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TIME-HARMONIC SOLUTIONS OF SOME DISSIPATIVE
PROBLEMS FOR MAXWELL’S EQUATIONS
IN A THREE-DIMENSIONAL HALF SPACE

J. R. SCHULENBERGER

In constructing solutions of steady-state wave propagation prob-
lems, a common procedure is to assume that the frequency has a
small imaginary part and, with an eventual solution in hand, to let
this imaginary part go to zero — the principle of limiting absorp-
tion. There are three basic problems involved here. The first is to
establish the principle of limiting absorption itself, i.e., to show in a
rigorous manner that a steady-state solution can actually be obtained
in this fashion. The second problem is to find a class of functions in
which the solution so constructed is unique (a “radiation condition™).
While in problems in exterior domains or with bounded perturbations
of the coefficients unigueness classes are essentially dictated by the
asymptotic behavior at large spatial distances of the free-space Green
functions, in the problems with infinite boundary considered below
it is not immediately clear how to specify uniqueness classes. For
example, must the asymptotic behavior at large distances of eventual
surface-wave components of the solution be included in the conditions
designating such classes? Finally, since, strictly speaking, steady-
state solutions are physically meaningless (they fail to have finite en-
ergy), a third problem is to determine in what sense they are approxi-
mations for large times to the original time-dependent solutions—the
principle of limiting amplitude. In this paper we study these questions
for the steady-state versions of the dissipative problems for Maxwell’s
equations considered previously. While these problems are particu-
lar examples, the results obtained do provide a guide and generalize
to other problems. For example, although the equations of elasticity
are much more difficult to deal with, the steady-state Rayleigh sur-
face wave of elasticity theory has basically the same properties as the
surface wave in the selfadjoint Leontovich case considered below. As
far as we know, questions of uniqueness for steady-state wave prop-
agation problems in domains with infinite boundary have not been
considered previously, although Eidus has recently established the
principle of limiting absorption for some such domains. Unfortu-
nately, the abstract approach used there apparently does not provide
enough information to make it possible to define uniqueness classes
for the solutions so constructed.

0. Introduction. To formulate the problem, let £ = diag(el3, ul3)
be the diagonal 6 x 6 matrix with diagonal elements &, 4 which are
the electromagnetic constants of a homogeneous, isotropic, loss-free
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medium filling the halfspace R3 = {x € R3: x3 > 0}. Let A(D),
D;=-id,, j =1,2,3, be the 6 x 6 matrix operator

3 . 0 —(93 Oy
::ZAJDJZ [_Or t lgOt}, rot = 63 0 —(9]
J=1 Lo -0, 01 0

With A(D) = E~'4(D) we now formulate the problem with the Leon-
tovich boundary condition of finding time-harmonic solutions of

(0.2) idu(x,t) — A(D)u(x,t) = —f(x)exp(—ivt), x€&R3,
u(x',0,1) + aus(x’,0,1) = up(x’,0,t) — aug(x’,0,t) = 0,
X'=(x;,x)€R?) t>0, aeC, Rea>0, v#0,

f e CR(RL,CY),

(0.3) 8 + A(D)'(x,1) = f(x)exp(ivt), x€&R3,
u(x',0,1) —au(x',0,t) = ub(x',0,7) + auy(x',0,1) = 0

If v(x), v'(x) are solutions of
[A(D) —viTv(x) = f(x),  [A(D)—vI'(x) = f(x)

satisfying the respective boundary conditions indicated in (0.2), (0.3),
then the functions

u(x,t) = exp(—ivt)v(x), u'(x,t) = exp(ivt)v'(x)

will be the desired time-harmonic solutions.

After recalling the required information from [1] in §1, we justify
the principle of limiting absorption and construct such solutions in
§2; we then determine their asymptotic behavior for |x| — oo in R3.
In §3 we prove uniqueness of these solutions in appropriate “radia-
tion” classes. It turns out that in the nonselfadjoint case (a; > 0) we
are able to prove uniqueness only for solutions v(x), v’(x) for which
exp(—ivt)v(x), exp(ivt)v'(x) behave for large |x| like outgoing hemi-
spherical waves in R3. We show via the limiting-amplitude principle
that these are precisely the physically interesting solutions. Further, it
is found that the asymptotic behavior of the surface-wave component
of the solution must be included in the designation of a uniqueness
class only in the selfadjoint Leontovich case a = iay, ap # 0, i.e.,
when the surface modes from which the solution is formed have real
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frequencies. Designation of uniqueness classes in this case is more
difficult (and more interesting), since asymptotically spatial waves are
hemispherical waves decaying like |x|~! while surface waves are cylin-
drical waves decaying only like |x|~!/2 along the boundary {x3; = 0}.

As mentioned above, versions of the limiting-absorption principle
have been widely used. We note that for hyperbolic systems with
elliptic spatial part the principle in a half space was established in a
rigorous manner for selfadjoint problems by Matsumura [4]. For the
same such systems the principle of limiting amplitude was established
by Wakabayashi [10].

1. Background. In this section we recall the information from [2]
needed below and record the principle of stationary phase in the form
required in the next section. Below ‘M denotes the transpose of a
matrix M, ‘M denotes the conjugate transpose, and the adjoint of a
matrix or operator is denoted by M*.

With respect to the E inner product (see (0.2)) in C®, (o, ) = "aEB,
the symbol A(n), n € R3\ {0} of the operator A(D) of (0.2),

_ 0 -n3 m

0 —e~IpgA
(L.1)  A(n) = 4Ty O"], n=1{mn 0 —m]
- om0

is selfadjoint with distinct eigenvalues 4;(n) = jc|n|, j = 0, £1, 2=
(ep)~!, each of multiplicity two. The resolution of the identity for
A(n) is

(1.2) I = Py(w) + P(w) + P_(w)
An) =4i(mPi(w) + A1 (MP-1(w),  @=n/|nl,

where the P, (w) are mutually orthogonal orthoprojectors with respect
to the E inner product:

(13)  YEP)=EPR, OSuPc=PP, kj=0:xl,

'ww 0
PO(CU) = [ O IC()C()] ]
Pi(w)=2"! —0O A OA —JUCON
J JecoN —w AwA

wAwA=(wA)?,  w=n/lneS?  j==%+I
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In the space 2 of functions f, g € Ly(R3, C®) with linear product
(f.8)= | TfEG
R

the operators A, A*defined as the closure of A(D) on{f € C§° (Fi, C9):

Bf(x',0) = 0, x' = (x,x)}, {f € CP(R,,CS): B'f(x',0) = 0},
where

(1.4) Bf(x',0) ="(fi + afs, fr — afa)(x',07),
(1.4 B f(x',0) = (/i —afs, f» + @fa(x,07),

and a; + iaz, a1 > 0, ay # 0. The first case is that of the classical
boundary condition [8], while the second is the case considered in
[3]. In both these cases A is selfadjoint, and the spectrum of A, g(A)
consists of the entire real line R. In the third case studied in [2] (which
includes the second case) the spectrum of A consists of three parts:

(1.5) @(A") =0a(A)=RU{m}ue},
{m} = {m(A) = —pi/e, € (0,00)},
{e} ={e(d) = cq4, 1 €(0,00)},
p=pi+ipy, p2>0, ayp >0, p?>=1/(ue' —a?),

g=q +iq, ¢<0, ayq >0, ¢*>=—a’p’

In the general case, the spectrum thus consists of R plus two lines in
the lower half plane issuing from the origin to the left and right of the
negative imaginary axis.

