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Abstract
We prove the colored hook formula for a finite pre-dominanégnal weight. As
a corollary of this, we get a new proof of the Peterson’s hamknfila.

1. Introduction

Let » be a partition ofd, and yx; the corresponding irreducible character of the
symmetric groupS4. As is well-known (e.g. [10]), the degreg. (1) of x, is given by
the hook formula:

d!
HveY;_ hU ,
whereY, is the Young (or Ferrers) diagram of shapge and h, is the hooklength at

a cellv of Y;. Since the left hand side of (1.1) is equal to the numb&Tab{y;) of
standard tableaux of shape the formula (1.1) can be rewritten as:

(1.1) x(1) =

d!
HveY;h hv.

The purpose of this paper is to prove a generalization of),(it colored hook for-
mula for a generalized Young diagram in the sense of D. PeteradnRaA. Proctor
(see [1] [8]). We stress that the colored hook formula is neenefor a Young dia-
gram.

LetIT={«; |i €|} be the set of simple roots of a Kac-Moody Lie algelgraand
@, the set of real positive roots. Then we have the colored hoofdla:

1 1 1 1
13 —_ = 1 — 1,
(13) Z B1BL+ B2 Brt---+h H( +5>

(. flﬁ)(e)Patha) BeD()

(1.2) #STabl;) =

where A is a finite pre-dominantintegral weight ofg, D()) is the diagram of A, and
Path{.) is a set of sequences . with certain conditions. See Section 4 and 5 for
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unexplained notion and further details. In Section 2, tredes can see how the col-
ored hook formula looks like in the case of thex2 Young diagram.
Taking the lowest degree part of (1.3), we have:

1 1 1 1
14 eyl | -7

o, o, t (0%
(tiy mtig)EMPathg) 11 11T T2 1 4 BeD(n)

where MPathy) is the set of elements of maximal length in Paja(Taking the spe-
cializationa; — 1 (i € ) of (1.4), we further get:

1 1
(1.5) #MPathp) = = J] —=.
d! $eD0) ht(8)
where htf) is the height ofg. According to [1], around 1989, D. Peterson proved:

£(w)!
Hﬁed)(w) ht(ﬂ)

for a minuscule element [1] [8fv of the Weyl group ofg, where

(1.6) #Red@) =

d(w)={f € ®. | w () <0}

and #Red@) is the number of reduced decompositionsuaf Peterson’s formula (1.6)
is equivalent to our reduced formula (1.5).

The colored hook formula (1.3), in the simply-laced cases wanjectured by
N. Kawanaka and S. Okamura in their study [3] [7] of game-thBcal aspects of
Coxeter groups. We also point out that another proof of Beteés formula (1.6) has
been obtained by S. Okamura [6] using a probabilistic argumaAlthough Okamura’s
proof was an original motivation behind the colored hooknfata (1.3), our proof
of (1.3) is entirely algebraic.

We have also succeeded in generalizing ¢thkook length formula (R.P. Stanley
[11]) to minuscule elements. The proof will be given in a fmaming paper [5].

2. An example

Let {a1, a2, a3} be a simple system of the root systenof type A; depicted by
the Dynkin diagram in Fig. 2.1. Let := —w,, wherew, is the fundamental weight
corresponding tax,. Using the standard notation explained in Section 3, we put:

D(A) :={B e @+ ]| (1, BY)=-1}.
Then we have:

D(A) = {ag, a1 + a2, @z + a3, 1 + o2 + a3},
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01_02_0 3

Fig. 2.1.

o1tort+as3| or+os

o1+or [(0%)

Fig. 2.2.

A+o)+on

o]

o]+ oy + 03

A+ap+op+o3
A+t A+op+ 20 + a3
o]+ oy + o3

o]

as

A+on+ o3
Fig. 2.3.

which, in a usual ordering, can be considered as a realizaifothe 2x 2 Young
diagram. See Fig. 2.2.
Now we consider a directed graph given in Fig. 2.3, where,ifitegral weights

u,v and g € @., the arrowu LA means(u, B¥) = =1 andv = sg(u) (= n+p), where
sz is the reflection associated with a rot A sequence of arrows like

(21) )\:)yoﬂ))\.lﬁﬂ))q

is called ai-path of length | wherel is a non-negative integer. Note that the origin
of a A-path is always.. With eacha-path (2.1), we associate the rational function:

1 1 1

2.2) = .
BB+ B2 Br+ Bt +p

For example, with the.-path

agtan as a
A—> A+t +tap —> A+agtoas+az —> A+oay+ 200 +as
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appearing in Fig. 2.3, we associate:

1 1 1 1 1 1

artog (e +ag)tag (o o) tag+a, ontoapartaptazant2uptag

The colored hook formula (1.3), in the present case, asieststhe sum of the
rational functions obtained in this way is equal to

| | <1 +—1>.
BeD(A)
Thus we have:

1+i+ 1 N 1 1

+
a2 optoay axtas ortoazxtas
1 1 1 1 1 1
+ +

a1 toy oapanxtoaz  opopt 200 tos
1 1 1 1
+
artaxartaxtoaz artopart2optas
1 1 1 1
+ +
ortazoytaytaz o tazogt 200+ as
1 1
aptaxtoazagt 20 +o3

1 1 1 1 1 1
+ =

oo topotastas  aroagtopogt 20 +as
1 1 1 1 1 1
+ = +

+

+

ootz tastas  apoartoazogt 20 +as
1 1 1 1 1 1
+ +
artopoptoastazag 20 taz astazaptastazart 20 tos
1 1 1 1 1 1 1 1
+ = +

i tosartaytazart2mtaz apoaptazartortoazoayt 20 tos

:<1+i><1+ ! ><1+ ! )(1+—1 )
o o1t oo o+ a3 o tayt oz

Taking the lowest degree part of this equation, we also get:

1 1 1 1 1 1 1
— +

aroytoportaxtazar+ 20+ o3
1 1 1 1

oy topaptazagtoptag

1
opoptoazog tastazag + 200 oz

Note that the left hand side is the sum of the rational fumstiassociated with the

A-paths of maximal length, which are in bijective correspamze with the standard
tableaux of the 2 2 Young diagram.
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3. Preliminaries

Let A= (a,j)i,jer be a (not necessarily symmetrizable) Cartan matrix of a Kac-

Moody Lie algebra [2] [4]. We denote the set of real numbersRoy Let h be an
R-vector space anf* the dual space df and{ , ): h* xh — R the canonical bilinear
form. We suppose the existence of linearly independentetsibb:= {a; |i € |} C b*
andITY :={o’ |i € 1} C b such that{aj, o") =&,;. An elementi € h* is said to be
an integral weightif

Ao')elZ, iel.
The set of integral weights is denoted By For eachi € I, we defines € GL(h*) by:
S:A>A— (& o), rebh.
The groupW generated by{s | i € |} is called theWeyl group which acts onf by:
(w), wh)) = (A, h), weW, Leh* hehb.

We define theroot system(resp.coroot systemby @ := WII (resp.®" := WIIY). We
denote:

Q=P Nai (cP),

iel

whereN is the set of non-negative integers. For integral weightsp@rticular, roots)
A, i, We denoter < p if

/.L—)\.EQ+.

We denoter < p if A < u and # u. We denote byd, and ®_ the sets of positive
and negative roots ob, respectively. Thedual 8¥ € ®" of a root € @ is defined
so that

w(p)=w(p)’, weW.
For eachpg € ®, we defines; € W by:
ss(M)=A— (&, BB, reb
or, equivalently, by
ss(h)y=h— (B, )p", heh.
We note thats, =s , =5. For eachw € W, we define a set(w) (S ®4) by:

d(w) ={y € & | w(y) <O}
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See [4, Chapter 5] for the following facts. Let=s,- - -5, be a reduced decomposition
of w e W. Then we have

P(w) = {aiy, Sy (@i,), - -0 Sy S (@)}
Forw, w’ e W, we have:
D(w) = d(w) & w=w'.
For B, y € &, we have:
B,y")=0& (y,B") =0,
and
B, 7"y >0& (v, ") > 0.

4. Pre-dominant integral weights

In this section, we define and stugye-dominant integral weightswhich play im-
portant roles in this paper.

