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THE BOUNDARY BEHAVIOUR OF
HARMONIC UNIVALENT MAPS

YUSUF ABU-MUHANNA AND ABDALLAH LyzzAlk

Let D denote the open unit disc in the complex plane and f = h+g
a complex-valued, harmonic, univalent and orientation preserving map
in D, where / and g are analytic in D. We show that g,» € H* and
f € h* for some A > 0, where H* (h*) is the Hardy space of order 1
for analytic (harmonic) functions. We also study the correspondence
under f between 9D (boundary of D) and the prime ends of f(D).

1. Introduction. Let D denote the open unit disk and Sy denote the
class of all complex valued, harmonic, orientation-preserving, univa-
lent functions f in D normalized by

(1) f(0)=0 and f;(0)=1.
Each f € Sy can be expressed as
f=h+%g

where h = z+ 3 °,a,z" and g = > )2, byz" are analytic in D.
Clunie and Sheil-Small, [3], studied Sy together with some geometric
subclasses of Sy. They proved, among other results, that Sy is normal
with respect to the topology of uniform convergence on compact sub-
sets of D. In this paper, we study the aspect of boundary behaviour
of functions in Sy. We point out that, although some of our results
are stated for f € Sy, conditions (1) are not needed.

It is known that, when f € Sy is also analytic, the length of the
image of the radius [0,e%], f; |f'(re’)|dr, is finite for all @ except
for a set of logarithmic capacity zero [8, p. 341]. It is also known
that f € H*, 0 < A < §, where H* is the Hardy space of analytic
functions of order A [8, p. 127], [5, p. 61]. In §2, we prove that the
length of the image of the radius [0, e!] under f € Sy, fol l%é(rew)l,
is finite for almost all . We also prove that 4, g € H* and f € h*
for some A small, where h* is the Hardy space of harmonic functions
of order A [4, p. 2]. Furthermore, as a corollary, we conclude that the
radial limits h(e'®) = lim,_,- h(re’®), g(e’?) = lim,_,- g(re’?) and
f(ei®) =lim,_,,- f(re'®) exist for almost all 6 [4, pp. 15-17].
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One of the many differences between harmonic univalent maps and
conformal maps is that a harmonic univalent map can be constant on
an interval of the boundary of D, dD. In §3, we show that if f € Sy
and f is constant on an interval then the interval “corresponds” to a
prime-end satisfying a wedge condition (see Theorem 3). In addition,
we obtain some corollaries.

In §4, we study the correspondence, under f € Sy, between points
of 9D and the prime-ends of f(D) (see Theorems 6, 7).

2. Radial limits. First, we have the following two lemmas.
LEMMA 1. Let f = h+g € Sy. Thenlogh' is a Bloch function, that
S,
hll(z)
@ ")
for some absolute constant c.

c

T
A (z=re"),

Proof. For fixed { € D consider the function

f(l—sz;) IiGs )
F(z)= R

Then F € Sy, and we can write
F(z) = H(z) + G(2),

where
H(z)=z+ iAnZ".
By direct computation we obtain "
— (1= KPR g — 2
Since A = supg,, |as| is finite [3],
1= [Pl | <2442,

and the proof is complete since { is arbitrary.

LEMMA 2. Let h be an analytic and locally univalent function in D
satisfying inequality (2). If a > 0, then

lim (1 - r)*h (re'y =0

for almost all 6.
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This is a result of J. Clunie and T. MacGregor [2], [7, p. 73]. As a
consequence of Lemma 2 we have the following theorem.

THEOREM 1. Let f = h+ g € Sy. Then the integrals

! I 1
/ |W' (re'®)|dr, / |g'(re'®)|dr, and / -
0 0 0

converge for almost all 0, and the boundary function f(e'®) exists al-
most everywhere.

