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Abstract

In this paper, we assume that all isoparametric submanifolds have flat section. The main
purpose of this paper is to prove that, if a full irreducible complete isoparametric submanifold
of codimension greater than one in a symmetric space of non-compact type admits a reflective
focal submanifold and if it is of real analytic, then it is a principal orbit of a Hermann type
action on the symmetric space. A hyperpolar action on a symmetric space of non-compact type
admits a reflective singular orbit if and only if it is a Hermann type action. Hence is not extra
the assumption that the isoparametric submanifold admits a reflective focal submanifold. Also,
we prove that, if a full irreducible complete isoparametric submanifold of codimension greater
than one in a symmetric space of non-compact type satisfies some additional conditions, then
it is a principal orbit of the isotropy action of the symmetric space, where we need not impose
that the submanifold is of real analytic. We use the building theory in the proof.

1. Introduction

In 1985, C. L. Terng ([35]) introduced the notion of an isoparametric submanifold (of gen-
eral codimension) in a Euclidean space and, in 1995, C. L. Terng and G. Thorbergsson ([38])
introduced the notion of an equifocal submanifold in a (Riemannian) symmetric space as its
generalized notion. This notion is defined as a compact submanifold with flat section, trivial
normal holonomy group and parallel focal structure. Here with flat section” means that the
images (which is called the normal umbrella) of the normal spaces of the submanifold by
the normal exponential map are flat totally geodesic submanifolds and “the parallelity of the
focal structure” means that, for any parallel normal vector field v of the submanifold, the
focal radii along the normal geodesic 5, with yZ (0) = v, are independent of the choice of x
(with considering the multiplicities), where y%X(Ot) is the velocity vector of y;. at 0. Compact
isoparametric hypersurfaces in a sphere or a hyperbolic space are equifocal. E. Heintze, X.
Liu and C. Olmos ([11]) defined the notion of an isoparametric submanifold in a general
complete Riemannian manifold as a (properly embedded) complete submanifold with sec-
tion and trivial normal holonomy group whose sufficiently close parallel submanifolds are
of constant mean curvature with respect to the radial direction. Here “with section* means
that the normal umbrellas of the submanifold are totally geodesic (the normal umbrellas are
called sections).
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Assumption. In this paper, we assume that all isoparametric submanifolds have flat section,
that is, the induced metric on the sections are flat.

For a compact submanifold in a symmetric space of compact type, they ([11]) proved that
it is equifocal if and only if it is an isoparametric submanifold (with flat section). In 1989,
C. L. Terng ([36]) introduced the notion of an isoparametric submanifold in a (separable)
Hilbert space and initiated its research. In 1995, C. L. Terng and G. Thorbergsson ([38])
proved that the research of an equifocal submanifold in a symmetric space G/K of compact
type is reduced to that of an isoparametric submanifold in the Hilbert space H([0, 1], g)
through the composition of the parallel transport map ¢ : HY([0, 1],9) — G for G and the
natural projection 7 : G — G/K, where g denotes the Lie algebra of G and H°([0, 1], )
denotes the path space of all L2-integrable curves(=paths) in g. Denote by I(V) the group
of all isometries of a (separable) Hilbert space V, where we note that /(V) is not a Banach
Lie group (see [9] and [13] (Appendix of [16] also)). Let M be a full irreducible complete
isoparametric submanifold of codimension greater than one in V. Here “completeness”
means “‘metric completeness”, where we note that, for a Riemannian Hilbert manifold, if
it is metrically complete, then it is also geodesically complete, but the converse does not
necessarily hold (see [1]). In main theorems of [25], [26] and [27], we assumed that the
submanifolds are metrically complete as anti-Kaehler Hilbert manifolds without mentioned.
In Section 3, we shall state the definition of metric completeness of an anti-Kaehler Hilbert
manifold. Throughout this paper, “completeness” means “metric completeness” and we
shall write it without abbreviated. Set H := {F € I(V)| F(M) = M}. In 1999, E. Heintze and
X. Liu ([10]) proved that M is extrinsically homogeneous in the sense that Hu = M holds for
any u € M. This result is the infinite dimensional version of the extrinsic homogeneity theo-
rem for a finite dimensional compact isoparametric submanifold in a Euclidean space by G.
Thorbergsson ([39]). The extrinsic homogeneity theorem in [39] states that full irreducible
compact isoparametric submanifolds of codimension greater than two in a Euclidean space
are extrinsically homogeneous. G. Thorbergsson proved this statement by constructing the
topological Tits building of spherical type associated to the isoparametric submanifold (in
more general, he defined this topological Tits building for full irreducible isoparametric sub-
manifolds of rank greater than one in a Euclidean space) and using it, where we note that,
if the isoparametric submanifold is a principal orbit of the s-representation of an irreducible
symmetric space G/K of non-compact type and rank greater than one, then its associated
topological Tits building coincides with the Tits building of the semi-simple Lie group G
(which is defined as the building having parabolic subgroups as vertices) as Tits building.
Later, C. Olmos ([31]) proved this result by Thorbergsson in simpler method, that is, by con-
structing the normal homogeneous structure for the isoparametric submanifold and using the
result in [32] (without use of the above topological Tits building), where the normal homo-
geneous structure means a certain kind of connection on the Whitney sum of the tangent
bundle and the normal bundle of the submanifold. E. Heintze and X. Liu ([10]) proved the
above extrinsic homogeneity theorem in the method similar to the proof in [31]. In 2002, by
using the extrinsic homogeneity theorem of Heintze-Liu, U. Christ ([S]) proved that a full
irreducible equifocal submanifold of codimension greater than one in a simply connected
symmetric space of compact type is extrinsically homogeneous. However, there was a gap
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in his proof because the above group H in the theorem of Heintze-Liu is not Banach Lie
group but he interpreted it as a Banach Lie group. Let [,(V) be the subgroup of /(V) gen-
erated by one-parameter transformation groups induced by the Killing vector fields defined
entirely on V. It is easy to show that /,(V) is a Banach Lie group. Set H, := H N I,(V),
which is a Banach Lie subgroup of 7,(V). Recently, C. Gorodski and E. Heintze ([7]) proved
that M is extrinsically homogeneous in the sense that Hyu = M holds for any u € M. This
improved extrinsic homogeneity theorem closed the gap in the proof of Christ. According to
the extrinsic homogeneity theorem by Christ and Theorem 2.3 in [12], we can derive that, if
M is an irreducible equifocal(=isoparametric) submanifold of codimension greater than one
in a simply connected symmetric space of compact type, then it is a principal orbit of a hy-
perpolar action. On the other hand, according to the classification of the hyperpolar actions
by A. Kollross ([28]), all hyperpolar actions of cohomogeneity greater than one on the irre-
ducible symmetric space of compact type are Hermann actions. Also, O. Goertsches and G.
Thorbergsson ([8]) proved that principal orbits of Hermann actions are curvature-adapted,
where “curvature-adaptedness” means that, for any unit normal vector v of M, the normal
Jacobi operator R(v) preserves T, M (x :the base point v) invariantly and that R(v) commutes
with the shape operator A,, where R is the curvature tensor of the ambient symmetric space
and R(v) := R(-, v)v. From these facts, we can derive the following fact:

All complete equifocal(=isoparametric) submanifolds of codimension greater than one
in simply connected irreducible symmetric spaces of compact type are principal orbits of
Hermann actions and they are curvature-adapted.

We can classify such equifocal submanifolds from this fact and the well-known classifi-
cation of Hermann actions on simply connected irreducible symmetric spaces of compact
type.

In 2000, by the discussion with G. Thorbergsson at Nagoya University (The 47-th Geom-
etry Symposium), the author was very interesting in the following open problem:

Is there a similar theory for equifocal submanifolds in simply connected non-compact
symmetric spaces?

This is one of seven open problems proposed in [38]. The author interpreted that this open
problem means the following:

Can we reduce the study of an equifocal submanifold in a simply connected non-compact
symmetric space to the study of the lift of the submanifold to a Hilbert space through a Rie-
mannian submersion (of the Hilbert space onto the symmetric space) or the study of the lift
of some extended submanifold of the original submanifold (which is a submanifold in some
extended symmetric space of the original symmetric space) to some pseudo-Hilbert space
through a pseudo-Riemannian submersion (of the pseudo-Hilbert space onto the extended
symmetric space)?

Under this motivation, the author introduced the notion of a complex equifocal subman-
ifold in a symmetric space of non-compact type and started its study. We shall explain
why we introduced the notion of a complex equifocal submanifold in a symmetric space
of non-compact type. When a non-compact submanifold M in a symmetric space G/K of
non-compact type is deformed as its principal curvatures approach to zero, its focal set van-
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ishes beyond the ideal boundary (G/K)(c0) of G/K. For example, when an open portion
of a totally umbilic sphere (whose only principal curvature is greater than v/—c) in a hyper-
bolic space of constant curvature c(< 0) is deformed as its principal curvatures approach
to v—c (remaining to be totally umbilic), its focal point approach to (G/K)(c0) and, when
it furthermore is deformed as its principal curvatures approach to a positive value smaller
than v/~c (remaining to be totally umbilic), the focal point vanishes beyond (G/K)(c0). Ac-
cording to these facts, we recognized that, for a non-compact submanifold in a symmetric
space of non-compact type, the parallelity of the focal structure is not an essential condi-
tion. So, we ([15]) introduced the notion of a complex focal radius of the submanifold along
the normal geodesic y,. See Section 2 about the definition of this notion. Furthermore,
we ([15]) defined the notion of a complex equifocal submanifold as a (properly embedded)
complete submanifold with flat section, trivial normal holonomy group and parallel com-
plex focal structure, where we note that this submanifold should be called an equi-complex
focal submanifold but we called it a complex equifocal submanifold for the simplicity. We
proved that all isoparametric submanifolds (in the sense of [11]) are complex equifocal and
that, conversely all curvature-adapted complex equifocal submanifolds are isoparametric
(see Theorem 15 of [16]). Thus, for a complete submanifold in G/K, it is curvature-adapted
complex equifocal if and only if it is curvature-adapted isoparametric. Hence, throughout
this paper, we shall use the terminology “curvature-adapted isoparametric” more familiar
than “curvature-adapted complex equifocal”.

We consider the case where M is of class C¢ (i.e., real analytic). Then we ([16]) defined
the complexification M of M as an anti-Kaehler submanifold in the anti-Kaehler symmetric
space G©/K®. Here we note that G°/KC is a space including both G/K and its compact dual
G,/K as submanifolds transversal to each other and that it is interpreted as the complexi-
fication of both G/K and G,/K. Also we note that the induced metric on G/K coincides
with the original metric of G/K and that the induced metric on G,/K is the (—1)-multiple
of the metric of the symmetric space G,/K of compact type. We ([16]) showed that z is
a complex focal radius of M along the normal geodesic ¥, if and only if y5(z) is a focal
point of M® along the complexified geodesic . Here ¥ is defined by y5(2) := Yapspso(1)
(z = a + b\V-1 € C), where J denotes the complex structure of GE/K© and ya.ps0 18 the
geodesic in G°/K® with Ywinsn(0) = av + bJv. Thus the complex focal radii of M are the
quantities indicating the positions of focal points of M.

We ([16]) introduced the notion of an anti-Kaehler isoparametric submanifold in the
infinite dimensional anti-Kaehler space and furthermore, defined the parallel transport map
for G© as an anti-Kaehler submersion of an infinite dimensional anti-Kaehler space (which
is denoted by H°([0, 1], ©)) consisting of certain kind of paths in the Lie algebra g© of G©
onto G°. Denote by ¢ the parallel transport map for G©. We ([16]) proved that the research
of a complex equifocal C“-submanifold in a symmetric space G/K of non-compact type
is reduced to that of an anti-Kaehler isoparametric submanifold in the infinite dimensional
anti-Kaehler space H([0, 1], g©) by lifting the complexification of the original submanifold
through the composition of the parallel transport map ¢ : H°([0, 1], 9%) — G° for G* and
the natural projection 7 : G — G®/K®. More precisely, we showed that a C“-submanifold
in G/K is complex equifocal if and only if the lift of its complexification to H([0, 1], ¢%) is
anti-Kaehler isoparametric.
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We ([25]) proved that any full irreducible (metrically) complete anti-Kaehler isoparamet-
ric C“-submanifold M with J- diagonalizable shape operators of codimension greater than
one in an infinite dimensional anti-Kaehler space V is extrlnswally homogeneous in the
sense that Hu = M holds for any u € M as H := = {F € I(V)|F(M) = M}, where I,(V)
denotes the group of all holomorphic isometries of V and “with J-diagonalizable shape
operators” means that the complexifications of the shape operators are diagonalized with re-
spect to J-orthonormal bases. Note that we assumed that, in main theorem, an anti-Kaehler
isoparametric submanifold is (metrically) complete without mentioned. Recently we ([26])
improved this extrinsic homogeneity theorem as follows.

Fact 1.1. Let M be a full irreducible complete anti-Kaehler isoparametric
C®-submanifold with J-diagonalizable shape operators of codimension greater than one
in an infinite dimensional anti-Kaehler space V. Then M is extrznszcally homogeneous in
the sense that Hyu = M holds for any u € M as Hy, := {F € Ib(V) | F(M) M}, where Ib(V)
denotes the subgroup of I;,(V) generated by one-parameter transformation groups induced
by holomorphic Killing vector fields defined entirely on V.

Here we note that Iﬁ (V) is a Banach Lie group and H}, is a Banach Lie subgroup of I,l; V).
Let M be a complete curvature-adapted submanifold with flat section in a symmetric space
G/K. If G/K is of compact type or Euclidean type, then the following fact (xz) holds:

(*xr) For any unit normal vector v of M, the nullity spaces for focal radii along
the normal geodesic vy, span T, M & (Ker A, N Ker R(v)).

Here T.M © (Ker A, N Ker R(v)) denotes T, .M N (Ker A, N Ker R(v))*. However, if G/K is
of non-compact type, then this fact (xg) does not necessarily hold. For example, in the case
where G/K is a hyperbolic space of constant curvature c(< 0) and where M is a hypersur-
face, (xgr) holds if and only if all the absolute values of the principal curvatures of M at each
point are greater than v/—c. So, in this paper, we consider the following condition:

(*c) For any unit normal vector v of M, the nullity spaces for complex focal radii
along the normal geodesic y, span (T M)® © (Ker A, N Ker R(v))°.