To points of R there correspond generalized eigenfunctions of A(D),
A*(D) satisfying A(D)¥;(x,n)+ = A,(n)¥;(x, 1)+, A (D)¥(x,n)+ =
Aj(m)¥;(x,n)+, j = %1, and the boundary conditions (1.4), (1.4')
given by

(1.6) ¥;(x,n)«
= (2m) 2 xz(p)e™ “[P* Pj(w) — e~ % Cj(w) Pj(@)}ET,

‘P’j(xa n)+
= (2m) 721z (p)e™ “[eP* Pj(@) — e~ Cj(w) Pj(w)]E™

where we have written n = (&, p) € R3, x+, are the characteristic
functions of the half spaces R2 ;, j = 1 (e.g., R3; = Rx for j = —1),
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and

(1.7) C(w) = Aw) ' [ecws(a? — pe™")Q + ac(w')],
C'(w) = N() [ecws(ue™" —a*)Q + ac()],
A(w) = (uc — aws)(atc — w3),

A(w) = (uc + aw;)(aec + w3),

Q = dlag[la 13 —1’ —Ia —la 1])
n_|[ 0 &)
@)= [ 4o ]
w3 —-w? 2w, O
o= | 20w, W3-w? 0 |,
0 0 |wP
Cj(w) = C(, jw3), Cj(w)=C'(d, jms).

We observe that

(18)  Ci(w)=Cj(@), Cj(w)Cj(@) = C;(@)Cj(w) =1,

» = (o', ~w3),
Cj(w)Pj(w) = Pj(@)Cj(w),
Ci(0)Pj(w) = Pj(@®)Cj(w),  j==L.

To points of {e} and {m} there correspond generalized eigen-
functions Zg(x,{), Zi(x,¢) satisfying A(D)Zs(x,¢) = s(§)Zs(x,),
A*(D)Zg(x,&) =5(O)Z5(x,8), S=E,M, s =e,m, e(§) = eqll|, m =
—p|&|/e, and the boundary conditions (1.4), (1.4’) given by

(1.9)
E(x,&) = (2n) "' uPelE| 772 explix'E + ito(&)x31€'€",
Za(x, &) = (21) " eBarle| T explix'E + itm(E)x3) L',
T (x,&) = (2m) " wBglé| 77 explix'é — iT.()x3]E €,
h(x,&) = 2m) " uB pr|E| 772 explix'E — iTw(E)x3 12 ',
g (&) = (&e(8), ~¢1e(8),0,—a ¢ 1e(8), —a~ &e (&), —u €,
M (&) = H(af m(&), alym (&), e ]2, &;m(E), élm(é),O),
g'(&) ="(&e(8), éle@),o,a 1Ee(&),a” &e (), —u ),
M'(E) =(a&im(&),aém(E), e~ &%, —eam (&), Eym(£),0),

Be = (iq/2ace)'/?,  Bar = (—ipa/2)'/?, Im(-)}/2 >0,
(&) = apll], () = —a"'ucqlé], Imzy (&) > 0.
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Denoting by .%,, n = 2, 3, the space of functions f, g € L,(R", C9)
with the inner product (f, &) = (f, Eg), the functions ¥;, ¥, Zg,
%5, S = E, M, j = %1, define bounded operators from 2 to .%,
obtained by affixing the appropriate subscript and eventual prime to

(1.10) Wi = [ MenESdx

+

A0 = [ TExOESx)dx.
Their adjoints are

(1.11) Ve(x) = [ WosmEg(n)dn

Xh(x) = . 2(x,&)Eh(E)dE.

The operators II; = ‘I’j‘}’g, Iy = Z535, j = £1, S = E, M, and
their adjoints are bounded projections in 2 which are “orthogonal”
in the sense that 0 = II;I1; = I IIy = II5II; = [gIly, = II10g,
j#j' =0,+x1,S = FE, M. Here I]j is the orthogonal projection onto
the null space of A, ./ (A) = 7 (A*), defined by (see formula (A.9), p.
174 of [2])

(1.12) .11y f(&, x3)
= 2n)" 12 /R exp(ipx3)Po(é, )O3+ f (& p) dp
— 271 (2m) 12 exp(—|¢]oes) B (&, —i1E)) s £(E —ile])

where ®,, n = 2, 3, is the Fourier transform

@, f(n) = (2m)""> f exp(—ix) f(x) dx

n

with inverse @} f(x) = ®,f(—x), x+ is the characteristic function of
the half space R3, Py(¢, p) is given in (1.3), and

a3y e = | 9N S ]

d(&) = (&1, &, 1[E)).
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The semigroups S(¢) = exp(—iAt), S*(¢) = exp(iA*t) generated by A,
A* have the representations

(1.14)  S@)f =of + ¥} exp(—ic| - |t)¥,f + ¥~ exp(ic| - [t)¥_,f
+ Zp exp(—ie() 1) I f + X}, exp(—im())Z), f,
S*(0)f =Tof + (¥))" exp(ic| - |[)¥ 1 f + (Y. )" exp(—ic| - |[)¥_1 f
+ (Zf)" exp(ie(-))Ze f + (X)) exp(im() 1) Zpr f

which for t = 0 are the Parseval identities for A, A*. The last two
terms on the right in (1.14) do not occur in the selfadjoint case a = 0.

Suppose now that R(s) is a smooth, matrix-valued function on the
unit sphere S2 35, w, x = |x|w € R}, y € R3, r > 0, and y(r,,5)
is a smooth function. The principle of stationary phase in the form
we require in the next section (see, e.g., [4], [9]) states that as |x| —
oo, uniformly with respect to r in bounded intervals of R, and y in
compact sets

(1.15) / exp (irxs)y(r,y,s)R(s)dS
S?
= (2n) Y {exp(ijr|x| - ijn/2)y(r,y, jw)
j=%1
R(jo)|rx|~"} + q(rx),
Dg(x) = O(|x|~?) and smooth.
For R? 5 x' = |X'|y, y = (cosy,sindy), and s = (cos @, sin¢) € S!
the corresponding statement is
(1.16) / exp(irx's)y(r,y,s)R(s)do
SI
— (2n)l/2|rx'|‘1/2
x Y {exp(ijrx'| — ijm/4)w(r,y,i7)R(?)} + a(rx’)
j=%1
D%q(x") = O(]x'|~3/?) and smooth.

2. The limiting-absorption principle and asymptotics. It follows di-
rectly from (1.10)—(1.12), (1.14) that for { ¢ (A), f € C°(R3, CF)
(2.1) v(x,{) = = ' o f(x) + Y WiA;() — 17" f(x)

j=%1
+Zple() = {17 Zp f(x) + Zi,Im() — {17 f(x)
= vo(x; ) + v-1(x;{)
+0106:0) + ve(x; §) + var(x; 0),
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—_ _._1 _
210" (x5 0) = =T Mof(x)+ D (¥)*[Ai(m) — 1" f(x)
j=%1
+ (Zg)*[e() — {17 'Zef(x)
+ (Zy)*Im() = 87" Ear f ()
= vo(x; &) + v (x;0) + vi(x; §) + vE(x; &) + vi(x; )

are solutions of
(2.2) [A(DD) - {Iv(x;0) = f(x),  Bu(x',0;¢) =0,
22)  [AD)-UWP'(x0) = f(x), BY'(X,0,¢) =
We now take { = v+ie, v #0, € € (0, &y] (with &y so small that v — igg
is not in g(A) in the case —i¢) and pass to the limit ¢ — 0 to obtain
solutions vy (x,v) = v(x;v £ i0), vi(v;v) = v'(x;v £ i0) of
(2.3) [A(D)-vIlu(x)=f(x), x€R}, Bv(x',0)=0,
(2.3") [A(D)-vIW'(x)=f(x), x€R3,  B'(x,0)=
This forms the content of the limiting-absorption principle. We then
determine the asymptotic behavior as |x| — oo of each component of
the solutions v, v). This provides the means of specifying uniqueness
classes for them.

1. vo(x;v £1i0) = —v~ I f(x). We consider f € C(R3,C9)
extended by zero to R3. From (1.12)

(2.4) Tlof(x) = (2m) @3R3 f(x) — 27! 21) " 2R (x),
R(x) = /R exp(ix'€ — |E]xs) €1~ B (&, —i1EN$(E) de,

$(&) = /0 ” exp(— Ely3) @2/ (&, 3) dys.

