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ON RADICALS AND PRODUCTS

MANFRED DUGAS AND RUDIGER GOBEL

An Abelian group G is called cotorsion-free if O is the only pure-in-
jective subgroup contained in G. If G is a cotorsion-free Abelian group,
we construct a slender, X, -free Abelian group 4 such that Hom(4, G) =
0. This will be used to answer some questions about radicals and torsion
theories of Abelian groups.

0. Introduction. In this paper we will consider torsion free abelian
groups from I. Kaplansky’s point of view: “In this strange part of the
subject anything that can conceivably happen actually does happen”, cf.
[K, p. 81]. This statement which is supported by classical results holds in
an even more spectacular sense which was not expected at this time. There
are many results on torsion free abelian groups which are undecidable in
ZFC, the axioms of Zermelo-Frankel set theory including the axiom of
choice. The first surprising result of this kind after years of stagnation was
Shelah’s solution of the famous Whitehead problem [S1]. In this paper
Shelah also constructed for the first time arbitrarily large indecomposable
abelian groups, thus improving classical results of S. Pontrjagin, R. Baer,
I. Kaplansky, L. Fuchs, A. L. S. Corner and others, compare [Fu2, Vol. II]
and [K]. Indecomposable abelian groups are necessarily cotorsion-free
with only a few exceptions. These are the cyclic groups of prime power
Z,., the Prufer groups Z( p*), the group of rational numbers Q and the
additive group J, of p-adic integers. A group is called cotorsion-free if and
only if it contains only the trivial cotorsion subgroup 0, cf. [GW1].
Remember that C is cotorsion (in the sense of K. H. Harrison) if
Ext,(Q, C) = 0. From simple properties of cotorsion groups we conclude
that a group G is cotorsion-free if and only if G is torsion-free (Z, ¢ G),
reduced (Q ¢ G) and J, £ G for all primes p, cf. [GW1]. For countable
groups cotorsion-free is the same as reduced and torsion-free. A. L. S.
Corner’s celebrated theorem indicates then that each ring with a countable
and cotorsion-free additive structure is the endomorphism ring of some
(cotorsion-free) abelian group, cf. [Ful, Vol. II]. This result was extended
by the authors [DG2] to arbitrary rings with cotorsion-free additive groups
which are then realized on arbitrarily large cotorsion-free abelian groups.
Using rings without non-trivial idempotents, indecomposable groups of
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any size can be obtained and the aforementioned result becomes a trivial
consequence of [DG2]. However, using other elementary ring constructions
this result supports Kaplansky’s point of view in many aspects, e.g. there
are many new different counter examples for I. Kaplansky’s test prob-
lems. Similar results which are in many cases even undecidable im ZFC
have been derived in [DG1], [EM], [Me], [DH1] and others.

One of the questions “close” to results undecidable in ZFC is related
with “rigid systems”. A class { A,, i € I} of abelian groups is semi-rigid if
Hom(4;, 4;) # 0 # Hom(4,, 4;) implies i =j for any i, j € I. This
class is rigid if already Hom(4,, 4;) # 0 implies i = j. The class is proper
if 7 is not a set. M. Dugas and S. Herden [DH1] constructed proper rigid
classes of (indecomposable) abelian groups using Godel’s axiom of con-
structibility V' = L. Such a result cannot be expected in ZFC alone as
follows from the Vopenka principle. However, at least semi-rigid proper
classes exist in ZFC as recently shown by R. Gobel and S. Shelah [GS].
This result is based on a construction of arbitrarily large cotorsion-free
abelian groups A with the property that U = 4 for any subgroup U C 4
with |U| = |A4]| and 4 /U cotorsion free.

All these constructions are highly sophisticated using transfinite in-
duction on generating elements. The very heart of this paper is a similar
kind of result based on a much simpler construction. Due to the elemen-
tary construction of the groups (4.2) we are able to pose stronger condi-
tions on their structure, which allow us to answer some open problems
and give new solutions to some already settled problems. These extra
conditions are the properties ¥,-free and slender. A group is called N,-free
if all its countable subgroups are free. The most popular non-free 8,-free
groups are products Z™ of the integers, in particular the Baer-Specker
group Z%o, The proof that Z™° is 8,-free and not free is due to R. Baer
and E. Specker, cf. [Ful, Vol. I]. We will use R. J. Nunke’s well-known
characterization of slender groups as a definition. Hence a group is
slender if and only if it is cotorsion free and if it does not contain a copy
of the Baer-Specker group. Then we have the following quite powerful

THEOREM. If G is a cotorsion-free abelian group and A\ a strong limit
cardinal of cofinality w with |G| < A, then we find an 8,-free and slender
abelian group A of size |A| = 2" such that Hom ,( A, G) = 0.

There is a proper class of the required cardinals A and hence we have
a proper class of slender and N,-free groups 4 with Hom(A4, G) = 0.
Moreover there exist a proper semi-rigid class of N,-free and slender

groups.
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First we obtain a new and totally different solution for Problem 78b
in L. Fuchs [Ful, Vol. II, p. 184]. This problem was already solved in
[GW2] and the answer is as follows. There does not exist a set of abelian
groups such that all slender groups can be obtained by constructing
inductively extensions, direct sums and subgroups. Second we obtain a
new solution for a problem stated in [GW2]. This problem was originally
solved in [GS] and the answer is as follows. The class of cotorsion-free
abelian groups is not singly cogenerated as a torsion theory. This means
that it is not possible to obtain all cotorsion-free groups by constructing
inductively extensions, cartesian products and subgroups from a given set
of groups.

Besides these new proofs of older results we simultaneously obtain
answers to some open problems which are generally known and may be
found in [FOW1, 2] for instance. These problems are related to torsion
theories and radicals. A pair (J, #) of classes of abelian groups is a
torsion theory if the classes 7 and F satisfy “similar” closure properties as
the pair (torsion abelian groups, torsion free abelian groups). A precise
definition is given in the books [St] or [L] and at the beginning of §4. The
main result extends [DH1] and [GS]. It says that in a model of ZFC
without measurable cardinals [i.e. ZFC + AN, (= first measurable cardi-
nal)] the torsion theory (T2, strongly cotorsion-free) is neither singly
generated nor singly cogenerated. The existence of such torsion theories in
ZFC + AR, was unknown. By T% we denote the torsion class generated
by #= {Z*/Z~", k any regular cardinal} compare §l1. Strongly
cotorsion-free groups are special cotorsion-free groups and may be de-
fined as the torsion-free class associated with T2, cf. §4.

Torsion theories naturally lead to radicals. They are considered first
in §2. Our main result is (2.4). We will show that radicals related to
strongly cotorsion-free groups commute with products of size less than
8 .- This does not hold for the more general class of cotorsion-free groups
and the radical R, related to the integers does not commute with products
of size 8 ,,. Here we will use results of J. Los and answer a question which
goes back to B. Charles, compare also [Ful, Vol. I, p. 71, Problem 7].