Proof. Choose 0 < a < 1. Then by Lemma 2,
lim (1 - r)*h' (re’) =0
r—1-

for almost all 8. Hence we have

ko

|W (re'%) < T

for some constant ky, which gives at once fol |W'(re'?)|dr < oo for
almost all 8. This yields directly the convergence of the other integrals
since |g'| < |A'| because f € Sy, and

af(re"") = e'9h'(re'?) + eif g'(rei?).
Now observe that fo |—£ (r,0)|dr < oo means that the image curve

under f of the radius: re"’ 0 < r < 1 is rectifiable. This evidently
implies that f(e?) exists a.e. and the proof is complete.

Our next result states that every normalized harmonic univalent
map together with its analytic and coanalytic parts belong to some
Hardy spaces which also imply that 7 (e'?) exists almost everywhere.
In particular, we have:

THEOREM 2. Let f =h+2 € Sy. Then h,g € H* and f € h* for
every A, 0 < A < 1/c?, where c is the absolute constant of Lemma 1.

Proof. First we show that A € H* for all A < 1/c2. For this purpose
we show that for A > 0 the inequality:

G B = [ ee)Pao
<2014+ 22cHa-n"F  (0<r<i)
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where B = 5= (V1 +4c222 — 1) < ¢222 and c is the constant of Lem-
ma 1.

The proof of (3) is an adaptation of that of Lemma 5.3 in [8,
pp. 128-129] from which it follows that for rp < r < 1 and 1 > 0,

@) L(r ') < u(r) = Ki(e,ro, A)(1 = 1)™F + Ks(e, 7o, 2)(1 = ) *!

where
5) Ki(e.10,2) = 15 10, H)(1 = )
+ 7 +12ﬂ1'(ro,h')(1 — rg)?+h,
and
(6) Ka(eor,2) = Lyp (o, H) (1 = ro) !
1+12ﬂ1/1(r0,h')(1 o).
Using Lemma 5.1 [8, pp. 125-126] and Lemma 1, we obtain
avrem=50 [Cweenr| B e,'Z))
< (—fi_%l,{(r, h.
Then
rIi(r,h') < c?A? /0 ' Zl—_t—t—)il,l(t, h')dt

r
242 ' !
<c°A 1,1(r,h)/0 a— dt

since I;(¢, ') is a nondecreasing function of . Hence

242
lr I(ro, h').
— 71

0< Ij(ro, ) <

Using this inequality in (5) and (6) we infer

1+ B +c2a?

OSK[(C,"O,A)S 1+2ﬂ

Li(ro, ')(1 = rp)#,

and

292
0 < Kj(c,r9,4) < f+ca

LA ’ _ -p-1
<728 I;(ro, h')(1 = 1p) .
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Consequently by using (4) for ry < r < 1 we obtain

212
L(r W) < [%%‘L{(ro,h')(l Y
’ E%E;gﬁi’i“b’h”<l-n»‘ﬁ"'<1—-rvﬂ*‘]<1._r)—ﬂ
212
=2 [%%ilﬂ("o’h’)(l - ’0)_ﬂ—l] (1-r)"".

Since rq is arbitrary we can let ry tend to zero. This proves our claim
because
1 =Ah(0) = lim I;(ry, )
ro—0
and
14 B +c%A?
1+2p
attains its maximum value for f > 0 at g = 0.
Now we prove that A € H* for 0 < A < 1/c2. The tools of proof are
the maximal function of h defined by

r .
h*(r, 6) = / max i (se'?)| d
0 st
which clearly majorises /2, and the inequality

n T £\ A
(7 [h*(r, )1 d6 < 2(1 —r)* / (%%-) de

-7 bt (4

r .4 *\ A
+2)./ (1 —t)“dt/ (ah ) deé.
0 - ot

Both the maximal function and inequality (7) are due to Hardy and
Littlewood [6, pp. 414-415]. So also the fact that there is an absolute
constant, B;, depending only on A, such that

T Ot A 7 , 0 A
— 1
[ (5 ) o= [ (gaximeenn) ao

/4
<8 [ e
-

<2(1 4 233)B;(1 —r)=¢#
by using (3) and the fact f < ¢?A2. Then from (7) we obtain

[h*(re'®)) d6 < 2(1 + 2A%)By(1 — r)* 7€

-7

+44(1 +¢222)B; / (1= 1y gy,
0
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Ifo<i<l / c2, then A — Ac? > 0 and consequently

1 +C2)»2 )1—6212]

[h*(relo)]lde 4B+ Ol -r

x l
as r — 1~. Therefore h € H* for all 4, 0 < A< 1/c%.
In the same manner, we conclude that g € H* for the specific values
of A since |g’| < |h'|. Now h, g € H” yield directly that f = h+g € h*.
This completes the proof.

