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ON THE MINORANT PROPERTIES IN C,(H)

M. DECHAMPS-GONDIM, F. LUST-PIQUARD AND H. QUEFFELEC

We improve in two directions a recent result of B. Simon about the
minorant property in C,(f/); the methods also allow us to extend a result
of H. Shapiro and to obtain an apparently new result on matrices with
positive entries.

Introduction. Let H be a complex Hilbert space, which will always
be the space /? of square summable sequences or the space /2 of all
n-tuples of complex numbers with the hermitian norm, equipped once and
for all with an orthogonal basis (e;),., (I finite or countable). Let K( H)
be the set of all compact operators of H; if C € K(H), put |C| = yC*C
and let p,(C), p,(C),...,u;(C) be the eigenvalues of |C|, rearranged in
decreasing order; if 1 < p < oo, put

1
Il = ((Z (w (€))7} = (reiel )" = [e(crey ]
iel

(where for 4 € K(H),Tr A o Y,/ (Ae,, e,) is the trace of A whenever it
exists).

Let C,(H) be the set of all C € K(H) such that ICll, < o0, (C,(H)
= K(H) and ||C||,, = n,(C) is the usual operator norm of C). It is well
known that C,( H), with the norm || || ,, is a Banach space ([11]).

For C € K(H), we put

¢, = <C(ej), e,> = Tr(C (e, ® ej)) = C(i, j).

In the last inequality, c, } is considered as a Fourier coefficient with
respect to the orthonormal (in the Hilbert—Schmidt sense) system
(e, ® e;)(; ,yerxs and this allows us to keep the analogy with the com-
mutative case ([3],[4]) in the definitions below (recall that e, ® e, is the

operator of rank one defined by:

(e;® e )(x) =(x,e)e,).

DEerINITION 1. If 4, B € K(H), we say that 4 is a minorant of B if
la, | < b, for (i, j) € I X J, thatis if |[4] < B. We say that C,(H) has the
minorant property, and we abbreviate this to (m)-property, if

A.Be C(H) and |A|< B =4, <|B],.
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We introduce a slightly different definition, the role of which appears
in the third part of this paper (Theorem 3).

DEFINITION 2. We say that C,( H) has the positive minorant property,
and we abbreviate this to (m™)-property, if

A,Be C,(H) and 0<4 < B=|4]|, <|B|,.

We will begin by giving a survey a results already known about the
(m)-property. The first questions is: for which p does C,(H) have (m)? It
is well known, and simple to prove, }hat if p = 2k, k an integer, C,(H)
has (m): if 4, B € C,(H) and |4]| < B, then

44| <B*B, |(4*4)"|<(B*B)"
and

4 14
l4lly = Tr(4*4)* < Te(B*B)" =||B;.

It is also obvious that C_( H) has (m).

In ([8]), V. Peller proved that 1 < p < oo, p # 2k, k an integer,
G, 2) does not have (m). The answer for C,(H) is then analogous to the
answer for the commutative case of L7-spaces that has already been
considered and solved by G. H. Hardy-J. Littlewood ([7]) and R. P. Boas
([2). It follows from V. Peller’s result that there must exist some n for
which C,(/ 2) does not have (m), if p # 2k, k an integer; but the proof,
which relies on the theory of Hankel operators ([9]) and on ([11]) does not
provide an estimate for n. In ([12]), B. Simon gives a simple proof (which
relies only on [2]) that (m) fails for C,(/ 2) if p + 2k, and his proof gives
an explicit n for which (m) fails for Cp(lf). More prescisely, B. Simon
introduces the following definition.

DEFINITION 3. If 1 <p < o0, p # 2k, N(p) denotes the smallest
integer n such that C,(/) does not have (m).

B. Simon proved in ([12])

() N(p) < 2Ap/2]+5

(i) N(p)=3ifp=>2
(where [x] is the greatest integer v such that v < x) and he remarked that
it would be interesting to know the precise value of N( p).