DEFINITION 1. An integral weights is pre-dominantif
(A, BY)=~-1, Ped.
The set of pre-dominant integral weights is denotedFy ;.
DEFINITION 2. Forx € P-_;, the set D) defined by
D():={Be®.|(x B")=-1)
is called thediagram of A. An element of Df) is called ar-move An element of
D(A) N 1T is called asimple .-move A pre-dominant integral weight is said to be

finite if #D(X) < oo.

We note that DX) = @ if and only if D(A) N [T = @. The terminology “move” is
suggested by the game theoretic study of Kawanaka [3].

Lemma 4.1. Leti e P-_; and 8 € D(1). Then we have
(1) sp(r) € P>_1.
(2) D(ss(2)) = s(D(2) \ ©(sp)).
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Proof. (1) Lety € ®., we have:
(ss(2), v") = (A, s(r 7))
If sg(y") > 0, then sincer is pre-dominant,
(hos(y7)) = -1
If, on the other handsz(y") <0, then
rss N =y =By B) =0 y)+ (B y) = -1+1> —1.

This proves part (1).
(2) Lety e D(sg(r)). Since

—1=(s5), )=y + (B y) = =1+(B,¥v")
we have(g, y") < 0. Since(y, 8¥) <0, we havesg(y) > 0 andsg(y) ¢ ®(s). Since
1= (Sﬁ()")v y\/> = ()‘v Sﬁ(y)\/),

we havesg(y) € D(A) \ ®(ss). Hence,y € sz(D(A) \ ®(sp)). Conversely, lety €
Sg(D(1) \ @(sg)). Then we havesg(y) € D(A) \ ®(sg). Sincesg(y) ¢ P(sz), we have
y > 0. Since, moreover,

(ss(0), v) = (&, sp(y)") = -1,
we havey € D(sg(1)). This proves part (2). ]
DEFINITION 3. LetA € P-_3. If o €Il satisfies
(A, (o)) ==1 (or, equivalently,(x, og") = 1),
then —¢; is called asimple backward.-move

Lemma 4.2. Leti € P-_; and —«; a simple backward.-move Then we have
(1) S g ()‘) € PZ*l-
(2) D(s- (1) =s(D(M)) U {ei}.

Proof. (1) Lety € ®., we have:
(o) ¥") = s()).
If s(y) > 0, then since:x is pre-dominant, we have:
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If, on the other hands(y) < 0, then we haves = «;. Hence,
As))=- o) =-1

This proves part (1).

(2) Sinceaw; is s_4(A)-move, we have B, s, (X)) = S(D(s_y, (1)) \ {i}) by
Lemma 4.1 (2). Hence we get part (2). O

Thus, if u € P-_1, —a; is a simple backwardi-move if and only if x = s, (1)
ando; € D(A) N TIT for somexr € P> _3.

5. A-Paths

DEFINITION 4. Letx € P-_;. Let| be a nonnegative integer. A sequence of
positive rootsB = (B1, B2, ..., B) is said to be ar-path if

Bp €D(sp, ;- -S5,(2), 1=<p=I.

We calll the length ofthe A-path 5 and denote it by(5). Note that¢(5) may be O.
The set ofi-paths is denoted by Pat)(

Theorem 5.1. Leti € P-_; and (B1, B2, ..., Bi) € Path). Leto; € D(A) N II.
Then we have

(s---s5,(A), ') =—1,0,0r 1.
Proof. The statement is trivial fdr= 0. Sincesg S ,- - - S, (1) € P-_1, we have:
(S5Sp .- Sp (M), ) = —1.
We also have:

(SaSps s (A), &) = (SS5SS s, S5, (A), S (o))
= _<Sﬁ(ﬂl)s Spiyt " Sﬂl()")’ Oll\/>
Hence, it is sufficient to show thak g)sSs_, - Ss.(A) € P-—_1. If B = «;, then we

havess)SiSs .- - - S (A) =Sg_,- - - Sp, (1) € P-_1. Hence we may assum@ # «;. By
induction, we may assume

(s, -+ Sp(r), ") =—1,0, or 1.
If (Sp_,- - -5, (A1), ") = —1, then we have, sy ,- - -85, (%) € P>—1 by Lemma 4.1 (1).

If (sg -3 (A), ') =0, then we havessg ,---Sg(A) =Sg_,- - - S5, (1) € P>_1.
If (Sg_,- - S, (A), ") =1, then we have_,,Sg_,- - -Sp, (1) € P>_1 by Lemma 4.2 (1).
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Thus, we always havgsg ,---Sg (A) € P-_1. Since
s(f) >0
and
(Ssp 1S5, S(B)) = (s, -8, (A), ) = =1,
we haves (8) € D(ssg_,- - - Sg,(A)). Hence, by Lemma 4.1 (1), we have
Ss(6)S S - Sp(A) € Poa

This proves the theorem. O

Corollary 5.2. Leti € P-_; anda; € D(A)NII. Let(B1,..., ) € Path). Then
we have

(B,o'y=-2,-1,0,1,0r2, 1<k<l.
Proof. By Theorem 5.1, we have:
A+ B+ + B+ B’y =-1,0, or 1,
(A+Br+---+ P, 0q") =1, 0, or 1.

Hence we havepgy, ') = -2, -1, 0, 1, or 2. O

Corollary 5.3. Leti e P-_; anda; € D(A)NTI. Let (B1,..., B) € Path{). Let
1<k<l.
Q) I (Bx, o) =2, then(sg,_,--- Sz (A), ") = —1 and (Sg, S, - - Sg, (A), ') = L.
(2) If (B, o) =—2, then(sg, ,---Sp,(A), &) =1 and (S, S, ,- - - S, (A), o) = —1.

Proof. First, we have-1 < (sg_,---sg,(1), ') <1 and—1 < (sg S, ,- - - Sg,(A),
o) <1 by Theorem 5.1. Sincésg, S, ,- - - S, (1), 07”) = (Sg 4~ - - S, (A), o) + (Bis o),
we get part (1) and (2).
Corollary 5.4. Letx e P-_3, B € D(A) ando; € D(2) N I1. Then we have
(B,oy'y=0,1,0r 2.
Proof. By Theorem 5.1, we have:

(A+B,07)=-1,0, or 1,
(A o'y =—1.

Hence we havég, «”) =0, 1, or 2. ]
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Lemma 5.5. Leti e P-_; and B8, y € D(A). Then we have
Q) If (B,yY)=2,then(y,BY)y=1or 2.
(2) If A is finite and(B, V) =(y, BY) =2, theng = y.

Proof. (1) Since(B, yV) > 0, we have(y, B¥) > 0. Hence it is sufficient to
show (y, g¥) < 2. If 5,(B) > 0O, then, since

(s,(), s,(B)) = (A, B") = -1,
a sequencey, s,(B)) is a A-path. Hence we havs; (5)S, (1) € P-_1. We note that
—1=(s5,ps,(A), B) =A+B -y, B")==1+2—(y, p").
Hence, we havey, 8¥) < 2. If, on the other hands,(8) < 0, then, since
“1= (A s B)) =, =B+ (v, By ) =1y, BY),

we have(y, BY) < 2.
(2) Supposes Z y. We put B, = (szs,)"(8) for each integem € Z. Then
we have:

Bn =B +n(28 —2y),
and
By =B +n(2Y —2yY).
Hence
(A By) = (&, BV +0(2BY —2¢Y)) = (A, BY) +2n(, BY) —2n(n, y7) = 1.

Since there exists infinitely manyg € Z such that hi§,) > O, there exists infinitely
many n € Z such thatg, € D(1). This contradicts the finiteness af 0

Lemma 5.6. LetB,y,B+y e d. If (8,yY), (v, BY) > —1, then we have
1) B,y =y, B").

(2) Putn:=(8,y")=(y,B"). Then we havdp +y)" = (8" +y")/(n+2).
Proof. We have
2=B+y, (B+y)) =B, B+y))+(y, (B+y)").