This condition (x¢) is the condition weaker than (xg). In the case where G/K is of non-

compact type, (+c) also does not necessarily hold. For example, in the case where G/K is

a hyperbolic space of constant curvature c(< 0) and where M is a hypersurface, M satisfies

(*c) if and only if all the principal curvatures of M at each point of M are not equal to ++v/—c.
In this paper, we first prove the following result.

Theorem A. Let M be a complete isoparametric submanifold in a symmetric space G /K
of non-compact type or compact type. If M admits a reflective focal submanifold, then it is
curvature-adapted.

ReMARK 1.1. In Theorem A, the condition of the existence of a reflective focal submani-
fold is indispensable. In fact, we have the following examples. Let G = KAN be Iwasawa’s
decomposition of G. We can find many (complex) hyperpolar actions as subgroup actions
of the solvable group S := AN. Since such hyperpolar actions admits no singular orbit, the
principal orbits of the actions admit no focal submanifold. Among such actions, we can find
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ones whose principal orbits are not curvature-adapted (see [22]).

Next we prove the following extrinsic homogeneity theorem.

Theorem B. Let M be a full irreducible complete curvature-adapted isoparametric C*-
submanifold of codimension greater than one in a symmetric space G|K of non-compact
type. If M satisfies the above condition (xc), then M is extrinsically homogeneous.

The proof of this theorem is performed by showing the extrinsic homogeneity of M
(see Theorem 7.1) by using Fact 1.1 through the anti-Kaehler submersion ¢ := 7o ¢ :
HO([0,1],6%) — G°/KF (see Figure 1).

61 (MT) c HO([0,1], ¢°)
A

lift ¢

McCG/K ... > MC c GC/KC
extrinsic
complexification

¢~ (MC) :extrinsically homogeneous (by Fact 1.1)
----» M :extrinsically homogeneous

Fig.1. The method of the proof of the extrinsic homogeneity

Let G/K be a symmetric space of non-compact type and H a closed subgroup of G. If
there exists an involution o of G with (Fixo)y € H C Fix o, then we ([17]) called the H-
action on G/K an action of Hermann type, where Fix o is the fixed point group of o and
(Fix o) is the identity component of Fix o. In [23], we called this kind of actions on semi-
simple pseudo-Riemannian symmetric spaces (in more general) a Hermann type action. In
this paper, we shall use this terminology. According to the result in [17], it follows that
principal orbits of a Hermann type action are curvature-adapted complex equifocal (hence
isoparametric) C“-submanifolds and that they satisfy the condition (+¢). Also, a Hermann
type action admits a reflective singular orbit and hence the principal orbits of the action
admit a reflective focal submanifold.

The main result of this paper is as follows.

Theorem C. Let M be a full irreducible complete isoparametric C*-submanifold of codi-
mension greater than one in a symmetric space G/K of non-compact type. If M admits a
reflective focal submanifold, then it is a principal orbit of a Hermann type action on G /K.

From Theorem C and the list of Hermann type actions in [19], we can classify isoparmet-
ric submanifolds as in Theorem C. See Section 9 in detail.

If M is a principal orbit of the isotropy action of a symmetric space G/K of non-compact
type, then it satisfies the following condition:

(x3) For any unit normal vector v of M, the nullity spaces for focal radii along
the normal geodesic 'y, span T M.
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By using the building theory, we prove that the following fact holds without the assump-
tion of the real analyticity of the submanifold.

Theorem D. Let M be a full irreducible complete curvature-adapted isoparametric sub-
manifold of codimension greater than two in an irreducible symmetric space G/K of non-
compact type. If M satisfies the above condition (xy), then M is a principal orbit of the
isotropy action of G/K.

In Section 2-5, we shall recall the basic notions and facts. In Section 6, we shall prove
Theorem A by using the basic facts stated in Section 5. In Section 7, we shall prove Theorem
B by using Fact 1.1. In Section 8, we shall prove Theorems C (Main theorem) by using
Theorems A and B. In Section 9, we shall classify isoparametric submanifolds as in Theorem
C. In Section 10, we prove Theorem D.

2. Complex focal radius

In this section, we shall recall the notion of a complex focal radius and some facts re-
lated to it, which will be used in Sections 7 and 8. Let M be a submanifold in a complete
Riemannian manifold N, ¢ : T*M — M the normal bundle of M and exp the normal
exponential map of M. Denote by V the vertical distribution on 7+M and H the horizontal
distribution on 7+ M with respect to the normal connection of M. Let v be a unit normal vec-
tor of M at x(¢ M) and r a real number. Denote by 7y, the normal geodesic of M of direction
v (i.e., yy(s) = expt(sv)). If Y. (Ker exps,,) # {0}, then exp*(rv) (resp. r) is called a focal
point (resp. a focal radius) of M along y,. For a focal radius r of M along ,, ¥.(Ker exp,,,)
is called the nullity space for r and its dimension is called the multiplicity of r. Denote by
FR%’U the set of all focal radii of M along y,. Set

R ._ R
Fio= | nlre7ry,),
veTEM s.t. ||o]|=1

which is called the rangential focal set of M at x. Note that expl(FE,x) is the focal set of
M at x. If, for any y € M, the normal umbrella X, := exp* (T, M) is totally geodesic in
G/K and the induced metric on X, is flat, then M is called a submanifold with flat section.
Assume that N is a symmetric space G/K and that M is a submanifold with flat section.
Then we can show that, for any rv € T*M, Ker exp;,, C H,, holds and that

sin(rVR(v))
VR(v)

holds, where X, is the horizontal lift of X to rv, Py, is the parallel translation along the

normal geodesic y,,l[0.1], R(v) is the normal Jacobi operator R(e, v)v and A is the shape tensor

of M (see Figure 2). Hence FRD,E’U coincide with the set of all zero points of the real-valued
function

2.1 expjw(Xﬁ)) =Py lon ((cos(r\/R(v)) - o AU) (X)) XeT.M)

sin(svVR(v))
—FFF O
VR(v)
In particular, in the case where G/K is a Euclidean space, we have F,(s) = det(id — sA,)
(id :the identity transformation of 7. M). Hence FRH,{}U is equal to the set of all the inverse

F,(s) = det (cos(s\/R(v)) - AU) (s €R).

numbers of the eigenvalues of A, and the nullity space for r € F’R]}E’U is equal to Ker(A,— %id).
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w*TU(XTI‘;)) = w*rv(y) =X
expiy, (X)) = 0, expi (V) #0

Fig.2. Focal points of a submanifold with flat section

Therefore the nullity spaces for focal radii of M along vy, span T.M & Ker A,. In the case
where G/K is a sphere of constant curvature c(> 0), we have

sin(s+/c)
- A,)).

F,(s) = det (cos(sx/E)id -

Hence we have

1
FR]}%];) = {7 (arctan % + jﬂ') A . the eigenvalue of A,, je€ Z}
’ c

1
and the nullity space for 7 (arctan % + jn) is equal to Ker(A, — Aid), where we note that
c

arctan # means 7 when A = 0. Therefore the nullity spaces for focal radii of M along vy,

span T M. Note that the focal set of M at x is given by

7:‘5[,): = U {’}’u(l" ) \/E 1 \/E

1
r = — arctan — or — |arctan —; 7| ;.
vETEFM s.t. |ju]|=1

e A e A
In the case where G/K is a hyperbolic space of constant curvature c(< 0), we have

sinh(sx/—_c)A )
v )

F,(s) = det (cosh(sx/—_c)id -
Hence we have

1 A=
2.2) T’R]}EU = {—arctanh—c ‘ A : the eigenvalue of A, s.t. |1] > \/—c}
s /—_C pi

1
and the nullity space for arctanh 1 s equal to Ker(A, — Aid). Therefore the nullity
—c
spaces for focal radii of M along vy, span T, M if and only if all the absolute values of eigen-
values of A, is greater than V—c. As a non-compact submanifold M with flat section in a

symmetric space G/K of non-compact type is deformed as its principal curvatures approach
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to zero, its focal set vanishes beyond the ideal boundary (G/K)(co) of G/K. This fact follows
from (2.2). According to this fact, we ([15]) considered that a focal radius of M along the
normal geodesic 7y, should be defined in the complex number field C. We ([15]) introduced
the notion of a complex focal radius as the zero points of the complex-valued function F¢
over C defined by

v

Fy(2) := det [cos(z\/R(v)C) _ SINGVR@) ) “R%)) o ACJ (z€0),
VR(v)

where Afj and x/R(v)c are the complexifications of A, and VR(v), respectively. For a complex
in(zVR

SnevRD) ) AS) (C (T.M)°) is called
VR(v)

the nullity space for z and its complex dimension is called the multiplicity of z. Denote by
FR%’U the set of all complex focal radii of M along y,. Set

c
focal radius z of M along vy,, Ker (cos(z\/R(v) ) —

Fac= | tolreFRY,) (€ Tim)©),
vETEM s.t. |Jo]|=1
which is called the rangential complex focal set of M at x. In the case where G/K is a
Euclidean space, we have F’ ,‘fj(z) = det(id—zA(E) (id : the identity transformation of (7, M)°).
Hence we have FR%U = FR};, and the nullity space for z € FR%U is equal to Ker(AS — %id).
Therefore the nullity spaces for complex focal radii of M along vy, span (T, M)® © Ker A;C.
Also, in the case where G/K is a sphere of constant curvature c¢(> 0), we have

Sin(Z‘/E)Ac)
ve ')

F ;c (z) = det (cos(z\/z)id -

1
Hence FR%” = FRHA%,U and the nullity space for 7 (arctan % + jﬂ') is equal to Ker(AS —
5 s -

Aid). Therefore the nullity spaces for complex focal radii of M along vy, span (T M)®. Also,
in the case where G/K is a hyperbolic space of constant curvature c(< 0), we have

Ffj(z) = det (cos(\/—_lz\/—_c)id - %A?],

where V—1 denotes the imaginary unit. Hence T’R%’U is equal to

1 —
= {— (arctanhg + jﬂ'V—])‘ A : the eigenvalue of A, s.t. || > V—c, je€ Z} U

—C

A 1
arctanh—— + (j + E)n‘\/—l)’ A : the eigenvalue of A, s.t. [4] < V—c, je€ Z},

{1 o

1 =
the nullity space for \/—_ (arctanth + jzr\/—l) (|4] > v—c) is equal to Ker(AEj —A1id) and
—c

—c —c
Aid). Therefore the nullity spaces for complex focal radii of M along vy, span (T, M) if and
only if all the eigenvalues of A, are not equal to +v—c.

1 A 1
the nullit for — arctanh—— + (j + =)aV-1| (4] > V=c) i 1 to Ker(AS —
e nullity space for (arc an +(j+ 2)7r ) (] > c) is equal to Ker(A,
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’Yi():(s +iv _1) = 75v+tJv(1)
M(C o VsvttJo

R

% (C) # R x §* 7 (C) = R?
(when t — 7§ (tv/=1) :closed) (when t — 7S (t4/=1) :non-closed)

Fig.3. The geometrical meaning of the complex focal radius

f}/’i(;:(s + i _1) = /st—&-tJv(l)

A8

Ysv+tJov ..

/K

4

75 \/ ¥
ME M
If we focus attention on T, M N T,y(C) = {0}, then we should draw this figure.

Yo

Fig.4. The geometrical meaning of the complex focal radius (continued)

Let M be a C“-submanifold with flat section in a symmetric space G/K. Then we can
define the complete complexification M of M as a (metrically) complete anti-Kaehler sub-
manifold in the anti-Kaehler symmetric space G-/K® associated with G/K (see the proof
of Theorem B in [20]). Denote by J and R the complex structure and the curvature ten-
sor of G°/KF, respectively, and A and exp— the shape tensor and the normal exponential
map of MC, respectively. Denote by H the horizontal distribution on the normal bundle
T+(M®) of M® with respect to the normal connection of M®. Take v € TM(c T+(MF))
andz=s+rV-1€C (s, € R). Then we can show Ker e/)_iﬁisvﬂjv C ﬁsvﬂjv and
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e/@i—svﬂlu(xﬁ)ﬂ]v) = P?’svﬂ]ul[o,l](QU»Z(X)) (X € TX(MC))’
where X&

w+1Jp 18 the horizontal lift of X to sv + tJv, P,
normal geodesic Yy, Of MFC and

is the parallel translation along the

sv+tJv

o COS(S\/I?U)_H(JO@))_ sm(S\/@+t(Jo\/l%)) OA"U

(E(v) = E(O,v)v). Hence &Bl(sv + tJv) = Ypr(l) = yﬁj(s + t\/—_l) is a focal point of
M€ along the geodesic yy,..y, if and only if z = s + V-1 is a zero point of the complex-
valued function fv over C defined by E(z) := det Q, ., where Q,, is regarded as a C-linear
transformation of T, (M) regarded as a complex linear space by J. On the other hand, it is
clear that the set of all zero points of F, is equal to that of FC. Therefore z = s + V-1isa
complex focal radius of M along 7, if and only if yS(s + tV-1) = exp™(sv + tJv) is a focal
point of MC along 7y, (see Figures 3 and 4). Hence we see that e’@l(f'ﬁ’x) is the focal
set of M© (c G°/KF) at x, where we identify (T M)® with T,.(M ). Thus we can grasp the
geometrical meaning of the complex focal radius.

3. Anti-Kaehler isoparametric submanifold

In this section, we shall recall the notion of a proper anti-Kaehler isoparametric sub-
manifold, which was introduced in [16]. Throughout this paper, we shall call this notion
an anti-Kaehler isoparametric submanifold with J-diagonalizable shape operators because
this terminology seems to be more familiar than “proper anti-Kaehler isoparametric subman-
ifold”. Also, we shall state the definition of the (metrically) completeness of an anti-Kaehler
Hilbert manifold. Furthermore we shall recall some facts related to this submanifold, which
will be used in Sections 7 and 8.