This paper will be divided into three parts. In the first part, we
improve (i) to show that

(I N(p)<|[p/2] +2.
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(Equivalently, if p <2(n — 1), Cp(l,f) does not have (m)). We give a
simple and explicit counter example (Theorem 1, «) whereas in ([2]) and
({12]) the methods are variational. Our counter example, in its variational
version (Theorem 1, B) extends to the non commutative case a result of H.
Shapiro ([10]). It is also possible to formulate 8 in terms of the minorant
property for some Banach space of operators C ( H), where ¢ is an Orlicz
function: we refer to ([4]) for this.
In the second part, we improve (ii) to show that

(11) N(p)=>4 ifp>4
(equivalently, C,(/3) has (m) if p > 4; because of (I), it has not (m) if
1 < p < 4,p # 2). It follows from (I) and (II) that
N(p)=1[p/2] +2 ifl<p<6,p+24.

We conjecture that this is the correct value of N( p) for all p, p # 2k.
Equivalently, we conjecture that C,(/7) has (m) if p > 2(n — 1).

In the third part, using the Gateaux-differentiability of the C,-norm,
we prove that the (m™) property is equivalent to the following;:

if Be C,(H) and B >0, then(B*B)”*'B*>0  (Theorem 3).

In particular, from this result and from (II) we derive the following fact: if
B is a (3 X 3) matrix with positive entries, for « > 2 the matrix (B*B)*
has positive entries. An analogous result, with a more direct approach,
was obtained by B. Virot (Theorem 5).

In view of these results, it would be interesting to know if the (m™)
property is actually weaker than (m). We know no case in which (m™)
holds and not (m). What we know about (m™) is collected in Theorem 4.

Part 1. We shall prove the following theorem.

THEOREM 1.

(a) Let 1 < p < oo, p # 2k. Then N(p) <[ p/2] + 2 (equivalently, if
p < 2(n — 1), C,(17) does not have (m)).

(B) More generally, let ¢ be a strictly increasing C* convex function on
R™, vanishing at zero and y(t) = @(Vt). Suppose that some derivative of
is negative at some point of |0, co[, and let n be the smallest integer such that
this happens; then, there exists A and B inK(I?) such that |A| < B, but

Tr{e(14)] > Tr{e(|B)].

Before giving the proof, we shall make some comments: another way
to formulate (B) is the following: if for all 4, B € K(/?) such that
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]/ﬂ < B, we have: Ti[p(|4))] < Tr{e(|B])] (provided both members are
finite) then all the derivatives of ¥ must be positive on 10, oo[ and so, by
the classical result of Bernstein ([13]), ¢ must be of the form:
e(t)= Y a,t?", witha, > 0foralln > 0.
n>0

So, (B) is the extension in the operator case of the result of Shapiro ([10]).

Proof of Theorem 1 (a). Let n = [ p/2] + 2, U be the unitary permuta-
tion operator of /? defined by.

Ule,) = e,,...,U(e,_,) =e,, Ule,) = e,.

Let S be the symmetry operator defined by S(e,) = —e;, S(e;) = e, if
2 < i < n.(Any operator S such that S(e;) = ¢,e;, e, = +1,¢,--- ¢, = -1
would also work.)

Put A =1+ SU and B=1+ U. It is clear that |4| < B (in fact
|A| = B) and we claim that
(1) Tr(A*4)? > Tr(B*B)°.
It is easy to compute explicitly the proper values of A and B, ad therefore
those of A*A4 and B*B. (Observe that 4 and B are normal matrices). In
fact, if one puts a = """, w = &%, v, = L7_,w’*e,, w, = L"_ (w*a)’e, for
1 < k < n, one has

U(v,) = @*v,, and SU(w,) = & aw,,

so that the eigenvalues of 4*4 and B*B are respectively [l + e@k*Din/n|2
and |1 + e2%'"/"|2, the corresponding eigenvectors being, respectively, w,
and v, 1 < k < n. But we shall use a different presentation.