In §5 we will investigate the Chase radical v,.4 = N{U C 4, 4/U is
N,-free} of an abelian group 4. The Chase radical has a related torsion
theory ({4, ;A = A}, 8,-free). This is singly generated (5.1) but not
singly cogenerated. This was another open problem answered by the
Theorem above. Finally we will compute some radicals explicitly in §6.

1. Definitions and notations. ZFC = Zermelo-Frankel set theory
and axiom of choice. k will always denote a cardinal and k™ its successor
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cardinal. Some special cardinals are
N, = w = first infinite cardinal,
| X| = cardinality of a set X,
N, = first measurable cardinal.

The axiom “O% exists” can be found in T. Jech [J, p. 339]. It is
equivalent to each of the following two statements (Kunen, cf. [J, p. 339]).
(1) For a limit ordinal A, the model { L,, P) has an uncountable set

of indiscernibles.
(2) There exists a nontrivial elementary embedding of L into L.

Let {A4,, i € k} be a family of abelian groups. We let I],., 4, =
(cartesian) product. If f€[I,_ A4, then [f]= {i €k, f(i) =f, # 0} is
the support of f. [1,.,A4,= A" if A,= A4 for all i € k. Some special
subgroups are

[1<4,= {7 14,1l < «)

i€k i€k
and in particular

A== {fea|[fll<x), 49=(fea|fll<N,).

Let A, = A*/A~"and in particular Z, = Z*/Z~".

Let F be a subfunctor of the identity if FA C A for all abelian groups
A such that if a: 4 —» B is a homomorphism, then (FA4)* C FB. If
{U,c A4, i €k}, we identify I'l,c, U, € Il,., 4, in the natural way. We
say that F commutes with I'l, (with products of size < k) if FII,., 4, =
I, FA, for all families { 4;, i € k} of abelian groups.

Let x|y denote that x divides y.

If f: X > Yand T C X, then f[ X = f| denotes the restriction map.

2. Singly generated radicals. Let Z be a class of groups. With every
abelian group 4 we associate a subgroup Rg4 = . ,_, yegker @. This is
a well-known construction and R 4 is a subfunctor of the identity compare
L. Fuchs [Ful, Vol. I, §6] and §1. Using some terminology of Philip Hall
this functor is R, = 2 ¢ and the groups on which R, operates as the
identity are called Z-perfect, compare D. J. S. Robinson [Ro, part 2], R.
Baer [B, p. 287] and [G1]. If 2= { X'} is a singleton, we write R, = R,
and R , is then called a singly generated radical compare T. H. Fay, E. P.
Oxford and G. L. Walls [FOW2]. Observe that R, is always a radical, i.e.
Ry, (A/R4A)=0.
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Since R4 is a subfunctor of the identity, R, commutes with direct
sums, i.e. Rg(®,_,4,) = &,_,RgA;; compare L. Fuchs [Ful, Vol. I, p.
29, Exercis 9]. Therefore the natural question arises under which condi-
tions R ,commutes with direct products. This is a special case of Problem
7 in the book of L. Fuchs [Ful, Vol. I, p. 71]. [FOW1] show that R,
commutes with countable products if and only if X is stout in the sense of
[G1]. This is equivalent to saying that X is cotorsion-free. Recall that X is
cotorsion-free iff X has only the trivial cotorsion subgroup 0 or equiva-
lently X is reduced, torsion-free and has no subgroup isomorphic to the
p-adic integers J,, compare R. Gobel [G1, p. 41 and p. 49, Theorem 4.1],
R. Gobel and B. Wald [GW1, p. 210, Folgerung 4.2]. Further equivalent
conditions may be found in M. Dugas and R. Gébel [DG1]. In the same
paper [FOW1] say that it is an open problem whether R , commutes with
arbitrary products. In order to answer this question we will use the

following

DEFINITION 2.1. A group X is strongly cotorsion-free if and only if
Hom(Z,, X) = 0 for all regular cardinals k > 8, with k < 8. Recall our
notation Z, = Z"*/Z~".

A simple application of a well-known result of S. Balcerzyk shows
that Hom(Z , X) = 0 if and only if X is cotorsion-free, compare R. Gobel
and B. Wald [GW1, p. 213, Satz 4.6]. We will see in (2.3) that strongly
cotorsion-free implies cotorsion-free. Strongly cotorsion-free is the same
class as all groups which are p/k-reduced for all cardinals p € k in B.
Wald [W2]. We have the immediate observation that every countable
cotorsion-free group is slender. It follows from B. Wald [W2, Theorem
3.4], that cotorsion-free groups of cardinality N, are also strongly cotor-
sion-freein V' = L.

Sometimes we use the following homomorphism ji: Z¥~ — Z which is
induced from a o-additive measure p: £(8,,) = {0,1}. If f = (f)),ex, €
Z¥% and z7 '={ieR,  f=z)forz€Z, then 8, =U,_,z" . Hence
there is precisely one z € Z such that p(z~!) = 1. Therefore

(2.2) p(f) =z iff p(z7) =1
defines a homomorphism from Z*~ onto Z.

Since 8, is measurable we have fi(Z<®») =0 and ji induces an
epimorphism from Zy; to Z. Hence we see that Hom(Z; , X) = 0 implies
X = 0. This explains our assumption k < 8, in (2.1).

ProPOSITION 2.3.
(a) Strongly cotorsion-free implies cotorsion-free,
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(b) residually slender implies strongly cotorsion-free,
(c) slender implies residually slender.

Proof. (a) If 0 # C C X is cotorsion and X is strongly cotorsion-free
then we may assume w.l.o.g. that C is algebraically compact. Take any
pure and countable subgroup 4 of Z,_ (which always exists). Since « is
regular and k > N, also Z,_ is N,-free as follows from B. Franzen [Fr] or
B. Wald [W1]. Therefore 4 is free. We remark that this can also be derived
from the Wald-Los-Lemma 2.6 which implies 4 C Z*. Then 4 is free by a
result of Baer and Specker, cf. L. Fuchs [Ful, Vol. I, p. 94, Theorem 19.2].
Therefore we find a non-trivial homomorphism from A4 into C. Since 4 is
a pure subgroup of Z, and C is pure injective, this homomorphism
extends to a non-trivial homomorphism from Z, into X which is excluded
by Definition 2.1.

(b) and (c). Here we only have to recall a theorem of J. L.o§ and the
definition residually-Z: A group X has this property if

N{UcX,X/UeZ) =0.

This is equivalent to say that X is a subgroup of a product of Z-groups. If
X is residually slender and 0 # 0 € Hom(Z,, X) for some cardinal «,
then we find a homomorphism # € Hom( X, S) for some slender group S
such that o7 # 0. From the theorem of Lo§ we obtain that xk > N,
compare L. Fuchs [Ful, Vol. II, p. 161, Theorem 94.4(ii)]. Therefore X is
strongly cotorsion free.

THEOREM 2.4.

(1) If & is a class of strongly cotorsion-free abelian groups, then R,
commutes with I'l_for all cardinals k < § .