The first term of I1y f(x) is a singular integral operator, so (cf. [6], [7])
(2.5) (27) 32@L Py @ f(x) = O(|x|73), |x| — oo.

For x3 = 0 we obtain by integration by parts

(2.6) Ix'I|R(x',0)] < ¢(f) < 0.

Since R(x) is a harmonic function, (2.6) implies that it can be repre-
sented in R3 by Poisson’s formula, but this does not give an estimate
which is uniform in w3 = x3/|x|. Proceeding directly from (1.12),
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(1.13), (2.4), we have for the ith column of R, x3 > 0, supp f(x) C
K x[a,b],0<a<b< oo, KC R?bounded, i = 1,...,6,

X2R(x)] < e(f)x3 /0 " exp[—IE](xs + yo)IIE12 dIE| dys

b
= c(f)x;%&}/ (x3+y3)" ' dys
a

= c(N[x3/(x3 + @)* — x3/(x3 + b)*] < e(f) < oo.
Now

XIR(x)| = /R [(~A¢) exp(ix’€ — |E|x3)]E| By (€, ~1EN () de

2
2y s [ fexp(ix'e - fef)eelel
k=1 B ~
x B§(&, ~1E)}(&) d

—xs [ exp(ix'e ~ €)1 2By € ~i1EN0E) e
+ X3 R(x)

5
= er(x
)

From (2.7) |rs(x)|
Ir(x)] < ¢(f) < oo.

Ira(0)] < ()3 / /0 exp[—1¢1(xs + y3)]I€] dIE] dys
= c(f)[x3/(a + x3) — x3/(b + x3)] < c(f) < o0.

¢(f) < oo. Integration by parts in r;(x) gives

<
Just as in (2.7)

Finally,
2
a(x) (0 = = 2x3 Y [ [0y exp(i'E - [¢lxs) ekl
k=178
x Py(&, —ilE))p(&) d& — 2x3R(x)
2
= —2x exp(ix'€ — |&|x3)& &2
> /. D&
x B (&, ~iIE)(E, i€ $(E) d&
2
+203Y [ explin's - felxs)Eeld]
k=1"R

x B, By (&, —iE|)p(&) d& — 2x3R(x).
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The last term has already been estimated in (2.7); the estimate for the
first four terms is essentially the same as for r4(x) above. Thus, from
(2.7), (2.7") we have |x|*?R(x) < ¢(f) < co. From (2.5) and similar
estimates for Dfv, we thus have

(2.8) v|x|*[DPvg(x;v £i0)] < ¢(f) < oo,
|x| =00, x320, [B]=0.

2. vi(x;v £ 10). Suppose first that v > 0. From (1.6), (1.8), (1.10)

(2.9) Wif(n) = x=(p) /i(

~.

'7)7 Vl(
Ci(mfi(n) = -/,

Hence, from (1.11), (2.1), (2.9)

n) = PmIPsf(n) — CL(M)P3f ()],
(ﬁ)s 77 = (éa _p)

(2.10) DPvy(x;£) = DP¥i A1 () — {17 "W, f ()
= @07 [ fexpixmn’ - exp(ixi)i €\ (n)]
x [eln| = {7 ax(p) fi(n) dn
= @u [ explixnn’elnl - 17 i (n) dn.
Suppose now that v € (vg —d,19p+J), vy —J > 0, and let ¥ € C§°(R)
with supp w C {r: |cr—vg| < 46} C (0,00), w(r) = 1 for |cr — 1| < 36.

Define y € CP(R3/{0}) by x(n) = x(rs) = y(r), s € S*. Then for
{ =v *ie with € € (0, ] from (2.10)

(2.11) DPuy(x;¢) = (2m) 73/ /R exp(ixm)nPleln| — 17 x(m) fi(n) dn

+@m) P [ exp(imn’teln] - ¢

< [1—x(m1fi(n)dn
=1(x;¢) + J(x;0).

From (2.9), (2.11)

J(x;{) = P3P D3g(x) — PP Ci () D38 (x),
D3g(n) = nPleln| = C17ML = x(n)]1D@s £ (n),
@32(n) = nleln| = (171 — x ()1 @3 £ (7).
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Since P;(#n) and P;(n)C,(#j) are homogeneous of degree zero, J(x;{)
is thus the sum of two singular integral operators. Since g and g are
smooth and rapidly decreasing, it now follows easily (cf., e.g., [6], p.
50) that for any x4 > 0 uniformly with respect to v € [vy — J, vy + J],
e € (0,¢0]

(2.12) |J(x;v +00)| < c(f)|x]| 73+~

From (2.9), (2.11) with s = n/|n|

213) 10 =007 [ [ explienn’zomieinl - i)
x[exp(—iyn) — C1(3) exp(~iyi)1f(v)dy dn
=0 [ [ Koot -7 B)
x {exp[i(x — y)n] — C1(3) expli(x — y)7il} f(v)dndy
=an [ Dy 010)dy,

D(x,y;v + ie) = /oo[cr —(wxie)] 'rBy(r) dr/ Pi(s)s?
0 S2?
x{exp[ir(x — y)s] — Cy(3) exp[ir(x — y)3]} dS.

Replacing the interval |cr — vp| < 26 by a semicircle of radius 26 < &
in the lower (v + i¢) or upper (v — i¢) half plane and extending y
to this half disk by 1, it follows from (2.14) that I(x;v + i0) exists
and is continuous in (x,v), v € [yy— 9,9+ J(n)]. Hence, from (2.12)
DFv,(x;v=+ie) exists and is continuous on R3 x [vy—d, vy+3]% [0, &].

We now use (1.15) to obtain the asymptotic behavior of 7(x;v £i0)
as |x| — oo. We set

(2.14) 1; =t;(x,y) = jlx| - joy, I} =1(x,p) = jlx| - jiy,
Qj(w) = exp(—ijn/2)P(jw)(jw)?,
0;(w) = exp(—ijn/2) P (jw)C\(j@)(jw)”,
Jj==1, o =x/|x|,
o= (0, —ws).
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then from (1.15), (2.13)

o pl+Bly (1) exp(irtj>dr
cr — I/ + 18)

D(x,y;v + ie) = (2m)x|~! [Q, o [
j==%l1

5 () o pl+1Bly (r) exp(irt;) dr
0 cr — (v £ig)

b

cr — (v £ ie)

o p2Bly (r\g(rx)dr
“

q(x) = O(|x|7?).

From Lemma 6.2 of [5] it follows that uniformly with respect to v €
[VO - 59 vy + 6]’ IS [09 80]3

216) [ ter— i By (a(rx) dr = (x| ),
K € (0, 1) arbitrarily close to 1.