First we shall recall the notion of an infinite dimensional anti-Kaehler space, where we
shall define this notion more smartly than the definition in [16]. Let V be an infinite di-
mensional topological real vector space, J be a continuous linear operator of V such that
J? = —id and ( , ) be a continuous non-degenerate symmetric bilinear form of V such that
(JX,JY) = —(X,Y) holds for every X, Y € V. It is easy to show that there uniquely exists an
orthogonal time-space decomposition V = V_@& V. compatible with J, that is, the decompo-
sition such that (, )|y_xv_ is negative definite, ( , )|y, xy. is positive definite, { , )y_xv, =0
and that JV, = V% (see Figure 5). Define an inner product  , Vof V by

COF ==y GO+ (o),

where 7y, denotes the projection of V onto V.. If (V, (, 1) is a Hilbert space and that the
distance topology associated with ( , )’ coincides with the original topology of V, then
we ([16]) called (V,{, ),J) the infinite dimensional anti-Kaehler space. Here we state
that, from each (infinite dimensional separable) Hilbert space, an infinite dimensional anti-
Kaehler space is constructed in natural manner. Let (W,({, )y) be a (infinite dimensional
separable) Hilbert space and V := W€ be the complexification of W. Also, let { , )CW(:
VxV — C) be the complexification of ( , ). We regard V as a topological real vector space.
Define a continuous (R-)linear operator J of V by Jv := V=1v (v € V) and a continuous non-
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degenerate symmetric (R-)bilinear form ¢ , ) of V by (v;,1v2) := 2Re({v1, v2)) (v1,02 € V),
where Re(:) is the real part of (-). Then (V,(, ),J) is an infinite dimensional anti-Kaehler
space and V = V—-1W @ W is the orthogonal time-space decomposition compatible with J.

Vo =JVy
/ 1
null direction TV . v ~null direction
Vi
Vi Vv

< 9 >’V7><V+ = 07 < 9 >I’V7><V+ = 0
(o Mvrsvy =0, Clvrsavy 20, () vy xavy =0

Fig.5. The uniqueness of the orthogonal time-space decomposition com-
patible with J

Next we recall the notion of an anti-Kaeher Hilbert manifold, where we shall define this
notion more smartly than the definition in [16]). Also, we define the (metrically) com-
pleteness of an anti-Kaehler Hilbert manifold. Let N be a Hilbert manifold modelled on a
(separable) Hilbert space (V,( , )v). Let {, ) be a (smooth) section of the (0, 2)-tensor bun-
dle T*M ® T*M such that ( , ), is a continuous non-degenerate symmetric bilinear form on
T, M for each x € M. Also, let J be a (smooth) section of the (1, 1)-tensor bundle T*M & T M
such that J, is a continuous linear operator of 7. M for each x € M, J? = —id, VJ = 0 and
that (JX,JY) = —(X,Y) for every X, Y € TM, where V denotes the Levi-Civita connection
of (, ). For each x € M, there uniquely exists an orthogonal time-space decomposition
T .M = W*& W7 (with respect to (, ),) compatible with J,, that is, the decomposition such
that (, )clw:xw 18 negative definite, (, ) |lw:xw: 1s positive definite, (, ) |lw:xwr = 0 and
that J,W; = W2. Define an inner product ( , )f of T.M by

1.
< s >X = _ﬂT}Vj( 5 >x+7rtv+‘< s >xa

where my: denotes the projection of T,M onto Wi. Let (, I be the section of T*M ®
T M defined by assigning  , I to each x € M. If (T M,( , )) is isometric to (V,{, )y)
for each x € M, then we ([16]) called (M, , ),J) an anti-Kaehler Hilbert manifold. If
the Riemannian Hilbert manifold (M, { , )?) is complete, then we say that the anti-Kaehler
Hilbert manifold (M, ( , )) is (metrically) complete. Note that the (metrically) completeness
of a finite dimensional anti-Kaehler manifold also is defined similarly.

Let f be an isometric immersion of an anti-Kaehler Hilbert manifold (M, ( , ), J) into an
anti-Kaehler space (V,(, ), .7) If J o f. = f. o J holds, then we ([16]) called M an anti-
Kaehler Hilbert submanifold in (V,{ , ), J~) immersed by f. If M is of finite codimension and,
for each v € T+ M, the shape operator A, is a compact operator with respect to f*( , ), then
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we ([16]) called M an anti-Kaehler Fredholm submanifold. Assume that M is an embedded
anti-Kaehler Fredholm submanifold in V, where M C V and f is the inclusion map of M
into V. For the simplicity, denote by the same symbol J the complex structures of M and
V. Also, denote by A the shape tensor of M. Fix a unit normal vector v of M. If there
exists X(# 0) € TM with A, X = aX + bJX, then we call the complex number a + bV—-1
a J-eigenvalue of A, (or a J-principal curvature of direction v) and call X a J-eigenvector
fora+ bV-1. Also, we call the space of all J-eigenvectors for a + bV-1 a J-eigenspace
for a + b\—1. The J-eigenspaces are orthogonal to one another and they are J-invariant,
respectively. We call the set of all J-eigenvalues of A, the J-spectrum of A, and denote it by
Spec;A,. Since M is an anti-Kaehler Fredholm submanifold, Spec;A, \ {0} is described as
follows:

Spec;A, \ {0} = {w; i =1,2,---}

( il > |pis1] or il = ui1| & Rep; > Re pjyy”
or lui| = lpir1] & Rep; = Repiyy & Impy; = —=Im iy > 07

Also, the J-eigenspace for each J-eigenvalue of A, other than O is of finite dimension. We
call the J-eigenvalue y; the i-th J-principal curvature of direction v. Assume that the normal
holonomy group of M is trivial. Fix a parallel normal vector field v of M. Assume that the
number (which may be o) of distinct J-principal curvatures of direction v, is independent
of the choice of x € M. Then we can define complex-valued functions ; (i = 1,2,---)
on M by assigning the i-th J-principal curvature of direction v, to each x € M. We call
this function ; the i-th J-principal curvature function of directionv. The submanifold M is
called an anti-Kaehler isoparametric submanifold if it satisfies the following condition:

For each parallel normal vector field v of M, the number of distinct J-principal curvatures
of direction v, is independent of the choice of x € M, each J-principal curvature function
of direction v is constant on M and it has constant multiplicity.

Let {e;}2, be an orthonormal system of T .M. If {e;} U {Je;}2, is an orthonormal base of
T, M, then we call {e;}:* | (rather than {e;}:>, U {Je;};2|) a J-orthonormal base. If there exists
a J-orthonormal base consisting of J-eigenvectors of A,, then A, is said to be diagonalized
with respect to the J-orthonormal base. If M is anti-Kaehler isoparametric and, for each
v € T+M, the shape operator A, is diagonalized with respect to a J-orthonormal base, then
we ([16]) called M a proper anti-Kaehler isoparametric submanifold. We named thus in
similar to the terminology “proper isoparametric semi-Riemannian submanifold” used in
[14]. Throughout this paper, we shall call this submanifold an anti-Kaehler isoparametric
submanifold with J-diagonalizable shape operators because this terminology seems to be
more familiar than “proper anti-Kaehler isoparametric submanifold”. Assume that M is an
anti-Kaehler isoparametric submanifold with J-diagonalizable shape operators. Then, since
the ambient space is flat and the normal holonomy group of M is trivial, it follows from the
Ricci equation that the shape operators A,, and A,, commute for arbitrary two unit normal
vector v; and v; of M. Hence the shape operators A,’s (v € Ty M) are simultaneously diag-
onalized with respect to a J-orthonormal base. Let {E;|i € I} be the family of distributions
on M such that, for each x € M, {(E;).|i € I} is the set of all common J-eigenspaces of
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A,’s (v € THM). For each x € M, we have T.M = 'Eli(Ei)x, where .@I(Ei)x denotes the clo-
1€ 1€
sure of @I (E;), with respect to ( , )}C. We regard T M (x € M) as a complex vector space
e

by Jilr:m and denote the dual space of the complex vector space Ty M by (T M)*c. Also,
denote by (T+M)*c the complex vector bundle over M having (T;- M)* as the fibre over x.
Let 4; (i € I) be the section of (T+M)*¢ such that A, = Re(1,),(v)id + Im(4;),(v)J, on (E;),
for any x € M and any v € T M. We call A; (i € I) J-principal curvatures of M and E;
(i € I) J-curvature distributions of M. The distribution E; is integrable and each leaf of
E; is a complex sphere. Each leaf of E; is called a complex curvature sphere. It is shown
that there uniquely exists a normal vector field n; of M with A;(-) = {(n;, ) — V=1{Jn;,-) (see
Lemma 5 of [16]). We call n; (i € I) the J-curvature normals of M. Note that n; is parallel
with respect to the complexification of the normal connection of M. Note that similarly
are defined a (finite dimensional) proper anti-Kaehler isoparametric submanifold in a finite
dimensional anti-Kaehler space, its J-principal curvatures, its J-curvature distributions and
its J-curvature normals. Set [J := (/l,»);l(l). According to (i) of Theorem 2 in [16], the
tangential focal set of M at x is equal to iLGJI Ii. We call each IY a complex focal hyperplane of

M at x. Let v be a parallel normal vector field of M. If v, belongs to at least one /;, then it is
called a focal normal vector field of M. For a focal normal vector field v, the focal map f; is
defined by fi(x) := exp*(vy) (x € M). The image f(M) is called a focal submanifold of M,
where we denote by F5. For each x € F5, the inverse image [~ !(x) is called a focal leaf of M.
Denote by 77 the complex reflection of order 2 with respect to /7 (i.e., the rotation of angle
m having ¥ as the axis), which is an affine transformation of 7y M. Let W, be the group
generated by T7’s (i € I). According to Proposition 3.7 of [18], W, is discrete. Further-
more, it follows from this fact that W, is isomorphic an affine Weyl group. This group W, is
independent of the choice of x € M (up to group isomorphicness). Hence we simply denote
it by W. We call this group W the complex Coxeter group associated with M. According
to Lemma 3.8 of [18], W is decomposable (i.e., it is decomposed into a non-trivial product
of two discrete complex reflection groups) if and only if there exist two J-invariant linear
subspaces P; (# {0}) and P, (# {0}) of T;-M such that T M = P, & P, (orthogonal direct
sum), Py U P, contains all J-curvature normals of M at x and that P; (i = 1,2) contains
at least one J- curvature normal of M at x. Also, according to Theorem 1 of [18], M is
irreducible if and only if W is not decomposable.

4. Parallel transport map

Y. Maeda, S. Rosenberg and P. Tondeur ([29]) studied the minimality of the Gauge orbit
in the space of the H’-connections of the principal bundle P having a compact semi-simple
Lie group G as the structure group over a compact Riemannian manifold M. Let ¢*P be
the pull-back bundle of P by a C*®-path ¢ : [0,1] — M. The space of H’-connections on
c*P is identified with the (separable) Hilbert space H°([0, 1], g) of the H’-paths in the Lie
algebra g of G. The Hilbert Lie group Q.(G)(c H'([0, 1],G)) of H'-loops at e in G acts on
H([0, 1], g) as the subaction of the Gauge group on the space of connections, where e is the
identity element of G. The orbit map ¢ : H’([0, 1], 9) — H°([0, 1], 8)/Q(G) (= G) is called
the parallel transport map for G. See [33], [36], [37], [38] and [34] about the study of the
parallel transport map for a compact semi-simple Lie group. Now we shall consider the case
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where [0, 1] is replaced by the circle S! in the above definition. Then we shall explain that
¢ should be called the holonomy map for G. Lety : S! — M be a C*-loop. The space
of H%-connections on y*P is identified with the (separable) Hilbert space H°(S', g) of the
H°-loop in the Lie algebra g of G. The Hilbert Lie group Q.(G)(c H'(S!,G)) of H'-loops
at e in G acts on H(S!, g) as the subaction of the Gauge group on the space of connections.
We consider the orbit map ¢ : H(S', g) » HS',0)/Q.(G)(= G). Then, for each C*-
loopy : S' — M, ¢(y) is equal to the generator of the holonomy group (which is a cyclic
subgroup of G) of the connection w, of the trivial G-bundle S' X G — S determined by .
In this sense, ¢ should be called the holonomy map for G.

We ([16]) defined the notion of the parallel transport map for the complexification G* of a
semi-simple Lie group G. In this section, we recall this notion and some facts related to this
notion, which will be used in Sections 7 and 8. Let K be a maximal compact subgroup of G,
g (resp. ) the Lie algebra of G (resp. K) and g = @ p a Cartan decomposition of g. Also,
let { , ) be the Adg(G)-invariant non-degenerate inner product of g. The Cartan decomposi-
tion g = ¥ ® p is an orthogonal time-space decomposition of g with respect to ( , ), that is,
(', it 1s negative definite, ( , )|pxp 1s positive definite and ( , )|y vanishes. Set ( , YA =
2Re( , )¢, where ( , )C is the complexification of { , ) (which is a C-bilinear form of g%).
The R-bilinear form { , )* on g° regarded as a real Lie algebra induces a bi-invariant pseudo-
Riemannian metric on G® and furthermore a G--invariant anti-Kaehler metric on G¢/KC. Tt
is clear that ¢© = (t® V-1 P @ (\/—_lf @ p) is an orthogonal time—space decomposition of q¢
with respect to ( , YA. For the simplicity, set o=t V-1 1p and g i =V-lte® p. Note that
q® is the compact real form of g©. Set { , ) := 7r RO r( ¥4, where mye (resp. myc)
is the projection of g onto g (resp. g +) Let HO([O 11, 4% be the space of all L2 -integrable
paths u : [0, 1] — g© with respect to ( , )I and H°([0, 11, g) (resp. H([0, 1], g%)) the space
of all L2-integrable paths u : [0, 1] — ¢ (resp. u : [0, 1] — g%) with respect to —( , )Alggxgg
(resp. (. Yycxge). Clearly we have HO([0, 1],6%) = H°([0,1],4%) ® H([0, 1], 45). De-
fine a non-degenerate inner product ( , )8 of H°([0, 1], %) by (u, v)é = fol(u(t), (r))Adt.
It is easy to show that the decomposition H°([0,1],5%) = H([0,1],¢%) ® H ([0, 1],4%)
is an orthogonal time-space decomposition with respect to ( , )6‘. For the simplicity, set
HZ® = HY(0,11,65) (s = —or ) and (, ) = =", .(, )} + T s Yy, where 7 0c

(resp. m;pc) is the projection of H°([0,1],a%) onto H* (resp. H®®). 1t is clear that

{u, v)g = fol(u(t), v(O))YLdt (u, v € HO([0, 1], a%)). Hence (H°([0, 1], ¢%), ¢, )g) is a Hilbert
space, that is, (H°([0, 1], %), (, )3) is a pseudo-Hilbert space in the sense of [15]. Let J be
the endomorphism of g¢ defined by JX = V—1X (X € ¢%). Denote by the same symbol J
the bi-invariant almost complex structure of G induced from J. Define the endomorphism
J of HO([0, 1], 6%) by Ju = V=1u (u € H°([0,1],a)). From JH*® = H*C, JHOC H’C
and (Ju Jv)A —(u, v)A (u,v € H([0, 1], 9%)), the space (H°([0, 1], 4°),( , J) is an anti-
Kaehler space. Let H 1([0 11, ¢%) be a pseudo-Hilbert subspace of H([0, 1], gC) consisting
of all absolutely continuous paths « : [0,1] — g such that the weak derivative u’ of u is
squared integrable (with respect to ( , )¥). Also, let H'([0, 1], G%) be the Hilbert Lie group
of all absolutely continuous paths ¢ : [0,1] — G such that the weak derivative ¢’ of g
is squared integrable (with respect to ( , yh), that is, g7'g’ € H°([0, 1], g%). Define a map
¢ : H°([0,1],0%) — G by ¢(u) := g.(1) (u € H([0,1],a%)), where g, is the element
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of H'([0, 1], G%) with g,(0) = e and g;!g/, = u. This map is called the parallel trans-
port map for GC. This map is an anti-Kaehler submersion. Set P(G®,e x G%) := {g €
H'([0,1],G%)[g(0) = e} and Q.(G%) := {g € H'([0,1],G%)[g(0) = g(1) = e}. The group
H'([0, 1], G%) acts on H([0, 1], ¢%) as the action of the gauge transformation group on the

space of connections, that is,
g*u:=Adg(9u—-g'g;" (g€ H([0,11,G%), ueH(0,1],9%).
It is shown that the following facts hold:

(i) The above action of H'([0, 1], G%) on H([0, 1], a©) is isometric,

(ii) The above action of P(G®, e x G%) in H([0, 1], g©) is transitive and free,

(i) ¢(g * u) = (Lyo) © R, (@) for g € H' ([0, 11,G") and u € H*([0, 1], 6°),

(iv) ¢ : H°([0, 1], a%) — G® is regarded as a Q,(G®)-bundle.