In order to prove (1), observe that
(2) A*A =2(I+V) and B*B=2(1+ W)

* %
with ¥ = SU +(SU) W= U+ U ‘
2 2
It is easy to check the following relations:
0 ifk=0(n)
3 TrU* = ’ d
3) f {n ifk=0(n), 0
0 if k= 0(n),
Tr(SU)* = . (m)
(-1)°n  if k = pn.
Moreover, by the binomial formula, we have:
4 Ifl>1,
vi= Y a,(SU)" and W'=Y a,U*

\kl<l \k|<!
k=1[(2) k=1(2)
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where a,, are strictly positive coefficients. Put, for / > 1,

C=01/Mq(q-1)---(g—1+1)

and note that:
(5) YIC|< o

(IC1/Cl =1 = (g +1)/1+ O(1/1%), 50 that |C = O(I"*"") when
tends to infinity),

(6) ¢,>0,...,C,,>0,C,<0, and signC,,r=(-1)""" ifr>0.
Using (5) and the fact that Max(|V||.., [|W]l|,,) < 1, we can write:

(7) (I+V)' —(I+ W)= f c v - w].

Taking the traces of both members, and taking account of (3) and (4), we
get:

8) Tr(I+ V)" —Tri(I+ W)' =Y C ¥ a,[T(SU)* - Tr U]
=1 \k|<!
k=1(2)

= Z Z (-2n)a,C,.
reZ I>1k|
k=Q2r+1)h |=k(Q2)
The indices / which appear on the right-side of (8) are all of the form:

I=|k|+ 20 =2r + 1n + 20" = (2r' + 1)n + 2I'
=n+20" with!” > 0.

By (6), C, < 0, so the right-hand side of (8) is a sum of positive terms
and

Te(I+ V) > Te(1 + W)°.

In view of (2), this implies (1), and («) is proved.
(B) We shall need the following relations, which are obvious conse-
quences of (3) and (4)

TrVi=Trw' =0 ifl<l<n-—1,/0dd,
9) TrV' =Tr W' = a,, ifl <l/<n-—1,/even,
TrV"—TrW" = -4n27" < 0.

Let n be as in the hypotheses of (f), £ be a positive number such that
YM(§) < 0,U, S, I as before, a > 0 and b > 0 such that a? + b? = ¢ with
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b0 and a 1 £, and put:
A =al + bSU, B =al + bU,

(so that A and B belong to a neighborhood of £1). It is clear that |4| < B,
(in fact, || = B) and we claim that

(10) Tr[y(A*4)] > Tr[¢(B*B)] for b small enough.
In order to prove (10), observe that
(11) A*A = &1 + 2abV and B*B = §{I + 2abW.

V and W, being normal operators, can be diagonalized so that the
following symbolic Taylor formulas are valid:

Y (A*A4) = nz (2ab) 1‘!/(l)(g)Vﬂ + O(bn+l)
=0
v(58) = % LY gy R gy 1 o)

=0

Subtracting and taking traces, we get in view of (9):

(12) Tely(42)] - Tely(B*B) | = ~an2 228V yon(e) 4 o).

Since Y (§) < 0, (12) proves (10) for b small enough.

Part 2. We shall prove the following theorem:

THEOREM 2. Let p >4, A and B two (3 X 3) matrices such that
|A| < B. Then || A||, < || Bl

Equivalently, N(p) = 4ifp > 4, p # 2k.

We shall need the two following lemmas, the first of which plays a
fundamental role in the theory of C,-spaces.

LEMMA 1 ([6],[11]). Let a; > --- 2 ay>0and by > --- = by > 0.
Let @ be an increasing convex function on [0, oo [. Suppose that

k k
Ya,<Xb fork=1,. N
1 1

Then, Z{Vq)(aj) < Zqu)(bj).
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LEMMA 2. Let 0 < a; < --+ < a,, be positive exponents, and let P(x)
=a,+ ax® + --- a,x% a “polynomial” with real coefficients a,, not all
zero. Put

V==#{i/a,a,, <0}, Z=#{x>0/P(x)=0}.
Then Z < V.