From the above proof we immediately conclude:

COROLLARY 1. Let h be analytic in D. Iflogh’ is a Bloch function,
then h € H* for some A.

3. f constant on some arc of 9 D. The purpose of this section is to
study the boundary behaviour of a function f € Sy along a closed
subarc of 9D on which f extends continuously to a constant function
there.

First, we need the following:

DEeFINITION 1. Let D be a simply connected domain in C with at
least two boundary points, P an accessible prime end, and (C,) a
null-chain of P. We say that D satisfies the wedge condition at P if
there exists a closed circular sector whose vertex belongs to the impres-
sion, I(P), otherwise it lies in D, and whose sides intersect C,, for all
large n.

We also need the functions F and ¢ associated with f € Sy such
that

(8) p=Flof
where F is a conformal map from D to f(D) satisfying F(0) = 0.
Hence ¢ is an automorphism of D with radial limits existing almost

everywhere.
The main theorem of this section can be stated as follows.

THEOREM 3. Let f = h+g € Sy. Suppose that [ extends continu-
ously to a nondegenerate subinterval, J, of 0D such that f(z) = wq for
all z € J. Then ¢(J) = A, |A| = 1, and if P is the prime end of f(D)
that corresponds to A, under F, then f(D) satisfies the wedge condition
at P.

For a definition of a prime-end see [8, pp. 271-277].

The proof of the theorem makes use of the following interesting
lemma.
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LEMMA 3. Let f = h + g be continuous on D, where h and g are
analytic in D. Suppose that f(z) = wy for all z belonging to a non-
degenerate subinterval J = {e'%: 6, < 6 < 0,} of dD. Then

(a) fy(z) = 0 as z — ¢ for every { € Int(J).

(b) h and g extend analytically to Int(J), and

(c) zh'(z) = zg'(z2) for all z € Int(J]).

Proof. (a) Since f is bounded, we can write
Y 1+ ze it
©)  f@) =3[ Re (sze—) fle'ydt, zeD.
Then
6 —it
fo(z)= = =2Im [/ Z—Ze——dt]
0

. (1= ze—it)2

2n+6, —it .
[T [ e

m Jo, (1—ze ")

Wy 1 1
=7 R¢ [1 —ze"i0h 11— ze—f"l}

, — Ze'—il)z

which gives

ILb0| 1 1
z)| < R _ -

”f”oo /27z+0. ze—it
2 ), M Ty

If { € Int(J), then for ¢ > O there is > 0 such that

I ze—it
‘ m [(1 = Ze_,-,)z]

dt.

<&, 0, <t<2n+6,, and

1 1
Re [1 —ze-i0: |- ze—iol] <&
for all z, |z — {| < J. Hence
w
o < (M4 20 )

and the proof of (a) is complete.
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(b) It follows from (9) that

2n —it )
W)= f() =5 | e e dt

— Ze-—it)
6 it 2n+6 —it
— ot L L€ ot
Bl 27[/0 (1—26"")2 dt+27'[ 0, (l_ze_i,)zf(e )dt

wo o0 _ o—ib:
T2 (1= ze ®)(1 = ze102)
1 2n+6, e——it it
+§/02 e et
Clearly, each of the latter terms is an analytic function in
C\(0 D\ Int(J)).

Hence /' is an analytic function there, and so / extends to an analytic
function in any simply connected domain containing D € Int(J).
As for g we have

N o Ty e—i0 _ pif
§(2)=12(2) = 3; [(1 ~ze0)(1 - ze~it)

1 2n+6, e~ it < it d
+%A T et
and arguing as above for 4, we conclude (b).