It thus remains to evaluate

@17) ()= [Tl = i) 1otr) explirt o)
B(r) = ¢ BIPHBly (r/c),
and I*(i,, v,¢). In the usual manner (cf. [5, 7]) we observe that
Ul = (v & ig)] = £(22)1/2®y () expli(v £ ie)1(r),

where x4 (¢) are the characteristic functions of the half lines R., and
for a function g;(x) = g(x +¢t) we have @, g;(r) = exp(irt)®,g(r). By
the Parseval equality for the Fourier transform we thus have from
(2.17)

I%(tj,v,8) = £i(2m)1/? /_oo exp(irt;/c)®; x+(-) expli(v £ ie)](r)
x O1Dp(r)dr
= £i(2m) [ @y {1a() explilw £ i)l (NOTD16() a7
= +i(2m)'/? /oo x+(t+1;/c)exp(v £ ie)(t +t;/c) 1P p(7)

= +i(2nm) '/2/ x+(t,/c — Gt)expli(v + ie)(t;/c — )P (1)



DISSIPATIVE PROBLEMS FOR ME 325

so that

(2.18)  I*(t),v,e)

=i2m)'/? /tj/c expli(v + ie)(t;/c — 1)]P] (1) dx,

—00

I—(tj, v, 8)
= —i(2m)'/? /oo expli(v — ie)(tj/c — 1)@} p(r) dt

J

from which it follows that I=(¢;(x, y), v, €), I*(f;(x, ), v, ) are bound-
ed and continuous for x, y € R3, v € [yg — J,vp + 8], € € [0, &9]. Now
for | x| large and y in compact sets from (2.15) jt;(x,»), ji;j(x,y) > 0,
j = +1. Since ¢(r) = c2-1Blp1+1Bly(r/c), where w(r/c) = 1 for
|r — 1p| < 39, from (2.15), (2.19) we have

(2.19) I*(ty,v,0)
= i(2n)c™* Pl expliv(|x| — wy)/clv T+ O(1x| 1),
I*(t_y,v,0) = O(Jx|™"),
I~ (t_y,v,0)
= —i(2n)c > Plexpliv(~|x| + wy)/clv Pl + O(Ix[1),
I (t1,v,0) = O(x| "),

where the order relation is uniform with respect to v € [vy—4, vy +4],
e €[0,¢&], and y in compact sets. Similarly,

(2.20)  I*(f,v,0)
= i(2m)c > Plexp(iv(|x| — @y)/clv' 11+ O(1x| ),
I*(i-y,v,0) = O(1x|™h),
I~ (i_{,v,0)
= —i(2m)c 2Pl expliv(~|x| + @y)/clv'" TPl + O(|x| 1)
I (f,v,0) = O(|x|7").
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Hence, from (2.14), (2.15), (2.17), (2.19), (2.20)

(2.21)*  D(x,y;v + i0)
= (21)%c 271l x |~ Py (w)v " B expliv(|x| — wy)/c]
— Ci(@) exp[iv(|x| — @y)/c]}
+O(x|7'7%)

D(x,y;v —i0)
= (2n)2c 2 Wlix [T P (—o)p P expliv (—| x| + wy)/c]
— Ci(—@) expliv(—|x| + wy)/c]}
+O(|x|717),
and thus from (2.11), (2.13), (2.21)
(2.21)~  DPuy,(x;v +i0)
= 2n) Yx|7 P (2w)r W exp(xiv|x|/c)
x [0(£w;v) — Ci(£@)60(£a;v)] + O(|x|~'7"),
=201l g, (x; ) Piy (0)[0(£w; v) — Cr () 0(; )]
+O(|x|~'7%),

g+(x;v) = (4n)x|)~exp(xiv|x|/c),
(@) =2 Wlaf [ exp(-iwvy/c)f(r)dy,
R3

+

v>0,x€e(0,1),|8] >0.

We note that the first term on the right in (2.21) satisfies both bound-
ary conditions (1.4) and (1.4") (see (1.7)). The O(|x|~'~*) term thus
also satisfies the boundary condition (1.4). For positive times
texp(—ivt)vy(x;v + i0) modulo O(|x|~!7%) is an outgoing hemispher-
ical wave (x3 > 0), while exp(—iv¢)v(x;v — i0) is an incoming hemi-
spherical wave.

For v < 0 we see as in (2.12) that from (2.11), (2.10) for x > 0

(2.22) DPv(x;v +£i0) = O(|]x|3+#)

uniformly with respect to v € [vy — J, vy + 9], € € [0, &].
3. v_(x;v £i0). Suppose first that v < 0. From (1.6), (1.8), (1.10)

(2.23) Y f(n) = xS (n),

J-1(n) = Poy(m[ D3/ () — C1 () @3S (7)],
Co(mfa(n) = =), =& -p).
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Hence, from (1.11), (2.23)
DFv_y(x;v + ie) = DPY [A_y|n| — (v £ ie)] ", f(x)
= — DX [cln| ~ (Iv| F ig)] "L f(x)

= —(@n) / Leln| - (v| F ie)]™!
x [exp(ixn)n? — exp(ix#)itP C_1(n)x+(p) f-1(n)dn
= @0 [ exp(ixmnlelnl = (I % o)) Fam .

We can thus use the results of part 2 to conclude from (2.21) that
for v < 0.
(2.24) DPv_,(x;v + i0)
= — () x| [Py (F ) exp(Filv|x])
X [0(Fo; |v]) — C_1(F0)0(Fw; [v )] + O(|x|~'7)
= 20" WPlgy (x; 1) Piy () [0(2w; v) — Cx1(0)6(; v)]
+0(Ix|717),

where we have used the fact that C_;(®) = C;(w) (see (1.7)). We
again observe that the first term on the right satisfies both bound-
ary conditions (1.4), (1.4'). The O(|x|~17*) term satisfies the bound-
ary condition (1.4). For positive times (and negative frequencies)
exp(—ivt)v_;(x;v +i0) modulo O(|x|~17%) is an outgoing hemispher-
ical wave, while exp(—ivt)v_;(x;v —i0) is an incoming hemispherical
wave.
For v > 0, just as in (2.22),
(2.25) DAv_(x;v £ i0) = O(|x|~3*#).

4. vi(x;v ¥ i0). From (1.6), (1.8), (1.10)
Y () = x=(p)fi(n),  fi(n) = Pi(n)[®sf(n) — Ci (D3 f(7)],

v

Ci(m () = —F(#).
Hence, from (1.11), (2.1")
DPvi(x;v F ig) = DP (W) [A1(n) — (v F ie)]""W1 f(n)
= @m) [ felnl - v ¥ io))”!
R3 5
x [exp(ixn)n? — exp(ix#) AP C{(n)x+(p)f1(n) dn
= (2m)73/2 /R}[CMI — (v Fie)] "  exp(ixn)n? f{(n) dn,
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whence as in part 2 we find for v > 0
(2.26) DAy (x;v F i0) = (2n) x| P (Fw)v 1F exp(Fiv|x|)
x [0(Fw;v) — C(F@)0(F; )]
+O(|x|7'7%)
= 2wl g (x;v) Pz (0)[SO(Fw; v) — C|(F@)0(F@;v)]
+ O(|x|~1=%).
Thus, modulo O(|x|~!7*) exp(ivt)v](x; v —i0) for positive ¢ is an out-
going hemispherical wave, while exp(ivt)v{(x;v + i0) is an incoming
wave. The first term on the right satisfies both boundary conditions
(1.4), (1.4"), and the O(|x|~17*) term thus satisifies the boundary con-
dition (1.4').
Just as in (2.22), forv < 0

(2.27) DByl (x;v F i0) = O(Jx|~3#).
5. v.,(x;v Fi0) . From (1.6), (1.8), (1.10)

Y_1f(n) = xx(p) /11 (n),
Soi(m) = Poy()[ @3/ (n) — CLy (1)@ £ ()],
CLi(n)= ”ﬂ1(’7)-

Hence, from (1.11), (2.1") for v < 0.

DAL (x;v Fi0) = DA (YL )*[A1(n) — (v F i0)] "Y1 f(n)
= — DP(YL))*Lelnl = (Jv] £ i0)]"¥_, f(m),
so that as in part 4

(2.28) DFv' | (x;v Fi0) = 20— 1)BI P () g5 (x;v)
x [0(Fw;v) — Ci(xw)0(Fw;v)]
+O(|x|717%).
For v > 0, just as in (2.22),
(2.29) Dy (x;v F00) = O(|x|73H).

6a. vs(x;v £10), vi(x;v £1i0), S = E,M. The case oy > 0.
These components are all estimated in the same way. We consider,
for example, vg(x;v + i0). From (1.9)-(1.11), since e(¢) is in the
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lower half plane and 0 # v € R, we can immediately write
vg(x;v £10) = Zgle(-) — (v £i0)] ' T f(x)
= iug(car)” (2m)™" [ expli + @il

x &) Ee) — v deE /Ooo explite(§)y31P3 (S, v3) dys.

