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Abstract
In this paper it is proved that for any irrational and some O< 6 < 1.5/100,
there are infinitely many primep such thatp + 2 has at most two prime factors
and |ap + B|| < p~? which improves K. Matoméki’s result < 1/1000.

1. Introduction

Let o be a irrational real number antk| denote the distance from to nearest
integers. Earlier work about the distribution of the fraotl parts of the sequeneep
was considered by I.M. Vinogradov [16] who showed that for eegl numberg, there
are infinitely many primes such that ifo = 1/5— ¢, then

@ lep + Il < p™,

where and belowe > 0 is arbitrarily small. Later the expone#t was improved by
several authors (Harman [3, 4], Jia [8, 9], Heath-Brown aiad[3]). So far the best
result is given by Matomaki witlh = 1/3 — e.

Let P, denote an almost prime with at mastprime factors, counted according to
multiplicity. The famous prime twins conjecture statestttigere exist infinitely many
primes p such thatp + 2 is a prime too. Up to now this conjecture is still open, but
many approximation to it established. One of the most isterg of them is due to
J.R. Chen [2], who showed in 1973 that there exist infinitegngnprimesp such that
p+2=P,.

In [14] Todorova and Tolev considered the distribution cop modulo one with
primes of the form specified above, and showed thabfer 1/100, there are infinitely
many solutions in primegp to (1) such thatp + 2 = P,. Later Matoméki [11] has
shown that this actually holds with + 2 = P, and 6 = 1/1000.

In this paper, our purpose is to improve the rafdgand we shall prove the follow-
ing result.
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Theorem 1.1. Leta e R\ Q, B € R and 0 <6 < 1.5/100 Then there are in-
finitely many primes p satisfying $2 = P, and such that

) lep + Il < p™”.
NOTATION. Leta be a real number with a rational approximatiafg satisfying

a
o — —

< where Q,q)=1, and gq=>1.

?!

HereK > 1, k~ H meansH <k <2H and 0< 6 < 1.5/100. As usual letA(n) and
¢(n) respectively denote Von Mangoldt’s function and Euler'sdiion. For simplicity
instead ofm = n (mod k), " we write m = n(k), e(x) respectively. LettelC is a
positive constant, which is not necessarily the same at eachrrence.

2. Some lemmas

In order to prove Theorem 1.1, we need the following lemmas.

Lemma 2.1 ([11, Theorem 1]). For any well-factorable functiom. of level D,
we have

> aa Y o Y A(n)e(ank)

d~D k~H n~x
— =c(d
3) (d,0)=1 n=c(d)

1/4—¢
X , X
< H(log X)cxs/4+g(a i % 1 D2 4 x84 m|n{D4+20€, E}) _

Lemma 2.2 ([10, 13]). Let x> 1, z= x¥!. Then for u> 1, we have

X X
Y o1= w(u)Iogz + o(log2 Z),

n<x
(n,P(2)=1

wherew(u) is determined by the following differential-differenceuation

w(u):é, if 1<u=<2,

(Uw) = wu—1), if u>2.

Lemma 2.3 ([13]). For any given constant A 10, there exists a constant B
B(A) > 0 such that

X
A 1

max max » " g(x, H(y: k, d, )] < g™ X

a=p =1 y=x k<E(x)
(Kd)=1
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where

1
Hiy:kd D= ) 1--—2%"1,
e C)

< kp<y
kp=! (d)
1 1-9
§§E(x)<<x , 0<v =<1,
g(x, k) < d;(k), D =x¥?log®x.

Lemma 2.4 ([13]). Let the condition ofLemma 2.3be given and 1(y) be a posi-
tive function depending on x and satisfyingy) < x” for y < x. Then we have

X
log" x~

(Ir’g)@a:ﬁryfax E g(x, K H (kry(y); k, d, )| <
d<D k<E(x)
(k,d)=1

Lemma 2.5 ([13]). Let the condition ofLemma 2.3be given and #(y) be a posi-
tive function depending on,¥ and satisfying ki(y) <« x for k < E(x), y < x. Then
we have

X
> maxmax > g(x, H(kra(y): k, d, )| < :
2 00)=1 y=x ey log* x

3. Proof of Theorem 1.1
As in [14] we begin with a periodic functiog (t) with period 1 such that

€(0,1) if —A<t<A,
x(t){=0 it A<t<1-aA,

and which has a Fourier series

@) x@®) = A+ gkek)

k|>0

with coefficients satisfying

g(0) = A,

(5) gk) < A, for all Kk,
> k)| < N7
k|>H

where

(6) A=AN)=N"? and H = A"tlog’N.
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Next we will use sieve methods. As usual, for any seque&hoé integers weighted
by the numbersf,, n € £, we set

€= Y fa

ne&
(n.P@2)=1
and denote byy be the subsequence of elements £ with n =0 (modd). We write

P@=]]p

p<z

and

V@) =[] (1—%0)).

pIP(2)

Let further

- gty

p>2
and we will use the following form of the linear sieve due toahiec [6].