(2) If « is a regular cardinal, k > 8, there is a cotorsion-free group
G = G(x) of size |G| = 2*" such that R does not commute with I1 .. More
precisely there are groups G, (a € k%) with R;G, = G, for all a € k™ and
RGHaen“' Ga #* I—[ae;c* Gu'

From (2.3) and (2.4) we have an immediate

COROLLARY 2.5. If ' is a class of residually slender groups, then R,
commutes with I'1, for all cardinals k < 8 .

REMARK. (2.4)(1) and (2.5) improve Theorem 3.2 in [FOW2] which is
the case k = 8. Part of (2.5) is contained in [Ga]. (2.4)(2) answers an
open problem, mentioned in [FOW2].
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Proof of (2.4).

(1) will be proved by contradiction. Assume that x is a minimal
cardinal such that (1) does not hold.

First we will show that ¥ must be regular and « > N,. If « is not
regular, then A = ¢f(k) < k. Hence ¥k = U,., I, for some sets I, of
cardinality |7 | < k. We conclude

Rgr(HA.-) = R%( I_I HAi) = n n Rqd; = nRﬁz”Ai
iek a€l iel, a€el i€l, i€k
from the minimality of k. Therefore k must be regular. If k = 8, then R »

commutes with [y for all cotorsion-free groups X as shown in [FOW2,
Theorem 3.2]. Therefore

Rsr(nAi)= ﬂRan,: N HRXAi

ieR, Xex I€N, XeZ €N,

= n( N RXAi)z ]._.[RQ”Ai

i€8 \ e ieN,
and (1) is shown for k = 8. Hence k > N;.

Since k is a minimal counterexample, we find groups 4, such that
IT,c. RgA; # Rgll,.. A, However R I1,., A; CIl;c, R4 A, holds triv-
ially and so we find a €[1,., RgA4,\ Rgll,., 4,. By definition of
R,11,.,. A;, there is a homomorphism ¢: [1,., 4, = X for some X € &
such that @(a) # 0. If x € [I;5, Ry A4, then x €[1,., Ry A4, for some
A < k. From the minimality of k we have R,I1,., 4, = I1,c, R4, and
we conclude ¢(x) = 0. Therefore (K) = 0 where K = [1; X, R4 A4, and ¢
induces a homomorphism ¢: I, Rs4,/K — X with (a + K)® # 0.
Define o: Z" = Il,c, Ry d; by (2))fc, = (a,2));c, Where a = (a,);c,.
Then op: Z" —» X and (1){¢ = (a+ K)®+# 0. Since K¢ =0, also
(Z=")°? = 0. Hence op induces a non-trivial homomorphism from Z_ into
X. This contradicts that X is strongly cotorsion-free.

(2) If x 1s regular or k = N8, we choose an orthogonal system {G,,
a € k*} of groups such that |G| = k. By orthogonal we understand
Hom(G,, Gg) = 0 for all different a, B € k. If kK = 8 such a system was
constructed by R. Baer, using rank-1 groups, compare L. Fuchs [Ful, Vol.
II, p. 110]. Systems for cardinals k less than the first strongly inaccessible
cardinal are due to A. L. S. Corner and L. Fuchs, compare L. Fuchs [Ful,
Vol. 11, p. 130, Theorem 89.2]. Later L. Fuchs [Fu2] constructed orthog-
onal systems for x < ¥, and independently S. Shelah [S1] proved the
existence of such systems for all regular cardinals .

Now choose G = G(k) =I1,.,+ G,/TT:<. . G, and let 7 denote the
canonical epimorphism from [1,.,+ G, onto G. Then we will use the
Wald-Los-Lemma which is shown below.
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If ¢: G > G is any homomorphism, there exists y: G = I, .+ G,
such that y7 = ¢. Since {G,, a € ™} is orthogonal, we have G} < G, C
IT;£,.+ G, and therefore ¢ = yr = 0. We conclude R;G, = G, for all
a € « from the definition of R ;. On the other hand, by definition of G we
have

RG( Il Ga) c IT =~6..

aex™ ackt
We combine these results and conclude
R( I16.) € I1 =G, T1 G, = I ReG,
aext ack* ackt ack™

and (2) is shown.

The following lemma was used in (2.4)(2). A special case was first
shown by J. Los [L] and the idea of its proof is also contained (implicitly)
in G. A. Reid [R, p. 27]. It is stated in a quite general form by B. Wald
[W1] which uses complete filters. His elegant proof extends trivially. Since
it is also very short, we will include it as

WALD-LOS-LEMMA 2.6. Let {G,, a € k} be a family of groups and ¢ a
k-complete filter on «, i.e. ¢ is a filter on k and intersections of less than k
elements of ¢ belong to ¢. If k is regular and A il_l,,e,‘ G,/¢ is an
embedding with |A| < k, then there is an induced monomorphism y: A —
Il,c, G, with yr = a for the canonical map =:11,.,. G, = Il ¢, G,/ 9.

R'EMARK' If U= {g = l—[aExGa’ K\[g] € q)}’ then HaEnGa/¢ =
IT,..G,/U. The particular filter { I C «, |k \ I| < «} is used in (2.4)(2).

Proof (cf. B. Wald [W1]). Let #: [1,.,G, = I1,.,G,/¢ = G be the
canonical projection ¢ =1id and {@a €I1,.,G,, a € A} a set of repre-
sentatives of 4 in [1,., G, such that 2" = a for all a € A.

Forg € G,let O(g) = {a <k, g(a) = 0}.
Ifa,b € A,thena + b — (a + b) = 0 and therefore

o(a+b-(a+b))es.
Let D =N, yc,0(a + b — (a + b)), which is an element of ¢ as follows

from |A| < k. We denote by a” = a|, the restriction of @ to D. Then
v: 4 - I1,.,G, is a monomorphism with y7 = id ,.

The next theorem will show that the requirement k < ¥, in (2.4)(1) is
also necessary.
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THEOREM 2.7. R does not commute with 1y .

Proof*. Let p be a {0,1}-measure on ¥,,. Then p may be replaced by
a normal measure on ¥, which we also denote by y; apply T. Jech [J, p.
317, Lemma 28.11]. Recall that p is normal on ¥ , if the following holds:

If f: R,,—> N, is any regressive function (i.e. f(a) < a for all
a€ 8, \0) and if S € N, with uS =1, then there exists a set T C S
such that p7 = 1 and f | T is constant; cf. T. Jech [J, p. 316].

Since p is normal, we derive

p({a € 8, a regular cardinal}) = 1;

cf. T. Jech [J, p. 317, Lemma 28.12]. Let a be order isomorphic to a for all
a € 8, and construct the disjoint union I = U, & with S the set of all
regular cardinals < ¥, . Assume « € § in the following. Each subset
X c I will be associated with a set F(X) € 8, if we let 8 € F(X) if and
only if u({a, B € X N a}) = 1. We define X € U if and only if u F(X) =
1. This is a kind of product measure. Now we want to show that U is an
ultrafilter on 1. If X & U then pF(X) = 0 and F(X)¢ = F(X°) implies
pF(X¢) = 1. Since U is obviously a filter it is also an ultrafilter. To see
that Uis 8 -complete, we assume k < 8, and X; € Ufori € k.

