvept f™(w,) Nepi f"‘(w;)]”( : )
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is norm continuous on Z*. Since Z = X X Y is reflexive, by Troyansky’s
renorming theorem (see [6]), we can assume without loss of generality that

Z is locally uniformly convex. Then suppose z, 5 2 with Iz, ]l =lz]l =1

for all n > 1. By local uniform convexity, z,, 5 zs0

omepif'”(w,‘)ﬁ[epif’"(w,-)]‘(Zn) - omepif"‘(w,-)ﬂ[epif’"(w,-)]‘(z)‘
Therefore, 0gqyepi (0, Alepi f,.,gw,_)]c(-) is weakly sequen‘tially continuous.
Hence from the weak sequential compactness of the unit ball, we can see
that there exists z* € Z* (depending on w € Q) s.t. ||Z*|| = 1, for which
the supremum in (*) is attained. So we have, for all w € €,

h(epi f"(w, -),epi f"(w, -)) = OEEV(epif"(w,))n[epif'"(w,)]f(é*) -0

asn,m — oo.
Therefore for every w € @ {epi f"(w, -)},-; is an h-Cauchy sequence
in P;(Z). But recall that the latter endowed with the Hausdorff metric is
complete. So for all w € @, epi f"(w, -) > S(w) € P, (X). Also, using the
homogeneity of the support functional, o in(,(2*) = 0g(,,(z*) for all
z* € Z* and all w € (2. But we already saw in the beginning of the proof
that 6, i, 5(2%) = Ogpi f0(27) for all z* € Z* and all © € Q. Hence,

Gepif(w;)(z*) = Os(w) (z*).

Since both sets are closed and convex, we can conclude that for all w € Q,
S(w) = epi(w, *). ,
So we have shown that epi f"(w, -) = epif(w, ) for all w € Q as

n — oo. Next, using the results of Hiai-Umegaki [8], for all 4 € 2, we
can write

fA h(E2epi f"(w, -), E>epi f"(w, -)) du(w)

< [ hepi (e, ), epi (@, ) dis(@)
and the latter tends to zero as n, m — . So forall 4 € X, we have

lim h(EZoepi f*(w, ), EXepi f"(w, -)) du(w) = 0.

n,m—o00 Y4

Using the Lebesgue dominated convergence theorem, we can pass the
limit inside the integral and obtain

f lim h(EZepi f"(w,-), E*epi f"(w,)) du(w) = 0.
4 n,m—oo
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Since this holds for all 4 € 2, we conclude that

lim h(EEOeplf (w,+), E®epi f"(w,:)) =0 p-ae.

n,m-—

Hence, { E*epi f"(w, *)},»; iS p-a.e. an h-Cauchy sequence in P (Z).
Using once again the completeness of (P;.(Z), h), we get that there exists
G:Q - P (2)st.

E®epi f"(w,-) > G(w) pac.

(we just set G(w) = M € P, (Z) on the exceptional p-null set). Note that
G(-), being the limit in the Hausdorff metric of measurable multifunc-
tions, is itself measurable. Also it is not difficult to check that

h(clf EZoepi f"(w, -) clf (w) dp( w))

s/ h(EZepi f'(w, -), G(w)) du(w) = 0
A
So
clf E%epi f"(w, ) dp(w) = clf G(w) dp(w).
A A
But from [8] we know that
clf epif"(w,-)du(w)=cl/ EZoepi f"(w, -) dp(w).
A A
Taking A-limits as n — oo, we finally get
c1/ epif(w,')d,u(w)=clf G(w) dp(w)
A A

forall4 € 2. Hence E*epif(w, -) = G(w).
Now if (x, y) € epif(w, -), then f(w, x) < y, and integrating we get

f,, flw, x) dp(w) = fA g(w, x) dp(w) < L ydp(w).

Since this is true for all 4 € 2, we get g(w, x) < yso(x, y) € epi g(w, *).
Hence epi f(w, -) C epi g(w, -) and, using the monotonicity of the set
valued conditional expectation, we finally obtain

E>oepi f(w, ) € E*epig(w, ) = epi g(w, *). m

REMARKS. (1) Since f(-, -) is bounded by ¢(-) € L*({), there will
be an n, st for all n>n, epif'(w,-)# &. So the sequence



176 NIKOLAOS S. PAPAGEORGIOU

{epi f"(w, )}, 18 well defined in P, (Z) and without loss of generality
we may assume that n, = 1.