Lemma 3.1. Let2 <z < D¥?2 and let s=logD/logz. If
(A1) [&a] = (o(d)/d)X + 1 (&, d), pu(d) #O;
(A2) X7 <pz @(P)/ P = log(logz,/l0g 21) + O(1/l0g 21), 2, > 21 = 2,
where w(d) is a multiplicative function 0 < w(p) < p, X > 1 is independent of
d. Then

S(E,2) = XV@(F(S) + o)+ > > af (€, d),

I<L d|P(2)

SE,2) = XV@(f(s)—o@)— Y Y AT (d)r (€, d),

I<L d|P(2)

where L= O(1), A* are well-factorable bounded functions of leve| B(s), F(s) are
determined by the following differential-difference et

2e .
F(s)=?, f(s) =0, if 0<s=<2,
{(s F(s)) = f(s—1), (sf(s)) =F(s—1), if s>2,

wherey denote the Eulés constant.
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So, if we defineA to be the sequence of integars< N weighted by

_ (x@(—=2)+p) if n-—2eP,
=10 else.

Then to prove Theorem 1.1, it suffice to show that

@) SA NP = > x(@p+p)>0.
p+2<N
(p+2,P(N¥3)=1

However, we cannot quite do that, but need to use a more dmaitéxi weighted
sieve method. Indeed following Cai (see [1], Lemma 5),Ket 1/12,| = 1/3.1, and
we consider

s> ) anl—% > 1—% >ooo1- > 1

neA NY/12<poNY3L N=p1PzPs N=p1pzPs
(n,N¥2)=1 “pin N/12<py < N1/ NY31<py<pp<(N/py)*?
N1/3.1=p2<(N/pp)t/2

+ O(N™/1),

Here we notice that the weight of n & if and only if n has no prime factors: N/31

in which case clearlyy = P,. If the weight ofn is a,/2, thena, has one prime factor
in the interval N¥/*2, N33 and the third, fourth sum is 0. But this again implies that
n = P,. Thus the weight oh is positive only if

n="P, n—2eP and |a(n—2)+ 8| <N,

and so it is enough to show th&> 0.
Using the sieve notation, we can write

1 1
S> S(A, NY12) 5 > S NV - > > S(Apyp;: P2)

N1/12< po N131 NY12< p, < NV31
NY31<py<(N/py)Y/?

(8) - Z S(Ap1p2’ p2) + O(Nll/lz)

NY31<py <pp<(N/p1)2

=5 - %Sz - %33 — S+ O(N™).
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Consider a square-free number If 2 | d, then we write|A4| = |r (A, d)| < 1.
Otherwise we have by the Fourier expansionydgh)

\Adl = Y~ x(e(md-2)+B)

md<N
md-—2eP
= Y xl@p+5)
p<N-2
pE—Z(d)
= Y <A+A > Cke(akp)+O(Nl))
p=N O<|k|<H
p=-2(d)
Li N N
=Al — + R/ R>(d o————=1 1,
(<¢>(ol)+ 1(d) + Rold) + (d(logN)C))
wherec, <« 1, and
Li N
Ry(d) = 1— —,
1(d) § 2@
p=-2(d)
R(d)= > > celakp).
p=<N O<|k]<H
p=-2(d)

Applying Bombieri—Vinogradov theorem (see [7], Theorem1)7mplies that

Y IR €

log" N
d<N/2/log® N 9

On the other hand, Lemma 2.1 implies that for a well-factrdlinction o of level
D < N¥2/(H?log® N), we get

> raRy(d) <

A
d=D log™ N

when N = g2, wherea/q is a convergent ta with a large enough denominator.
Therefore we apply Lemma 3.1 with

0 if 2]d, N1/2
w(d) = d . X=ALI N, and D<—C’
o) otherwise, H2log~ N
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to S and obtain

S > A Li NV(NY*?)f(6 —249)(1 + o(1))

8 524 1 1 log(s—1) CoAN
© =1 (Iog(5—240) +/3 " dt/2 S dS) o’ (o)
A
> 13. 471|C°_N
g

Since (Ap)g = Apdg, We can use Lemma 3.1 also & by using the same method.
In this case one faces the sum

> > raRy(pd),

N1/125p<N1/3-1 dSD
by Remark 10 in [11], the above sum is at most

< N
log”" N’

then

0 if 2|d, ; 1/2
wd) =] d Cox=AHN S b N
) otherwise, #(p) pH2log® N

And applying partial summation, prime number theory, weehav

o - Z AL N ALIN,, Nu1g)E (6 240 _ 12&)(1 + 0o(1))

NL/12<poNY/31 ¢(p) log N
~ 6/1/3-1 F(6—24 —12)  CoAN
1/12 t log?