Setting 4|¢| = Im 7, (&) (see (1.9)) and noting that inf [e(§) —v| > d >
0, we have just as in (2.7)

|xve(x;v £ i0)|

b roo
<. /)303 [ [ expl—hiéi(es + o)1 dlel dy
a

<c(f) < oo.
We can thus estimate v(x;v + i0) in exactly the same way as R(x) in
part 1. Estimating Dfv(x;v % i0) in a similar way, we thus have
(2.30) |x|*|DPvs(x; v £ i0)| < c(v, f) < o0,

|x|?|DPvg(x;v £ i0)| < c(v, f) <0, S=E,M,|B|>0,
|x| — 00, X3 > 0.

6b*. The case a — ia;, ay > 0. In this case p = /(u/e + a3)~!

q = app > 0, and e(¢) = cq|é| lies on the positive semiaxis, while
m(&) = —p|&|/e lies on the negative semiaxis (this follows from (1.5),
(1.9), and the condition that Im 7, »,, > 0). This situation is responsible
for the fact that the surface waves decay only like |x|~!/2 along the
boundary {x3 = 0}. We first consider the case { = v +ie, v > 0,
¢ € (0,&0]; we choose & > 0 so that vy — 50 > 0, v € (vyg — d, v + 9).
Let y € C°(R), suppy = {le(r) — vo| < 40} = {lcqr — vo| < 40} C
(0,00), w(r) = 1 for |cgr — vp| < 36, and let x € C(R?\ {0}),
X&) =x(rs)=w(r), se S
(2.31)  DPug(x;¢) = DPEgle() — {17 Zef(x)

= DPxile() — {17 x()Zef(x)

+DPEile() ~ {71 = xOES ()
= Ip(x;8) + Je(x;{).
Since for ¢ € supp(l — x) we have |e(&) — {| > 34, just as in 6a,

Je(x;v £10) exists, is continuous on R3 X [vg — &y, v +J] X [0, &], and

(2.32) |x|2[Je(x;v £ i0)| < c(v, f) < 00, x3 >0, |x| — 0.
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With h = ucq/as, B = B'Bs, and ¢, = (21)2uq(ih)?3(ace)™!
(2.33) Ig(x;{)

¢, / dé / dyeP exp(ix'€ — hE|xy) e B e (€ E(E)
R R
x [e(&) = L1 2(&) exp(=iy'E — hys)ES(v)

= ¢, / D(x,y; OES(y) dy,
R3
where with & = rs = r(cos ¢§, sin ¢§)

D(x,;0) /dr cqr — )Ly (r)r Bl expl—hr(x; + y3)]

/{sﬂ% s)exp[irs(x' —y")]} d¢.

Since w(r) = 1 for |cqr — vy| < 24, replacing this interval by a
semicircle in the lower ({ = v + i¢) or upper ({ = v — i¢) half plane
and extending y to the half disk by one, it follows that Ix(x;v £ i0)
exists and is continuous on R3 x[vy—d,vp+J]. Hence, DAvg(x;v+tie)
exists and is continuous on R3 x [vg — &, v + 6] x [0, &].

We now estimate D(x,y;v = i¢) for large |x'| and fixed x3 € R3.
With x' = |x|y, y = (cos ¢y, sin ¢,) from (1.16)

/ {exp(ir|x'|ys) exp(—irsy')sP' & (s)'&(s) d$}
Sl
= (2n)'2rx'|7V2 N " explijr(IX| - vy') - ijn/4]
j=%1
x (j7)P' & (7)€ (jy) + a(rx'), q(x')
o(|x'|73/%).
and hence
(2.35)  D(x,y;¢ / dr(cqr — )~ y(r)r¥*fl
x exp[—hr(x; + y3)]

X {(2n)l/zlrx’|_l/2

x Y explijr(|x'| = yy") — ijn/4]
j=%1

< (7 €U + q(rx')},

= Di(x,y;{) + Dy(x,y;0),
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where

D;y(x,y;0)
/ dr(cqr — )~y (r)r**1Bl exp[—hr(x; + y3)lg(rx’).

Repeating essentially the proof of Lemma 6.2 of [5], we have

(2.36) |Da(x,y;v % ie)| < (v, 6, f) exp(—a'x3)(1 + x3)|x'| 17,
|x'| > R, x3 > 0,x’ € (0,1/2) arbitrarily close to 1/2,
a =u(vy—49)/ar >0
uniformly with respect to v € [y — d, vy + d], € € [0, &].
From (2.35)
(2.37)  Di(x,5:0)

= 2n)'2x|712 3 exp(—ijn/4) ()P € (jv)'E (i)
j==%1

% /oo dr(cqr — )"y (r)r3 /2Bl exp[—hr(x; + y3)]
0
x exp[ijr(|x'| — yy')]

= (2m)!2|x' |72 N exp(—ijn/4)(jy)P € (7)€ (j7)
j=%I1

XI:t(tjsx3ay3;V’£)a
I (1), %3, y3:0) = / dr(r — £ 6(r, x3,y3) exp(irt;),
{=vxie, tj=j(x'|-ry")/cq, Jj==I,
d(r, x3,v3) = (cq) 7 Bly(r/cq) exp[—ur(x3 + y3) /ar]r¥/**1A]
= A(r) exp[—ur(x; + y3)/ 2],
supp A(r) C [vg — 40, vy + 46].
Hence,

(2.38)  I*(tj,x3,y3;v,¢€)
- i(2n)‘/2/ expli(v + ie)(t; — 1)@ $(c, x3, v3) d1,
I™(tj,x3,y3;V,¢€)

= —i(2m)\? / expli(v — ie)(t; — 1)@ (1, x3,3) d,

J
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from which it follows that 7 i(tj,x3, y3;V,€) are bounded and con-
tinuous for x3, y3 € R3, v € [vg — b, vg + 5], € € [0,60]. With
a=vy—5 >0,r—a>0forresuppi

(2.39)  @14(1,x3,)3) =(27t)“”2/€"”/1(r) exp[—hr(x3 +y3)/cqldr

=exp[—ua(xs3 + y3)/azln(t, X3, ¥3),

7(1, x3,) = (21m)"1/2 / e A(r) expl—u(r — &)(x3 + y3) /sl dr.

It follows readily on integrating by parts that t2|n(t, x3,y3)| < c(1p).
Hence, from (2.38), (2.39)
(2‘40) I:t(t:tla X3,Y3;V, 8)
= +(27) exp(ivts))p(v) + exp(—paxs/az)q™ (x', ),
lg*=(x",y)| < cF(wo)lx'|™!, x| = oo
Ii(t:Fla X3, V35V, 0) = exp(_.u&x?)/aZ)qi(x,, y):
7 (X ) < Ewo)IX| 7! x| — 00, @=vp— 50 > 0.
Hence, from (2.37)

Dy(x,y;v £1i0)
= +i(2n)3?|x'|" 12 exp(Fin/4) exp(ivtz)A(n)(jy)*
x & () (£7) + Q*(x, ),

|0*(x,y)| < c¢*(vo, B) exp(—ax3)|x| 2, a = pu(vy - 56)/as,
x3 >0, |x'| = oo,

and from this and (2.35), (2.36) we have

(2.41) D(x,y;v £1i0)
=c*(v)l¥'| 12 expliv(|X'| - 7y')/eq — v (x3 + y3) /2]
X (£9)P & (£7)'&(£y) + PE(x,p,v, B).
cE) =xi2n)¥%(cq) (v /cq)¥* Pl exp(F(in/4)),

|P(x,y;v, B)| < c(wo, B, f) exp(—ax3)|x'[71 7%,
|x'| large, x3 >0, a=u(yy—59)>0,
k' € (0,1/2) arbitrarily close tol/2.
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Thus, from (2.31), (2.32), (2.33), (2.41)
(2.42) DPug(x;v £i0)
=cE(v, B) exp(Liv|X'|/cq — pvx3/on)|x'|712& ()
X '&(£y)0p(xy,v) + RE(x,v,8, v >0, a3 >0,

Op(£y,v) =(»)* /R 3 exp(Fivyy'/cq — uvys/ar)E f(v)dy,

IRE(X, v, B)| < c(vp, B; ) exp(—ax3)(1 + X3)IX'|_1_K,.

cE(w, B) = £i(2n) 2 p(arc?e) " (v/cq)¥* (incq/az)P
x exp(Fin/4),

a= pu(vy—59)/ay >0, k'€ (0,1/2) arbitrarily close to 1/2,
x'=|x'ly,x3 20, |x'|large,
uniformly with respect to v € [vg — J,v9 + ], vg — 50 > 0, § = d(vy).