Ifgen, . F(X)thenforalli <k, p({a, B € X, N a})=1. Hence

t=u(N(apexna)-p{epenxna)

i<k i<k

-u(#(nx))

and N, X; € U. We want to show that the N, -complete ultrafilter U
extends the following ¥, -complete filter

F={xcLp({aes, |a\X <lal}) =1].
We will show that X € % implies X € U.

Define a function f: 8, — N, setting f(«) = sup(a \X) if « € S and
fla)=0if « € 8\ S. Since f(a) < a, f is a regressive function. From
X € Fwe have p({a € S, |a\X| < |a]}) = 1 and since f is regressive and
p is normal we also find 7 C {a € S, |@ \ X| < |a|} with measure 1 and
fIT = const.= B € N, . Ifwepickanyy € 8, \ B thenobviously {a € S,
vyeEa\X}2TnN {a€ S, a>vy}. However

12p({a,yea \X}) 2 p(TNn{a,a>v})

> min[pT, ({a,&@ > v})] = 1.
1We would like to thank Alan Mekler for explaining to us how the normal measure can be

used to show the Theorem. Due to this we are able to present the stronger form (2.7) of
our original result.
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We obtain p({a, y € a\X}) = 1 and by definition of F also y € F(X).
Therefore F(X) 2 (N,,\ B) are sets of measure 1. So X € U follows from
F(X)=1.
Let p be the ¥ -additive measure induced by U. Hence we have the
epimorphism
p:2"=]]12*—- Z from (2.2).
aEeS
Remember that |a] is a regular cardinal. Let [T, _ ;Z~'* where Z=1*! is the
set of all maps f: @ — Z with support of cardinality < |a|. If f € [T, _¢Z ="
and O(f) = {i € 1, f(i) = 0}, then |a \O(f)| < |a| and therefore O( f)
e#cU.
By definition of 5 and p(O(f)) = 1 we obtain p(f) = 0. Therefore p
induces an epimorphism
p: [122/2<% =112, - Z

a€ES aEeS

So we see that Hom(I'T,. sZL,, Z) # 0. From a theorem of J. Lo§ and
la| < 8, we have Hom(Z,,, Z) = 0 for all « € S; compare L. Fuchs [Ful,
Vol. II, p. 161, Theorem 94.4(i1)]. In terms of the radical R, we have
shown

R;Z2,=12, forala€ S

le|

and
R I1Z,# 112,
acsS

aEeS

Since |S| = N, (2.7) is shown.

ReMARK 1. If we want to extend the 8, -complete filter #without any
effort to an N -complete ultrafilter U of I, we may assume that 8, is a
strongly compact cardinal. Then this holds by the very definition; cf. T.
Jech [J, p. 398]. From a result of M. Magidor [M] we know that
Con(ZFC + 3 strongly compact cardinal) implies that Con(ZFC + 8, is
strongly compact). In this case we derive consistency of (ZFC + R, does
not commute with I']) from the existence of strongly compact cardinals. In
(2.7) we have the stronger result following from the existence of ¥, that
R, does not commute with products. D. Scott [Sc] has shown that there
are no measurable cardinals in V' = L. Consequently, from (2.4) we derive
in L (and many other models without ¥, ) that R, commutes with I'[.

REMARK 2. A simple modification of the argument above will show
even more that R,I1,.,Z,, = 0, compare also §3.

le|
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REMARK 3. Another way to look at the proof of (2.7) is as follows.
Start from the universe and build its ultrapower over the normal measure
p and collapse this to p or equivalently show that I1,.sZ,,/p = Z'/p.
Then observe that (Z//p)* = 0.

3. Cardinal conditions. Let R be a radical and k a cardinal, then we
define
R4= ) RB

BcA
|Bl<x

for all abelian groups A. We use the following well known

DEFINITION 3.1. A radical R satisfies the cardinal condition if and
only if there exists a cardinal k such that R = R".

In [FOW2, Problem 2.4] the authors asked whether R, satisfies the
cardinal condition. Assuming (ZFC + AN ) we will show that the answer
is no. In (3.2) we will present a more general result. Before we will do this
we would like to illustrate the action of R, on abelian groups.

(@If k <N, ,thenR,Z, =1Z,.

(b) If k is a measurable cardinal then R, Z,_ = 0.

Remark (a) was a consequence of Lo§’s theorem, cf. §2; Remark. Let
0+ xe€Z“\Z~" and k a measurable cardinal. Then we can find a
number 0 # z € Z such that |z7!| = k. Let p be the o-additive measure on
z ' and fi: Z* - Z the induced homomorphism, cf. (2.1). By definition of
fi we have fji(x) =2z # 0. Therefore x € kerji and since fji induces
fi: Z/Z~" — Z, we derive x & R,Z,. This implies (b).

The radical functor R, also takes intermediate values, as follows from
[FOW2, Lemma 1.3].

) f 0Z—->4->2Z"->0, k<N, is an extension of infinite
order then R, A = Z.

In our next theorem the restrictions due to our set theoretic axioms
will depend nicely balanced on the algebraic information of the given
group X. Recall from T. Jech [J, p. 339] the notion of an inner model 0%.
There are many models which satisfy (ZFC + GCH + #0%), eg. V=L
implies this. However, V' = L is a much stronger assumption, compare T.
Jech [J, §13] and S. Shelah [S2].

THEOREM 3.2. (a) (ZFC + GCH + A0%) If X # 0 is cotorsion-free,
then R , does not satisfy the cardinal condition.

(b) (ZFC + AR ) If X # 0 is strongly cotorsion-free, then R , does not
satisfy the cardinal condition.
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Proof. In (a) we collect results from [DG1], [DH1] and [GS]. Suppose
R, = R*% for some cardinal k. Then we can choose a cardinal p >
max(| X|, k) such that the axiom v, holds, compare [DG1] and [GS]. Then
there exists a strongly p-free group A of cardinality p with Hom(4, X) = 0
as follows from [DH1] using techniques from [DG1], cf. also [GS, §5].
From Hom( 4, X) = 0 we have R, A4 = A. Since k < p and 4 is strongly
u-free, all subgroups of A of cardinality < k are free. If F is free,
obviously R xF =, r_, yker ¢ = 0. Therefore we conclude R4 = 0 #
A = R A and (a) is shown.

(b) Suppose Ry = R"% for some strongly cotorsion-free group X # 0
and some cardinal k. Choose a regular cardinal p > kand let 4 = X?/X~°.
Since X is strongly cotorsion-free also Hom( A, X) = 0 by Definition 2.1.
We derive Ry4 = A +# 0. If B C A and |B| < «, then |B| < p. From the
Wald-Los-Lemma 2.6 we have B C X°. Since R, X? =0 and Ry is a
subfunctor of the identity, also R B = 0. We conclude R4 =0+ 4 =
R 4 A and (b) is shown.

4. Torsion theories which are neither singly generated nor singly
cogenerated. Using the strongly cotorsion-free groups investigated in §2
and §3 we answer some open problems of torsion theories. In order to do
this we will first collect some well-known facts and definitions on torsion
theories. This concept was introduced by several authors in the last two
decades for different reasons. The most obvious motivation is that the
notion of torsion subgroups should be put into a more general and
transparent frame, compare J. Lambek [L], B. Stenstrém [St] and refer-
ences given in these books.