(1-80)/4 5-249-12t .
_ 8(/ dt (1+/ log(s — 1) ds)
1/12 t(l—40 - 2t) s

1/3.1 1 CoA
10 0
o - /(1—89)/4 t(1—40 —2t) dt) (1 + o(1))

( (1-80)/4 5249121 Iog(s— 1) .
o[ [
1/12 t(1—49 — 2t) 2 S

1/3.1 1 CoA
+/1/12 =20 - 20 dt) (1+ o(1))

CoAN
<21 36430—

log?

(o)
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For the sumS;, we write

S = > > x(@(npLpz — 2) + B)

NY12<p <N31<py<(N/pp)Y/?2 npLp2<N
np:p2—2€P, (n,P(p2))=1

> > x(@p+ B)

N/12< p; < NV/3.1< p, <(N/ py) /2

p=np, p—2
1=n=N/(p1p2), (N, P(p2))=1

2 2 2. 1

N1/3-1§ po< N11/24 1<n< N11/12/ p=np p2—2
(n,P(p2))=1 NY¥2<py<min(N*31,N/(np))

IA

Let's consider the set

e-{e

By the definition of the sef, it is easy to see that for evege &£, p, is determined
by e uniquely. Letp, = r(e), then we have

11/12

e=np, NY31<p, < N2 1<n<

(n, P(p2) = 1}.

NY31 <r(e) < N'¥?* and er(e) < N.

Let

. N

L= {| | =ep—2,ecé& NY2<p < m|n(N1/3-1, —)}
np,
Then
N3l e < N2 for ec&
and
|5| < Nll/12, Z 1 < N11/12,
lel,I<N1/31
and also we have
(11) S < S(L,2) + O(NY13) for z < N3,
We write
Z2=D = N"2log BN,

then

Col L]
(12) S(L, 2) < 8@ + Rs + Ry,
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where

1

T SED o D SENE S SR |

(d(,jﬁ)D=1 (e,ecf)il N¥/12< p1<plrrln((N)1/31 N/e) N¥/12<p; <min(NY/31, N /e)
R= Y G T > b
d<D, (d,N)=1 eeS o NV2=py<min(NY31, N/e)
Let
QK = > 1,
e=k, ee&
then

1
Re=)| ) QK ) 1-2@ > 1],

d<D|N/31okeNLYV12 NY12< p1<m|n(N1/3 1 N/K) N1/12< p; <min(NY/31, N /k)
(Kd)=1 kp=200)

=Y 5@ n> 2 b

d<D <k<N1/12 N1/12§p1<min(N1/3-1,N/k)
(k,d)>N?/31

It is easy to show
Q) = 1.
Then we have

Ry —= > N

d<D ¢( ) NY/31_g o NIVI2
(k d)>Nl/3.1

1 1
<<szhldz > %

d<D  h>N2/31 g NL1Y12

(k,d)=h
. Yo
< NlogN —_ =
d=<D d)(d) h|d h>N/31 h

<« NlogN Z ¢(h) Z ¢(d)

N131<h<D d<D/h
< N#¥310g? N,

and

(14) R; < Rs + Rs + Ry,
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where
1
Re= > > QX =50 > )
d<D, (d,N)=1| N3l Kk N2V31 pr<N¥/31 ¢ p<Nv/31
(k.d)=1 kp=2(d)
1
Ro= > Q| X 1- ) 2 1)
d<D, (d,N)=1| N2V31_} - N1V12 kp<N kpr<N
(k,d)= kp=2(d)
1
Ri= > >, QW X 1- ) 2
d<D, (d,N)=1| N¥/3 1k N1V/12 p1<NY/12 ¢ p1<N/12
(k,d)=1 kpi=2(d)
Due to Lemma 2.3-2.5,
(15) R; <« N j=5,6,7
" logt N’ J==5 0

By Lemma 2.2 and prime number theorem, we have

4=y ¥ 1

ec€ NY12<p;<N1/31

= > Y. 1+ O(N'B

NY12<p; <NY31<py<(N/p1)¥2 1=n<N/(p1p2)
(n,P(p2))=1

(16) log(N/(p1 pz))) N

< (1+0(1)) > w( log p2 p1p2 log p2

NY/12<py <NY/31<p, <(N/ py)?/2

+ O(N 11/12)

131 g A-0/2 ds N
< = .
N (/; t /1/3.1 s(1—-t— S)) log N

/12

By (11)—(16), we obtain

3lqgt p-v/2 ds CoAN
S = 8(/ — / ) 1+o0(1
112t Jysa S(I—t—9)/log® N ( @)

CoAN
< 5.52946 0.
log° N
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We also use the same idea $,

13 gt pA-0/2 ds CoAN
=8 t 1+o0(1
S (/1/3.1 t /t s(1—t— s)) log? N( (1))

CoAN
<0.018745 .
log® N

(18)

Combining (7)—(10), (17) and (18), then we obtain
1 1 AN
S -9 -S-S>»> ——,
>8-59-5%-5 o N
which concludes the proof of Theorem 1.1.
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