REMARK 1. Writing vg(x;v £i0) = 13E(x; v +i0) +R§(x; V), we see
that exp(—iut)zo)E(x;u —i0) for ¢t > 0 and each x3 > 0 is an outgoing
cylindrical wave, while exp(—iut)ﬁ g(x;v — i0) is an incoming cylin-
drical wave. Each decays like |x'|~!/2 for x3 = 0. The leading term
v g(x;v £ 10) satisfies the boundary condition (1.4) and hence so also
does R}':E(x;u). Further, [A(D) — vI ]ﬁ(x;u + i0) = 0 modulo a term
decaying like exp(—uvx3/a;)|x'|~3/2, and hence [A(D) — vIvg(x;v £
i0) € £ as it must, since [A(D) —vIfvg(x;v £i0) = ZLZpf € Z (see
(2.31)). We observe also that with 4(D) of (0.1) for y € S!

(2.43) "E(£p)A(r, 008 (£7) = £2cq/p.

From (1.9)-(1.11) we have

(2.44) DPupr(x;¢) = DPE3 Im(-) = {17 ' Ty f (%)
= [ [ (explix - aspleb) @RI P @)

x L(©)m(&) — (17" exp(=i&y' — arp|E|x3)Ef(v) dE dy,

m(&) = —plEl/e, cm = (2m) paze(ipar)’, (=v+ie.
Since p > 0 for a; > 0, in the case v > 0 we have |m(&) —{| > const >
0, and, as in 6a, DPvy(x;v % i0) exists and is continuous on R3 x
[vo — J,vp + 6] x [0, &), and for |x| large

(2.45) |x[2IDPv(x;v £ i0)| < c(v, f) <00, v >0, az>0.
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In the case v < 0, |e() — {| > const > 0, so the same argument
applies to Dfvg(x;{), and for large |x|

(2.46) Ix|2DPvg(x;v £ i0)| < c(v, f) <00, v <0, a;>0.

As for DAvy(x;(), { = v+ie, v < 0, we proceed from (2.43) exactly
as above in (2.31)-2.42) and conclude that Dfv,(x; v + i) exists and
is continuous on R3 x [vg — &,vp + 6] x [0, &], and for x’ = [x'|y, |x'|
large, v € [vg — 0,19+ 0] C (—00,0), |vp] — 50 >0
(2.47)  DPup(x;v + i0)

= ci (v, B)|X'| 72 exp(xive|x'|/p + anevx;)# (F7)
X LA (F7)0m(Fr;v) + Ry (x;v), v <0, a3 >0,

Ou(Fy;v) = /R 3 exp(iveyy'/p + azevys)Ef(y)dy

+

|RE(x;v)]
< c(w, f, B) exp(=bx3)(1 + x3)Ix'|717, k' €(0,1/2),

b= a280(|V‘ —-59) >0,
¢t = £i(2n) " 2eye (elv|/p)3/* Pl (iayp)Pe exp(xin/4).

REMARK 2. The full analogue of Remark 1 holds for v,,(x; v £1i0),
v < 0. In particular,

(2.48) T (F)A(y,0)4 (Fy) = £2p /¢’
Further, from (1.14) with t =0 and S = {0,+1,E, M}
S=Iof + ViV, f+¥ |\ Y1 f+ L2 + 22 S

=Y 10;f,
jes
where the II; are mutually orthogonal orthoprojectors in 2 [2, 3].
Thus, writing vg(x;v +i0) = vo(x;v) + vy (x;v £i0) + v_(x;v + i0)
for the “Raumwelle” and vg(x;v £i0) = vg(x;v £i0) + vy (x; v £i0)
for the surface wave, we see in all cases from (2.2) that

Z 3 [AD) - vIlvg(x;v £i0) = > II;f(x)
Jj=0,%1

is orthogonal to
Z 5 [A(D) —vIvs(x;v £i0) =g f(x) + M f(x).
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6b~. The case @ = iay, ay < 0. In this case p = —/(u/e +a3) <0
and g = —app < 0, so m(¢) = —p|¢|/e € [0,00), e(§) = cq|&| € (—o0,0]
(this follows from (1.5), (1.9) and the condition Im 7., > 0); the
roles of the TE- and TM-waves are thus reversed. Mutatis mutandis,
however, the arguments are exactly the same as in 6b*, so we shall
simply state the results.

For v > 0 Dfuyg(x;v + ig) exist and are continuous on R3 x
[vg — d,v9 + 0] X [0, €], vo — 56 > 0. For large |x'| and x3 >0
(2.49) DPuy(x;v + i0)
= &y (v, B)|X'| 7112 exp(xive|x'|/|p| — |azlevx3)# (£7)
X LA (£)0p(£7;v) +§f1(x;u), v>0,a; <0,

Ou(Ey;v) = /R3 exp(Fiveyy'/|p| — |lealevys)E f(y)dy,
R (x;)| < (o, f) exp(~bxs)x'| %

Eu(v, B) = £i(2m)'?|as|(iazp)?3(ev /|p|)>/*HFl exp(Fin/4),
b = |asle(vg— 56) >0, K'€(0,1/2).

(2.50) |x2|DPvg(x;v £i0)| < c(vo, f) < o0, v >0, ar <O.

For v < ODﬂ’UM,E(X;I/ + ig) exist and are continuous on R}r X
[vo — d,v9 + 6] x [0, &), |vo| — 50 > 0. For large |x'| and each x3 > 0

(2.51) DAvg(x;v + i0)
= &5 (v, B) exp(iv|x'|[clq| + uvx3/|az|)|x'| 71/
X g(:Fy)tg(:Fy)éE(:FY3 ﬂ) + Rf(xs v, ﬁ),
r<0,a; <0,
Oc(Fy,v) = (F)* / exp(Fivyy'[clq| + uvys/|aa)E f(y) dy

|§§(X;Vs ﬂ) < C(l/o,ﬂ,f) exp(_ax3)(1 +x3)|x1|—1—x"
a = u(lvo| — 56)/laz| >0, «'€(0,1/2).
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(2.52)  |xP2IDPup(x;v £i0)| < c(vo, B, f) < o0, v <0, a;<0.

The results of this section can now be summarized as follows.

THEOREM 2.1. For any 0 # v € R and f € C°(RY) there exist
smooth solutions vi(x;v) = v(x;v %+ i0), vi(x;v) = v'(x;v £i0) of
(2.3), (2.3"). Fora=0and a = a; + iay, a; > 0, ay # 0, they have the
asymptotic behavior as |x| — oo in R

(2.53) v(x;v + i0)
= 208+ (xX; ) Pry ()[0(xw;v) — Cay (@)0(£0; V)]
+O(Ix|~' ™)

(2.54) v'(x;v £i0)
=2vgy(x;v)Pr(@)[0(xw;v) — CLy(®)0(xd;v)]
+O(x|77%)

where

(256)  ga(xv) = (nlx)) " exp(ivixl/o),
O(iv) =2 [ exp(-ivay/c)f()dy.