(c) This follows immediately from (a) and (b), and the fact that

fo(2) = i(zh'(2) - zg'(z2)), z € D.

Proof of Theorem. First we claim that there is no loss of generality in
assuming that f satisfies the hypotheses of Lemma 3. For otherwise we
can replace f by a function W which we construct as follows. Let y be
a crosscut of D meeting J at its endpoints, and let G be the subdomain
of D bounded by J Uy. Suppose without loss of generality that 0 € G,
and let y: D — G be a conformal map satisfying (0) = 0. Then the
function defined by W = (1/y'(0)) f o v satisfies the hypotheses of f
in Lemma 3. Since the desired result is intrinsic to f(D) and not to
W, our claim follows at once.

Hence, suppose that f is exactly as in Lemma 3. Also, suppose
that 4'(z) # O for all z € J; otherwise we take a subinterval of J
with this condition. Let {;,{, be a pair of distinct points of J, and
I the subinterval of J with endpoints {; and {,. Also let /;,/, be the
radii of D ending at {;, {, respectively, S the closed sector bounded
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by ITUljUl, Q= f(S), Ly = f(I;), and L, = f(/,). Then it follows
directly that Q is the simply connected subdomain of f(D) bounded
only by L, U L,.

First, we observe that the inner angle of € at w, exists and has size

Al | o) +TEd)
RO TP+ L)
_ Gih'(C1)
= |E $oh' (o)

because of Lemma 3.c.
Now suppose that f(D) does not satisfy the wedge condition at wy.
Then it is immediate in view of the above that

S (&)
arg =0
A
forall {;,{, € J; or equivalently,
zh'(z) = |z (z)|e™, z € Int(J),

where 7 is a constant. Then by Lemma 3 we also have
zg'(z) = |zK'(z)|le™™,  z eInt(J),

Hence .

%(z) =e?,  zelnt(J),

and 4'/g’ is a constant function in D by the identity theorem, and
|A’'| = |g'| in D. This contradicts that f € Sy. Therefore, our assump-
tion is false and f(D) satisfies the wedge condition at wy.

REMARK. The conclusion of theorem is best possible. In other
words, P may not be a prime-end of the first kind, that is the impres-
sion of P, I(P), is non-degenerate, as shown by the following example.

ExAMPLE 1. Let
+ + il

z
Kole) = Re [Ty +1m

It was shown in [3] that K, € Sy, Ky maps D to the complement of
the ray on the negative real-axis from —1/6 to oo and Ko({) = —1/6
for all { € 9D\{1}. Let a be the circular arc in D with endpoints 1,
i and perpendicular to 9D (see Figure 1). Let 8 = Ky(), G the lens
domain between 9D and « and H = Ky(G). Then H is the domain in
the upper half-plane bounded by 8 and [—-o0,—1/6]. Forn =1,2,...
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FIGURE 1

we let ', to be the horizontal slit in H ending at f and satisfying
Imw = % for w € I',, (see Figure 1). Then the arcs KO"(I‘,,) = ap, lie
in G and converge to D as shown. Let 4 denote the reflection of 4
about the real axis. Now we let

W:D— D\ J(e,Ud,) =A
Jj=1

Fy: D — Ko(D)\ G(l"n ul,) =Q
n=1

be the two conformal maps satisfying W (0) = Fy(0) = 0 and W'(0),
F'(0) > 0 and define

Jo=Kogo W,

bo = F; ' o fo.
Observe that A has two accessible prime-ends P;, P, of non-degenerate

impressions with accessible points i, —i and  has one accessible
prime end P with impression (—oo,—1/6], accessibility point —1/6
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and which satisfy the wedge condition. Note that there exist symmet-
ric points {,{ € 8D (¢ # —1,1) corresponding, under W, to P, and
P, respectively, and that —1 corresponds, under Fy, to P. Then f
extends continuously to the circular arc ending at { and { and con-
taining —1, fy = —1/6 there, and f)(D) satisfies the wedge condition
at P.

We finally prove two corollaries which extend a result for normal
functions [8, p. 267].