(2) Let s, € Sézoepi 7wy Such a function exists by the Kuratowski-
Ryll Nardzewski measurable selection theorem (see [9]). From the defini-
tion of the Hausdorff metric, we have

fAllsn(w)—G(w)lldu(w)SfAh(EE"epif"(w,-),G(w)) dp(w) > 0.

Also, since Z is reflexive and G(w) is convex, again by the same selection
theorem, there is a measurable function s: 4 — Y s.t. s(w) € G(w) for all
w € A. Hence,

Ly
5, S,

so, forall4 € 2, [,G(w) du(w) # <.

In §3 we introduced the recession opetator ( f0*)(-). Here, once again
using the fact that, for f: & X X — Y a Caratheodory integrand operator
s.t. |f(w, x)| < g(w) p-ae. g(-) € LYy(R), we have for all u(-), h(-) €
L(Q),

(£0*)(w, h(w)) = w-lim flo,u(w) + A, k(@) — f(w, u(w))

}\,,_>OO AVZ ’

and we have the following result.

THEOREM 4.6. If f: @ X X — Y is as above then for all h(-) € L'(Q),
E*(f07)(0, h(w)) = (E*f)0"(w, h(w)) pa.e.,

i.e. the operations of conditional expectation with respect to 2, and of the
recession operator commute.

We will close this section with a result on martingales formed by
Caratheodory convex integrand operators. For that purpose consider an
increasing sequence {Z,},., of sub o-fields of 2. We set = =V 3,
and assume that Y is reflexive, X is finite dimensional and » € L*.

THEOREM 4.7. If { f,, Z,},>1 is a uniformly integrable martingale of
Caratheodory convex integrand operators s.t. { f,(w, -)},- is equicontinu-
ous and sup,., fo||f,(w, X)|| du(w) < oo for all x € X, then there exists
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fo: & X X = Y, also a Caratheodory convex integrand operator, s.t.
fulw, x) 5 fo(w,x) pra.e.

and furthermore, { f,, 2, },e n u(w) IS @ martingale too.

Proof. For any x € X, sup, ., [o|lf,(w, x)|| dn(w) < + o0, we know
from Chatterji’s convergence theorem (see [5]) and the Ascoli Theorem
that there exists f: € X X > Y st, for all x € X, f, (w, x) € L}(Q),
and for which f (w, x) —>f (w, x) p-a.e. for all x € X. Fix w € @\ N,

where u(N,) = 0 and consider the operator x — f(w, x). We know that it
is continuous. Also since for each n > 1, f,(w, -) is a convex operator,
then for x,, x, € X and A € (0,1) we have

fn(‘*’, Ax, +(1 - }\)xz) = Afn(w’ x) +(1 - )\)fn(“% xz)-

But recall that f,(w, x) > f(w, x) p-a.e. and Y, is closed. So taking
limits as n — o0, we get

fol@, Ax; +(1 = N)x;,)
= Afoo(w’ xl) +(1 - A)foo(‘"” 'xZ) p-a.c.,

which shows that f_(w, ) is p-a.e. convex. Again by appropriately redefi-
ning the function on a p-null set, we have that f(w, -) is convex for all
w € Q. Furthermore, forn > mand 4 € X, we have

(*) ff w, x)dp(w ff w, x) dp(w).
From the uniform integrability assumption, we know (see [5] or [6]) that
Ly ()
n - el

Hence
ff(wxdu ff (w,x)du(w) asn— o

forall4 € Z,,. From (%), keeping m fixed and sending n — o0, we get

fAfw(w,x)dp,(w)=Lfm(w,x)du(w) foralld € =, ,
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which means
E*f (w,x)=f,(w,x)p-ae. forallx.

Hence { f,, 2,},enu(w) 18 @ martingale. 0.

REMARKS. (1) The uniform integrability was used only in proving that
{fas 2, }nenuw) 1 @ martingale too. For the first part of the conclusion
of the theorem, we only needed to know that f,(w, x) > foo(w, x) p-a.e.
for all x € X. This is always the case when Y has the Radon Nikodym
property and Doob’s condition sup, .| f,ll 10y < + o0 is satisfied.