Since(B+y, BY), (B+y,y") =1, we have(B, (B+y)"), (v, (B+y)") = 1. Hence,
we have

B, (B+y))=(v. (B+y)) =1



COLORED HOOK FORMULA 1095

Sincesg+y, (—B) = =B+ (B, (B+y)")(B+y) =y, we have:
v =Sy (=)= =B+ (B+y, BB +Y)".
Hence, we have:
By =y, B +2)B+y)".
By the symmetry ofg and y, we have:
B +y =B v ) +2)B+y)".
Hence, we get part (1) and (2). ]

Lemma 5.7. Leti € P-_;. Let 8,y € D(A). Suppose thats, y") = (y, BY)=2.
Then
(1) We have either,§8) <0 or (y, B — 2y, y) € Path{.).
(2) We havep —y ¢ ® and g +y ¢ .

Proof. (1) Suppose tha,(8) > 0. First, we have:
(5.1) y € D(A).
Next, since

Aty (B=2y)") =(s5,(1), s,(B)") = (1, BY) = -1,

we have:
(5.2) B —2y e D(A +y).
Finally, since
Aty+(B—2y)y")=-1+2+(2-2-2)=-1,
we have:
(5.3) y e DA +y + (8 — 2y)).
By (5.1), (5.2), and (5.3), we have:

(v, B—2y,y) € Pathg).

(2) If B—y € @, then we havdp—y,y"Y)={y,(B—y)") =0. Hence, by Lemma 5.6,
we haveg” = (1/2)(B — y)¥ + (1/2)y". Hence

1 1 1 1
(v, BY) = <y, E(ﬂ —y) + §VV> =5 B-y))+ > y') =1,
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which is a contradiction. If, on the other hanf,+y € ®, then, by Lemma 5.6, we
have B +y)Y = (1/4)8Y + (1/4)y". Hence

1

(* (ﬂ+y)v>:<K }ﬁv+—yv>:}(k ﬁv)+}(k VV>:—1
’ 4" 4 4 4

>
which contradicts the fact that is an integral weight. O
DEFINITION 5. LetB, y € ®. The rootg is said to bey-shiftable if
B—yed or B+yed.
We note that ifg is y-shiftable andw € W, then w(g) is w(y)-shiftable.

Lemma 5.8. Let A € P-_; and 8, y € D(1). Suppose thatgs, y¥) = 2. Then
we have

(y,BYy=1 if and only if B is y-shiftable

Proof. Supposing thaty, %) = 1. Sinceg —y =ss(—y) € ®, B is y-shiftable.
Conversely, supposing th# is y-shiftable. By Lemma 5.5 (1), we havg, 8¥) =1,
or 2. If (y, BY) =2, then, by Lemma 5.7 (2), we hayge—y ¢ ® and g +y ¢ ®.
This contradicts thag is y-shiftable. Hence, we have/, BY) = 1. ]

Lemma 5.9. Leti e P-_; and 8, y € D(A). We assumes is y-shiftable Then
we have

(1) p+y e D) if (B, y") =0.
(2) p—yeDMif (B,y")=2andp >y.

Proof. (1) If 8 —y € @4, then we have8 +y =s,(8 — y) € ®:.. Hence, in
anyway, we haves +y € ®.. Hence, by Lemma 5.6, we havg ¢ y)" = (1/2)8" +
(1/2)y". Since

(A (B+y)) =, (1/2)B7 +(1/2)y7) = -1,
we haveg +y € D(1).

(2) By Lemma 5.8, we havgy, 8¥) =1. And, we haveg — y =ss(—y) € ®.
SinceB > y, we haveg — y € ®,. Since

()‘! (/3 - y)\/> = ()\-: Sﬂ(_y)v> = (Sﬂ()")! _yv) = _<)" +/3! yv) = —1,

we haveg —y € D()). O
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Lemma 5.10. Let’ € Po_y. Let(Bu,- .., Bc-1, P Biwts Biezs - - -, Bi) € Pathgy).
If (Bk, B.y) =0, then we have

(B, - -+ Br-1, Bre1s Bk, Prez, - - -5 Bi) € Pathy).

Proof. Since
(Sp1 - S8 (A), Bier) = (S6Saca + Sp (M) S (Brr) ™) = (S8Sp s - S (R), Bran) = =1,
we have:
(5.4) Bir1 € D(Sg ;- - - S, ().
Since

(S S s S(A)s B = (S - . (M), Spa (B)Y) = (S - S (M), B¢) = —1,

we have:
(5.5) Bk € D(Sg,.,SB1 - - - Sp.(A)).
Since g, Sg,.; = Sg.. S8, We have:
(5.6) 1S5St 1"+ 91 (A) = $4,SaSpa - - Spu(A)-
By (5.4), (5.5), and (5.6), we geB{, ..., Bk=1, Bk+1, Bis Brs2s - . -, Bi) € Pathf). [

6. Hooks

Proposition 6.1. Let g e ®,. Leta; € ®(sg) NII. If B 7, then we have

D(sp) = {0} LS (D(Sq¢))) U {—Ss(i)}  (disjoint unior).

Proof. First, we have:

(6.1) aj € D(sp).

Let y € s(P(s5(p)))- Thens(y) € ®(sq¢p)). Hence, we have(y) > 0 andssz(y) <

0. If y <0, then we havey = —a;. Hence, we havey; = s(y) € ®(s5(5). Since
§5S (i) = Ssp)(@i) < 0, we havessg(a;) > 0. By (6.1), we havesg(o;) < 0. Hence,
we havesg(oj) = —a;. Hence, we gep =«;. This contradicts our assumption. Hence,
we havey > 0. If sg(y) > 0, then we havesg(y) = «i. Hence, we have =sg(wi) <0

by (6.1). This contradicts that > 0. Hence, we haveg(y) < 0. We have:

(62) Yy € (D(Sﬂ).
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Sincew; € ®(sg), we have:
(6.3) —sp(ci) € P(sp).
By (6.1), (6.2), and (6.3), we have:
D(s5) 2 {ai } Us(P(S5(p))) U {—Sp(i)}-

If ai € 5(P(Sq¢8))), then we have-o; =S (i) € D(s5¢p)). This is contradiction. Hence,
we get:

(6.4) ai & S(P(s5(p))-
If ai = —sg(ai), then g = ;. This is contradiction. Hence, we get:
(6.5) o 7 —Sg(oi).

If —sg(ci) € s(P(s5¢8))), then we have—ssz(ai) € P(sq¢5). Hence, we haver =
Ss(p)(—Ssg(ei)) < 0. This is contradiction. Hence, we get:

(6.6) —Sp(ci) ¢ S (P(Ss(p)))-
By (6.4), (6.5), and (6.6), we get:
(6.7) D(sp) 2 {o} LS (P(Ss))) U {—Sp(i)}  (disjoint union).

Since s;p) = SS8S, We havel(sg) = £(s5(8)) — 2, £(Ssp): OF £(Ss(p)) + 2. By (6.7),
we have:

(sp) = Uss ) + 2.

This proves the statement. ]
DEFINITION 6. Leti € P> ;. Let 8 € D(1). We define a set HB) by:
H.(B) := D(%) N ®(sp).

The set H(B) is called thehook atg (in the diagramD(1)). The numbert H, (8) is
called thehooklength atg (in the diagramD(1)) (see [3]).

Lemma 6.2. Letx € P-_;. Letw; € I1 satisfy (%, ') = 0. Then we have

s (D(%)) = D).
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Proof. Letg € D(X). SinceB # «;, we haves(B8) > 0. Since
(A, sB))=(s(), By ={(x, B") = -1,
we haves (B8) € D(1). Hence, we have8 € s(D(1)). This proves the statement. []

Lemma 6.3. Leti e P-_; and g € D(A). Leto; € (sg) NTI. If B Z«i, then
we have either

(hog'y==1 and (8, ") =1,
(Ao'y==1 and (B, ') =2,

or
(A ogy=0 and (B,¢’)=1.

