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Let A be an algebra over a commutative ring K with unite element, and A° =
A®A° be the enveloping algebra of /. We define a /°-homomorphism ¢ of A°
onto /A by ¢(xXy°)=xy, and we denote the right annihilator of the kernel of ¢ in A°
by A. It was shown by M. Auslander and O. Goldman [1] that A is separable (in the
usual sense when K is a field) if and only if ¢ (4) coincides with the center of A.

In this note, we are concerned with the case where K is a field. Let * be the
anti-automorphism of A° defined by (xX)y°)* = yXx°. In the first section we shall
show that with any a = 0 in 4 (or 4*) there is associated a non-zero right (or left) ideal
1, (or I,) of finite rank over K in / (Proposition 1), and as a corollary we have that if
A is right primitive and A4 0 then A is a simple algebra of finite rank over K
(Corollary 2). In the second section we consider those algebras /1 for which p(4*)=4,
and we shall show that ¢ (4*) =/ if and only if A is a direct sum of simple algebras of
finite rank over K whose degrees over the centers are all prime to the characteristic of
K. Among several corollaries to the theorem, we shall show that if /A is an algebra as
above, then A is the direct sum of the center C and the K-submodule [A, 4] which is
generated by the commutators xy—yx in A (Corollary 4).

1. Let A be an algebra of finite or infinite rank over a field K with unit element.
In the enveloping algebra A°¢ = AK),A° where A° is anti-isomorphic to A by cor-
respondence x<>x° we set J={¥@1°—1Qx" | ¥=A}. Then Ker ¢ = A°J and the
right annihilator of J coincides with the right annihilator A of the kernel of ¢, and 4
is the left annihilator of J in A% Let {x,, x,,..,%,,..} be a K-basis of A and let

xiszgyij,x,, Ve EK.

Lemma 1. An element a = 3a;, %,K%5 (0;EK) of A° is contained in A if and
only if SNy Ve = Sty Y for every , o and .

i J

Proof. An element a of /° is contained in 4 if and only if
(%,X1°) a = (1Rx2 )a for all 7.
Since (x¢®10) a = 2 aio- ?/712': xx@‘xg and (1@.%‘? ) a = 2 axj yj'ro' xx@'xg ’

ko Jko

(#,X1°) a = (1Rx? )a ifand only if 3T @y Yo = D) Gj Vsre  for all % and o.
i J

ProrosiTiON 1. If A (or A*) contains a non-zero element a (or a*), then there
exists a non-zero vight ideal 1, (or non-zero left ideal 1,) of finite rank over K in A.
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Proof. Suppose that a = > a;; XS is a non-zero element of 4, then only a
i

finite number of o;;’s are non-zero elements of K, and at least one of q;;’s is not zero.
If we put  y, = > a,, ¥; for each x, there exists only a finite number of non-zero y,.
J

Let ¢, be a K-submodule 3} Ky, of A generated by {y,}, then we have [r, : K]< oo
and  yux, = D0, X%, = KZaKj Vire ¥g = 10ig Vriz ¥y = >Vzir Vi» Lherefore T, isa
1on-zero righi ideal of /lwof finite rank (:)iver K. Similz:rly for a non-zero element
a*=>a;; x,Qx; of A* if we put 2z, = >Sla, x; then there is only a finite number
of nog-zero 2.s, and we have x.2, = ijm z; for every x,, z,. The K-submo-
dule I, = 31 Kz, is a non-zero left ideJal of Aand [I, : K]<loo.

CoRrOLLARY 1. If the right annihilator of the kernel of ¢ in A° is a non-zero right
ideal of A°, then A has a non-zero right ideal and a non-zero left ideal of finite rank.

COROLLARY 2. Let A be a right (or left) primitive algebra.l’ If A0, then A is
a simple algebra of finite rank over K.

Proof. We assume that A is a right primitive algebra. From Corollary 1, there
exists a non-zero right ideal T of /1 such that [t : K]< oo. Let M be a faithful irreduci-
ble A-right module. Since My=0, there exists a non-zero element x in M such that
M=xr. Hence [M : K]<[r : K]<co. Therefore A is a simple algebra of finite
rank over K.