(V) If p(u) = (Ly, © R;H(@W)) (u,v € HO([0, 11, 8), xo,x1 € G%), then there exists
g € H'([0, 1], G%) such that g(0) = xp, g(1) = x; and u = ¢ * v. In particular,
it follows that any u € H°([0, 1], ¢%) is described as u = g * 0 in terms of some
g € P(G®,G® x e).

5. Partial tubes

In this section, we recall some facts for partial tubes in a symmetric space, which will use
to prove Theorem A in the next section. For a submanifold F in a symmetric space G/K of
non-positive (or non-negative) curvature, M. Briick ([3]) introduced a certain kind of partial
tube with flat section including the normal holonomy tube, where F' is assumed to admit
the e-tube for a sufficiently small positive number €. This notion is defined as follows. Let
g, = inf{|r[|r : focal radius of M along vy}, where v is a unit speed normal geodesic of F.
Set

gr := inf{g, |y : unit speed normal geodesic of F}.

Assume that ep > 0. Fix xg € F. Let €,, := {c : [0,1] — F : a piecewise smooth path
with ¢(0) = xp}, CI)SO be the restricted normal holonomy group of F at xo and £, be the Lie
subalgebra of so(T;, F) generated by {Plo Prr: F oRe1y(Pcvr, Pevy)o Pe|vy, v € Ty M, ¢ €

€,,}. where R denotes the curvature tensor of G/K and P, is the parallel transport along ¢
with respect to the normal connection V+ of F and Prrs F is the orthogonal projection onto

T, F. Also, let Exo be the Lie algebra generated by £, and Lie @9 . Let Ly, := exp €, and
Ly, := exp £, where exp is the exponential map of GL(T;, F). Note that L, and L,, are
Lie subgroups of SO(TXLO F). Foryy € T;) F, define a subbundle B, (F) of the normal bundle

T+F of F by
B, (F) := {P(guo) | g € Ly,, c € Gy}

and EDO(F ) := exp™ (B, (F)), where exp* denotes the normal exponential map of F. For each
vector vy with ||vo]| < &fF, B,,(F) is an immersed submanifold, that is, a partial tube over I’
whose fibre over xg is exp*(L,,vo). M. Briick proved the following fact.

Theorem 5.1 ([3]). Let M be an equifocal submanifold in a symmetric space of non-
positive (or non-negative) curvature having a focal submanifold F. If the sections of M are
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properly embedded, then M is equal to the partial tube EUO(F ), where vy is an element of
TLF with exp*(vo) € M, and each fibre of B,,(F)(= M) is the image by exp* of a principal
orbit of an orthogonal representation on the normal space of F which is equivalent to the
direct sum representation of some s-representations and a trivial representation.

According to the proof of this theorem in [3], we can derive the following fact.

Theorem 5.2. Let M be an isoparametric submanifold in a symmetric space of non-
compact type having a focal submanifold F. If the sections of M are properly embedded,
1l ~,,0(F ), where vy is an element of T+ F with exp*(v) € M,
and each fibre of B,,(F)(= M) is the image by exp* of a principal orbit of an orthogonal
representation on the normal space of F which is equivalent to the direct sum representation
of some s-representations and a trivial representation.

then M is equal to the partial tube B

We recall the notion of a (general) partial tube. Let F' be a submanifold in a Riemannian
manifold N, T+ F be the normal bundle of F, exp* be the normal exponential map of F, V*
be the normal connection of F and A be the shape tensor of F. Let #(F) be a submanifold of
T*F which is given as the sum of some normal holonomy subbundles of T*F and #(F) :=
exp*(t(F)). If exp* |(r) is an immersion, then #(F) is called a partial tube over F. Denote
by A the shape tensor of #(F) and V (resp. H) the vertical distribution (resp. the horizontal
distribution) on T+ F, where “horizontal distribution” means that it is horizontal with respect
to V+. Denote by )Zc the horizontal lift of X € T, F to & € #(F),. Denote by A* the shape
tensor of the fibre #(F), := exp*(t(F) N T;F) of #(F) over x(¢ F) in the normal umbrella
X, = exp (TyF). For a C*-function ¥ and a linear transformation Q, we define a linear
transformation WY(Q) by

> PR(0)

P(Q) = o 0.

k=0

According to the proof of Proposition 3.1 and Corollary 3.2 in [17], we have the following
facts for A.

Proposition 5.3. Assume that N is a symmetric space G/K of compact type or non-
compact type and that F is a submanifold with section, where “with section” means that
the normal umbrella X, := eXpL(TyLF) at each y € F is totally geodesic in G/K (¥, is then
called the section of F through y). Let v € t(F), := {(F) N T+F and w € T}1(F). Then the
following statements (i) and (ii) hold:

(i) For X € V,, we have A, X = A} X;

(i1) Set w := (P Y"Y(w), where vy, is the geodesic in G/K with 7,(0) = vand Py, is
the parallel transport map along ,lj0,1}- Assume that the sectional curvature for the 2-plane

olio.1]

Span{v, 0} is equal to zero. For Y € H,, we have

ALY, = Py, (—(ad(zm o sinh(ad(v)(¥) + @A) 7y
: 2d(0)

(( cosh(ad(v)) —id _ sinh(ad(v)) — ad(v)
ad(v) ad(v)?

) ° ad(lD)) (AY )),

where ad denotes the adjoint representation of the Lie algebra g of G, and ad(v)* and ad(v) o
ad(w) are regarded as a linear transformations of p := Ker(6,, + id)(x= T.x(G/K)) (0 :
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the Cartan involution of G with (Fix0)y) ¢ K c Fix0). In particular, if F is reflective,
R@)Y = b%Y and R(w)Y = b%Y, then we have

A,Y, = —b, tanh b, Y,,

where R denotes the curvature tensor of G/K, R(e) denotes the normal Jacobi operator for
(®) and b; (i = 1,2) are real numbers (resp. purely imaginary numbers) when G /K is of
non-compact type (resp. of compact type).

6. Proof of Theorem A

In this section, we shall prove Theorem A. Let M be as in Theorem A and F be a reflective
focal submanifold of M. Denote by A the shape tensor of M and R the curvature tensor of
G /K. Without loss of generality, we may assume that o := eK € F. Let g (resp. ) be the
Lie algebra of G (resp. K) and 8 be an Cartan involution of G with (Fix6), ¢ K C Fix 6,
where Fix 6 denotes the fixed point set of 6 and (Fix 8)y denotes the identity component of
Fix 6. Denote by the same symbol 6 the involution (i.e., 6..) of g induced form 8 and set
p = Ker( + id,), which is identified with the tangent space 7,(G/K). Denote by Exp the
exponential map of G/K at o.

Proof of Theorem A. Take Z; € p with ExpZ, € M. Set xo := ExpZy, t := T,F, t+ :=
TLF and b := (exp Zy);) (T M). Since F is reflective, both t and t* are Lie triple systems.
Also it is clear that b is a maximal abelian subspace of t* containing Z,. Take a maximal
abelian subspace a of p including b. Let A be a (restricted) root system with respect to a
and set Ay := {aly | @ € A}. Let (4p); be the positive root system under a lexicographic
ordering of b*, pg be the root space for g € (Ap),. Set (2p)Y = {B € (Ap)s ] pg Nt # {0}
and (Ab)lf = {B € (2p)+ | pg Nt # {0}}. Since t and t* are ad(b)-invariant, we have

tL:bea(ﬂ ® (pﬁmtl))

c(np)Y

and

f=3t(b)€9(ﬂ ) (Pﬁﬂt)),

(Al\)lj

where 3;(b) denotes the centralizer of b in t. For the convenience, we denote the centralizer
3p(b) of b in p by pg. It is clear that 3(b) = pp Nt. Let EZO(F ) be the partial tube over F
through xy stated in the previous section. According to Theorem 5.2, M = EZO(F ) holds and
each fibre of this tube is the image by the normal exponential map of a principal orbit of an
orthogonal representation on the normal space of F given as the direct sum representation
of some s-representations and a trivial representation, which implies that each fibre of this
tube is a principal orbit of the isotropy action of the symmetric space Exp(t*). Take any

vE Té_xp ZOM . Then we have
R)l(exp 7)) = B id (B € (&p)s U {0}).

According to (ii) of Proposition 5.3, we can derive that the horizontal lift (which is denoted
by (pg N t)éo of ppNt (B € (Ab)f U {0}) to ExpZy is included by an eigenspace of A,.
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According to (i) of Proposition 5.3 and the fact that each fibre of M = EZO(F ) is the image
by the normal exponential map of a principal orbit of an orthogonal representation on the
normal space of F given as the direct sum representation of some s-representations and a
trivial representation, we can derive that (exp Zy).(pg N t+) (B € (Ab)K) is included by an
eigenspace of A,. Also we have

Texpz,M = (ﬂ @& (pgN t)éo) @(ﬁ ® (exp Zop)o(pg N tL)).
e(a0) 010} e(an)Y

From the above facts, it follows that this decomposition is the common eigenspace decom-
position of A, and R(v). Hence A, and R(v) commute. It is clear that the same fact holds at
other points of M. Hence M is curvature-adapted. m|

7. Proof of Theorem B

In this section, we shall prove Theorem B. Let M be as in Theorem B and M® be the
complete extrinsic complexification of M. See the proof of Theorem B in [20] about the
construction of the complete extrinsic complexification of M. Let & be the natural projection
of G® onto G¢/K® and ¢ : H°([0,1],4°) — GF the parallel transport map for G°. Set
MEC = 7 " (M) and ME = (m o ¢)"'(M®). Without loss of generality, we may assume that
K® is connected and that G© is simply connected. Hence ME is connected. Denote by A the
shape tensor of M and R the curvature tensor of G/K. First we shall show the following fact.

Proposition 7.1. The lifted submanifold M€ isa full irreducible complete anti-Kaehler
isoparametric submanifold with J-diagonalizable shape operators.

Proof. Fix x € M and a unit normal vector v of M at x. Denote by Spec A, and Spec R(v)
the spectrum of A, and R(v), respectively. For each (4, u) € (Spec A,) X (Spec R(v)), set

D,, = Ker(A, — 2id) N Ker(R(v) — pid).
Also, set

S :={(4,u) € Spec A, X Spec R(v) | Dy, # {0}}, Sy :={(Ap) €S, || > -u}
and S_:= {(A,p) € S||A| < v=H).

Since M is curvature-adapted, T, M = ( e? < D,,, holds. For the simplicity, set
Ap)e

sin (z\/R(v)C) e

0(z) := cos (z\/R(v)C) - Ror 0 Ar.
VR

Clearly we have

Asin(V=1zy=p) .
0@, = (cos(\/—_lzﬁ) _ Asin(V-lzy=p “)]1 N
V-1v=p
Hence, 11 (o4 € 5, and o # 0, then «/+_/1 (arctanh@ * kﬂ\/__l) (k € Z) are complex

focal radii along y, including D,, as its nullity space. Also, if (4,u) € S_ and u # 0, then

ﬁ (arctanh‘/%_ﬂ + (k + %)n\/ —1) (k € Z) are complex focal radii along v, including D,, as
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its nullity space. Also, if 4 € Spec A, \ {0} satisfying (4,0) € S, then % is a focal radii along
v, including Dy as its nullity space. Also, if |1 = 4/—u, then there exists no complex focal
radius along v, including D,, as its nullity space. Hence, since M satisfies the condition
(*c), there exists no (4, u) € S satisfying |A| = y/—u # 0. Thus we have

(7.1) T .M = Dy, ® ( ® D/l,u) .
(ALpeS,US.

Denote by A the shape tensor of MEC. Fix u € (mo @) '(x). Let vs be the horizontal lift of v
to u. Then it follows from the above facts and Proposition 4 of [16] that

Spec A, = {1]4 € SpecA, s.t.(4,0) € S}
U V-1
arctanh@ + kV—=1
U V-1
arctanh\/%_u + (k+ %)n\/—_l

(A,p)e Syst.u#0, keZ}

A esS_, keZ}.