(2) We have an analogous result for submartingales of Caratheodory
convex integrand operators by using the fact that a submartingale
{f,(-, x)},>, can be written as f,(w, x) = m,(w, x) + p,(w, x), where
{m,(-, x)},>1 is a martingale and { p,(-, x)},., a predictable sequence,
ie. p,(-,x)€ LYQ, 2,1, po=0and 0 < p,(-, x) 1 p-a.e. The decom-
position is unique, and for Y = R we recognize the well-known Doob
decomposition of submartingales.

5. Nonconvex operators. In this section we prove two results where

the operators involved are no longer convex, and we close our work with a
vectorial generalization of Jensen’s inequality.

We start with operators satisfying a general set-valued Lipschitz
relation. So we have

THEOREM 5.1. If Y* is separable, M: Q@ — P, (Y) is an integrably
bounded multifunction, and f: @ X X — Y is an L%(Q)-integrand s.t.
flw, x) — f(w, z) € ||x — z|| M(w) p-a.e. for all x, z € X, then,

E>f(w, x) — E>f(w, z) € ||x — z||[ EZM(w) p-a.e.

Proof. First note that since, by hypothesis, f(-, x) € L}(®) for all
x € X, it has a vector valued conditional expectation with respect to Z,
and it belongs to L}(Q, Z,) for all x € X (see [6]). So let g(w, x) =
E*of(w, x). Since, by hypothesis, we know that f(w, x) — f(w, z) €
[Ix — z||M(w) p-a.e., for every A € Z, we have

f,, (f(w, x) = f(w, 2)) du(@) € ||x - z]| f,, M(w) dp(w).

But

[A (F(w, x) = flw, 2)) du(w) = /A (8(w, x) — g(w, 2)) dp(w)
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and, since M(-) is a closed and convex valued integrable multifunction,
we know that EZ°M(-) exists as a closed and convex valued integrably
bounded multifunction, and, furthermore, from Theorem 5.4 of [8], we
know that

clLM(w)du(w)=clLEEOM(w)dp,(w).
Hence,

J (8(w, %) = g0, 2)) dp(@) € llx = zllel [ E*M(w) du(w)
for all 4 € Z,. But then Lemma 4.4. of [8] tells us that
g(w’ X) - g(w7 Z) = Sjllx—zHEEOM’
which finally implies that

g(w,x)—g(w, z) €|lx — z||[ E>M(w) p-ae. O

For the next result we consider the extended space ¥ = ¥ U { + o0}.
In [15] Penot introduced the following radial Dini like derivative for a
general operator f: X — Y:

f(x +Ah) = f(x)
x :

d,f(x; h) =lim
A L0

Along with it, he introduced a corresponding lower radial subdifferential
as follows:

0.f(x)={AeL(X,Y): A(h) < d,f(x; h)forallh € X}.

For a comparison of the subdifferential with the convex and the gener-
alized (Clarke) subdifferential (as defined in [13]), we refer to [14].

In the next theorem we study the subdifferential of an L% (Q)-in-
tegrand for which the above directional derivative is finite. For more
generality, let Y be any normed lattice (not necessarily separable).

THEOREM 5.2. If f: Q@ X X = Y is an L% (Q)-integrand s.t., for all
he X, df(-x; h)e LYy(R), then, for F(x) = [qf(w, x) du(w),

8,F(x) 2 fﬂ 8,f(w, x) dp(w).
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Proof. By definition
F(x + Ah) — F(x)

d,F(x; h) = lim y
ALO
=1—1—m.f f(w,x + A;;\) —f(w’x)dp,(w).
Ai0°8

We know that

lim f(w,x+}\h)—f(w,x)d“(w)

X7o"8 A
=V A / f(w>x+)\};\)"f(‘°’x)d“(w)
n=1A<l/n"9
>V A f(w’x+)\};\)_f(w’x)dp,(w).
n>1"2 x<1/n
Let
d,fn(w,x;h)z' /\ f(w,x+?\i}z\)—-f(w,x).
A<l/n
Note that

d.f"(w,x; h)1d,f(w,x; h) asn — oo.
So, for every y* € Y*,
(y*’ drfn(w’ X3 h))T(y*9 drf(w’ X3 h)) asn — oo.

Applying the monotone convergence theorem, we obtain

fg (y*, d.f"(w, x; k) dp(w)? /Q (y*, d,f(w, x; b)) du(w)
asn — o0,
SO
(y*,fgc_i,f"(w,x;h)du(w))T(y*,fgdrf(w,x;h)du(w))

asn — o0.