Lemma 2 is a generalization of the well-known theorem of Descartes
for polynomials; a sketch of the proof can be found in ([1]), but the
slavish imitation of Descartes’s proof is quicker.

Proof of Theorem 2. Let A and B be two (3 X 3) matrices such that
|4] < B. Let us denote by A, = A, > A, (tesp. p; = #, > p,) the eigenval-
ues of A*A4 (resp. B*B) rearranged in decreasing order. Let ¢ = p/2 > 2
we claim that

3 3
(13) A< Y pl,
1 1

To prove (13), we may as well assume that

(14) Z}\i = ZP‘,‘-

In fact, the extreme points of the parallelotope of R® defined by |x;, A= b
are the points (x;;) such that |x, | = b,;, 1 < i, j < 3; so that one has a
convex combination a,, = X, A, a'), with |a{| = b, for all i, j, k. If 4X
is the element of K(/3) defined by <A”‘)(ej), e,> = a{}), we then have

A =X\, A, For the operators AX, (14) holds because, for every k,
2
Zk(ik) = Z ]al(jk) = Zbizj = ZP‘:‘-
i iy N

(If AP > AP > A are eigenvalues of 4%)°4%).) If we are able to deduce
the result when (14) holds, we have: ||A(")||p < ||B||, for all k, and then

”Ap”,, < 2AJAPN < XA B, =|1B),.

So, in the following, we shall assume that (14) holds.
Suppose that (13) is false and consider the continuous function

g(r)= XN, — X} pl, sothatg(q)> 0.

Let » be an integer such that » > g; since C,(/3) and C,,(/?) have (m), we
have:

(15) g(2) <0 and g(») <O.
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By the intermediate value theorem, there exists g, €[2, g[ and ¢, €]gq, 7]
such that

(16) g(q)=28(q,)=0 (g, <q,)
Notice that
(7) AL < py.

In fact, A\, = ||4]|2, p, = ||B|%, and C_(/3) trivially has (m). We shall
] o\ "3

o0?

prove that (14) and (16) contradict Lemma 2 for some property chosen
polynomial P. Let us distinguish two cases:

Casel.A; > 0.

If A, + A, < p, + py, (14), (17) and the application of Lemma 1 to
@(t) = t? gives us (13). So, we may assume A, + A, > u; + p,. Because
of (17) we then have A, > p, and because of (14)

Ay=py+(p+py— A = Ay) <py.

Multiplying all A,’s, u,’s by the same constant, we may assume that
A; = 1; so that if

l,=LogA, and m,= Loguy,

we have the following situation

0 [y m, n, l, L m,
We can write
g(r)=P(x)= Y xh— Y x™ withx=e".
In view of the preceding picture, let us rewrite:
P(x)=x5—x™m — x™ 4+ x>+ xh — x™

with the notations of Lemma 2, we have V' = 3 and Z > 4, in fact, due to
(14) and (16), P vanishes at 1, e, e®, e%. This proves (13) by contradic-
tion.

Case2.\; = 0.

By (18) py; > 0 and as before we may assume p; > 1, we then
consider Q(x) = —x™ — x™ + x2 + xh" — x™, and have V< 2, Z > 3,
which again proves (13) by contradiction.