For the simplicity, set

VT
AL = ((Au)eS,st.u+0, kez)
’#’ arctanh? + kvV-1
and
i VT
A/l,/.l,k = h 1 k 1 \/—1 ((l’#) € S—’ ke Z)
arctan =T + (k+ 3)mV-
Also, we set
D, :=Ker(Ay - 1id) (1 € SpecA, s.t. (1,0) € S.),
Da:, = Ker(Ag = AJ,,id) (Lu) €S, st.p#0, keZ)
and

Da-, :=Ker(Ay — Ay, id) (L €S, keZ)

Furthermore, by using (7.1) and Lemma 9 of [16] (see Lemma 7.3 of [15] also), we can
derive that T, M® is equal to

® D,|e o © Dy |®| @ @ Dy .
AeSpec A, s.t. (1,0)ES, (AES, s.t.u#0 kez, Wk (AWES_ keZ Ak

This implies that Zv{; is diagonalized with respect to a J-orthonormal base of T,MC. There-

fore it follows that M€ is an anti-Kaehler isoparametric submanifold with J-diagonalizable
shape operators from the arbitrariness of x, v and u. Since M is irreducible, it follows from
Theorem 2 of [18] that the complex Coxeter group associated with M is not decomposable,
where we note that the complex Coxeter groups associated with M is equal to the complex
Coxeter groups associated with MF (see Introduction of [18]). Hence, it follows from The-
orem 1 of [18] that ME is irreducible. Also, since M is full, it is shown that the J-curvature
normals of M° span the normal space of MFC at each point of MF (see the discussion in



ISOPARAMETRIC SUBMANIFOLDS ADMITTING REFLECTIVE FocAL SUBMANIFOLD 227

the proof of Theorem 2 of [18]). Furthermore, it follows from this fact that ME is full (see
the discussion in the proof of Theorem 1 of [18]). The completeness of MEC follows from
the completeness of MC and the fact that the fibres of 7 o ¢ are isometric to the complete
anti-Kaehler Hilbert manifold P(G, {e} x K©), where P(G®, {e} x K*) denotes the Hilbert
Lie group {g € H'([0, 1], G%) | (g(0), g(1)) € {e} x K€} equipped with the natural complete
anti-Kaehler metric. This completes the proof. m|

Remark 7.1. According to this proposition, M is proper complex equifocal in the sense
of [17].

Without loss of generality, we may assume 0 € ME and hence e € M. For the simplicity,
set V:= HO([0,1],0%), (, ) == (, yg and (, ) := (, ). Also, denote by || - || the norm
associated with ( , )X. Let K" be the Lie algebra of all holomorphic Killing vector fields
defined entirely on V and IC%C the Lie subalgebra of K" consisting of elements of X" which

are tangent to M€ along ME. Also, denote by o4k (V) be the Lie algebra of all continuous
skew-symmetric complex linear maps from V to oneself. Any X € K’ is described as
X, =Au+b (u € V) for some A € o4¢(V) and some b € V. Hence K" is identified with
04k (V) = V. Give osg(V) the operator norm (which we denote by || - [lop) associated with
¢, Y and K" the product norm of this norm || - [|op of 04x(V) and the norm || - [| of V. Then
the space K" is a Banach Lie algebra with respect to this norm. Let 7,,(V) be the group of all
holomorphic isometries of V and [ }I; (V) be the subgroup of I,(V) generated by one-parameter
transformation groups induced by elements of K. Since K" is a Banach Lie algebra, I,’q’ V)

d
is a Banach Lie group. Note that, for a general holomorphic isometry f of V, 7 (f)«1s
1=0

defined on a dense linear subspace of V but it is not necessarily defined entirely on V (see
Example in Appendix of [26]). It is clear that K" is the Banach Lie algebra of this Banach
Lie group I2(V). Let H,, be the closed Banach Lie subgroup of (V) of all elements of 12(V)
preserving M° invariantly. From Fact 1.1 stated in Introduction and Proposition 7.1, we can
derive the following extrinsic homogeneity theorem.

Lemma 7.2. We have M® = H, - 0.

Denote by p the homomorphism from H'([0, 1], G) to I,(V) defined by assigning g * - to
each g € H'([0,1],G°) (i.e., p(g)(u) := g * u (g € H'([0,1],G), u € V)), where g * u is as
stated in Section 4.

Lemma 7.3. The group p(H' ([0, 1], G%)) is a closed subgroup ofIII;(V).

Proof. Take an arbitrary v € H'([0, 1], a%) and set , := p(exp osv), where exp is the
exponential map of G°. Note that exp osv is equal to the image of sv € H'([0, 1], ¢%) by the
exponential map of H (10, 1], G%). The group {¥s | s € R} is a one-parameter transformation
group consisting of holomorphic isometries of V. The holomorphic Killing vector field X
associated with {i/; | s € R} is given by

X_d
“ o ds

(exp osv) * u = ad(v)(u) — v'.

d
=

S

Set I, := {t € [0, 1]] max Spec(—ad(v(¢))?) > ¢} and c( := min{c| 1. is of measure zero in
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[0, 1]}, where ad is the adjoint operator of €. Then we have
llad()ull* = f (ad(u(n)u(?), ad(u(®)u(n))* dt
f (ad(u(0)u(t), u()! d < colllP,

where ( , ) is the inner product of g stated in Section 2. Thus ad(v) is bounded. Hence we
have X € K", that is, p(exp ov) € IZ (V). Therefore, it follows from the arbitrariness of v that
p(H'([0, 11, G%)) is a subgroup of I2(V). The closedness of p(H'([0, 1], G%)) is trivial. O
In the proof of Theorem B, it is key to show the following fact.
Proposition 7.4. The above group H,, is a subgroup of p(H' ([0, 1], G%)).

To prove this proposition, we prepare some lemmas. For X € K", we define a map
Fyx : Q. (G% — ¢© by Fx(g9) := ¢ 5((0(9)-X)g). For the simplicity, denote by Ad the adjoint
operator Adge of G©. For this map Fy, we have the following fact.

Lemma 7.4.1. (i) For g € Q.(G%), Fx(g) = fo Ad(g)(X o 10))dr.

) IfX e IC%C, then the image of Fx is included by T,MC.

Proof. Let {i}scr be the one-parameter transformation group associated with X. For each
g € Q,(G), we have

d .
(P(9).X)y = - » p(@)Ws(g™" *0))

= —' (Ad@Ws(pg™H)0)) = g'97") = Ad@(X,yy-10)-

Also we have ¢,4(u) = fo u(tydt (u € TyV(= V)) (see Lemma 6 of [16]). Hence we obtain
the relation in (i). Since g € Q.(G°), it maps each fibre of ¢ to oneself. Hence, if X € IC”

then p(g).X € ICh In particular, we have (p(g).X)y € Tp MEC. Therefore we obtain F X(g) €
¢.5(TyM®) = TeMC. o

For v € H'([0, 1], o%), we define a vector field X" on V by (X*), := [v,u] — v’ (u € V). Let
{exposv|s € R} be the one-parameter subgroup of H'([0, 1], G) associated with v. Then
the holomorphic Killing vector field associated with the one-parameter transformation group
{p(exp osv)| s € R} of V is equal to X*. Furthermore, we can show X’ € lej by the discussion
in the proof of Lemma 7.4.1. For X", we have the following fact.

Lemma 7.4.2. The map Fy» is a constant map.

Proof. Take elements ¢; and g, of Q.(G%). Since p(g;) maps each fibre of ¢ to oneself by
the fact (iii) for ¢ (stated in Section 2), we have ¢ o p(g;) = ¢ (i = 1,2) and hence

(7.2) Fx(91) = 850000 (XN0) = Bupigr ) (X)) (0= 1,2),

Since p(exp osv) maps the fibres of ¢ to them by the fact (iii) for ¢ and ¢(p(gI])((A))) =
$(p(g;)(0)), we have d(o(exp s0)pg7)(O0)) = Blolexp sv)(plg;)(O0) and hence
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o, p(g]—l)(O)(X;(gl_])(o)) =0, ggl)(ﬁ)(X/U)(g;l)(o)). From this relation and (7.2), we obtain Fx.(g;) =
Fx:(g>). Therefore it follows from the arbitrariness of g; and g, that Fx. is a constant map.
O

For each u € V, denote by u the element ¢ fot u(t)dt (0 <t<1)of H'([0,1], g%).
Also we have the following fact for Fy.

Lemma 7.4.3. (i) The map X — Fx is linear.

(ii) Fx(9192) = Fp(g,).x(91) (91,92 € Qe(G)).

(ifi) (dFx)y © (dRy): = (dF yig).x)e (9 € Qu(GO))

(v) If X, = Au + b (u € V) for some linear transformation A of V and some b € V, then
we have (dFx)s(u) = fol (A+ ad(g))u’dt (u € Qo(a%)), where ad is the adjoint representation
of 6% and Qo(s%) = {u € H'([0,1],9%) | u(0) = u(1) = 0}.

W IfX, X € K" and if X — X = X° for some v € H'([0, 1], %), then Fy — Fx is a constant
map.

Proof. The statements (i) ~ (iii) are trivial. The statement (iv) is shown by imitating the
proof of Proposition 2.3 of [5]. The statement (v) follows from Lemma 7.4.2 and (i) directly.
O

By imitating the proof of Theorem 2.2 of [S], we can show the following fact in terms of
Lemmas 7.3.1~7.3.3.

Lemma 7.4.4. Let X be an element of K" given by X, := [v,u]l = b (u € V) for some
v,beV.IfX e IC%:, then we have v € H'([0,1],6%) and b = v’ (i.e., X = X°).

Proof. Set X := X — X” and w := v — b. First we consider the case where G is simple.
From X = ad(w), we have

(@)X = ()X pig1y) = Ad(g)([w, p(g )W) = [Ad(g)w, u—g 0] (ue V).

From this relation and (i) of Lemma 7.4.1, we have

(7.3)
d
(de(g)j)é(u) = 7 » Fp(g)j(exp su)
d ! _
" ds s:ofo Ad(exp si)((P(9)+X)exp-sun )4

i (p(g)*y)p(exp(—su))(o)) dt

5=

! — d
fo ([u, (plg) Kool + -

! . d . .
= f (—[u, [Ad(g)w,g*O]H% 0[Ad(g)w,p(exp(—su))(O)—g*O])dt
0 _

5=

! d
= f ([u, [Ad(g)w, ¢'g; " 11 - [Ad(g)w, o 0((exp(—su))'exp(—su);‘)])dr
0 =

s

1
= [ (e tadtgrw. g7 1+ (dthw, i)

= [u(0), [Ad@w.g'g-" 10| | = ). [Ad@w. g'g: 10|
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1 . 1

- f [/, [Ad(g)w, g’gx'11dt + f [Ad(g)w, u']dt
0 0

l T ——
_ f [[Ad(@)m,¢/g=1] + Ad(@yw, u'1dr
0

for u € T»(Q.(G%))(= Qo(g)), where each of the notation ’ means the derivative with
respect to ¢, é is the constant path at the identity element e of G© and Qy(a%) := {u €
H'([0,1],6%) | u(0) = u(1) = 0}. According to (ii) of Lemma 7.4.1, we have Im Fy C TEMC
and hence dimg(SpancIm Fy) < dim@TgMC < dimeg® - 2, where Spans(-) means the
complex linear span of (-) and dimc(-) means the complex dimension of (-). Since Fy; — Fx
is a constant map by (v) of Lemma 7.4.3, we have dimc(SpancIm F5) < dimeg® — 1, that is,
dimc(g© © SpancIm Fy) > 1. Take Y(# 0) € g © Span. Im Fy. Also, take g € Q,(G®) and
u € To(Q(G)). By using (iii) of Lemma 7.4.3 and (7.3), we have

(dFR)y((dRy)e)), YY* = ((dF ) o), YY"

1 T ——
iy fo [Ad@w, g'g="] + Ad(gyw, w')dr, ¥Y!
] T ~——
_ f (A g'g71] + Ad(gyw, ], Y di
0

1 —~—
=- fo W', [[Ad@w, g'g7' 1+ Adgw, Y] dr
= —', [[Ad(g)w, ¢'g7'] + Ad(g)w, Y1),

where () is the non-degenerate symmetric bilinear form of g© stated in Section 4. For the
simplicity, we setn := [Ad(g/)E,-/g’ggl] +Ad(g)w. On the other hand, from (dF5),((dR,)e(u))
€ SpancIm Fy, we have ((dF5)4((dRy):(u)), Y)* = 0. Hence we have («/, [17,Y]) = 0. The
space Q(q°) is identified with the vertical space (which is denoted by V) at 0 of ¢ under
the correspondence u — u’ (u € Qy(a%)), where we note that b)) = fol u'(t)dt = 0 by
Lemma 6 of [16] (hence u’ € V). Hence, from the arbitrariness of u, it follows that [r, Y]
belongs to the horizontal space (which is denoted by H;) at 0 of ¢. Since G€ has no center,
there exists Z € g€ with [¥, Z] # 0. Set W := [Y, Z]. By using Lemma 6 of [16], we can show
that 7 is equal to the set of all constant paths in g®. Hence it follows from [n, Y] € H that
[, Y] is a constant path. Furthermore it follows from (1, WHYA = ([n, Y1, Z)* that (n, W) is
constant, that is,

(7.4) (Ad(@)w, g'g='T, W) + (Ad(g)w, W)* = const.

Since g€ has no center, there exists W € ¢ with [W,W] # 0. Since G€ is simple,
Ad(GE)[W, W] is full in 6. Hence there exist Ay, , ha, € G© such that (Ad(h)[W, W],
<o+, Ad(hom)[W, W) is a base of ¢© (regarded as a real vector space), where m := dimcG°.
For a sufficiently small £ > 0, we take g; € Q,(G%) with Gile1-e) = hi (i = 1,--+,2m).
Since g; (i = 1,---,2m) are constant over [g, 1 — g], it follows form (7.4) (g = g;-case)
that {(w, Ad(hl.‘l)W)A (i =1,---,2m) are constant over [g, 1 — &]. Hence w is constant over
[e, 1 — £]. Hence it follows from the arbitrariness of & that w is constant over [0, 1]. That is,
we obtain b = v’ and hence v € H'([0, 1], ¢%).