We will use P. Hall’s notation of closure operators 4 of classes Z of
abelian groups, i.e. AZ is a new class of abelian groups such that
ZC AZX = A(AZ). The class Zis closed with respect to A if AZ = Z and
{ 4, B} % denotes the smallest class of abelian groups containing Z which
is closed with respect to A and B. Some special operators we use are:

S% = all subgroups of Z-groups,
QX% = all epimorphic images of Z-groups,
@ Z = all direct sums of Z-groups,
I'1, &= all cartesian products of < k groupsin %,
I'1%Z = all cartesian products of Z-groups,
EZ = all extensions of Z-groups by Z-groups,
and the derived operators T = { E, Q, ®} and F = { E,TL, S}.
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If J and % are classes of abelian groups, we say that J 1 % are
orthogonal if Hom(7, F) =0 for all T € Jand F € . Let Z* be the
class of all groups Y with £ 1L Y and similarly let *Z be all Y L Z. A
pair (J, %) is a torsion theory if TN F = &, QT =7, SF = Fand for
any abelian group A4 there are T € Jand F € %such that

0>T—->A4->F-0.

This is the case if and only if a pair (7, #) is maximal with respect to
J 1L %#. Then = TTis the torsion class and #= F% is the torsion-free
class of the torsion theory (7, &#). If (T9, F%) is a torsion theory then ¢
generates and % cogenerates the torsion theory, compare [St, p. 139]. We
also say that % cogenerates 79 and ¥ generates F¢. A torsion theory is
singly generated if ¢ can be a set and equivalently a group. Similarly
(T%, F¥) is singly cogenerated if ¥is a set and equivalently a singleton.
Hereditary torsion theories are singly generated and singly cogenerated. A
theory (7, %) is hereditary if S =7. The classical torsion theory
(TQ/Z, FQ) is hereditary. Here we are interested in nonhereditary tor-
sion theories. There are torsion theories in ZFC which are not singly
cogenerated, cf. [GS, Theorem 4.1]. There are also torsion theories which
are not singly generated, if we assume (ZFC + GCH + A O%), cf. [GS,
§5]. The latter follows with the help of a result of [DH1]. Here we want to
derive an even stronger result assuming only (ZFC + # N,

Let 2 be the class of groups Z, for all regular k < N ,,. Then €= #*
is the class of all strongly cotorsion-free abelian groups defined in (2.1)
and (T#, €) is a torsion theory. First we want to show the

THEOREM 4.1. (ZFC + AN,) The torsion class TP is not singly gener-
ated.

Proof. Suppose that T# = TG is singly generated by an abelian group
G. In particular we have Hom(G,Z,) # 0 for all regular cardinals k.
Choose any regular k > |G| and apply the Wald-Lo$-Lemma 2.6 to show
that Z is an epimorphic image of G and therefore Z € T#. On the
other hand Z € #+ = €, which follows from the J. Los-Theorem, cf. L.
Fuchs [Ful, Vol. II, p. 161, Theorem 94.4]. Therefore Z € #* = € and
Z € T?N ¥= O is a contradiction. O

We can say more about the torsion theory (7%, ¥) after the next
theorem which is the main result of this paper, cf. (4.4). This theorem will
also be used to answer some open questions.
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THEOREM 4.2. If G is a cotorsion-free group and N\ a strong limit
cardinal of cofinality w with |G| < A. Then we can find an ¥,-free and
slender abelian group A of size |A| = 2* such that Hom( A4, G) = 0.

REMARK. In [GS] S. Shelah and one of the authors proved a similar
result. Here we require less about the cardinal A and we also derive a
weaker implication which is Hom( A4, G) = 0. Hence the proof becomes
much simpler and this allows to pose more conditions on the group 4. We
want to point out that we consider the simplicity of the following proof
and the additional properties ¥,-free and slender as a good bargain! The
construction of the group 4 will be similar to [DG2], but much simpler. It
is trivial to find a suitable A for a given G.

Proof. Let G be a given cotorsion-free abelian group and A a strong
limit cardinal of cofinality w with |G| < A. Choose an increasing sequence
{A,, n € w} of cardinals such that sup{A,, n € @} =X and \,,; > 2M.
Then B = @& __, aZ is a free abelian group. We can find 2™ such strictly
increasing sequences (A%), ., (a« € 2*) converging to A such that any two
have only finite intersection.

Let B and G be the Z-adic completion of B respectively of G. If
x € B, then x =% __, ax, with x, € Z and [x] = {a € A, x, # 0} de-
notes the support of x. Since |G| < A also

|Hom(B, )| =|Hom(B, G)| <|G|" < (A%)* = 2M)* = 2,
Therefore we can label all homomorphisms from B into G different from 0
by { ¢,, @ € 2*}. If a € 2" then ¢, # 0 and therefore we find 8, € A such
that ¢ (B,) # 0. Observe that ¢, is uniquely defined by its action on A.
Since sup{ A}, n € w} = A and B, < A there is n, € w such that A% > 8,
for all n > n,. Changing the label n into n — n, we may assume A$ > B,
for all n € w. Since G is cotorsion-free we derive Hom(Z G) =0, cf. §2.
From B,Z C B we find =, € Z such that ¢(8,7,) € G\ G. In order to
choose generators for 4 weletA* = ¥ _ A%n! and decompose 2* = 4 U B
as follows. Let a € 4 if g (A*) € G\ G and « € B if ¢ (A\%) € G. If
a € A choose O, = N and if a € Blet O, = B,7, + A* In case A we have
9,(0,) ¢ G and in case B also ¢, (0,) = ¢,(B,7,) + ¢,(A*) &€ G by our
choice of m,. Observe that this construction does not use a transfinite
induction!

We will consider the group4 = (BU{0,,a € 2)}), c B.If U C B,
then U, is the pure closure. In this case of torsion-free groups we have
uc U, ifue B and if there is a natural number n such that nu € sU,
i.e. U, is the preimage of the torsion subgroup of B/ U.
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We want to show that

(a) Hom(4, G) = 0.

Suppose that ¢: 4 — G is a homomorphism different from 0. Since
B C A and G is complete, there is a unique extension : A — G of ¢ and
A = B. Since § # 0, we find a € 2* such that § = ¢,. We derive ¢(0,) =
$(0,) = 9,(0,) € G\ G. This contradicts O, € 4 and p(4) C G.

Now we continue in a new direction and want to show that

(b) A4 is N ,-free [and hence is cotorsion-free].

If & € 2*we can choose 7* € Z and z* € Z such that 7, = 7% - n! +
z* Simply observe that Z is dense in Z with respect to the Z-adic
topology. Hence we can divide 7, by n! modulo Z. If a € 4 and m € w
let
or= Y a2

a n [
m:
m<new

if « € Blet

n!
or= Y Aot T Bati:

MmM<InE€Ew

In particular we have
(%) (m+1)0"' - O € B.