COROLLARY 2. Let f = u+ v € Sy satisfy u,v € h*, p > 1, and
a: z(t), 0 <t <1, be aJordan arc in D with |z(t)| — 1 (t — 1). If
£(2(8)) = wo(t — 1) and

(10) lim arg(f(z(2)) - wo)

exists, then z(t) — {(t — 1) for some { € 8D so that a is an asymptotic
path.

For the definition of an asymptotic path see [8, p. 267].

Proof. Suppose that the set of accumulation points of @ on D
form a nondegenerate arc I. Then f({) = wy for every { € I where
f(¢) exists. Because radial limits exist a.e. and u,v € k¥, p > 1, f
extends continuously to a constant function in Int(/). Using this, we
conclude from the proof of Theorem 3 that for distinct {;, {, € Int([)
the images /;, [, under f, of the radii ending at {;, {,, respectively, are
Jordan half-intervals in f(D), both ending at wy and make, in f(D),
an angle of positive size at wy. This contradicts (10), since each of
the arcs /; and /; meets f(a) in a sequence converging to wy, and the
proof is complete.

REMARK. Condition (10) of Corollary 2 is essential. For example:
ExAMPLE 2. Let f be the function defined by
1, 0<6<2n/3,
fe'®y =141, 2n/3< 6 < 4n/3,
—i, 4n/3<60<2n,

1 2n i0+ ;
f(z) = 5-7;/0 (Re ;’[9 b j) f(e'®)de.

Then f is a univalent harmonic map and f(D) is a triangle (see [3]).
Let y be a curve in D converging to a non-degenerate arc subset to the
arc {e!%: 0 < @ < n/2}. Then f(y) converges to 1.

and




12 YUSUF ABU-MUHANNA AND ABDALLAH LYZZAIK

COROLLARY 3. Let f be as in Corollary 2, wy an accessible point
of f(D), and aj: zj(t), 0 < t < 1 (j = 1,2) be Jordan arcs in D with
|zj@O)] = 1 (= 1). If f(z;(2)) = wo (1 = 1),

(11) lim arg(f(z;(1)) ~wo) =©  (j=1,2)

and the zero cusp at wy with sides f(«a;) lies in f(D), then z;(t) — {
(t—1;j=1,2) for some { € OD.

Proof. It follows at once from Corollary 2 that each «; is an asymp-
totic path with z;(t) — {; (t — 1). If {; # {,, then there exists a
Jordan arc I': z(¢), 0 < ¢t < 1, in D such that for some positive se-
quence t, — 1~ I meets o; at z;(t,) (j = 1,2) for all n, f(z(t)) — wo
(t— 1), and

lim arg(f(z(?)) — wo) = ©.

By Corollary 2 T" is an asymptotic path, a contradiction. This com-
pletes the proof.

RemARK. Condition (11) is essential. For example, let f be as in
Example 2 and «a;, o, be two disjoint curves terminating at e*/4 and
i. Then f(a;), f(a;y) terminate at 1 with a positive angle between
them.

4. Correspondence under f between D and the prime-ends of f(D).
Throughout this section, we let

(12) E={{e€dD: C(¢,0) is not a singleton}, and
G ={Ae€dD: C(¢~!,) is not a singleton}

where ¢ is as given by (8) and C(¢, {) is the cluster set of ¢ at {. For
the definition of a cluster set, see [1, p. 66] or [8, p. 276]. In addition,
let Cr(¢,{) and Cy(¢,{) denote the right and left cluster sets of ¢ at
¢ 1, p. 83].

We next state Theorem 4, whose proof is a consequence of Theorem
3 and the forthcoming Lemma 5.

THEOREM 4. Let A € G. Then the prime-end P of f(D) corre-
sponding to A, under F, is accessible and satisfies the wedge condition
at P.

The next lemma is purely topological and is true for all automor-
phisms of D with radial limits almost everywhere.



HARMONIC UNIVALENT MAPS 13

LEmMMA 4. Let {, {' € 0D.

(@) If C(¢,¢) = 8D, then ¢ extends continuously to a constant A,
|A| =1, on dD\(, and { is unique.