Next we consider the case where G© is not simple. Let G° = G| x --- X G{ be the
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irreducible decomposition of G¢ and g? be the Lie algebra of G? (i=1,---,k). Let gg be
the maximal ideal of g such that the orthogonal projection of w = v — b onto the ideal is a
constant path, where we note that any ideal of g© is equal to the direct sum of some g?’s and
hence it is a non-degenerate subspace with respect to { , )*. Now we shall show

(7.5) (o5)* € TeM",

where (giz_;)L is the orthogonal complement of gg in ¢© with respect to { , Y. Let V; :=

H°([0,11,07) (i = 1,--- , k). Itis clear that V = V| @ - - - & V; (orthogonal direct sum). The
holomorphic Killing vector field X is described as X = Ylf +o 4 Y,f in terms of some holo-
morphic Killing vector field X; on V; (i = 1,--- ,k), where ZL is the holomorphic Killing
vector field on V defined by (X»L)u = (X»)ui (u = (uy,--- ,ux) € V). Forg = (g1, ,qg) €
— k —
Qe(GC)(: QE(G?) X - X Qe(GE)), we have Ad(g)(Xp(gfl)(())) = ;1Adl‘(gl‘)((X,')pi(gi—l)(@)),

where Ad; denotes the adjoint representation of GIC and p; denotes the homomorphism from

H([0, 1], Gi.c) to 1,(V;) defined in similar to p. Hence, from (i) of Lemma 7.4.1, we have
ko .
Fx(g)= X F ;_( (g:), where Fl? is the map from Qe(Gi.C) to gi.c defined in similar to F5. There-
i=1 X i
k . k — k — —
fore we obtain SpanqIm Fy = EBl Span-Im F’}.. Letv = ) v;and b = . b;, where v;, b; € V;
i= i i=1 i=

1
(i=1,---,k). Since gg is an ideal of ¢, it is described as gg = .E%g? (I c{l,---,k}). Since
1€

v; — b; (i € I) are constant paths by the definition of gg, Adi(g)[v:i — b;, p(g7)(0)] (i € I) are
loops and hence

1
Fio) = [ Adto)lu~Bip(e; O =0 e,
! 0
Hence we have

SpancIm Fy C (gg)l(: l% go).
Also we can show Span:-Im F ’} = g? (i ¢ I). Therefore we obtain

(7.6) SpancIm Fy = (gg)L.

Also, since Fy — Fy is a constant map by (v) of Lemma 7.4.3 and 0 € Im F%, we have

(7.7) Span.Im Fy C Span-Im Fy.

From (7.6), (7.7) and (ii) of Lemma 7.4.1, we obtain (g;%)l C TL)MC. Next we shall show
that (Ry).((62)*) C T,M® for any g € M®. Fix g € M®. Define g € H'([0, 1],G%) with

9(0) = e and g(1) = g by g(¢) := exp Y for some Y € g°. Since ¢ o p(g) = R;l o ¢, we have

¢~ (R, (M®)) = p(@)(M®). Also we have p(g).X € K"

_ . Hence, by imitating the above
P@M®) y &

discussion, we can show
C n ~1,77Cy _ 1,7 75C
(7.8) (gm) CT.R, (M~) = (Ry), (TyM").

Also, we have
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79 (0@ X = P& Koy 1) = [Ad@)0, u] - [Ad@)v, p(@)(0)] - Ad(@)b.

Set v := Ad(g)v and b := [Ad@)v, p(9)(0)] + Ad(g)b. Denote by pr,c the orthogonal pro-
X
o)
invariantly, respectively. Hence we have pr,c o Ad(g) = Ad(g) o prc and prc o ad(Y) =
X X X

jection of ¢ onto gg. Since Ad(g) preserves each g~ invariantly, it preserves g% and (g

ad(Y)opr,c. Also, we have p@)(0) = =Y = —Ad(9)Y. By using these facts and noticing that
X

pryc(v — Z) is a constant path, we have
X

d ([ =\ d — = ~ o —
P (v —Z) = —prg (Ad@(v ~b) + Ad@)b - [Ad@)v, p@)(0)] — Ad@b)

= Ad@Y. pryc( = b)] + Ad@LY. prc(b)]
+ Ad@prgg (b) + pryc [Ad(g)v, Y] - Ad@prgg (b)
= (pryc 0 Ad(@) (IY.0 = b1+ [¥,B] + [v,¥]) = 0.

Thus pre(v - b) is a constant path. This fact together with (7.9) implies gg C ch -
X PLG)+

hanging the roles of X and «X, h € c g5. Th btain & = ¢

exchanging the roles of X and p(g) /Vie ave gp@*x 8- us we obtain g X

Therefore the relation (Rg)*(gg)l C TgMC follows from (7.8). Since this relation holds for

any g € MC and gg is an ideal of g%, we have MC = M x G% C Gg X G%(z G°) for

some submanifold MC in Gg, where G;% = exp(gg) and G% = exp((gg)L). Since MC is

By

irreducible and dim M€ < dim G, we have (gg)l = {0}, that is, gg = . This implies that

v — b is a constant path. Therefore we obtain b = v’ and hence v € H'([0, 1], g°). ]

Also we have the following fact.

Lemma 7.4.5. The set ]CI;VIC is closed in KC".

Proof. Denote by IC’I%IC the closure of IC%C in C". Take X € IC%C. Then there exists a

sequence {X,,}* | in IC%F with lim X, = X (in K"). Let (X)), = Ayu+b, (A, € 04x(V), b, €
= n—oo

V)yand X, = Au+ b (A € o4x(V), b € V). From lim X, = X (in K"), we have lim A, = A

n—o0

(in 04x(V)) and hence lim A,u = Au (u € V). Also, we have lim b, = b. Hence we have
n—00

n—oo

lim (X,)), = X, (u € V). For each u € M®, denote by pr; the orthogonal projection of V onto
n—00

T-MFC. Since dim T:-M® < co, pr is a compact operator. Hence, since pr-((X,),) = 0 for

all n, we obtain pr; (X,) = 0 and hence X € IC%C. Therefore we obtain IC%C = IC%C. m]

Take v € V and X € K. Also, define g, € H'([0,1],G%) (n € N) by g,(1) := exp(no(1))
and a vector field X!, (n € N) by X} := %p(gn)*X. Since p(g,) € IZ(V) by Lemma 7.3, we
have X}, € K Let X, = Au+b (A € o.x(V), b € V), where u € V, and X2y =Au+ b
(AY : askew-symmetric complex linear map from the domain of X}, to V, b!, € V), where u

is an arbitrary point of the domain of X, . Then we have

1 1
(X = ;Ad(gn)(Xp(g;l)(u)) = ;Ad(gn)(Ap(g,Il)(u) +b)
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1 1 A
= ~(Ad(gy) 0 A 0 Ad(g, )w) + —Ad(ga)(Ap(g;)(0) + b)
and hence
(7100 A= %Ad(g,» oAoAd(g,") and b, = %Ad(gnm(p(g;l)(@) +b).

From the first relation in (7.10), we have A}, € o4x(V) and hence X}, € ) S

For {X;}>> |, we have the following fact.

Lemma 7.4.6. If X € IC%,C and v is an element of HC with

1
exp (nf u(t) dt) =e (meN),
0

[se]

then there exists a subsequence of {X}}> |

converging to the zero vector field.
Proof. Takeu e V. Letu = u_ + u, (u_ € Hg’c, Uy € HS’C). Then we have
(Ad(gn)ue) (1) = Ad(exp(ro())u(t) = exp(ad(no(t)us(r) € 67 (& = = or +)

for each ¢ € [0, 1] because (7) € g (0 < ¢ < 1) by the assumption and [g%, g5] € ¢F (& = -
or +). Hence we have

<Ad(gn)u, Ad(gn)u>l = _<Ad(gn)u—Ad(gn)M—> + <Ad(g”)u+’ Ad(g”)u+>
= —(u_, us) + (g, uy) = (u, uyt

Therefore, by using (7.10), we can show [|A}[lop = %llAllOp — 0 (n — o). Also, since v € g©
and G€ is a compact Lie group, we have

(g, DO =11 = (9,1 (g3 = 11, 1| = Nl exp., (no)| < nlloll.
and hence

1 oA 1
oall < — (I1Ap(g; YOI + 11B11) < 1Allop - lll] + M6l = N1Allop - lloll- (2 = 0).

Since the sequence {X"|n € N} in K" is bounded, there exists its convergent subsequence
(X552, Set X¢, = lim X . From lim A} = 0, X{, is a parallel Killing vector field on V.
]—)OO

JrJ= n—oo

1
From exp (n f u(t) dt) = ¢, we have g, € Q.(G%) and hence p(g,)(M®) = M®. This fact
0

together with X € IC%C deduces X € IC%C. Also, from [|A}]lop = %llAllop < oo, we have

X" € K. Hence we have X' € IC%C. Therefore we have X!, € lCii7 Furthermore, from

Lemma 7.4.5, we have X!, € ]C];?C' Thus, since XY, is parallel and X!, € ]C];?C’ it follows
from Lemma 7.4.4 that X2 = 0. This completes the proof. |

On the other hand, we have the following fact.

Lemma 7.4.7. Let X be an element of IC%E given by X,, = Au + b (u € V) for some
A € osx(V) and some b € V, Y an element of o¢ and f an element of H°([0,1],C)(=
H([0,1],R?)) satisfying fol f()dt = 0 or f = const. Then we have A(fY) = [Y,w] for some
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wevV.

Proof. Set v := fY. Define f € H'([0,1],C) by f(r) == [ f()dt (0 < ¢ < 1). Let
A(fY)(t) = u (1) + un(t) (ui(r) € Kerad(Y) and us(r) € Imad(Y)), and u;(t) = u; () + u (1)
(u; (1) € oS, ur(t) € oS) (i = 1,2) and b(r) = b=(t) + b* (1) (b~(1) € oS, b*(¢) € o). Let
gn(1) := exp(no(r)) = exp(nf(t)Y). From (7.10) and Ad(g,)Ikerad(y) = id, we have

1 _ A b
b, = ;Ad(gn)(Ap(gnl)(O) +b) = Ad(gn) (A(f Y)+ ;)
b
= uy + Ad(g,)(uz + ;)-
Since Ad(g,) preserves a® and g(f invariantly, respectively, and Ad(g,)|keradcy) = id, we have
b
B, u)t = (uru)t + (Ad(ga) (s + ;),Ad(gn)uﬁl
1
= (up, )’ + Z<b,M1>I = (u,u1)t (n— o).

First we consider the case where fol f(Hdt = 0” or ”f = const and Y is the initial vector
of a closed geodesic in G of period f 7. Then we have exp (n fol v(t)dt) = e (n € N).

Also we have v € H*C because of Y € o. Hence, according to Lemma 7.4.6, there exists a
subsequence {X; }°, of {X,,} 7 | converging to the zero vector field. Clearly we have lim b;, =
0 and hence u; = 0. Thus we sce that A(FY)(7) € Tmad(¥) holds for all £ € [0, 1]. That s,
we have A(fY) = [Y,w] for some w € V. Next we consider the case where f = const and
Y is the initial vector of a closed geodesic in G (not necessarily of period f). Let a be the
period of the closed geodesic. Since aY is the initial vector of a closed geodesic in G of
period one, it follows from the above discussion that A(aY) = [Y, @] holds for some w € V.

Hence we have

A(fY) = gA(aY) = g

.= v Lal.

a
Next we consider the case where f = const and Y is the initial vector of non-closed geodesic
in G©. Set

B:={Z|Z : the initial vector of a closed geodesic in G}.
Since g° is the compact real of a®, B is dense in g©. Take a sequence {Z;}*, in B with
limZ; = fY. As showed in the above, there exists w; € V with A(Z;) = [Z;, w;] for each i.

1—00

We can show that the sequence {w;};, is a convergent sequence and that

A(fY) = lim[Z;, wi] = [Y, f lim w;].

i—0o0

This completes the proof. m|

Since w in this lemma depends on X, f and Y, we denote it by wy y. According to Lemma
2.10 of [5], we have the following fact.

Lemma 7.4.8. Let B be a map from o€ to oneself defined by B(Y) = [u(Y), Y] (Y € ¢%) in
terms of a map u : o° — oC. If B is linear, then u is a constant map.
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By using Lemmas 7.3.7 and 7.3.8, we can show the following fact.

Lemma 7.4.9. Fix X € IC%C and f € H([0, 11, C) satisfying fol f(t)dt = 0 or f = const.
Then wy yy is independent of the choice of Y € qc.

Proof. For the simplicity, set wy := wyy. Define a linear map B’1 N by
Bi(Y) := A(fY)(1),c (¥ € ¢%) and a linear map B} : ¢© — g% by By(Y) := V=1(A(fY)(1),0)
(Y € ¢%), where ()gc (€ = —or +) is the gS-component of (+). Since A(fY) = [Y,wy], we
have B|(Y) = [Y,wy(t),c] and By(Y) = [Y, \/—_111)y(l‘)g‘£], it follows from Lemma 7.4.8 that,
for each ¢ € [0, 1], wy(#),c and wy(t)gg are independent of the choice of Y € €. Hence wy is
independent of the choice of ¥ € g°. m|

According to this lemma, wy sy is independent of the choice of Y € g, we denote it by
wy, . Define ,, € H°([0, 1],C) by ¢,,(t) = expRnaV—1£) (0 < t < 1), where n € Z.

Lemma 7.4.10. For each X € IC},:qc and each f € H°([0, 1], C) satisfying fol f(tdt =0

or f = const, we have wx,y = fwx,1, where the subscript 1 in wy; means 1 € HY([0, 1],C).

Proof. Let (, )© be the complexification of the Ad(G)-invariant non-degenerate sym-
metric bilinear form ( , ) of g inducing the metric of G/K. Let a be a maximal abelian
subspace of V=1 pand ¢ = 3gc(@) + ZQEA(gg)a the root space decomposition of o® with
respect to a, where 3,c(a) is the centralizer of a in g and A = {@ € a*|(g%), # {O}}
(6% := {Z € o%|ad(a)Z = V-1a(a)Z (Va € a)}). For any o € A and any n € N U {0},
define H, € a by (H,,-) = a(-) and ¢4, = {;(fTV? Define g,, € H'([0,1],G%) by
Gan(t) := exp(tcaHy) (0 < t < 1). Itis clear that g,,, € Q.(G®). Let z,,n = p(gan)i' X.
Since p(ga,n)(MC) = 1\71@, Xm is tangent to MEC along ME. Also, we can show Y(m e K",
Hence we have Ymn € IC%C. Let ()_(W,)u = Zw,u + Ea,n (Za,n € ok (V), Ew € V). We can

show that Za,,, = Ad(g(w)‘1 o A o Ad(g,.,) in similar to the first relation in (7.10). Take any
Yy € 3,c(a) and any Y, € (6%)4. Then, from Ad(gan)Yo = Yy, we have

[Ad(gon)wg, 1. Yol = [Ad(@an)wy, 12 Ad(Gan)Yo]
= —Ad(gan)AunY0) = ~A(Ad(gan)Y0) = —AYy = [wx 1, Yol.
It follows from the arbitrariness of Yy(€ 3,c(a)) that
(7.11) Im(Ad(genwy, | —wx1) C a.
Also, from Ad(g,,)Ye = ¥nY,, we have
[AdGo)wy 1Yol = UalAdGawg 2 Ad(Gan)Ya

= _lp—nAd(ga,n)(Zar,n Y,) = _w—nA(Ad(ga,n)Ya)
= _w—nA(lr//n Y(Y) = lyl’—n [wX,xp,,’ Yoz]

and hence
[Ad(ga,n)wﬁayml - Qb—an,(//n’ Ya] =0.