Part 3. First, recall the following lemma on the Gateaux-differentia-
bility of the norm in normed spaces E with strictly convex dual E’.
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LEMMA 3 ([5])). Let E be a complex normed space, and b € E, b # 0;
assume that the norm is smooth at b, that is to say: there exists a unique
beE, b =1, (B, b) = ||b||. Then, the norm in E is Gateaux-differentia-
ble at b; more precisely,

Ve € E, ”b + tcH by _ R[(b c)]

teR
t—0

Observe that the lemma is applicable when the norm of E’ is strictly
convex, a fortiori when it is uniformly convex; if E = C,(H),1 < p < oo,
E’ = C,(H) is uniformly convex by the Clarkson-McCarthy inequalities
([11]), so that Lemma 3 may be applied to C,(H) (1 <p < o0). If
B € C,(H), and IBIl, = 1, we easily compute:

(20) B = (B*B)"*"'B*,

(This has a meaning even when 1 <p <2, and B is not injective by
putting B(x) = 0 if B(x) = 0.) It is clear that (B, B) = Tr BB = 1||B||,
and to check that HBH =1, use a polar decomposition of B and the
invariance of the C,-norm under multiplication by a unitary operator; by

extension, in the followmg B will always be given by (20), even when
iBllp # 1.

THEOREM 3. Let1 < p < o0

(1) the following are equivalent:

(a) C,(H) has (m"™)

(b)Be C(H)andB> 0= B>o. (In particular (B*B)""* > 0).
(2) In partzcular if Bis a (3 X 3) matrix such that B > 0, then

(B*B)* >0 fora=>2.

Proof. (a) = (b). Let B € C »(H), with B > 0; we may assume that
1Bl|, = 1; let C € C,(H), with C > 0; first, it is clear that B has real
entries (B*B can be dlagonahzed by the real orthogonal group); besides, if
t > 0, we get from (a):

I1Bll> <||B + Cl,

so that by Lemma 3
IIB +1C|l, — |IBll,

=R[TrBC] =TrB > 0.

> t
t—0

Testing this with the operators of rank one C = e, ® e;, we get (b).
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(b) = (a). Let B,C € C,(H) with B> 0, C >0, let us prove that
1B, < ||B + C||,. Observe that,if 0 <7, <1

[%HB + tC||p]'=to = Tr[(B + 1,0)C] = 0 by (b),

so that the function ¢ — ||B + ¢C]| , is increasing.

(2) follows trivially from (1) and from Theorem 2.

In view of Theorem 3, the property (m™) is of interest: it is quite
simple to verify that the properties (m) and (m™) are equivalent in C,(/ 2)
(Theorem 4(c) below), but in the finite-dimensional case and if p > 2, we
do not know if (m™) is weaker than (m). We shall prove the following
results about (m™):

THEOREM 4.

(@) If 1 < p <2, C,(13) does not have (m™).

(b) If n is even, n > 4, Cp(lf) does not have (m™) if 1 <p <n— 2,
p * 2k.

If nis odd, n > 5, Cp(lf) does not have (m™) if 1 <p <n — 3,

p # 2k.

(d) If p>2 and Cp(lf) has (m™), then A, B € K(I?) and |A3 < B
implies the following

{ l4], < 27 = 1)?|B|,  if 4 is real,

l4]l, < 227 = 1)"?||B|, if A is complex.
Proof. (a) Let
|1 1 _ |11 1
A_[l 0] and B [1 d
We shall prove that ||4]|, > || B||, for d small enough (depending on p);
the eigenvalues of B are:

ford > 0.

(d+1+Vd>-2d+5) and
A, = l(d+1—¢aﬂ—2d+5).

2
Since B is symmetric, we have p;(B) = |A;| = A, and p,(B) = |]A,|| = A,
for d small enough, so that:

27|Bl, = (d+1+Vd*—2d+5)" +(-d~1+Vd>*-2d +5)"
= f(d)

and we claim that f'(0) < 0if p < 2. In fact:

%f’(O) = (1 - %)(1 +V5)77! -(1 + %)(\E — 1)

A =

N =
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so that f/(0) < 0 iff (V5 + 1)?72 < (5 — 1)?~2, which is equivalent to
p <2

(b) the proof is similar to a proof of ([10]).