+

w=x/|x|, @ = (o, —w;3),

k € (0,1) is arbitrarily close to 1, Py, are given in (1.3), and Cy,, C,
are given in (1.7). Modulo O(|x|~17%) for positive t

exp(—ivt)vy(x,v), exp(ivt)v. (x;v)
are outgoing hemispherical waves, while
exp(—ivt)v_(x;v), exp(ivt)vi(x;v)
are incoming hemispherical waves. The order relations are uniform

with respect to x3 > 0. For a = ia,, a; # 0, v4(x;v) = vg(x;v +£i0) +
vs(x;v £ i0) where vg(x;v % i0) has the asymptotic behavior (2.53).
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For x3 >0, |x'| large, and v > 0
(2.57)
vg(x;v £ i0)
= |x'| !/ explv (£i|x'| — £x3)/s]1S(£9)05(, v; ) + R5 (x;v),

s,S=e,Efora,>0,s,S=m, M fora, <0,e=cq >0,

m=-ple>0, T.=ucq/ay, ITm=ay/p,

IR (s )] < exp(—Asxs)(1 + x3)|x'|71 7%,

Js =const >0, k'€ (0,1/2),
while for v < 0
(2.58) wvs(x;v £1i0)
= ||/ explv (Fi|x| — ¥:x3)/sI1S(F1)0(v, u; f)
+ RE(x;v),
s, S=m,M, fora, >0,s5,S=e,E for ay <O0.

|RE(x;v)| < constexp(—idsxs)(1+ x3)|x| 717,
As = const > 0,x’ € (0,1/2).

The exact values Qf the smooth, scalar functions of y € S, 6, 6 and
of the constants 4, A can be read from (2.42), (2.47), (2.49), (2.51).
The function (A — vI)vg € £ is orthogonal in & to (A —vI)vg €
Z. For v,t > 0 modulo O(|x|~'=*") exp(—ivt)vg(x;v + i0) is an
outgoing cylindrical wave, while exp(—ivt)vs(x; v —1i0) is an incoming
cylindrical wave.

3. The uniqueness theorem and the principle of limiting amplitude.
In this section we prove uniqueness of solutions of (2.3), (2.3') in
particular radiation classes which contain the solutions constructed in
§2. We then show via the principle of limiting amplitude that the
unique solutions of §2 are the physically interesting solutions.

We define
(3.1)  #x={wee C'(R};CY): Buws(x,,0) =0,

w(x) = |x|7" exp(£iv|x|)Psi () B(@, v;ws)
+ O(|x|717%), |x| = o0,k € (0,1/2),
B smooth on S? for each v}.

The class %, is defined in the same way with B replaced by B’. For
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v > 0 we define the classes of functions %7, S = E, M, as follows:
W+ € R‘i iff

(3.2) (1) ws € CY(R3, C%), and ws = wk + wi, BWES =0 on
{x3 =0};
(2) WR € #. and for x3 > 0, |x'| large
vf = || 2 expl (v (£i|X'| - £5x3)/9)1S(£7)65(v; v)
+ RE(x;v).
|RE(x;v)| < comst |x'| 71" h(x3), heLyRy),k" €(0,1/2);
(3) (A — vI)w® € # is orthogonal to (A — vI)vs € 2;
(4) foreach0 < R< o0
lim; o flx'lsR dx' 8 (x', L) A3v3(x; L) — 0,
and 'S(+y)A(y,0)S(+y) = const # 0,7 € S".

For v < 0 the class #Z3 w is defined in the same way except that in (2)
+ilx’| — Fi|x'| and S(£7) — S(F7).

REMARK. Condition (4) for vg(x;v +i0), S = E, M, in the present
case is automatically satisfied, since

tyg(x', L;v + i0)Asvs(x’, L;v + i0) = 0

for any L > 0 (this follows from (2.31) and the ensuing argument,
since 7S(é)A3S(§) = 0,8 = E, M). In more general situations, how-
ever, (e.g., elasticity) (4) is satisfied but not trivially as here. The
second part of condition (4) is satisfied because of (2.43), (2.48). Oth-
erwise, the fact that the v(x;v + i0) constructed in §2 belong to Z.
or %3 follows from Theorem 2.1.

THEOREM 3.1. Suppose wy, w!,. are solutions of (2.3), (2.3') with
f e C3°(R1,C6) and 0 # v € R. In the nonselfadjoint case w, is
unique in £, and w'_ is unique in Z_ (these are the outgoing solutions).
In the selfadjoint case o = 0 wy are unique in %+. In the selfadjoint
case a = iay, ay # 0, wy are unique in Z;.

COROLLARY. If a = 0 or a = iay, ay # 0, the solutions vi(x;v)
of (2.3) constructed in §2 are unique in Fy or 3 respectively. In the
case ay > 0 vy (x;v) is unique in Z,, and v'_(x;v) is unique in %'.
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Proof of Theorem 3.1. We first consider the cases a = 0 or a =

ay + iay, a; > 0. Thus, suppose w, w' € C'(R3,C%) and for v # 0

(A—vhw =0, (A—vIw' =0in R3, Bw(x',0) = 0, B'w'(x',0) = 0.

Integration by parts in the intersection of R with a ball of radius R
then gives for u = w, w'

0= (u,[A-vI]p, — ([A—vI]u,u)p,
oy / Tu(x',0) Asu(x', 0) dx’
|x’|<R
—i / Tu(x) A(w)u(x) dSg(x)
RiN{|x|=R}
where Aj is the coefficient matrix of D3 in (0.1) and w = x/|x|. Since

Bw(x',0) = 0, B'w'(x',0) = 0 and Asu = "(us, —uy4,0, —uz, u;,0), we
thus have

(3.3) / T (x)A(w)w(x) dSg(x)
RIN{|x|=R}

= _2a, / [wa(x', ) + [ws(x', 0121 < 0
|x’|<R

(3.3) / L' (x)A(w)w' (x) dSg(x)
RN{|x|=R}
=20y [ [, 0)] + [wh(x, O] 2 0.
|x’|<R

If now w = wy € Zy, W' = wy € %, then from (3.1), (3.3), (3.3)
and the fact that A(w)Ps(w) = £P;(w), we have

(34) [ TPy (@)B(0,v;ws)IPer(@)(0, viws) dS + OR™)
=—2ar [ [wa(<, 0P + fus(x', 0)P1dx' <,
[x’|<R
(3.4)
£ [ TPa(@)B(@, 13 0)1P1 (@) B0, vi1w) S + O(R™)
2, / [wh(x', 0)[2 + [wh(x', 0)[2]dx’ > 0.
[x|<R

Letting R — oo, it follows from (3.4) in the selfadjoint case a = 0
that wy = O(]x|~!7%), whence, since k > 1/2, wy € £ and is thus



340 J. R. SCHULENBERGER

an eigenfunction. Now zero is the only eigenvalue and v # 0, so that
ws = 0. The assertions for w, and w’ in the nonselfadjoint case
follow in the same way.

We now suppose that wy € #$ and (A—vHwi(x) =0in R, v # 0
ws = wf + w3. Condition (3) of (3.2) implies that (A — vI)wf =
and (A — vl )wi( x) = 0 individually. It follows just as above that
WRe=. Nowlet Ck={x € Ry:|x'| <R, 0<x3<L} Then,since
Bw3(x',0) = 0 implies ‘w3 (x',0)4;w3 (x’,0) = 0, we have for y € S!

0= (w, [A - vIw) e — (A - vIwE, w)ce

i / TwS (', L) Aywi (¥, L)
|x’|<R

_z/ /MR (7, 0)wS (x) dx' dxs.