The new elements O) can be used to determine the purification of
< B U{0,,a € 2*}) explicitly. We derive

(%) A=(BuU{Or,ac2’, mew}).

Similar divisibility chains { O, m € w} have been used in the p-group
constructions, cf. [DG3]. Condition (x#*) follows immediately from (*) and
the constructed elements.

In order to show (b) we will use Pontrjagin’s criterion for freeness,
compare L. Fuchs [Fu2, Vol. I, p. 93]. Since subgroups of free groups are
free, it remains to show that

(xxx) F= <B U{0,a € E,s € w}) is free for all finite sets E C 2*.

We find a free basis M U N of F. Decompose E into K = E N 4 and
L = E N B. Pick any m € w sufficiently large such that
M) [0 1N [0)]= & foralla € Kand y € L and

o ifB,* A,

@ [orinloyl=1{ gy ip =g,

foralla,y € L.
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Let
N = {a erag U [0.;"]} U{,By,y GL}

YEE
and
M={0),s>m,a € E}.
First we want to show that M U N is linearly independent.

Consider any sum X, cyaz, + X, cgX,.,, Oz, = 0 for integers z,,
z,., which are 0 for almost all a, s, y. Then y € K implies X, ,, O;z,, = 0
and therefore z,, =0. If y € L we have [Z ., 05z, ]< {B,}. Then
z,, = 0 also in this case by our choice of O;. We derive &, yaz, = 0 and
z, = 0 holds trivially. Therefore M U N must be linearly independent.

Finally we want to show that M U N generates F. The inclusion
(M U N) C F holds trivially by definition of F. From the definition of
O and of M and N we see that BC (M UN). If y € E then O, =
O;s!'mod B which implies O; € (M U N) for all s € w. We conclude
F = (M U N) and (***) and (b) are shown.

Now we will show that

(c) A is slender.

Since we want to avoid the use of too many brackets, let a | a = a(«)
be the value of a € 4 at a < 2.

By R. Nunke’s well-known characterization of slender groups, (c) is
equivalent to saying that Z° ¢ 4, J, £ 4 (J, = p-adic integers), Q £ 4
and A is torsion-free, compare L. Fuchs [Ful, Vol. II, p. 165 Theorem
95.3]. Since 4 is 8;-free by (b) and J,, Q, Z/pZ are not N,-free, it remains
to show that Z“ ¢ A.

Suppose for contradiction that ¢: Z“ — A is a monomorphism. If
e,=(8,)ic, €L thenZW =@ _ e, ZandZ“ = & _ ¢(e,)Z has
infinite rank, which is used below. In order to derive the desired con-
tradiction, we first show

(c*) There does not exist an increasing sequence (r(n))
numbers such that

s=m

of natural

new

[(p(er(n))] \ nL;Jl [‘P(er(i))] #* Q&

for alln € w.

Suppose that (r(n)),<, is a sequence satisfying (c*) and let r(n) = n
without loss of generality. By induction we can find another sequence
(k(n)), <, of natural numbers such that

Mk =1

(2) k(n) <k(n+1)foralln € w
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(3) There is n* € [g(e,)]\U"[¢(e,)] such that
(p(e,) 1 n*) - k(n)! & k(n + 1)'Z.
Letx = X, ., e,k(n)! and compute

p(x) P m* = ) (9(e,) ! m*)-k(n)! = (¢(e,) I m*)k(m)!

n=m
= 0mod k(m + 1)1Z.

Hence m* € [p(x)] for all sequence (k(n)),c, satisfying (1)-(3).
Since ¢: Z“ — 4, also ¢(x) € A and we find 0 # s, k € Z, « € 2* and
an infinite subset T C w such that

sp(x)t m* = (0, m*)-k forallme T.

Now we choose a new sequence (k’(n)),c, of natural numbers with
the properties:

k') =1

2V k'(n) <k'(n+ 1)foralln € w

(3) (p(e,) | n*)k'(n)! & k'(n + 1)!Z with n* from (3) for all n €
and in addition

4) (O, t n*)*k'(n)! for all n > 1.
This can be arranged easily by induction. Observe that O, is determined
already by our first sequence!

Using the same argument from above we obtain integers s’ and k’
different from 0 and an infinite subset 7’ of T such that

x'= Y ek'(n)! and s'@(x’)} m*= (0, m*) k'
new

forallme 7.
We also derive

sp(x)tm* =5 Y (¢(e,) I m*) - k'(n)!

= (¢(e,) I m*)s’k’(m)!mod k’(m + 1)!1Z
and summarize
(0,1 m*)k’ = (g(e,) ! m*)s’ - k’(m)'mod k'(m + 1)!Z.
This equation, together with (4’), implies
k= (0,1 m*)y,mod k'(m + 1)1(0, | m*)"'Z forsomey,, € Z.
But because of (2’) and (4') we get that
(0, 1 m*) divides k’(m + 1)!(0, | m*)™".
Hence (O, | m*) divides k' forallm € T".
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Since T is infinite we derive k&’ = 0 from the definition of O,, which
is a contradiction and (c*) is shown.

Now we continue our proof of (¢) investigating the given monomor-
phism ¢: Z° — 4. Since Z© = & _ ¢(e,)Z, the set U, [¢(e,)] must
be infinite. From (c*) we see that [p(e,)]| must be infinite for almost all
n € w. Hence we may assume that [¢(e,)] is infinite for all » € w. Since
¢(e,) € A, we find a natural number s, and b, € B, 0 # z,, € Z such
that s,p(e,) = b, + L ca, O,2,, for some A, C A. If we replace e, by s,¢,
we may also assume that p(e,) = b, + L en OnZ -

If U, A, is infinite we easily produce a sequence (r(n)),c, con-
tradicting (c*). Hence U, ., A, must be finite. Obviously there exists an
infinite set 7 C w and some A c U, A, suchthat A, = Aforalln € T.
We also assume w.l.o.g. that T = w and summarize

(+) o(e,)=b,+ Y 0,2,, ad z,+0 foraln€E w.

ac€A

Since @ _ ¢(e,)Z has infinite rank and A is finite, U, [b,] must be
infinite. If U, [5,]\U,calO,] is infinite, we can easily find a sequence
(r(n)), <, contradicting (c*). Hence we can assume that

U [6]\ U [o]

n€w a€A
is finite. Changing names we find n* € ([b,] N U_c,[0,]) \U?Z}'[,] for
all n € w. Since A is finite and {[O,], « € A} are almost disjoint there
exists 8 € A such that

T = {n € w,n* € [Op]\ aEAL\){ﬂ}[Q,]}

is infinite. We may assume 7 = w without restriction and summarize that

©  welalnfo)Ulklv U o)

a€A\{B}

We also choose by induction a sequence (k(n)),., of natural numbers
such that
Mk =1
() k(n) < k(n+ 1) foralln € w
(L) k(n + 1)! + k(n)!n!(b, | n*)in Zforalln € w
(IV) (Og I n*)*|k(n)! and
(V) k(D! t 2.
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Now we consider x = ¥, . e,k(n)! and compute with (O), (II) and

(+)  e(x)rtm*= Y (bt m)k(n)t +(0g1 m*) - ¥ z,, - k(n)!

n>m neEw

= (b, } m*)k(m)! +(0z 1 m*)zmod k(m + INZ
(++) wherez = ). z5,k(n)!
neN

Suppose that ¢(x) [ m* = 0, then we derive from (+ + )
0 = (b, } m*)k(m)! +(0g 1 m*)zmod k(m + 1)Z

and (II) and (IV) imply (O, 1 m"‘)2|(0,g I m*)z. We conclude (Oq | m*)|z
for all m € w and z =0 by definition of Q. In particular 0 = z =
25, mod k(2)!Z which contradicts (V). Hence we have ¢(x) | m* # 0 and
m* € [@(x)] N [O] for almost all m € w.