(b) If C(4,8), C(¢,L') are not dD, then IntC(¢,¢) N C(p,¢') =
C(p, ) NIntC(9, (") = ¢.

©) IfC(d,5)NC(¢, &) =4, |A| = 1, then ¢ extends continuously to
an open circular arc between { and (', and ¢ = A there.

Proof. (a) Let y be a union of two radii of D so that { and {’ are
on different sides of y and ¢ has radial limits along these radii. Since
C(¢,¢) = 0D, ¢(y) is a loop that meets 0D at a unique point A. We
infer at once that C(¢,{’') = A for all {' # {, and { is unique. This
proves (a).

(b) Choose ¢y, {, € D, different from {, {’, so that the radial limits
q@(C 1), qAS(Cz) exist and the crosscup y, made up of the radii terminating
at {; and {,, separates { and {’ in D. Then the crosscut, ¢(y) of D,
separates D into two simply connected domains such that one contains
C(¢,{) on its boundary and the other C(¢, {’). This proves (b).

(c) If C(¢,{) = 9D for some o € 3D, then we are done. Suppose
otherwise and let I, I' be the subarcs of 9D determined by ({, {'. If
for every {; € Int(I), ¢(a) exists and ¢({;) = 4, then (c) follows,
otherwise choose {; € Int(Z), {, € Int(I’) such that ¢({;), #({>) exists
and ¢({;) # A. Then an argument similar to that of (b) yields (c) and
the proof is complete.

REMARK. (1) K| indicates that (a) is possible.
(2) It follows from Lemma 4, that the set E (see [12]) is at most
countable.

LEMMA 5. Let {,{' € dD.

(a) If C(¢,{) = 0D, then f extends continuously to dD\{ and f is
constant there.

(b) If C(¢, )N C(¢, L") = A, |A| = 1, then f extends continuously to
an open circular arc between { and (', and f = F () there.

Proof. (a) By Lemma 4 ¢ extends continuously to some constant,
A, |[A] = 1 on 8D\{. Let {;,¢{, € dD\{ be chosen such that f({;),
f(&§,) exist. If y;, p, are the images, under ¢, of the radii ending at
1, £, respectively, then y;, v, are asymptotic paths of F both ending
at A. Since F is univalent, F is normal (see [8, pp. 262-263]), and
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F(£y) = F({y) (see [8, p. 267]). Therefore, f({1) = f({2). Since {j,
{, are arbitrary, the desired result follows.

The truth of (b) follows in the same manner. This completes the
proof.

As an immediate consequence of Theorem 4 we have

COROLLARY 4. Suppose that f(D) does not satisfy the wedge condi-
tion at the prime-end P corresponding to A € D, then there exists a
unique { € 0D such that A € C(¢,{).

In what follows, we assume that f = u+ iv satisfies u,v € h?, p > 1.
Let [a,b], a # b € CU {00}, denote the line segment from a to b.
We call [a, b] a side of a domain H if no point of the interior, (a, b),
of [a, b] is a point of accumulation of d H\[a, b] and H lies on the left

of [a,b]. For A, A, € 8D, let 4,4, be the circular arc described by
going positively from A; to 4,.

Suppose that f is defined on an open subarc {¢?f: 6y —J < 0 <
6o + 6} of dD. We say that f is constant on the right (left) of e'% if
f(e%) is constant for all 6, 6y — 6 < 0 < 0y (g < 0 < Oy + 9).

The following theorem describes the cluster set of f at a point
in E.

THEOREM 5. Let f = u+iv, u,v € h?, p > 1, {; = e'® € E and
C(¢,%0) = A142. Then

C(f’CO) =Il U[aab]UIZ,

where [a, b] is a side of 3 f(D), and I} = a (I, = b) if f is constant on
the right (left) of (o, otherwise I, = I(P,) (I, = I(P,)), where P, are P,
are the prime ends of f(D) corresponding to A, and A,, respectively. In
this case, P, (P,) is accessible at a (b), and I(P,) (I(P,)) has at most
one continuum of subsidiary points given by Cg(F, ;) (CL(F,A;)).