We shall first examine the case n even; put m = n/2, g = p/2. We
then have ¢ < m — 1 and we may clearly assume ¢ > m — 2. By (b) of
Theorem 3, it suffices to find an (n X n) matrix B such that B >0, and
such that (B*B)Y has some negative entry: this will be the case if
Tr[(B*B)4C] < 0 for some C with positive entries; we shall take:

B =V1 — r*I + rU, where Uis asin Theorem1 and 0 < r < 1,

cC=U"

B*B = I + pW where p = 2r/1 — r?> — 0 when r — 0, and where W
is as in (2). Observe that if C, = (1/I)g(¢ — 1) ---(¢ — [+ 1) for I > 1,
we have C,, < 0 and

m—1
(21) (B*B) =1+ Y. Co'W'+ C,0"W™+ O(p™*").

=1
When one computes W'C for 0 < / < m — 1, only the following powers
of U appear:

m, m+1, m+2,...m+(m-—1).
In view of (3), we then have:
(22) TTWiIC=0 if0<li<m-—1.
On the other hand, we have
(23) TewmC=2""""Trl =n2""*"> 0.
(21), (22), (23) give:

(24) Tr[(B*B)C]| = n2-"*Yp"c,, + O(p™*!)

and the right-hand side of (24) is negative for r small enough. The case n
odd is treated in a similar way: just put m = (n — 1) /2, B as before, and
C = Um+1.

(c) A close examination of ([12]) shows that in fact C)(! %) has (m™)
iff p = 2k or p = oo so that C,(/?) has (m") iff C,(/*) has (m). One can
also argue directly as follows: if C,(/ 2) has (m™), then trivially: | 4| < B
implies ||4]|, < 4||B||,- But it follows from the tensor product argument
of ([12]) that if, for a certain constant M

|A| < B implies || A||, < M||B|,.

then C,(/ %) has (m); so we conclude that (m™) is equivalent to m) for
C,(1?).
P
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(d) It is enough to deal with the case 4 real; put A*= (a})
A= (a;;), wehaved =A4"— A and 0 < 47+ A"< B. By the Clarkson-
MacCarthy inequality ([1]) forp > 2

12 1P — 4 _nP
4= A7[p +]l 4"+ 47| < 277, + A7)
So that using (m™*) twice we get:
la* = 47, < 27 = D]la*+ 47| < 27 = 1)||B].
Let us now explain Virot’s result, which is as follows:

THEOREM 5 (B. Virot). Let E be a positive-definite (3 X 3) matrix with
positive entries, f a real positive function on [0, o[ such that f(t) is convex
and f(Vt) concave; then f(E) has posiitve entries; in particular, E* has
positive entries if a > 1.

Proof. By a standard perturbation argument, we may assume that the
eigenvalues of E are distinct, let them be A; < A, < A; one easily com-
putes real numbers a,, a,, a, such that:

(25) f(E) =ayI + a,E + a,E>.
If A= (A, = A)(A; — A))(A; — A,), one finds in particular:
Aay = (f(A;) = FAD)(Ns = X)) = (F(A3) = F(A)(A; = M),

Aa, = (f(}‘3) _f()\l))(}\z -\) _(f(}\1))(>\3 - ).
So that a;, > 0 iff

f(>‘2) _f(}\l) > f(>\3) _f(}‘1)
- -
This will be true if f(V7) is concave. In the same way a, > 0iff
f(}‘3) —f(}\1) > f(}\z) _f(}\l)
Ay — A A,— A,
This will be true if fis convex; so that under the hypotheses of Theorem 5,
(25) shows that (f(E)),; = 0 if i # j; we know nothing about the sign of
a,, but it is a priori clear, that (f(E)), = 0 since f(E) is a positive-defi-
nite operator; this can be applied to the function f(¢) = t*for 1 < a < 2;
but, then, E* has positive entries for all @ > 1 because E* = E*E* with
a positive integer and £ a real number such that 1 < 8 < 2.
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