It follows from the arbitrariness of Y, (€ (g%),) that
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Im (Ad(gan)wg, | = ¥-ntxy,) C 32((05)a)-

This together with (7.11) implies

Im (w1 = wxy,) € a® 3,0((05)a).

From the arbitrariness of @, we obtain
Cc —
Im (wnwx,l - wx,¢”) Ca® (JQA 3gg((g_)a)) =a
Take another maximal abelian subspace a’ of V—1p with a’ Na = {0}. Similarly we can show

Im (lﬁnwx’l - wx’wn) ca

and hence

(7.12) Wy, = Yoy,

(o]

Take any f € H°([0, 1], C) satisfying fol f(@®dt =0or f =const. Let f = >, c,i, be the

n=—o0o

Fourier’s expansion of f, where ¢, is constant for each n. Then, since A is continuous and
linear, we have

[ee)

(7.13) A(fY) = ) cdWaY) (Y €g5).

From (7.12) and (7.13), we obtain

0

[Vl = A(FY) = > ealliwxy,] = [¥, fuxi] (¥ € g5,
Thus wy y — fwy,1 belongs to the center of . Therefore, since g has no center, we obtain
wx.f = fwxi. o

From Lemmas 7.3.7 and 7.3.10, we have the following fact.

Lemma 7.4.11. Let X be an element of IC%C given by X, = Au+ b (u € V) for some
A € 0ax(V)and b € V. Then we have A = ad(v) for some v e V.

m e
Proof. Take any u € V and a base {ej,--- ,e,} of a°. Letu = Y, ue; and u; = 3, Cinn
i=1 n=—oo

be the Fourier expansion of u;. Then, since A is continuous and linear, we have Au =

[ee]

> 2 cinAWye). According to Lemmas 7.3.7 and 7.3.10, we have A(fY) = [wx, fY] for

n=-—o0 j=1

an € g~ and an S N . satistyin 1)dr = or = const. ence we nave
y ¥ € o€ and any f € H((0, 1],C) satisfying [ f(1)dr = 0 or f H h

00 m
Au = Z Zci,n[wx,l,lﬁnei] = [wx,1, ul.

n=-oo j=1

Thus we obtain A = ad(wy,). O

By using Lemmas 7.3.4 and 7.3.11, we shall prove Proposition 7.4.
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Proof of Proposition 7.4.  Take any X € Lie H,. Since Lie H, C IC%C, it follows
from Lemmas 7.3.4 and 7.3.11 that X = X" for some v € V. Since X’ is the holo-
morphic Killing vector field associated with an one-parameter subgroup {o(exp osv)|s €
R} of p(H'([0,1],G%)), we have X € Liep(H'([0,1],G%)). Hence we obtain Lie H, C
Lie p(H'([0, 11, G), that is, H, c p(H'([0, 1], G%)). o

By using Proposition 7.4, we shall prove Theorem B.

Proof of Theorem B. Since H,, is a subgroup of p(H'([0, 1], G%)) by Proposition 7.4,
we have H;, = p(Q) for some subgroup Q of H'([0, 1], G%). Let Q' be a closed connected
subgroup of G*x G® generated by {(7(0), k(1)) | h € Q). Since ¢op(h) = (Ly)°Ry}) 0 ¢ for
each h € H, we have MC = Q’ - e, where e is the identity element of G®. Here we note that
G“xG® acts on G° by (91,92)-9 = (Lg, oR;)(9) (91.92.9 € G©). Set M= ' (M), where
mg is the natural projection of G onto G/K. Since Misa component of MENG containing
e and (Q' N (G X G)) - e is a complete open submanifold of MEn G, Misa component of
(Q' N (G X G)) - e. Therefore we have M = (Q' N (G xG))p - e, where (Q' N (G X G))y is the
identity component of Q" N (G X G). Set @, := (Q' N (G XG))y. Since M consists of fibres of
nr, we have (O U(exK))-e = M, where (QpU(exK)) is the group generated by Qf U(exK).
Denote by the same symbol Qf, the group (Qp U (e X K)) under abuse of the notation. Set
(Qp)1 =191 €G|3gr € G s.t. (91,92) € Optand (O )2 := {92 € G|dg1 € G s.t. (91,92) €
Ol Also, set (Qr)] :={g € Gl(g,e) € Qp} and (Qp)5 :={g € G|(e,9) € Op}. Itis clear
that (Qp); is a normal subgroup of (Qg); (i = 1,2). From e X K € Qp, we have K C (Qp)5.
Since K € (Qf)5 € (Qf)2 € G and K is a maximal subgroup of G, we have (Q;)> = Kor G
and (Qf)5 = K or G. Suppose that (Q); = G. Then we have M = G and hence M = G/K.
Thus a contradiction arises. Hence we have (Qf )5 = K. Since K is not a normal subgroup of
G and it is a normal subgroup of (Q} )2, we have (Qf)> # G. Therefore we have (Qp)2 = K
and hence Q; € G x K. Set Qf :={g € G|({g} x K) N Qp # 0}. Then, since M = O -eand
M = n(ﬂ), we have M = QF(eK). Thus M is extrinsically homogeneous. |

8. Proof of Theorem C

In this section, we prove Theorem C (Main theorem) by using Theorems A and B. Let M
be as in Theorem C and F be its reflective focal submanifold. Without loss of generality,
we may assume that o := eK € F. Denote by A the shape tensor of M and R the curvature
tensor of G/K.

First we prove the following fact by using Theorem A.

Proposition 8.1. The submanifold M satisfies the condition (xc).

Proof. We prove this statement in the case where G/K is of non-compact type (this
statement is proved similarly in the case where G/K is of compact type). Take Zy € p with
ExpZy € M. Set xy := ExpZy, t := T,F, t* := T, F and b := (exp ZO);OI(TXLOM). We use
the notations in the proof of Theorem A (in Section 6). Take any v € T M. As stated in the
proof of Theorem A, the decomposition
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Texpz,M = (B ® (pgN t)éo) @(ﬂ @ (exp Zo)«o(Pp N fL))
() U{0} v

€(Ap)y
is the common eigenspace decomposition of A, and R(v). Also, we have R(v)lexp 7)., =
B)?*id (B € (Ap)+ U {0}). From (ii) of Proposition 5.3 that

(pg N 17, € Ker(A, + B(0) tanh(B(Zp))id) (B € (ap)!).

Also, since F is reflective and the fibre M NExp(t*) is a principal orbit of the isotropy action
of the symmetric space Exp(t+), it follows from (i) of Proposition 5.3 that

__PO id|.

tanh(B(Zy))

From these facts, it follows that are not equal the absolute values of the eigenvalues A, and
R(v) on each of the common eigenspaces (pﬁﬁt)éo’s B e (Ab)f U{0}) and (exp Zo)+o(Pg Ntt)’s
((AB)Z) of A, and R(v). This implies that M satisfies the condition (x¢). m|

(exp Zy):(pg Nt+) C Ker|A, +

From Theorem B and this proposition, we can derive Theorem C.

Proof of Theorem C. Since M satisfies the condition (x¢) by Proposition 8.1, it follows
from Theorem B that M is extrinsically homogeneous. Hence it follows from Theorem A of
[19] that M 1is a principal orbit of a (complex) hyperpolar action on G/K. See [16] (or [19])
about the definition of a (complex) hyperpolar action. Furthermore, since this action admits
a reflective (hence totally geodesic) singular orbit and it is of cohomogeneity greater than
one, it follows from Theorem C and Remark 1.1 of [19] that this action is orbit equivalent
to a Hermann type action. Therefore M is a principal orbit of a Hermann type action. O

9. Classifications

From Theorem C and the list of Hermann type actions in [19], we can classify isopara-
metric submanifolds as in Theorem C as follows.

Theorem 9.1. Let M be a full irreducible isoparametric C*-submanifold of codimension
greater than one in an irreducible symmetric space G|/K of non-compact type. If M admits
a reflective focal submanifold, then it is a principal orbit of the action of one of symmetric
subgroups H’s of G as in Tables 1-3.

10. Proof of Theorem D

In 1991, G. Thorbergsson ([39]) proved that any full irreducible isoparametric subman-
ifold of codimension greater than two in a Euclidean space is extrinsically homogeneous
by using the building theory. In this section, we shall prove Theorem D by defining the
topological Tits building of spherical type associated to an isoparametric submanifold as in
Theorem D and using it, where we refer the proof in [39]. First we recall the notion of a
topological Tits building. Let A = (V, S) be an r-dimensional simplicial complex, where V
denotes the set of all vertices and S denotes the set of all simplices. Each r-simplex of A
is called a chamber of A. Let A := {A,},ea be a family of subcomplexes of A. The pair
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Table 1. List of Hermann type actions.

G/K H
SL(n,R)/SO(n) SO(n), SOo(p,n—p) (1 <p<n-1), Sp(3,R), SL(5,C)-U(1)
(n>6, n:even) (SL(p,R)x SL(n — p,R))-R. 2<p<n-2)
SL(4,R)/SO(4) SO4), SO0o(1,3), SO00(2,2), SL2,C)-U(1), (SL(2,R)x SL(2,R))-R.
SL(n,R)/SO(n) SO(n), SOo(p,n—p)(1<p<n-1),
(n>5, n:odd) (SL(p,R)x SL(n—p,R)) R, < p<n-2)
SL(3,R)/SO(3) SO(3), SO0(1,2)
SU*(2n)/Sp(n) (n > 4) Sp(n), SO*(2n), Sp(p,n—p) (1 <p<n-1), SLn,C)-U(1)
SU*2p) x SU*2n -2p)x U(1) 2 < p<n-2)
SU*(6)/Sp(3) Sp(3), S0*(6), Sp(1,2)
SU(p.q)/S(U(p) x U(9)) SWp)x U@), SOu(p,q), Sp(5,%),
(4<p<gq,p,q:even) SW3GE, jyxUp-i,qg—)) (1<i<p-1,1<j<qg-1)
SU(p.q)/S(U(p) x U(g)) S(U(p)xU(q)). SOo(p.q),
(3<p<gq, porgq:odd) SW3GE, j)xUp-i,gq—j)) A<i<p-1,1<j<g-1)
SU2,9)/S(UQ2)x U(g) SWU@R)xU(g), SO002,q), SWA,HpxUl,g-j)(1<j<qg-1)
(g=3)
SU(p. p)/SWU(p) x U(p)) | SW(p)x U(p), SOo(p.p), SO*(2p), Sp(5.5), Sp(p.R), SL(p,C)-U(1)
(p=4, p:even) SW3u, pxUp-i,p—-j) (I1<i<p-1,1<j<p-1)
SU2,2)/S(UQ2)x U((2)) S(UR)xU®2)), S00(2,2), SO*4), SL22,C)-U(l), SWUU,1)xU(,1))
SU(p, p)/S(U(p) x U(p)) SU(p)x U(p)), SOo(p,p), SO*(2p), Sp(p,R), SL(p,C)-U(1)
(p=5, p:odd) SW3GE, j)yxUp-i,p-j) (1<i<p-1,1<j<p-1)
SU3,3)/S(UB)x U@A)) S(UB)xU3)), S00(3,3), SO*(6), SL3,C)-U(1),
S, 1)xUQ2,2), SWUN,2)xU2,1))
SL(n,C)/SU(n) SU(n), SO(n,C), SL(n,R), SU(G,n—i) (1<i<n-1), Sp(5,C), SU"(n)
(n>6, n:even) SL(i,C)x SL(n — i,C)x U(1) 2<i<n-2)
SL(4,C)/SU4) SU4), SO4,C), SL(4.R), SUG,4—-i) (1<i<3), SU*4)
SL(2,C) x SL(2,C) x U(1)
SL(n,C)/SU(n) SU(n), SO(n,C), SL(n,R), SU(i,n—i) (1<i<n-1)
(n>5, n:odd) SL(i,C)x SL(n — i,C)x U(1) 2<i<n-2)
SL(3,C)/SU(3) SU@3), SO(3,C)

B := (A, A) is called a Tits building if the following conditions hold:

(B1) Each (r — 1)-dimensional simplex of A is contained in at least three chambers.

(B2) Each (r — 1)-dimensional simplex in a subcomplex A, are contained in exactly two
chambers of A,.

(B3) Any two simplices of A are contained in some A .

(B4) If two subcomplexes .A,, and .A,, share a chamber, then there is an isomorphism of
A,, onto A,, fixing A, N .A,, pointwisely.

Each subcomplex belonging to A is called an apartment of 3. In this appendix, we assume
that all Tits building furthermore satisfies the following condition:
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Table 2. List of Hermann type actions (continued).

G/K H
500(p. 9)/SO(p) x SO(g) SO(p) x SO(q). SU(L., %) U(1),
(4<p<gq, p,q:even) SOo(i, j) X SOo(p—i,qg—j) (1<i<p-1,1<j<q-1)
500(2,9)/SO(2) x SO(q) 50(2) x SO(q), SOo(1, j) x SO¢(1,g~j) (1<j<q~-1)
(4<gq, q:even)
S00(p.9)/SO(p) x SO(g) | SO(p) x SO(g). SOo(i. j) X SOo(p—ing—j) (1<i<p-1,1<j<q-1)
(2<p<gq, porgq:odd)
SOo(p, p)/SO(p) x SO(p) S0(p) x SO(p). SO(p,C), SU(5.5)- U, SL(p.R)-U(1)
(p >4, p:even) SOo(i, ) X SOp(p—i,p—j) (1<i<p-1,1<j<p-1)
500(2.2)/50(2) x SO(2) S0(2) x SO2), SO2,C), SOy(1,1) x SOy(1, 1)
SOo(p, p)/SO(p) x SO(p) SO(p) x SO(p), SO(p,C), SL(p,R)-U(1),
(p=5, p:odd) SO0, ) X SOo(p—i,p-j) (1 <i<p-1,1<j<p-1)
500(3,3)/50(3) x SO(3) SO(3) x SO(3), SOB3,C), SOy(1,1) x SOy(2,2)
S00(1,2) X SOp(2, 1)
S0*(2n)/U(n) Un), SO(n,C), SU*(n)-U(1)
(n =6, n:even) SO*(2i) x SO*(2n - 2i) 2 <i<n-2),
suG.n-iy-u) (4]+[%] 22
SO*(8)/U(4) U4), SO4,C), SO*(4)xSO*(4), SU(2,2)-U(l)
SO*2n)/U(n) Un), SOn,C), SO*(2i)xSO*(2n—-2i) 2<i<n-2),
(n>5, n:odd) SUG,n—1)-UM) (§]+][%]>2)
50(n, C)/SO(n) S0(n), SO(,C)xSO(n—i,C) 2<i<n-2),
(n>8, n:even) SOoG,n—i) ([4]+[%] 22, SL(4.©)-502,C), SO*(n)
50(6,C)/SO(6) 50(6), SO(i,C)x SO6—i,C) 2<i<4),
500(2,4), S00(3,3), SO*(6)
50(4,C)/SO(4) S0(4), SO(2,C)x SO(2,C), S00(2,2), SO*(4)
S0(n, C)/SO(n) S0(n), SO(i,C)x SO —i,C) 2<i<n-2),
(n>5, n:odd) SO0, n—1) (4] +]%]>2)
Sp(n,R)/U(n) Un), SUG,n—1i)-U) (1<i<n-1), SL(,R)-U(),
(n>4, n:even) Sp(5,C), Sp(i,R)x Sp(n—i,R) 2<i<n-2)
Sp(2,R)/U(2) UQ2), SU(1,1)-U(1)
Sp(n,R)/U(n) Un), SUG,n—1i)-U) (1<i<n-1), SL(n,R)-U(),
(n>15, n:odd) Sp(i,R)y x Sp(n—i,R) 2<i<n-2)
Sp(3,R)/U3) U@B). SU1,2)-U(1), SLB3,R)-U(1)

(B5) Each apartment .4, is a Coxeter complex.