Proof. We show first that ¢! has radial limits a.e. on C(¢, ().
Choose 4y € Int C(¢, {y) so that F (1) exists, and let y, be the radius
ending at Ao, and ag = ¢~ !'(yy). We claim that ag is a Jordan half-
interval ending at {,. Let J denote the interval of accumulation points
of ag on &D. Since u,v € h?; p > 1, J is a proper subinterval of 6D;
otherwise f is identically F (1), a contradiction. Pick { € (Int(J))\{o,
and {' € J so that ¢({') exists and ¢({') # A, and let a, o be the
radii ending at {, {’, respectively. Then ¢(a) U ¢(c') is a crosscut of
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D dividing D into two simply connected domains the boundary of
each of which contains a subarc of C(¢, {y) not shared by the other,
a contradiction.

Now we choose A, 4, € C(¢, {o) so that A} lies in 4,45, and F (1),
F(25) exist. For j = 1,2, let y; be the radius ending at A, ; = F(y))
and o = ¢~ !(y;). Then a; U, is a loop which, except for {p, lies in
D, and bounds a simply connected subdomain, G,of D. If W: D — G
is a conformal map satisfying W (1) = {p, and H = f o W, then H
is a harmonic univalent map which equals F(4}) on the right of 1
and F(4,) on the left, and Re H, ImH € h?, p > 1, by Littlewood’s
subordination theorem [4, pp. 10-11]. Call Q the domain bounded

by B1U B ULF(X,), F(4,)], and S the sector bounded by y, Uy, U A}
Then C(H, 1) = [F(4)), F(4,)] by a theorem of Schwarz [9, p. 131],
the cluster set of f at { within G is [F(4)), F(4})], and F extends to

a homeomorphism between S and Q mapping ,1/’17'2 to [F()), F(4))].
Letting A{ — 4; and A, — 4,, then F(A|) — a and F(4,) — b, where
a,b € CuU{oo}, and C(f, {p) contains [a, b] which obviously is a side
of f(D).

Now suppose that f is constant on the left (right) of {y, then by re-
placing o (a3) by some circular arc {€/?: §y—J < 0 < 6} ({e?: 6y <
0 < 6y + J}) and carrying the same argument above, we infer that
I, =a (I 2= b)

Suppose to the contrary that f is not constant either on the right or
on the left of {j, then because u,v € h?, p > 1, there exist 0,0,,60, —
0y, 6, — 65 and r, — 1~ such that if, forn = 1,2,...,

Qn = (€0 r,e’® U {rye’: 0, <t < 6.} U[r.e%,e),

then ¢(Q,) is a crosscut of D (see [8, p. 267]) which meets L_}Tz

nowhere, and ¢(Q,) — A4, (n — o). Hence I; = I(P;) and I, =
I(P)). Tt is also immediate that P, and P, are accessible at a and

b, respectively, since F extends conformally to Int(m) and maps

Int(m) to (a, b). Therefore the radial limits F(4,), F(4,) exist and
they are a, b, respectively. Consequently, by Lindelof’s theorem [1,
p. 721 C1(F,4;) = a and Cg(F,4;) = b, which forces each of P
and P, to have at most one continuum of subsidiary points given by
Cr(F, ;) and C(F,A,), respectively, (see [1, pp. 188-189]). This
completes the proof.
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FIGURE 2

ExXAMPLE 3. Let f be the function defined in Example 2. For
n=23,.. . letT,:wt)=1+it($(1-1)<t<1-1)and T, be the
reflection of T', about the real axis. Then G = f(D)\(U> (T UTy))
is the simply connected domain shown in Figure 2. Let y, = f~1(T,)
and 7, be the reflection of y, about the real axis, for all n. Because
of the symmetry f(z) = f(Z), it follows that 7, = f~Y(T,). Itis
immediate that each of the arcs y, and 7, is an asymptotic path,
under f, in D meeting 8D at ¢/27/3 and e?47/3, respectively, such that
the sequences (y,) and (7,) converge uniformly to the circular arcs