CoROLLARY 3. Let A be an algebra over a field K. If p(A*)=A then[A: K]< oco.

Proof. 1If p(A*)=A, then there exists a non-zero element a* in 4* such that
p(a*)=1. Let a*=3a; x,Qx; . The left ideal [ which is generated by the finite
set of non-zero elements 2, = >a,x; has afinite rank over K and 1=¢(a*) = %aﬁ

J

xx; = > %%, is contained in [. Hence we get [=4 and [4 : K]<oco.
j < g
For an element a = >la;; %, in A° let P, = (0;;) be a matrix with (i, j)-
7]

component a;;. Let S be the left regular representation of /4 and R be the right
regular representation of /, then for the infinite low vector (%, %, . ., %,, . .) consisting
of basis elements of / and the infinite column vector X

Xy
;
Ko (Xyy Xgy weny gy onn) = (K, Kgy « oy %py - )S(0), : %\ +x = R(x) xl\
e e
; .

From Lemma 1, a = 3o, isin 4 if and only if S(x,) P, = P, R (x,) for
]

1) For the definition, see [3] p. 4.
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every x,. Therefore, we have
PROPOSITION 2. An element a = >l a;; QxS  in A° is contained in A if and
iJ

only if S(x) P,=P,R(x) for any x in A.
2. Lemma 2. @(4*) = A if and only if A° = A*PA].

Proof. If A* = A*PA%], then clearly ¢ (4*) = A. We suppose ¢(4*) = A.
Then from Corollary 3[4 : K] =n<{co and there exists a* = >la;x;QxS in A*
ij

such that @(a*) = 1. Asis shown in the proof of Corollary 3 A is generated by

n
Ze= 2 a%; (¢ = 1, 2,..n) as K-module: A =37 Kz,. Hence %, 25, ...2, is a
J k=1

basis of A over K. Therefore P, = (a;;) isregular. Since a is contained in 4,
S(x) P,=P, R(x) for any x in 4. Hence A is a Frobenius algebra, and A° is so (see
[4], Th. 14). Since 4 is the right annihilator of A% in A° we have [4 : K] +
[A¢]:K] = [4° : K]. Since * is anti-automorphism (also K-linear), we have [4*: K] =
[4 : K]. From p(A*)=A we have A°=A*+4A°] and considering it over K we
have A¢ = A*@A°].

PROPOSITION 3. Let A be an algebra over a field K. If @(A*)=A4, then A is
a separable algebra.

Proof. Suppose ¢@(A*)=/A. By Lemma 2, A°=A4*PA°], and A is A°*-
isomorphic to A*. Therefore, A is A°-projective, and hence, /A is separable (see [2],
Th. 7.10.).

Now we suppose that / is an algebra of finite rank over K, and K is the algebraic
closure of K. If for A the base field K is extended to K, we have (AX)* = (49X, and
(xR1°—1Rx° | x€ A%} = JQxK = J*. By a theorem of simultaneous linear

equations we can see that (4X)* is the left annihilator of J¥ in (AE)t, Therefore,
we have

Lemuma 3. @(A%*) = A% if and only if p(A*)=A.

Lemma 4. Let A be the total matric algebra of degree n over K. If n is divisible
by the characteristic of K then ¢(A*)=0, and if n is not so then p(A4A*) = A.

Proof. It is easily shown that @(A*) is a two sided ideal of 4. We denote the
matrix units in A by ¢;;, 4,7 =1,2,...n, and put

n n n
a* =>le; Qe . Then pa*) = > ;e =>) ney=nl .
ij=1 ij=1 i=1

Since a*(eXR1°—1X)ey,) :i'21 €65 —e;Q(eqes)’ = iZl (ea®ey —eyXeg; )=0
iz =

for every e;;, a* is a non-zero element in 4*. If z is not divisible by the characteristic
of K, then g(a*) is non-zero element of K, and hence ¢p(4*) = A. If n is divisible
by the characteristic of K, then g(a*) =0, hence a is contained in Ker p= A°].
Since /A is a simple algebra, either p(4*) =0 or p(4*) = A. If p(4*) = A, then
from Lemma 2, A* N A°J=0. This is impossible, since a* =4* N A°J. Hence
g(4%) = 0.
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Lemma 5. If A = ZT @ A; is a direct sum of two sided ideals A;, and if A,
i=1
is the right annihilator of J= {x QR 1°—1 QR x° | xcA;} in Af, then @p(A*)=