Since @(x) € A4, we find an infinite subset 7 C w and k, s € Z\ {0}
such that

s(x) I m* = (0y1 m*) -k forall € T.

Froﬁl(+ + ) we derive
5(b,, t m*)k(m)! + 5(0t m*)z = (O3t m*)kmod k(m + 1)!Z.

Now we use (II) and (IV) and obtain (O, I m*)2|k(m)|k(m + D).
Then the last equation implies (O [ m*)|(sz — k) and therefore

sz—k=0 and k(m+ 1)k(m)'m!(b, I m*)

for all m € T with m > s. This contradicts (III) and 4 is slender. O

At the beginning of this section we introduced the torsion theory
(T, €). Now we use (4.2) to show the

COROLLARY 4.3. The torsion theory (TP, €) is not singly cogenerated.

Proof. Assume that (T2, ¥) is singly cogenerated, i.e. there exists a
group H such that ¥= F{ H}. Since H € ¥, H must be cotorsion-free.
From Theorem 4.2 we obtain a slender group 4 such that Hom( 4, H) = 0.
This implies 4 & F{H} = €= T#* = $* . By definition of # we find a
regular cardinal 8,, > k > ¥, such that Hom(Z,, 4) # 0. However, 4 is
slender and a theorem of J. Lo§ implies that k is a measurable cardinal, cf.
L. Fuchs [Ful, Vol. II, p. 161, Theorem 94.4]. We conclude that (7%, )
is not singly cogenerated. O
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We summarize (4.1) and (4.3).

COROLLARY 4.4. (ZFC + AR ). The torsion theory (TP, €) is neither
singly generated nor singly cogenerated.

The existence of such torsion theories was unknown in (ZFC + AR );
(4.4) answers a problem in [FOW1].
Now 4.3 implies

COROLLARY 4.5. (ZFC). The class € of all strongly cotorsion-free
abelian groups cannot be obtained from an abelian group H and iterated
applications of the operators S,11and E, i.e. € + F{ H} for all groups H.

The class of all cotorsion-free groups, in particular, is not of the form
F{ H}. This also answers a question in R. Gobel and B. Wald [GW2].
Using V' = L, this was already answered in M. Dugas and G. Herden
[DH1] and a different proof in ZFC was given in R. Gobel and S. Shelah
[GS].

L. Fuchs [Ful, p. 184] posed the following Problem 78 b. Is the class
& of slender groups of the form { S, ®, E}{ H} for some slender groups
H?

This problem was answered negatively in R. Gobel and B. Wald
[GW2] using generalized growth types. Growth types which are certain
subgroups of Z“ are introduced by E. Specker. This notation can be
extended to certain subgroups of Z*. In [GWW] we followed “classical
proofs” on slender groups to obtain the same result more naturally. Here
we obtain once more an answer to this problem of L. Fuchs as a
by-product.

COROLLARY 4.6. There does not exist an abelian group H such that
S = (S, ®, E}{ H} is the class of all slender groups.

Proof. Assume &= (S, ®, E}{H}. Then H € & is slender and,
in particular, cotorsion-free. From (4.2) we obtain a slender group A4
such that Hom(A4, H) = 0. Therefore 4 & {S,®, E}{H} and &=
{S, ®, E}{ H} cannot hold. O

5. The Chase-radical »,. In this section we will use Theorem 4.2 to
derive results on the Chase-radical »,, which will answer an open problem.
Remember that an abelian group is k-free for some cardinal « if all its
subgroups of cardinality less than k are free. If %, is the class of all k-free
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abelian groups, we denote by », the radical

vyA=RzA= [) kero,
i p: A= X
XeZ
compare §2. For k = 8, and n € » we simply say », = »;_and », is the
Chase-radical. This radical was investigated thoroughly by S. U. Chase in
[C]. We denote its torsion class by T) = {4, 7,4 = A}, and (T}, %) is a
torsion theory.
First we prove

THEOREM 5.1. The torsion theory (Ty, % ) is singly generated, i.e.
T, = T{ H} for some abelian group H. We can choose H = @[A, A* = 0,
4] < ¥].

REMARK. Recall that 4* = Hom(A4,Z) and let [A4,...] denote a class
of representatives of the isomorphism classes of all groups A4 with the
property... . In (5.1) this class is a set of cardinality 2%

Proof. Let H= @®[A, A* =0, |4 < 8,] and X € T,. We consider
the largest “ H-torsion subgroup” of X; thisis Y = X{U C X, U € T{ H}}.
Therefore we have 0 - Y —» X —» V — 0 with Hom(H, V') = 0. Suppose
V # 0. Since X € T}, also V € QT, = T, and V # 0 cannot be N,-free.
Hence we find a countable subgroup 4 C ¥V which is not free. From a
theorem of K. Stein we also find 0 # C € 4 with C* = 0, cf. L. Fuchs
[Ful, Vol. 1, p. 94, Corollary 19.3]. By definition of H, this group C is a
summand of H. Hence Hom( H, V) # 0 is a contradiction. We conclude
V =0 and equivalently X =Y € T{H},ie. T C T{H}. Since H € T,
alsoT{H} € TT, = T, and T{ H} = T, is shown. a

Before we continue to investigate », we add some general and quite
trivial remarks connecting radicals and torsion theories.

PROPOSITION 5.2. Let R be an idempotent radical and T, = { A, RA =
A} its tortion-class. Then the following conditions are equivalent

(1) R satisfies the cardinal condition, i.e. R = R" for some cardinal,
compare §3.

(2) There is an abelian group H such that T, = {Q, ® }{ H }.

Proof. (2) = (1) Assume T = {Q, ®}{ H} and let « = |H|". It is
easy to see that Ty = {4, SyA = A} where SyA =%, 4., Ime. Since
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Imp € Q{H} C T and [Im¢| < |H| < k, also R(Im ¢) = Im ¢ and R4
= R*A.

1)—->2)If H= &[4, |[A| <k ANRA =A], then RH=H, He T,
and hence {Q, ® }{ H} € Tx. Conversely we consider G € T,. We derive
from (1) that G=RG = R*G = YL{RB, BC G, |B|<«}. If B’ = RB,
then RB’ = B’ and |B’| < k. Hence B’ is a summand of H and G €
{Q, ®}{ H}. Therefore T, = {Q, ® }{ H} and (2) is shown.