Letting L — oo and using condition (4) of (3.2), it follows that
0= / / A(y, 0)w3 (x) dx' dxs.
|x’|=R

Now from condition (2) of (3.2) we have

(3.5) 0= /S | /O ooexp(—2‘cx3/s)ll95(x;V)|27S(:I:y)
xA(y,0)S(£y,0)dx;d¢

/ dx /| expl(Fi1x'| — T5x3) /sTO(; v) TS (%)
xA(y, 0)RE (x;v)RV2d¢
# s [ explee] — e /51 TR ()05 )
X A(7,0)S(£7)RY2 dg
°° Tt/ /.
+/0 dx; /|X’|=R RE(x;v)A(y, 0)RE(x; v)R d .

From (3.2) and Cauchy’s inequality the second and third terms are
bounded by const R™'/27%'| |}, . The last term is bounded by const

R1-%¢ |h|22 .- Thus, letting R — co in (3.5) and integrating on x3,
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we have

0= [ 105 PIS(EN A, 0 do.

From the second part of condition (4) it now follows that O5(y;v) =0
for a.e. y € S!. Since RE(x;v) € 2, we thus find that also wi € 2.
Hence, wy = wR + w$ € 2, so, as above, w = 0. This completes the
proof of Theorem 3.1.

Because of the simple structure of the spectrum, in §2 we were
able to construct solutions of (2.3), (2.3') from both sides of the real
axis even in the nonselfadjoint case. Our uniqueness proof, however,
works only for solutions obtained from the side of the real axis in
the resolvent set. There is some obscure justice in this: the outgoing
solutions w,, w’ are the physically interesting solutions, since time-
harmonic incoming solutions are obtained via limiting amplitude by
going backward in time which is impossible in the nonselfadjoint case.
We proceed to demonstrate all this.

Let u(x,t), us(x,t) be the solutions in 2 of problems (0.2), (0.3)
with f € CP(R1, C%) with u(x,0) = 0, #/(x,0) = 0. Then by Duha-
mel’s principle we have

(3.6) u(x, ) =i / [S(t - 1)./1(x) exp(~iv) d,
0

(3.6) u'(x,t) = — i/ot[S*(t - 1) f1(x) exp(ivt) d7.

By a change of variables we have from (1.14)

(3.7) exp(ivt)u(x,t) = i/texp(iut)[S(t)f](x) dt
0

t
= i [ exp(ivOlTlof () + ¥} exp(ic| - [1)%} /(x)
+ W* , exp(ic - |t)¥_, f(x)
+ Zf exp(—ie(-) ) f(x)
+ B exp(—im()7)Zh, S(X)]d
=wo(x,t) + wi(x, 1)+ w_i(x,t) + we(x - 1) + wp(x - t),
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(3.7)) exp(—ivt)(x,1) = —i /O exp(—iv)[S* (1) f](x) dt
= i [ exp(-ivo)lHof () + (¥1)" explic] - [)¥1 £
+ (¥, ) exp(—ic| - |1)¥Y-1 f(x)

+ (Zp)(le()1)Ze f(x)
+ (Zhy) exp(im(-)1)Zp f(x)]d7
= wo(x, 1) + wi(x, 1) + wl (X, 1) + wr(x, 1) + wi(x - 1).

It is clear that the limit as ¢ — +o0o of wy(x,?) does not exist unless
I1yf(x) = 0 which we henceforth assume. As in (2.9), (2.10) with
integration by parts

— 22 exp(—ic| - 7)) f(x)
= (27z)‘3/2/ a’S/ exp(ic|n|7)dp,
52 0

x [exp(ixn) fi(n)|n|*1d|n|
has finite modulus, so there exists (v > 0)

(3.8) tliglo wi(x,1?)
= i/oo exp(ivt)¥i exp(—ic| - |71)¥) f(x)dz
0
= i) [ [ explic(v — clnDlexp(ixn)i(m d(n)
0 Jre

=i(2n)73?lim [ exp(—e1) d’c/ explit(v —c|n|)]
R3

e—0Jg

x exp(ixn) fi(n) dn
= @0 21im [ exp(ixn)lelnl = v+ o)) filn) dn

=v(x;v +10)
of part 2, §2. Continuing in this manner, we see that there exists the
limit as ¢ — +oo of exp(ivt)u(x,t) = v(x;v + i0) where v(x;v + i0)
is the solution of Theorem 2.1.
In exactly the same way as in (3.6) there exists

lim —i/ot[exp(—ivr)( ") exp(ic| - |1)¥1 f1(x)dt

t—o00

= vj(x;v — i0)
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of part 4, §2, and, continuing in this manner, we conclude from (3.7')
that there exists the limit as ¢ — oo of exp(—ivt)u'(x, t) which is equal
to v'(x;v — i0), the solution of Theorem 2.1.

Further, in the selfadjoint cases

Jim w, (x, 7)
0 v
= —im 2 [ [ expliv(w = clnl)lexp(ixn) i (n) dnde

= lim / [eln| - (v — ie)]™" exp(ixn) fy(n) dn
e—0 JRs3

=vi(x;v —i0)
of part 2, §2, and in this way from (3.7) we see that there exists the
limit as ¢t — —oo of exp(ivt)u(x,t) which is equal to v(x; v —i0) where
the latter is the solution of Theorem 2.1. We summarize these results
as follows.

THEOREM 3.2. Let f € C(R3, CS) be in the complement of the null
space of A, and let u(x,t), u'(x,t) be the solutions in 2 of (0.2), (0.3)
with u(x,0) =0, /(x,0) = 0. Then in the selfadjoint case

lim exp(ivt)u(x,t) =v(x;v +i0)
t—+o0

where v (x; v +i0) are the solutions of (2.3) considered in Theorem 2.1.
In the nonselfadjoint cases

tlim exp(ivt)u(x,t) = v(x;v + i0),
—00

tlim exp(—ivt)u'(x,t) = v'(x;v — i0),
—00

where the right sides are the outgoing solutions of (2.3), (2.3)" of The-
orem 2.1.

Concluding remarks. In the applied literature it is often assumed
that the source is a time-harmonic point source, €.g., an oscillating
dipole. The spatial part of the response is then sought as a solution of
the Helmholtz equation (a Hertz potential), and a prescription is given
for constructing the electric and magnetic fields from this potential.
What this really amounts to is a specialization of the Green function
for the original problem for Maxwell’s equations. In the present case
the Green functions can be read off from the material above (as the
kernel of £, in the expression vy = %4 f), but a simple expression
(without transforms) is obtained only in the case a = 0, i.e., the case
of the classical boundary condition. It seems worthwhile to present
this expression.
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For Maxwell’s equations in all of R? the outgoing (+) and incom-
ing (—) Green functions for the time dependence exp(—ivt) are (¢ =
u=1)

1 |0x®0 0
) — 1|9 X .
Gatxryiv) = (w1 + 4+t |90 0o ) g —yin)

where g4 (x;v) are the functions of (2.32), the matrix [0 ®0];; = 0,0,
and on functions f =‘(f1, f?) € CP(R3,C) in 2’

roty g+(x — 5 v)(f") = g+(x — - v)(rot f7),
O ® Oxgs(x — 5 v)(f1) = g(x — V)0 ®I ), =12

It is straightforward to verify that

oy (va\ _ (Vier(x—yv)a+d®dg.(x —y;v)a
Gi(x,y;v) ( 0 ) - ( —ivrotg.(x —y;v)a >

is the usual response to an electric dipole at the point y € R? with
direction a € R3.

For R3 and the classical boundary condition (a = 0) the Green
functions are

Zi(x,y;v) = Gi(x,y;v) — Ri(x,y;v),

Ri(x,y;v)
_1|0x®0 0 N
_ 1|9 pe 5.
=0~y
where Q is the matrix of (1.7).
We leave to the reader as an interesting exercise the verification that

2, (x,;v)(f) has the asymptotic behavior (2.53) and that the response
with the classical boundary condition to the electric dipole above is

G (x,y;v) <V0a>-
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