Proof. Since 0> sg(wi) = o — (i, BY)B, we have(a;, BY), (B, ') = 1. Since
B # ai, we haves(8) > 0. Since—1 = (A, BY) = (A, S(B)") + (&, BV) (%, '), we
have (A, o") = —1 or (1, s(B8)") = —1. If (A, ) = —1, then, by Corollary 5.4, we
have either(8, o") =1 or 2. If, on the other hand(z, 5(8)") = —1, then we have
(A, &) = 0. Since—sg(ei) > 0, we have—1 < (A, —sg(ei)¥) = —(B, «’). Hence, we
have (8, o;") = 1. This proves the statement. ]

Lemma 6.4. LetA € P-_; and 8 € D(A). Leto; € ®(sg) NII. If B # o, then
we have

1) If (A, ") =—=1and (B, ") =1, then we have-ssz(e;) & D(A).
(2) If (A, o) =—1and (B, ) =2, then we have-ssz(e;) € D(1).
(3) If (A, ") =0and (B, ") =1, then we have-ssz(c;) € D(A).

Proof. (1) Since
(A (=sp(@i))”) = =(s5(2), &) = =((A, ") + (B, ")) = —(=1+1) =0,

we have—sg(«i) ¢ D(A).
(2) First, we have—sg(e;) > 0. Since

(A, (=sp(i))”) = —(s5(A), o) = —((A, o) + (B, ")) = —(=1+2) =1,

we have—sg(«i) € D(A).
(3) First, we have—sg(ej) > 0. Since

(A (=sp(@i))”) = =(s8(A), o) = =((A, o) + (B, ")) = —=(0+ 1) =—1,

we have—sg(ei) € D(A). ]
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Lemma 6.5. Leti € P-_; and 8 € D(A). Leta; € &(sg) NII. If B # o, then
we have
(D) If A o) = =1 and (8, o) = 1, thenHg, (s (B)) = s (Hx(B) — {ai}).
(2) If (A, ) =1 and (B, o) = 2, thenHs, (s (B)) = s (H1(B) — {ei, —Sp(cxi)}).
() If (A, ) =0 and (B, &) = 1, thenHs (s (B)) = s (Hi(B) — {—ss(ei)}).

i)

Proof. By Lemma 4.1 (2), Proposition 6.1 and Lemma 6.4 (1), haee:

Hs, (s (B)) = D(sy, (1)) N @(S5()) = S (D) — {ei}) NS (P(sp) — {eri, —sp(ei)})
=s(D(A) N @(sp) — {exi}) = s (Hu(B) — {esi}).

By Lemma 4.1 (2), Proposition 6.1 and Lemma 6.4 (2), we have:

Hs, 0)(s(B)) = D(s; (X)) N (Ss(p)) = S (D) — {ai}) NS (D(Sp) — {i, —Sp(cxi)})
=5(D(x) N ®(sp) — {ai, —sp(ei)}) = s (Ha(Sp) — {ei, —Sp(ei)}).

By Lemma 6.2, Proposition 6.1 and Lemma 6.4 (3), we have:

Hsoy(s(8)) = D(s (1)) N (s5p)) = S (D(A)) N s (P(sp) — {ei, —Sp(ei)})
=s(D() N D(sp) — {—sp(ei)}) = s (Ha(sp) — {—Ss(ei)}). o

Lemma 6.6. Leti e P-_; and 8 € D(A). Leto; € &(sg) NTI. If B 7 i, then
we have

#H,.(8) = #Hs (s (8) + (B, o).
Proof. This follows from Lemma 6.3 and Lemma 6.5. O

Lemma 6.7. Leti e P-_; and 8 € D(A). Leta; € &(sg) NI1. If B # o, then
we have

ht(8) = ht(s (8)) + (B, &),
where ht(g) is the height off.

Proof. It is straightforward to see. ]
Theorem 6.8. LetA € P> ;. Let 8 € D(A). Then we have
#H,.(B) = ht(8).

Proof. This follows from Lemma 6.6, Lemma 6.7 and induction#d(sz). [
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7. Main theorem and its consequences

We now state the main result of this paper.

Theorem 7.1 (Colored hook formula). Let A € P-_; be finite Then we have

1 1 1 1
(7.1) Z BrBrt+pB2  Prt---t+p l_[ < +.3)

where both hand sides are considered as rational functiong&i |i € 1} C b*.

We call; (i € 1) color variables when, as in Theorem 7.1, we consider them as
independent variables. We note that the Weyl gréMpnaturally acts on the rational
function fieldQ(«; | i € 1) in color variables.

Let A € P-_; be finite. Putd :=#D()). We denote the set of-paths of lengthd
by MPath¢). By Lemma 4.1 and Theorem 6.8, apath B in MPath{.) is a sequence
of simple roots of length# D()).

Corollary 7.2. Let 1 € P-_; be finite Put d:=#D(%). Then we have

(7.2) 3 11t 1 :Hl_

v o + o B e
@iy --nntig JEMPath() Oy iy T i iy g ﬂeD(k)ﬂ

Proof. Lett be an indeterminate. For each color variawlgi € |), we substitute
ta; in (7.1). Comparing the coefficients of the lowest degre® of both hand sides,
we get (7.2). ]

Corollary 7.3. Letx € P-_; be finite Put d:=#D(x). Then we have

fol!

(7.3) #MPath.) = m
peD(A

where ht(8) denotes the height gf € ©..

Proof. For each color variable; (i € 1), we substitute 1 in (7.2). Then we
get (7.3). 0

Applying Theorem 6.8 to (7.3), for a finite pre-dominant gri& weight, we have:

#D(L)!

) he) = — T2\
(7.4) #MPath(.) Moooes #H05)



1102 K. NAKADA

8. Proof of the main theorem (first part)

DEFINITION 7. Leti e P-_; andaj € D(A)NTIL. Let B=(B,..., Bi) € Pathg).
If Bk is «j-shiftable for some k k <1, we denote the minimum value of sughby
p:. If suchk does not exist, we pup; =1 + 1.

We put

goti (B) = (ﬂli ey ﬂpl—l)
and
FOB) = Bpyr - B),

and call them theground «;-floor and theq;-up-stairs of B, respectively. Thus3 is
written as:

B = (Gu (B), F(B)).

Proposition 8.1. LetA € P-_; be finite ando; € D(A)NTI. Let B € Path{.), and
Gy(B)=(B1,..., Bp—1). Then for 1 <k < p; — 1, we have

(B, 'y =0, unless Bk =a;.
Moreover an index k such thaBx = «; is unique if it exists

Proof. Let 1<k < p; — 1. By Corollary 5.2, we have:
(B ') ==2,-1,0,1, or 2.

If (Bc,o’) =1 (resp—1), thenfx—oi =5 (Bk) € P+ (resp.Bxt+a; =5 (Bk) € P+). Hence
Bk is «aj-shiftable. This contradicts the definition of the groumdfloor. If (Bk, &) =
—2, then, by Corollary 5.3, we have:

(Sps+ Sp (M), o) = 1.
By Lemma 4.2, we have_,, Sg, - - -Sg,(A) € P-_1 anda; € D(S_ S, ,- - -Sp,(1)). Since
s(B) >0
and
(S-S - S5 (M), S (B)Y) = (Spr- -+ S (M), BK) = =1,
we have s(fk) € D(S-oSp, -~ Sp.(1)).  Since (s(Bk), &) = 2 and () is not

aj-shiftable, we havee;, s(8k)”) = 2, by Lemma 5.8. Hence, we hagdpy) =« by
Lemma 5.5 (2). Hence we hay& = —«;. This contradicts the definition of a-path.



COLORED HOOK FORMULA 1103
If (Bk, o) =2, then, sincex is not «;-shiftable we havee;, g/) =2 by Lemma 5.8.
Hence, we havegx = o by Lemma 5.5 (2). Hence we have eith@, o) = 0 or

Bk =ai. This proves the first statement. If there exisisk, (ki 7 ko) such thatgy, = «;
(j =1, 2), then

<Sﬁp1—l. e Sﬁl()‘)’ a|\/> =(Atfrt--- +ﬂp1*li a|\/>
> (o)) + (Bey )+ (Broy @) = —1+2+2=3.
This contradicts Theorem 5.1. Hence we get the uniquenes®fptne proposition. []
Lemma 8.2. Letpu € P-_; anda; € D(u) NII.
(1) Let B € D() be «j-shiftable Then we haves — o € D(sy, (1))-
(2) Let B € D(sy (1)) be «i-shiftable Then we haves + «; € D(u).