5 oo
Proof. It is sufficient to prove for r=2. We suppose A = A, P A,, then
A=A, R A} DA Red; P AR 4] DA, R Ay  is two sided ideal
decomposition of A4¢ Since A* is a left ideal
A* =1, PLP LD, where [} = A*NA, X AL ,
, = A*NA,RA3 , ect.. But A* N A, QR A2 = A* N A = 4%,
therefore [; = A,*, similarly [, = A4,*. It follows that

4
PAY) = 5 9ll) = (A4S +p(A),
since @(ly) C (A, ® A7 ) =44, =0 and similarly (1) = 0.

Now let /A be a separable algebra over K and let 4 = A,@P ... DA, be its de-
composition into simple ideals. If the degree of normal simple algebra A, over its
center (square root of rank of /A, over its center) is not multiple of the characteristic
of K for every A, , for convenience we call A a separable algebra with non divisible
degrees by the characteristic of K (simply denoted by S.N.D.C.). If A, is not so for

every A;, we call A a separable algebra with divisible degrees by the characteristic of
K (8.D.C.).

TurorREM.  An algebra A over a field K is S.N.D.C. if and only if p(A*) = A. If
A is a separable algebra and p(A*) =W then A =W P W where WA is S.N.D.C.
and W' is S.D.C. over K.

Probf. We can assume that / is separable over K. From Lemma 3, we can
suppose that K is algebraically closed. Then the theorem follows from Lemma 4.

CoroLLARY 4. If A is S.N.D.C. and C is the center of A, then
A=CDPHI4, 4]
where [A, A] is the K-submodule of A generated by {xy—yx | z, y €14}

Proof. From Theorem and Lemma 2 we have ¢(A*) = A and A*=4*PAY].
Hence A° = A% = A** - (A°])* = A+ ]JA° Since A is a separable algebra, ¢(4)=
C, and p(JA9)=]. ¢(A) =[4, A]. Therefore, 4 = C 4[4, A].

Now extending the ground field K to its algebraic closure, and taking a simple
component, we may assume that / is a total matric algebra over K of degree n
which is prime to the characteristic of K. If CN[4, A]=>a=#0 then

a= /a 0 (a#0).
\0 a
Therefore, Tr a =na > 0. On the other hand, since a4, A] Tra =0. This
is a contradiction. Thus we have CN[A4, 4] =0, and 4 = C P [4, A].
COROLLARY 5. Let A be a simple algebra over K with center C.
Then p(A*) =4 or @A4*) =0, and
a) if p(A*¥) =4, then A =[4, A]PC,
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by if p(A*)=0, then CC[A, A] o A*=A*A =0.

Proof. a) follows from Theorem and Corollary 4.

b) Since @(4) is the ideal of the center C (see [1], p. 369), p(4)=C or ¢(4)=0.
If @(4)=C and @(4*)=0 then A*CAY, 4= A**C(A°])* = JA° hence
p(A)Ce(Ja%), CCl4, A]. If @(4) = pd*) =0 then ACAYJ and A*CAY.
From the latter we have A(CJA® and hence A4? = A*4 = 0.

CCROLLARY 6. Let n be a positive integer which is not divisible by the characteristic

of K. If a matrix X of degreen n has trace zero then X can be expressed as a sum of

commutator of matrices of degree n :
X = % (XY, — Y, X))

Proof. From Corollary 4, X can be expressed uniquely as a sum of a scalar oE,
and an element Y in [K,, K,]. Since Tr (X) = Tr ¥ = 0, we have Tr (aE,) =na=0.
From the assumption on n, we have o =0 and hence X = Ye&[K,, K,
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Added in proof.

Let K be any commutative ring (not necessarily field) with unit element. Then
concerning an algebra /A over a commutative ring K, it is proved that some results
of the above are true, that is, Lemma 2., Prop. 3. and Cor. 4. If A is K-projective
as K-module, then Prop. 1 is also true.