But we know from Krein’s theorem (see [16]) that Y* is generating, i.e.
Y* = Y*— Y*.So, for all y* € Y*,

(y*,fQ d.f"(w, x; h)du(w)) - (y*fﬂ d,f(w,x; h)du(w)),



CARATHEODORY CONVEX OPERATORS 181
which means that
w
fﬂ d.f"(w, x; h) dp(w) > fsz d.f(w, x; h) du(w).

However, we know from Schaeffer [23] that in a normed lattice every
weakly convergent directed family is strongly convergent. So we obtain

fﬂ d,f"(w, x; h) dp(w) > /Q d,f(w, x; h) du(w).

Since { [od,f"(w, x; h) dp(w)},., is increasing, using Lemma 5.8 of
Schaeffer [23], we obtain

V fﬂc_z,f:(x;h)du(w)=/9_4,f(w,x;h)du(w).

n>1

Hence, we conclude that

d,F(x; h) z/ﬁ d.f(w, x; h) du(w).

So let T(w) € 9,f(w, x) p-a.e. Then T(w, h) < d,f(w, x; h) p-a.e. for all
h € X. Hence

f T(w, h) dp(w) < d,F(x; h) forallh € X,
Q

and if we set T(h) = [, T(w, h) du(w), we have T(h) < d,F(x; h). Clearly
TeZ(X,Y). SoT € dF(x). Therefore we conclude that

9F(x) 2 jﬂ 3,/ (w, x) du(w). O

We close with an interesting vectorial generalization of Jensen’s
inequality for both the unconditional and the conditional expectations.

THEOREM 5.3. If u: X — Y is a continuous convex operator s.t., for all
v(-) € Lyx(Q), |(u > v)(@)|| < h(w) p-a.e., where
h(-) € LN(Q) and f(-) € L (),

then

| [ 1) due)] = [ (e p)(@) dnto).

Furthermore,

uo E>f(w) < E*(uof)(w) p-a.e.
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Proof. Let {s5,(*)},>, be simple functions s.t. s,(w) > f(w) p-a.e. and

Jo $.(w) du(w) 5 fo f(w) du(w). Such a sequence exists from the defini-
tion of the Bochner integral. Let s, (w) = X7 ;X 4 (@) wy-

[ anta)] = ol [ £ xufrmranto)| - o] £ utan]

But observe that, for all k € {1,...,m}, u(A4,) € [0,1] and L}_,pn(A4,) =
(&) = 1. So using the convexity of u(-), we get

1) o [ sa(e) du(e)] = £l )utnp)

k=1
On the other hand, we have

m

@ [ wlsn (o) o) = [ uf ¥ xoo)ut ] dua)

- El [, uOut) dn(a) = éu(mu(w,:).
From (1) and (2), we conclude that
® o [ 5a(0) dn(@)] = [ uls, (@) du(o).

But, since s, (@) — f(w) p-a.e. and [y 5,(w) dp(w) — fo f(w) du(w), and
because u( -) is, by hypothesis, continuous, we have

o [ @) duo)| >l [ 10) )]

and

S

[ #Csa(@)) du(@) > [ u(f(w)) du(w),

which proves the vectorial Jensen inequality for Bochner integrals. Next,

since E¥(-) is a linear contraction on L.(f) (see [6]), we have
1

LL(R)
E¥s — E>f. By passing to a subsequence, if necessary, we ma
n yp g q y

assume EZos, (w) — E®f(w) p-a.e., and since, by hypothesis, u(-) is
continuous, we have

(ue E®s,)(w) = u°E2°( 2 X4 wk)(w) =ue kzlwk”E2°xA (w).
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However, note that 0 < E>x , () < 1 for v € @ and

m
2 E¥x, (w) = E*xg(w) = E®1 = 1.
k=1

Hence, using the fact that u(-) is convex, we have

(uo E®os,)(w) < é:lEszAk(w)u(w,?).

Integrating, we get

(4)

Also

(5)

L(MOEEOS )(w) dy, kil A ﬂA u(W,?).

[ e X v (@)= X ula 0 a)ulnp).

k=1

From (4) and (5) we deduce that, forall4 € 2,

(uo E®s,)(w) < E*(uos,)(w) pae.,

and passing to the limit we finally have

(1]

(2]
(31

(4]
(5]
(6]
(71
(8]

(%]
(10]

(uo E>f)(w) < E>(uof)(w) pae. O
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