Proof. (1) By Corollary 5.4, we havés, ;") =0, 1, or 2. If (8, ) =0, then,
by Lemma 5.9 (1), we havg +«; € D(1). Hence, by Lemma 4.1,

B —ai =s(B+ai) € D(sy (1))
If (8, ) =1, then we have:
B —ai = 5(B) € D(sy ().
If (8, ") =2, then, by Lemma 5.9 (2), we hayke— «; € D(u). Hence,
B —ai =s(B — i) € D(sy; (1))
Thus, we always havg — «; € D(s, (1))
(2) By Corollary 5.4, we havds (B), o) =0, 1, or 2. If(s(B), &’) =0, then,
by Lemma 5.9 (1), we have(8) +«; € D(1). Hence,
B +ai =s(B) +ai € D(w).
If (s(B), &) =1, then, we have:
B +ai =s(B) € D(w).
If (s(B), ") =2, then, by Lemma 5.9 (2), we haed) — «; € D(u). Hence,
B +ai =s(B) —ai € D(w).

Thus, we always havg +«; € D(u). O
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For a sequencé = (B4, .. ., A1) of roots. We define a rational functiof; by:

it P, Bc #0 for any p.

Proposition 8.3. Let A € P-_; be finite ande; € D(A) N I1.
(1) If one of the following sequench, Bj (1 < j <r) is a A-path with indicated
ground «; -floor and ¢;-up-stairs then any one of the other sequences is-path with
indicated groundy;-floor and «; -up-stairs

ground «; -floor «j -up-stairs
B:= (ﬁlv"'vﬁrflr ﬂr!ﬂr+l:-"!ﬂ| )1
Br = (ﬂl!"'vﬂl’—lv aiv ﬂl’ _aialBI'+1v"'1lB|)y

Bj= (1 Bj-1, i, Bjy -y Bro1, Br — i, Bret, - Bi)s

81:: (O{i, ,31 ..... ,Br—l, ,Br —Qj, ,Br+1 ..... ,3|)

Here g (1 <k <r — 1) are positive roots such thafs, ;) = 0 and that ¢ are not
a;-shiftable
(2) Under the same assumption as (i), we have

r
1
fB+Z ka = <1+a_|)fB
k=1

Proof. (1) First, we proveB; € Path{), supposing tha#3 € Path¢). By our
assumption, we have:

(S 1 S, o) = (A, o)+ (Bry o)+ - -+ (Brog, o) = =1

Hence,
(8.1) o € D(sg, ;- - 56, (2))-
If the «; -up-stairs]-‘g)(B) =(B,..., B) is empty, then this proves the assertion. So,

we may assume that(")(B) is not empty. Since3 € Path(.), we have:

(8.2) Br € D(sg,_,- - - S, (A)).
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By our assumptionp; is «;-shiftable. Hence, applying Lemma 8.2 (1) to (8.1) and (8.2)
we have:

(8.3) Br— i € D(sy85 .- 55, (V).

Furthermore, SiNC8p, _4 Sy S ;- - *Sp (M) =A+P1+- -+ =S5Sp - -Sp,(1), we have:

(84) (ﬂr+1, ey ﬂ|) € Path(sﬁr,m Syj Sﬂr—l' e Sﬁl()‘))'

By (8.1), (8.3) and (8.4), we gd# < Path{.). Next, we proveB € Path{.), supposing
that B, € Path{.). If the o;-up-stairsZ{)(Br) = (B — o, Br+1, ..., A1) is empty, then
the assertion is trivial. So, we may assume tA&?(5;) is not empty. Then we have:

(8.5) o € D(sg -+ - S5, (A))
and
(8.6) B — i € D(8ySp 1+~ S5 (A):

Applying Lemma 8.2 (2) to (8.5) and (8.6), we have:
(8.7) Br = (Br — i) +ai € D(sp_, - - - S5,(2)).
Furthermore, SiNC&g, _y Sy, Ss._,- - - Sg,(A) =S58, - - Sp, (1), we have:

(8.8) Brer--- B) € Pathsﬁr Sgan Sﬂl()‘))-

By (8.7) and (8.8), we geB e Path{). Finally, by Lemma 5.10, for ¥ j <r — 1,
Bj+1 € Path{) is equivalent toB3; € Path{). This proves part (1).
(2) For a proof of part (2), it is enough to péit:=p1+---+Bc (1 <k<r—1)

and apply Lemma 8.4 below. ]

Lemma 8.4. For indeterminatesy, 81,..., 61 (r > 2), we have

1 1 1 1 N 1 1 1 1

51 2618 1ta & S 26 2tad1ta
1 1 1 1

+— ... .. +...
81 Sk Skt -1t
11 1 1 N 1 1 1 1 N 1 1 1 1
51828t So1ta S161tadrta Sio1ta aditadrta S1ta

11 1 11

8187 S_ad_ia
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The Lemma can be proved by induction on For instance, ifr = 4, then the
proof is given below:

111 1 11 1 1 1 1 1 1 1 1 1 1
S +

816268383ta 61828 tadzta 5_131+0(82+O[33+0( ;51"‘0(324'0(534'01
111 1 +11 1 1 +11 1 1

T 810,8303+a 81028 +adzta Siadytadzta
111 1 111 1

81820383+t S16adz3t+a

DEFINITION 8. LetA e P-_; anda; € D(A) NI1. The grounde;-floor G, (B) is
said to bebasicif

8] ¢ goti (B)v

namely, if ; does not appear iy, (B3). The set of element® of Path{) such that
G« (B) is basic is denoted by Pafi).

We note that, for a.-path5=(84,..., ), the following two conditions are equiv-
alent:
(1) B e Path,(3),
(2) if By =4, then there exists an indep < g such thatg, is «;-shiftable.

Proposition 8.5. Let A € P-_; be finite ande; € D(A) N I1. Then we have

> fB:<1+i> > s

BePath{.) i BePath, ()

Proof. ForC,C’ € Path{), we denoteC ~ (', if: there exists B € Path, (1) such
thatC = B or Bj, andC’ = B or Bj,, where3; and B;, are A-paths indicated in Propo-
sition 8.3 (1). We note that such /8 € Path, (1) is unique if it exists. The binary
relation ~ is an equivalence relation. For each equivalence dassath{.)/~, there
exists, by Proposition 8.1 and Proposition 8.3 (1), a uniglgment3 in £ such that
B € Path, (1). We denote sucl8 by Bs. By Proposition 8.3 (2), we have:

doofs= > > fty= (1+a—1_)f582<1+1> > s

BePathy) £ePathg)/~ Be€ £ePathf)/~ i %/ ¢ epatng)/~

=<1+i> > s O

%/ pepath, (1)
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9. Proof of the main theorem (second part)

Let u € P-_; anda; € T1. We define a set GB(w) by:
GD"(u) = {y € @+ U{—ai} | (u, y"') = -1}

Let A € P-_; andw; € D(A)NTI. Let| be a nonnegative integer. The set of sequences
B=(81pB2---, B) of elements ofd satisfying the following condition:

Bp € GD (85,56 (M), L=p=<l,
is denoted by GPagh(}).

Lemma 9.1. Leti e P-_; ande; € D(A)NII. Let(By,..., Brk_1, Bk Bx+1, Pk+2s - - -
Bi) € GPath, (). If (Bk, B:y) =0, then we have

B/ = (/31! e ﬁkflv :Bk"'la IBK! ﬂk+2! s :3|) € Gpatb‘l ()\')

Proof. We omit the proof thaBB’ € GPath, (1), since it is similar to that of Lem-
ma 5.10. O

Lemma 9.2. Letu € P~_; ando; € I1. Suppose thatu, o’) =—1,0, or 1. Let
B € GD% () be «;-shiftable
(1) If (sg(u), og’) = —1, then we have8 +«; € GD ().
(2) If (sg(), ¢y’) = 1, then we have — o; € GD" ().