{e/9:0< 6 <2n/3} and {¢'?: 4n/3 < 6 < 2x}, respectively. If

(o ¢]
A =D\ (U(yn U7n)) ,
n=2
then A is a simply connected domain symmetric about the real axis and
has a prime end, P, accessible at 1, with impression the arc {e!?: —
2n/3 < 6 < 2m/3}, see Figure 2. So if w: D — A is the Riemann
mapping satisfying y(0) = 0 and y’(0) > 0, then 1 corresponds, in
the Carathéodory sense, to P under y. Furthermore, it can be easily
verified that the harmonic univalent map g = f o ¥ has a nonempty
set £ such that 1 € E and C(g, 1) satisfies the conclusion of Theo-
rem 3.
The next two corollaries follow from Theorem 5.

COROLLARY 5. Under the assumptions of Theorem 5, if f(D) has no
sides, then E = Q.
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COROLLARY 6. Under the assumptions of Theorem 5, if P is a prime
end of f(D) which is either non-accessible, or accessible but has two
subsidairy continua without the wedge condition, then there exists a
unique { € D, with { € OD\E such that C(¢,{) = A, where A is the
corresponding point to P under F.

In the final part of this section, we give conclusive statements of
correspondence between various points of 9D and the prime-ends of
f(D), where f is assumed univalent and in 47, p > 1. First we need
the following definition.

DEFINITION 3. Let 4 and B be subsets of 9D (B corresponds to a
set of prime ends of f(D) under F). Then we say

(a) A corresponds to B if C(¢,{) Cc B and C(¢,{') c dD\B for all
{ € Aand {' € 0D\ A.

(b) B corresponds to A if C(¢~!,{) C A and C(¢~',{") c dD\A for
all { € B and {’' € 9D\B.

(c) A and B correspond to each other if (a) and (b).

(d) There is one to one correspondence between A and B if every
point of A corresponds to a single point of B and conversely.

In accordance with this definition, if .7 is the set of all { € dD\E
where f is constant neither on the left nor the right of {, and & =
{QAS(C): { € A}, then Theorem 3 and an argument of the proof of
Theorem 5 yield the following:

THEOREM 6. There is a one-to-one correspondence between s/
and %.

In view of this result, special attention need be given to the case
when f is constant on some non-degenerate open subinterval of dD.

Let J = fl—C\z be such a subinterval. Since Schwarz’s Theorem [9,
p. 131] offers an exact description of f at {; ({) if f is also constant on
the right of {; (left of {,), we restrict ourselves to the complementary
case when f is constant neither on the right of {; nor the left of {,.

THEOREM 7. Suppose that f({) = w for all { € Inta?z and f is
constant neither on the right of {| nor the left of {,. Then the following
is true:

(a) If {1,¢, € OD\E, then there is a prime end, A, of f(D) satisfying

the wedge condition at wq such that {,{, and 2. correspond to each other
with C(¢,¢,) = Cr(F,A) and C(¢$,{,) = CL(F, A) (see Figure 3.a).
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(b) If 1, {5 € E, then there is a non-degenerate interval 1_172 of prime

ends of f(D) such that 51?2 and m correspond to each other. Both of
A1 and A, are (prime ends) accessible, say at a and c, respectively, and
the impressions of all the prime ends in A2, is I(A;)U[a, wo]U[wy, c]U
I(2;). (See Figure 3.b)
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(c) If {; € OD\E and {, € E, then there is a non-degenerate interval

m of prime ends of f(D) such that 51_\52 and L—A\z correspond to each
other. Both of 1, and A, are (prime ends) accessible, say at w, and c,
respectively, and the former satisfy the wedge condition. Furthermore,
the impressions on all the prime ends is 1(A;)U[wg, c]UI(4,) (see Figure
3.0).

The proof of this theorem follows immediately from Theorems 3,
4 and 5 and the fact that f € h?, p > 1.

REMARK. Wherever and throughout the paper, the assumption f €
h?, p > 1 or equivalently u,v € h?, p > 1 can be replaced by the
property that sets of positive measure on 9D are sets of uniqueness
for f or u,v.
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