If A, is finite (resp. infinite), then the building /3 is said to be spherical type (resp. affine
type). Let O be a Hausdorff topology of V. The pair (/3,0) is called a fopological Tits
building if the following conditions hold:

(TB1) (B, .A) is a Tits building.

(TB2) For k € {1,---,r}, Sk 1= {(x1,-++ ,x%s1) € V| a1 - xe01| € Si) is closed in the
product topological space (VK*!, ©9+1), where S; denotes the set of all k-simplices of S and
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Table 3. List of Hermann type actions (continued).
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G/K H
Sp(p.q)/Sp(p) x Sp(q) Sp(p) x Sp(q), SU(p,q) - U(1),
Qzp<q Spli, )xSp(p—iq—j) (1<i<p-1,1<j<q-1)
Sp(p, p)/Sp(p) X Sp(p) Sp(p) X Sp(p), SU(p,p)-U(1), SU*2p)-U), Sp(p,C)
(p=3) Spi, DX Sp(p—i,p—j) (I1<i<p-11<j<p-1)

Sp(2,2)/Sp(2) x Sp(2)

Sp(2) x Sp(2), SU2,2)-U(1), SU*4)-U(1), Sp(1,1)xSp(1,1)

Sp(n, C)/Sp(n)

Sp(n), SL(n,C)-SO(2,C), Sp(n,R), Sp(i,n—1i) (1 <i<n-1),

(n>4) Sp(i,C) x Sp(n —i,C) 2 <i<n-2)
Sp(n,C)/Sp(n) Sp(n), SL(n,C)-SOQ,C), Sp(n,R), Splin—i) (1<i<n-1)
(n=2,3)
ES/(Sp@®)/{x1}) Sp®/{x1}, Sp4,R), Sp(2,2), SU*(6)-SU(2),

SL(6,R) x SL(2,R), SO0(5,5) R, Fj

EZ/SU(6) - SU(2)

SU6)-SUQ2), Sp(1,3), Sp4,R), SU2,4)-SU?2), SU@3,3)-SL(2,R),

SO*(10) - U(1), SO(4,6)-U(1)

EZ'4/Spin(10) - U(1)

Spin(10) - U(1), Sp(2,2), SU(2,4)-SU2), SU(,5)-SL(22,R),

SO*(10) - U(1), SOy(2,8)-U(1)

Eg*|Fy Fy. F®. 5p(1.3)
E¢ /Eg Ee, ES, EZ, Eg™, Sp(4,C), SL(6,C)-SL(2,C), SO(10,C)-Sp(l), Fi. EZ*
EJ/(SU®)/{x1}) SU@®)/{=1}, SLB.R), SU*®). SU4.4), SO*(12)-SU(2),

500(6.6) - SL(2,R), ES-U(1). EZ-U(1)

E;3/S0’(12) - SU(2)

50'(12) - SU2), SU(4,4), SU(2.6). SO*(12)-SL(2,R),
500(4.8)-SUQ), EZ-U(), Eg'-U(1)

E;%Eg- U(1)

Eg-U(1), SU*®8), SU(2,6), SO*(12)-SU(2)
500(2,10) - SL(2,R), Eg™-U(1), EZ*-U(1)

ESE; E7, E]. E;%, E;®, SLB,C), SO(12,0)-SL(2,C), ES-C*
E$ /SO’ (16) S0'(16), SO*(16), SOy(8.8), E;>-Sp(1), EJ-SL(2,R)
Eg*/E7 - Sp(l) E7-Sp(l), E3°-Sp(l), E;*-SL2,R), SO*(16), SOo(4,12)
Eg/Eg Eg, ES, E3*. SO(16,C), EI xSL(2,C)
F3/5p@3) - Sp(1) Sp3)-Sp(1), Sp(1,2) - Sp(1), SpB3,R)- SL2,K)
F{/F4 Fs, F§, F;°, Sp(3,0)-SL(2,C)
G3/S0(4) SO@4). SL2,R) X SL(2,R), a(SO(4))

(@ :an outer automorphism of G%)
G5 /G, G, G3, SL(2,C)x SL(2,C)

- Xx+1| denotes the k-simplex with vertices xp, - -+, Xp11-

Tits building (A, A, O) if the following conditions hold:

(TA1) ¢ preserves S (i.e., “o = |x; - X341l € S = @(0) := |p(x)) - - - P(xx1)| € S.
(TA2) ¢ preserves A (i.e., foreach 1 € A, ¢(A,y) :={d(0) |0 € A} € A.)
(TA3) Foreach k € {1, - - - , r}, ¢ gives a homeomorphism of Sy onto oneself.

A homeomorphism ¢ of (V, O) is called a topological automorphism of the topological
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According to (TA1) (resp. (TA2)), ¢ gives a bijection of S onto oneself (resp. A onto
oneself).

Let M be a full irreducible curvature-adapted isoparametric submanifold of codimension
r(> 2) in an irreducible symmetric space G/K of non-compact type. Assume that M satisfies
the condition (+}). Set p := T.x(G/K) and b := T ;. M. Let a be a maximal abelian subspace

of p(C g) containing b and p = a 69( ® pa) be the root space decomposition with respect
aEA,

to q, that is, p, = {X € plad(a)*(X) = a(a)’X (Y a € a)} and A, is the positive root
system of the root system A := {& € a* \ {0}|p, # {0}} under a lexicographic ordering
of a*. Set Ay := {alp|@ € A s.t. aly # 0} and let p = 3,(b) EB(ﬂ © pg| be the root space

E(Ah)+

decomposition with respect to b, where 3,(b) is the centralizer of b in p, pg = @ Pa
€A, s.t.alp=18

and (Ap)4 is the positive root system of the root system Ap under a lexicographic ordering
of b*. For convenience, we denote 3,(b) by py. Denote by A the shape tensor of M and R

the curvature tensor of G/K. Let my := m?{x} #Spec A, and my := mii{)é} #Spec R(v), where
veb veb

f(-) is the cardinal number of (-). Note that mg = #(2p),. Let U := {v € b \ {0} | #SpecA, =
my, #Spec R(v) = mg}, which is an open dense subset of b \ {0}. Fix v € U. Note that
Spec R(v) = {-B)*|B € (Ab)+}. From v € U, B(v)*’s (B € (Ap),) are mutually distinct. Let
SpecA, ={4],---, A4, } (4] > ---> 45 ). Set

I(”) = {i|po N Ker(4, — Ajid) # {0}}, Ig = {i| pg N Ker(A, — A7id) # {0}},
I = (e LI > BOIL, I = (i LI < BN, [5)°:={i € 112 = B,

Since M is curvature-adapted and satisfies the condition (xj), we have 10 =0, (I”)* =0
(ie., )+ ) (B € (Ap)+) and a = b (hence A = Ayp). In similar to the fact (2.2) stated in
Sectlon 2, we have

1
(10.1) FRy, = {marctanh@ ‘ Ben,, i€ 1”}

From the arbitrariness of v and the fact that U is open and dense in b, the relation (10.1)
holds for any v € b. Hence the tangential focal set FE’E x of M at eK is given by

U {marctanhﬁ /5” i€ Ig}

VETEM s.t. |jv]|=1 !

On the other hand, H. Ewert ([6]) showed that the tangential focal set of an isoparamet-
ric submanifold in a symmetric spaces of non-compact type at any point consists of finitely
many (real) hyperplanes (which are called focal hyperplanes) in the normal space at the point
and the reflections with respect to the hyperplanes generates a Weyl group (see [6] for exam-
ple), where we note that he ([6]) treated not only an isoparametric submanifold(=equifocal
submanifold) but also a submanifold with parallel focal structure (whose sections are not
necessarily flat). Denote by W this Weyl group. Note that the focal hyperplanes are not
parallel pairwisely because the Weyl group is a finite Coxeter group. From this fact and
(10.2), we see that, for any 8 € A, ﬁl” = 1and 'B(”)

furthermore ﬁ O zﬁ @ holds when 3,28 € A., where {i} = Iz and {j} = Lp. So we set

l

(10.2) Frex =
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cp = B/(lg) (B € A%) and furthermore ¢ := arctanh cg. Also, set A’ := {8 € A, |28 ¢ A,} and
k=4’ Then Fy, , is given by
(1.3) Friex = | B7@p).

Ben),

This fact implies that W is isomorphic to the Weyl group of G/K (that is, the Coxeter group
of the principal orbits (which are isoparametric submanifolds) of the s-representation of
G/K). Since M is full and irreducible, we can show that W is of rank r and irreducible.
Therefore G/K is irreducible and its rank is equal to r. For the simplicity, set lg := B‘l(éﬁ).
It is clear that Berl lg is a one-point set. Denote by vy this point and set p := exp*(vg) and

ro := l|lvoll- It is clear that the section X, of M through any x € M passes through py. Let
S (rp) be the unit sphere of radius ry centered at 0 in 7, (G/K). It is easy to show that M is
included by the geodesic sphere exp,, (S(r0)) in G/K. Let {I|i = 1,--- ,k} be the set of all

k _ — -
focal hyperplanes of M at x(¢ M), that is, l_gl L= F’,%’x. Set I} := expL(lj‘), Ir= expl‘,o1 ()

and fx = expl‘,o1 (Z,), where we note that EX is an r-dimensional affine subspace in 7', (G/K)
through 0 because X, is a flat totally geodesic submanifold in G/K, and that?j‘ is an (affine)
hyperplane in Ex through 0. It is clear thatﬁl:?‘ N S(rp)’s (i € I,) and their intersections give
a Coxeter complex in fx N S(rp). Denote by A, this Coxeter complex. Let V, (resp. S,)
be the set of all vertices (resp. simplices) of A,. Set Vy; := Uyeps Vi, Sy := Urenr Sy and
Ay = {A;lx € M}. Also, set Ay := (Vy, Sy). Give Vy, the relative topology (which
we denote by O) of T, (G/K). Note that exppo(VM) is equal to the sum of some lower
dimensional submanifold Fy,--- , F;. It is shown that Fy,-- - , F; are focal submanifolds of
M. For example, see Figure 6 about the case where A, is a Coxeter complex of type (A,).
We have the following fact:

69} T’E K = ﬂU lg = ﬂU ﬂ_l(éﬁ), the nullity space corresponding to the focal hyperplane
? e, en’,
lg is equal to pg and A, = A} id = @ id on pg.
g

Set M’ := exp;;(M)(C T,,(G/K)). It is clear that M’ is included by S (o). Also, we can
show that M’ meets X,’s (x € M) orthogonally by calculating the Jacobi vector fields along
each radial geodesic starting from pg and reaching M, where we use the fact that the sections
2.’s (x € M) are flat. Assume that » > 3. Let L be a principal orbit of the s-representation of
G /K, which is a full irreducible isoparametric submanifold of codimension r in T,x(G/K).
It is clear that the same fact as (#) holds at any point of M (other than eK). Hence it is shown
that the above By, := (Ay, Ay, ©O) essentially coincides with the topological Tits building
of spherical type associated to the full irreducible isoparametric submanifold L constructed
in [39] by comparing their constructions. Thus By, is a topological Tits building of spherical

type.

Now we prove Theorem D by using this topological Tits building 53,, of spherical type.
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laminate
/
v
’AI, ° B ‘Ax
v (v:=exp,(x), v :=exp, (a))
S(ro)
Fig.6. The topological Tits building of an isoparametric submanifold as in
Theorem D

Fig.7. The action defined by the topological Tits building of an isoparamet-
ric submanifold

Proof of Theorem D. Let G’ be the topological automorphism group of By, and G|, be
its identity component. Then, by the result in [4], it is shown that G is a semi-simple
Lie group. Define an involution s of Sy, by s(0) := {—-p|p € o} (0 € Sy). Let K’ be the
subgroup consisting of all elements of G; commuting with s. Itis shown that K is a maximal
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compact subgroup of G;. We identify T,k (G/K") with T, (G/K) and denote these by the
same symbol p’. We consider the action of K" on p’ constructed as in the second paragraph
of Section 4 (Page 444) of [39]. That is, we consider the action of K’ on p’ constructed as
follows. Take kK’ € K’ and v € p’. Let o be the element of S); including ”’TOHU. Let w(k’, v) be
the element of k’(07) having the same barycentric coordinate as the barycentric coordinate of
v with respect to o-. We define the K’-action on p’ by

[[ol]
’ . ||U” ’ ’ ’ ’
kK-vi=—uwk,v) K €K,vep)
o

(see Figure 7). From this construction, it is clear that this action K’ ~ p’ has M’ as its orbit.
It is shown that this action is a polar action on p’ by using the discussion in Pages 444-445 of
[39], where we use also the fact that M’ meets Ex’s (x € M) orthogonally. Hence it follows
that this action is orbit equivalent to the s-representation of G;/K’. Furthermore, since the
same fact as (§) holds at any x € M other than eK, this action K’ ~ p’ is orbit equivalent
to the s-representation of G/K. Therefore M’ is a principal orbit of the s-representation of
G/K and hence M is a principal orbit of the isotropy action K ~ G/K. |
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