Proof. (1) By our assumption, we haye+8,«;") = —1. Sincep is «;-shiftable,
we havep # —«;i. Hence, we hav@ € D(u). If (u, ') =—1, then(B, «") =0. Since
B,a; € D() andg is «j-shiftable, we havg8 +a; € D() € GD* () by Lemma 5.9 (1).
If (11, ") =0, then(B, o) = —1. Since(u, (B +ai)”) = (u, s(B)") = (s(u), B) =
(u, B¥)y = =1, we havep +a; € GD"(u) If (u, oq’) =1, then(B, oy’) = —2. Since
B # i, we haves (8) € D(s_, (1)) by Lemma 4.2 (2). Since (8), o € GD" (s_¢ (1)),
(s(B), o) = 2, ands(B) is aj-shiftable, we haves(8) — o € D(s_4 (1)) by Lem-
ma 5.9 (2). Sinces(8)—o; # i, we havef+a; € D(u) € GD% () by Lemma 4.1 (2).
Thus, we always havg +«; € GD" (u).

(2) By our assumption, we havg+8, ;") = 1. Sincep is «;-shiftable, we have
B # —ai. Hence, we haves € D(u). If (u, o) = -1, then(B, ;") = 2. Sincep, o €
D(n) and g is «;-shiftable, we have8 — «; € D(u) € GD% () by Lemma 5.9 (2).
If (1, e’) =0, then(B, o) = 1. Since(u, (B — ai)") = (1, %, (B)") = (S (1), BY) =
(u, BY) = =1, we havep — o; € GD¥(u). If (u, oq’) =1, then(B, o) = 0. Since
B # ai, we haves(B) € D(s—¢ (1)) by Lemma 4.2 (2). Since (), ai € D(s—q (1)),
(s(B), o) =0, ands(B) is «j-shiftable, we haves(8) + o € D(S_¢ (1)) by Lem-
ma 5.9 (1). Sinces(8)+a; #«aj, we haveg —o; € D(u) € GD% (1) by Lemma 4.1 (2).
Thus, we always havg — a; € GD% (u). ]
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Lemma 9.3. Letu € P-_; andq; € I1. Let 8 € GD% () be «;-shiftable
(1) If (u, o) =1, then we haveB +«; € GD" (S_q; (11)).
(2) If (u, ") =—1, then we have8 — a; € GD* (s, (1)).

Proof. (1) Sinces is «j-shiftable, we haves # —¢;. Hence, we havg € D(u).
Since s (B), ai € D(s_¢ (1)), we have(s(8), ) =0, 1, or 2 by Lemma 4.2 (2) and
Corollary 5.4. If (s(B8), ') = 0, then we haveg + o; = 5(8) + o € D(s_o (1)) <
GD% (S_4 (1)) by Lemma 5.9 (1). If(s(B), &’) = 1, then since(s_q (1), (B +ai)Y) =
(s_a (1), S(B)Y) = (n, BY) = =1, we havep + ;i € D(S_¢ (1)) S GD" (s (1)) If
(s(B), &’) = 2, then we have8 + ai = S(B) — ai € D(S_¢; (1)) S GD" (s (1)) by
Lemma 5.9 (2). Thus, we always hayet o; € GD" (S_, (1)).

(2) Sincep is aj-shiftable, we have8 # —«;. Hence, we haved € D(u). Since
B, o € D(u), we have(B, ') =0, 1, or 2 by Corollary 5.4. If(8, ') = 0, then
we havep + «j € D(u) by Lemma 5.9 (1). Since + «; # o, we havep — o =
S(B + i) € D(sy (1)) S GD" (s (1)) by Lemma 4.1 (2). If(8, o) = 1, then since
(s (1), (B — i)”) = (s (1), S (B)) = (w, BY) = =1, we havep — aj € GD" (s ()

If (B,0) =2, then we have8 — o € D(u) by Lemma 5.9 (2). Hence, we have
B —ai =s(B — i) € D(s, (1)) € GD¥ (s, (1)) by Lemma 4.1 (2). Thus, we always
have 8 — «; € GD" (s, (1))- ]

Lemma 9.4. Leti e P-_; anda; e DA)NTI. If B=(B1,..., Bi) € GPath, (1),
then there exists 48;, ..., /) € Path{.) such that

S+ Sp.(A) = Sg, - - S (A).

Proof. If —a; ¢ B, then there is nothing to prove. Hq; € B, then letk be the
smallest index such thagy = —«;. Applying Lemma 9.1 toB3 repeatedly, we get an
element

B, ..., Bps =i, Bpris - -+ Br-1s Brrls - - - Bi) € GPath, (1)

such that By, (—a;)*) # 0. Since—a; € GD"(sp,- - - S5, (1)), we have(sg - - =S5, (1), ) =
1. Since By, ..., Bp-1) € Path@), we have(ss, ,---s4 (1), ") = -1, 0, or 1 by The-
orem 5.1. Hence, we hav@p, o’) = 1, or 2. If (Bp, o) = 1, thenp;, is «;-shiftable.
Hence, by Lemma 9.2 (2), we havgp(— «i, oi) € Pathgg, - - - s5,(1)). We have:

(,311 ey ,Bpfla IBD — O, ,3p+l! DN ﬂkfll :8k+l! ceey :3|) € Gpatbn ()\')

If, on the other hand{By, &;") = 2, then we haves,, o; € D(sg, ;- - - Sp,(1)) by Corol-
lary 5.3 (2). By Lemma 5.5 (1), we have, B) =1, or 2. If (&, By) = 1, thenpy
is a;j-shiftable. Hence, by Lemma 9.2 (2), we hayg - «i, i) € Pathgs, ;- - - S,(1)).
We have:

(,31 ..... ,Bp_l, ﬂp — o, ﬂp+1 ..... Bk—1y Bk+1y - - - » ﬂ|) € GPatb(, ()\)
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If (o, By) =2, then we haveBp = o or (i, Bp — 20, i) € Pathgg, ;- - - s4,(1)) by
Lemma 5.7 (1). Ifp = i, then we have:

(B1s - - -, Bp=1s Bp+ts - - -+ Br=1, Bkt - - -+ Bi) € GPathy, (1).
If, on the other hand,of, Bp — 2, i) € Path§g ;- - - s4,(1)), then we have:
(B, -\ Bp-t, i, Bp — 20i, Bpet, - - - Peets Brets - - -, Bi) € GPathy, ().
Applying the above argument repeatedly, we finally get amels
B =(By,...,B) e GPath, (1)

which contains no-e¢;. Thus, we ge3’ € Pathg) such thats - - - s, (1) = sg,- - - S5, (1).
O

Let B=(B1,..., Ai) € GPath,(1). For each Ik <1, we haveZ‘;:1 Bp > 0 by
the above lemma. Hence, we can always defigefor B € GPath, ().

Theorem 9.5. Leti € P-_; anda; € D(A)NTII. Let (B1, B2, ..., i) € GPath, (1).
Then we have

(sg---Sp(A), o) =—=1,0, or 1.
Proof. This follows from Theorem 5.1 and Lemma 9.4. I

Corollary 9.6, Corollary 9.7, and Corollary 9.8 below arengrlization of Corol-
lary 5.2, Corollary 5.3, and Corollary 5.4, respectivelync® proofs are entirely sim-
ilar to those of the corresponding ones, we omit them.

Corollary 9.6. Letx e P-_1 anda; € D(A)NII. Let(B1,..., Bi) € GPath, (1).
Then we have

B, o'y =-2,-1,0,1,0r2, 1<k<l.

Corollary 9.7. Letx € P-_1 anda; € D(A)NII. Let(B1,..., Bi) € GPath, (1).
Letl<k<I.
Q) If (B, o) =2, then(sg,_,- - - S, (A), ") = —1 and (S, S, ,- - - S, (A), og”) = 1.
(2) If (B, o) =—2, then(sg, ,---Sp, (1), &) =L and (S, Ss, - - - S, (A), o) = —1.

Corollary 9.8. Leti e P-_; andwj € D(A)NII. Let 8 € GD%(1). Then we have

(B,’)y=0,1,or 2.
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Let A € P-_; ando; € D(A) N I1. We define a se$ (Pathg,, (1)) by:

s (Path&, (1)) = {(s(v2), - --» sS(M) | (1, - - -, n) € Path&, (1))}

Lemma 9.9. Leti e P-_; ando; € D(A)NII.
(1) We have

Path¢) = {B € GPath, (1) | —; ¢ B}.