We will also use another trivial

Observation 5.3. If R, is a singly generated radical, then its torsion
class Ty = {Y, RyY = Y} is singly cogenerated by X.

Proof. Wehave 4 € Ty ©® RyA = A @ Hom(4, X) =0 4 €* X
Therefore Ty, = * X, i.e. Ty is singly cogenerated. O

[FOW2] ask the following question: Does the Chase-radical », satisfy
the cardinal condition?

Using (5.2) this is equivalent to ask whether we find a group H such
that T, = {Q, ® }{ H}.

From (5.1) we know a little less that 7, = {Q, ®, E}{ H} is singly
generated (as a torsion theory). Another problem asked in [FOW1, §2] is
whether », = R is singly generated as a radical. From (5.3) we see that
this implies that the torsion class 7; is singly cogenerated. From (5.1) we
obtain that (7}, %) is singly generated and singly cogenerated. Using an
extension of a result of [DH2] which is shown in [GS] under the hy-
pothesis (ZFC + GCH + 3 0%) then (T}, %) should be one of the 2™
torsion theories derived from prime-distributions and listed in [DH2].
Since (T}, %) does not occur, »; is not singly generated as radical in
(ZFC + GCH + A 0%). However, we derive a stronger result in ZFC from
(4.2).

THEOREM 5.4. T, is not singly cogenerated [and in particular v, is not
singly generated as a radical].

Proof. Suppose that T, is singly cogenerated. Then we find a group G
such that T, = * G = {4, Hom(4, G) = 0} and G is necessarily cotor-
sion-free, since G € (* G)* = T;* = %, is the class of all ¥;-free groups.

From Theorem 4.2 we obtain a 8,-free abelian group 4 # 0 such that
Hom(A4,G) = 0. Since A4 is N;-free we have 4 € % and since
Hom(A4, G) = 0 we also have 4 € T;. However 0 + 4 € %, N T; con-
tradicts the definition of a torsion theory (7}, % ).
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We will close this section with an open problem concerning 7;. From
a theorem of S. Balcerzyk we easily see that 1 7, = T, compare L.
Fuchs [Ful, Vol. I, p. 177, Exercise 7 and p. 176, Corollary 42.2].
However, we do not know whether I, 7; = 7; holds in general. We
conjecture that already [ 77 # T;.

6. Radicals which are socles. In §5 we used already the notation S
of a socle. This is dual to the radical and in general we have

SyA=)Y (Imp,p: X > 4, XX}

for a class & of groups X. A socle S, is singly generated if S, = S, for
some group X. Many of the “classical” radicals share this property and
are socles at the same time. Hence the question arose which radicals are
also socles. [FOW2] derived the following result (Theorem 1.5):

Let X be a group. Suppose for every index set I that Ext( X7, X) = 0.
Then R 4 is a socle.

In this section we will show that this result unfortunately leads to the
known classical socles only. Here we will use an older result of [GP]
concerning the structure of Ext.

THEOREM 6.1. The following conditions for a group X are equivalent:

(1) Ext( X*, X) = 0 for all cardinals k.

(2) There are cardinals a( p), B(p) > 0 and p for primes p from two
disjoint sets m and 7', respectively, such that

X=Q®Pe P Z(p=)* e T] Jp(ﬁ(P)).

pPE™ pET

Proof. (1) — (2). First we want to show that (1) implies

(2*) X is cotorsion.

Since bounded groups are cotorsion we may assume that X is un-
bounded. Hence Z C X* and also Z* C X*. The sequence 0 — Z* —» X*
— B — 0 implies the exact sequence Ext( X*, X) — Ext(Z*, X) — 0.

We apply (1) to obtain Ext(Z", X) = 0 for all cardinals «.

From a result in R. Gobel and R. Prelle [GP, p. 424, Theorem] we
conclude that X is cotorsion and (2*) is shown.

If Z, C X, the same argument applies to show Ex¢(Z,, X) = 0. On
the other hand we have Ext(Z,, X) = X/pX and therefore X/pX = 0.
Hence X is p-divisible. This shows that the torsion part X of X must be
divisible and therefore X = X/tX @ tX. If tX = 0, then X is torsion-free
and algebraically compact by (2*). The structure of X is then well-known
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and (2) is shown in this case. If X # 0, then X = @pEWZ(p‘”)("‘(P” for
cardinals a( p) > 0 and a set # # & of primes. Therefore

Ext(Z(p>®), X/tX)=0 forpen
and
X/tX=Q" l—[ Jp(B(p))
pET’

for cardinals B( p) > 0 and another set 7" of primes.

Obviously Ext(Z(p>), J,) = 0 holds for all p € 7 and ¢ € #’. This
implies that J_ is p-divisible, cf. L. Fuchs [Ful, Vol. 1, p. 224]. We
conclude p # ¢ and therefore7 N7’ = &.

(2) = (1). Let

D = I_[ Jp(B(p))

pET
and observe that D is torsion-free and cotorsion-free. Denote also

X=Q®a @ z(p*)*" e D~
pE™
Since X = Q» & 8., p®) P @ D and divisible groups are injec-
tive we compute Ext( X*, X) = Ext( X*, D). From elementary properties
of cotorsion groups which can be found in L. Fuchs [Ful, Vol. I, §54] we
compute

Ext( X", X) = Ext(Q<P’> o @ Z(p»)“"" e D, D)

pE™

- x| @ 2(p)""”, D) = [] Bx(z(p*), )"
PET PET

Since 7 N7’ = &, we derive Ext(Z( p*), D) = 0 and also Ext( X", X)

= 0. ]

COROLLARY 6.2. If Ext( X", X) = O for all cardinals «, then R is a
socle, in fact one of the following classical radicals: Let tA be the torsion
of A and t¥ = @ gép(tA) o Where (tA), is the g-component of tA. Let
(p©:t)A = U for U/tA = p“(A/tA) be the cocomposition of p® and t (in
the sense of [FOW2)). If X is as in (6.1)(2) and e, = id if p = O, respectively,
e, =tifp # 0,thenwehave Ry =¢, NN, " NN ,c.(p“: 1)

REMARK. Observe that R 5= (p®:t). Then (6.2) follows immediately
from (6.1). Hence Theorem 1.5 in [FOW2] leads only to known socles.
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COROLLARY 6.3. If X is an abelian group such that End, X ¢ id - Q,
then R y is not a socle.

REMARK. Many classes (not even sets) of such groups X have been
constructed in a number of papers, compare [DG1] and [DG2].

Proof. Since End, X ¢ Q, the endomorphism ring End, X is cotor-
sion-free by definition. Hence X is also cotorsion-free as shown in [DG1,
p- 323, Theorem 2.4]. From (6.1) we derive Ext( X", X) # 0 for some
cardinal k > 8,. The inclusion map (X*)®™ C X* leads to the exact
sequence

Ext( X", X) = Ext((X*)™, X) = Ext(X*, X)™ - 0.

Since Ext(X*, X) # 0 is divisible, Ext( X*, X)5 contains an element of
infinite order. From [FOWI1, Theorem 1.4] and End, X ¢ id - Q we
derive that R , cannot be a socle.
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