(2) For B=(p1,..., i) € GPath, (1), the following two conditionga), (b) are equiv-
alent
(a) B e Path, (1),
(b) —ai ¢ B, and if By = «j, then there exists an index  q such thatg, is
aj-shiftable
(3) We have

s (Pathg,, (1)) = {B € GPath, (A) | o ¢ B}.

(4) Let(By,...,B) € s(Path§, (1))). Suppose that is finite If B, = —«;, then there
exists an index p< g such thats, is «;-shiftable

Proof. (1) It is straightforward to see.

(2) This follows from Definition 8.

(3) It is straightforward to see.

(4) LetB=(p1,....H)es(Pathg,(1))). Then we haves(B) =(s(B1).....S(B)) €

Path§, (1)). Let Bq = —aj. Then we haves (By) = . We have:
(9.1 (8 (), o) = 1,
and
(iS5 ()" * " Ss(B) S ) = (S3(8Ss (Be-n)” ** Ss (a0 S ho ) = L.
Hence, we have:
(9.2) (Ss(be0)" " Ss(BS b o) = —1.
By (9.1) and (9.2), we have, for some<lp <q-—1,
(93) (S SsESr o) =1 and (S5(s)Ss(p) " Ss(pS A &) = — 1,

or

(94)  (SEen) - SE)r o) =1 and (S5¢,)S (60 SB)Su A &) = 0.
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If (9.3) holds, then, since. is finite, s(Bp) is «;-shiftable by Lemma 5.5 (2) and
Lemma 5.8. If, on the other hand, (9.4) holds, it is triviaattls (8,) is «;-shiftable.
Thus, s(8p) is alwayse;-shiftable. And so is8,. This proves part (4). ]

DEFINITION 9. Letx € P-_; ande; € D(A)NII. Let B =(p4,..., Hi) € GPath, ().
We suppose that there exists exactlyindices 1< p; < --- < pn < | such thatg,, is
aj-shiftable (1< q < m). We putpm+1 :=1+1. The subsequen&®, (B) := (B1,..., Bp—1)
of B is called theground o;-floor of B. For 1< g < m, the subsequencﬁ{ﬁ?)(l’ﬁ‘) =
(Bpg: - - - Bpea—1) Of B is called theg-th o;-floor of B. The subsequenc&()(B) :=
(FO®B), ..., FM(B)) is called thew;-up-stairs Thus B is written as:

B = (Go (B), FSUB)) = (Goy (B), FD(B), ..., FE(B)).

Proposition 9.10. Letx € P>_; be finite andy; € D(A)NI1. LetB=(B1,...,8) €
GPath, (A). We suppose that there exists exactly m indkcesp; < - -- < pm < | such
that 8, isa;-shiftable(1 < g <m). Letl<q<m. LetFP(B) = (Bp,, Bpysts -+ Bpga—1)-
(1) Then for pg+1 <k < pg+1 — 1, we have

(B, ") =0, unless Bx =aj Or —a;.

2) If —o; ¢ ]fé?)(B), then an index k(pg + 1 < k < pg+1 — 1) such thatgx = «; is
unique if it exists
B If o ¢ ]-"(,(,?)(B), then an index k(pg + 1 < k < pg+1 — 1) such thatgx = —«; is
unique if it exists

Proof. We omit the proof, since it is similar to that of Projios 8.1. 0

Let » € P~_; be finite ande; € D(A)NTI. The set ofB=(B4,..., Bi) € GPath, (1)
satisfying the following two conditions is denoted by QRath):
(1) if By =« or —a;, then there exists an indep < g such thatg, is «;-shiftable.
) o ¢ FOB) or —a; ¢ FP(B), for eachq.

By Lemma 9.9 and Proposition 9.10, we have R#l), s (Pathg, (1))) € QPath, (1).

DEFINITION 10. Leth € P._janda; € D(A)NII. LetB=(By,...,H) € QPath, (1).
We suppose that there exists exaatlyindices 1< p; < --- < pn < | such thatgy,

iS «j-shiftable (1<g<m). Let1<qgq<m.
The g-th o;-floor FP(B) is said to bebasic if

o ¢ FPO(B) and —ai ¢ FO(B).
The g-th o;-floor ZP(B) is said to bepositive if

o € FOB) and —o; ¢ FOB).
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The g-th «;-floor ]—"o([?)(B) is said to benegativeif
o ¢ FOB) and —o; € FI(B).

We note that eaclq-th floor ]—‘é?)(B) is either positive, basic, or negative by Proposi-
tion 9.10.

Proposition 9.11. LetA € P-_; be finite andy; € D(A)NII1. Let B=(B1,...,8) €
QPath, (1). We suppose that there exists exactly m inditesp; < - - - < py <1 such
that Bp, is o;-shiftable(1 <q <m). For 1 <q <m, we definery(B) := (B1,..., B) by.

B if k< pg,
Btai it F(B) is positive and k= pq,
—a it FI(B) is positive py < k < pgr1, and By = ai,
B if ]-'(,([?)(B) is positive py < k < pg+1, and (B, ') = 0,
Bctai if FO(B)is positive and k= pg1,

Br =14 Bk it FO(B) is basic and py < k < pge1,
Bc—ai if FO(B) is negative and k= py,
o it F9(B) is negative py < k < pgs1, and By = —a;,
B« it F9(B) is negative py < k < pgs1, and (B, ;") =0,
Bc—ai it FV(B) is negative and k= pgs1,
B if Pg+1 < k.

Then we have

(1) 7q(B) € QPath, (2).
(2) The subsequenc(qs’pq, ;)qﬂ, ey ;)qﬂ_l) is the g-tha;-floor of 74(B).

(3) tq7q(B) = B.

Proof. (1) and (2) Iffé?)(B) is basic, then there is nothing to prove. So, we
may assume thaf?(B) is positive or negative. Put := 1 (resp.—1) if FP(B) is
positive (resp. negative). Lé be the unique index ifipg+1,..., pg+1 — 1} such that
Bk, = €ci (see Proposition 9.10). Sineey; € J—‘o([?)(B), by Corollary 9.7, we have

(9.5) (Sﬁko—l' " SBpq41580g g1 S, (A), a|v> =€,
and
(9.6) (Scar S 17~ * Sboge1SBpg Sbpg 1"~ S5 (), o) = €.

By Proposition 9.10 (2) and (3), we have:

(9.7) (Br, €i’) =0, pq <k < ko,



COLORED HOOK FORMULA
and
(9.8) (B, €’y =0, ko <k < pgs1.
By (9.5) and (9.7), we have:
(9.9 (SBpy Spog 1~ S (), &) = —€.
Applying Lemma 9.2 (1) to (9.9), we have:

(9.10) P, +€ai € GD (S, - - - S, (2)),
' Bo, +eai s a-shiftable.

By (9.10) and induction ork (from k = pq + 1 to kg — 1), we have:

(CTEE SBog+1SBpq+eai SBpg 17 " Sﬁl()‘)! ﬂlz/)

= (Be1+ -+ Bpgrrt (Bp, teai) + Bp 1+ -+ P+ A, BY)
q q Pq

={(Bk1+ -+ Bpgr1 ¥ Bpy ¥ Bpg1 -+ 1+ A) +eai, )
Pq Pq Pq

=Sy - SBrg+15B0g SBpg1” S,Bl()\')l IBIE/> +e{ai, ﬂll/)

=—1+e-0=-1.

Hence, we have:

(9.11)
Bk is not ;j-shiftable.

By (9.10) and (9.11), we have:
<Sﬂko—1' " SBpg1SBpg e g1 T SAWE (—eai)’)
= (Bro-1t- -+ Bpgr ¥ (Bp, T €cti) + Bp, 1+ -+ P14, (—e)”)
= ((Be-1++ -+ Bpg+1t Bpy + Bpy—1+ -t Pt A) +eai, (—eai)”)
= _E(S,Bko—l. " SBpg+15Bpg SBpg—1 " S, (A), o) — {ai, o)
=—€-(—e)—2=-1.

Hence, we have:

(9.12) ew e .GDM (Sﬂkw1 " SBpg+1SBpg Heari Spg1” Sg, (1)),
— eaj is notaj-shiftable.

B € GD* (sp,., - - - SBpq+15Bpq et SBpg-1” 7 $u(1), Pgtl<k=<k—1,

1113

By (9.10), (9.11), (9.12) and induction da(from k = kg + 1 to pg+1 — 1), we have:

(Spes - Sbrg+1S—€ati Spy—1” * " SBpq+1SBpq+eci SPpg_1 " Sﬂ1()\)a IBIZ)
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= (Br1+- -+ Prorrt (—€ai) + By 1t + Bprrt (Bp, Heai) +Bp, 1+ -+ 1+ A, BY)
=((Bert -+ Brorrt e + Bgor+ -+ Bpgrr+ Bpg + Bpg—1 -+ P+ L) —eai, By)

= (Sp 1"~ S Seot g 17"~ e SBog SBpg 17+ SB(A), B ) — €ty BY)

= 1 ¢.0=-1,

Hence, we have:

(9.13) Pk € GD* (Sﬁk—l. " SBigr1S—eai Shig—1 " " SBpgr1SBpgteai Shpg-1 T S,Bl()“))'
' ko+1<k< pg— 1.

By (9.6) and (9.8), we have:

(9.14) (SBaguit " * SBignSear Sigs” " " S Sy g1 SH(A), ) = €.

Applying Lemma 9.3 (1) to (9.14), we have:

ﬁpq+1 +eq; € GD¥ (Sﬁpq+1—1. o Sﬂkoﬂsffvti Sﬂko—l' o Sﬁpqﬂsﬂpq’ffai Sﬁpq—l' o Sﬁ1()‘))v

Bg+1 +€a; IS j-shiftable.

(9.15)

Furtheremore, we have:

(9.16) Hger Bt SBron e Hio1 ™ g S Sga S (1)

= Sﬂpq+1+5ai S,qu_dfl‘ o Sﬂk0+1i€ai Sﬁko—l e Sﬁpqﬂsﬁpq +ea; Sﬂpq—l e S,Bl()\’)‘

By (9.10), (9.11), (9.12), (9.13), (9.15) and (9.16), Weéday(B) € GPath, (1). Since
there exists a unique indek (pq < k < pg+1) such thatfe = —; and (Bp, oq’) = 0
(p #k), we have:

7(B) € QPath, (1),
B Bprts -+ ) = FENwa(B).

(3) This follows from definition ofzg. O

Corollary 9.12. LetX € P-_; be finite ande; € D(A)NI1. Let B=(B1,...,0) €
QPath, (1). We suppose that there exists exactly m inditesp; < - -- < py <1 such
that By, is «;-shiftable(1 < q <m). Then for 1 <q <m, we have

(1) If FO(B) is not negative then F¥(,(B) is not positive
(2) If FO(B) is not positive then 7V (zy(B) is not negative

Proof. This follows from Proposition 9.11. ]
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Let A € P-_; be finite ande; € D(A) N I1. Let B=(By,..., Bi) € QPath, (1). We
suppose that there exists exactly indices 1< p; < --- < pm < | such thatgp, is
aj-shiftable (1< g < m). We define transformations(3) and ©(B) of 5 by:

(B) == 1q4- - - (D),
and
T(B) == 11 - - 1q(B).

REMARK 1. LetA € P-_; be finite ande; e DA)NTII. Let B=(B1,...,B) €
QPath, (1). We suppose that there exists exaatlyindices 1< p; < --- < pn </
such thatgp, is «;-shiftable (1< q < m). Then, for 1< g, g2 <m, we have:

T Tae = Top Tay -
Thus, we actually have = 7.

Lemma 9.13. Let 1 € P-_; be finite ande; € D(A) N I1.
(1) Let B € Path, (). Thent(B) e s (Pathg&, (1))).
(2) Let B € s(Pathg, (1))). Thenz(B) € Path, ().
(3) Moreovey the transformationr gives a bijection fromPath, (1) to s(Path&, (1))).

Proof. (1) LetB = (B1,..., H) € Path, (). We suppose that there exists ex-
actly m indices 1< p; < --- < pm < such thatgp, is a;-shiftable (1< q <m). By
Lemma 9.9 (2), eacly-th floor ]—'5,?’(8) of B is not negative. By Corollary 9.12 (1),
eachqg-th roor]—'é?’(r(B)) of ¢(B) is not positive. By Lemma 9.9 (3) and (4), we have
7(B) € s (Path§, (1))).

(2) LetB=(By,...,H) € s(Pathg, (1))). We suppose that there exists exaatiyn-
dices 1< p; < - - - < pm < such tha,, is «;-shiftable (1< g < m). By Lemma 9.9 (3)
and (4), eachy-th floor J—‘é?)(l’a’) of B is not positive. By Corollary 9.12 (2), eadipth
floor £ (3(B)) of #(B) is not negative. By Lemma 9.9 (2), we havéB) € Path, (1).

(3) By Proposition 9.11 (3), part (1) and (2)r Tis the identity transformation
over Patp (1) and =7 is the identity transformation oves (Pathg, (1))). Hence, the
bijectivity is obvious. O

Proposition 9.14. Leti € P-_; be finite andy; € D(A)NTI. Letyy,..., M, ¥4, W
be elements oo, U {—«;}. Letr > 2. Lete=1or —1.
(1) If one of the following sequendd; (1 < j <r — 1) is an element oRPath, (1)
with indicated decompositionthen any one of the other sequences is an element of
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QPathy, (1) with indicated decomposition

g-th «; -floor upper floor

‘ lower floor : :
Br—l-: (Vl, e ey yla ﬂ()! ﬂl! ceey ﬂl’—?ﬂ ﬂl’—21 Eai! y]_a v ey )/|'),
Bi—2= (1, Yy Bos By - - - Br—s, €qi, Pr_z, Yir--s V)

BJ = (J/l!"'!yl!ﬁO! :31!"'!:3]'711 eai!.Bj!:Bj‘Flv"'!ﬂer! Vl/a:)ﬁ/'),

Bo:=(y1,---» M Po, Bry €, Bo, . .., Br—2, Vi V),
Bl:: (yla ceey Ml 1301 eail 1311 1321 vy ,Bl'fzv y]/_l veey yl/’)
Here B« (1 <k <r —2) are elements ofb, U {—«;} such that(Bk, ;") = 0 and that

Bk are not;-shiftable
(2) Under the same assumption as (i) we have

r-1 r—1
fBJ :Z 7q(Bj)-
=1 i=1

Proof. (1) Note thatw; never skipe;-shiftable terms. This follows from Lem-
ma 9.1.
(2) In the proof of part (2), it is enough to put:= ee, & = Y g Yo+ Y a0 B

(l<k=<r—-1), and apply Lemma 9.15 below. ]
Lemma 9.15. For indeterminatesy, §1,..., 8 _1 (r > 2), we have
1 1 1 1 1 1 1 1
e + = - 4.
41 O 2616 1+ta 8 O 28 2tad 1ta
1 1 1 1
81”'§8k+a”'5r,1+a
L1111 11 1
8132324‘6( Sr_1ta S161tadrta Sro1ta
-+ 0+ v ., r 0t t1
ht+a Sr2tadatad 1 dta Sr2tad 2681
1 1 1 1

1 1 1 1 1 11
+

S1+tadrtady Sr_1 31+0(8_18_2'”5r_1.

Proof. This follows from Lemma 8.4. O
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Proposition 9.16. Let . € P-_; be finite ande; € D(A) N I1. Then we have

oofs= Y s

BePath, () Bes (Pathé,, (1))

Proof. Applying Proposition 9.14 to Paflit) repeatedly, we get:

Z fB . Z fT(B),

BePath, (%) BePath, (1)

by Proposition 9.10. By Lemma 9.13, we get:

Z fr(B) = Z fc.

BePath, (%) Ces (Pathg, (1))
This proves the statement. ]

By Lemma 4.1 (2), Proposition 8.5, Proposition 9.16, anduatidn, we have:

1 1
Z fB:<1+__> Z fB:<1+__> fs
BePath.) i BePath, (1) %/ Bes (Pathg, (1))
1 1 1
=<l+—_>s Z fo :<1+__>3 ]‘[ <1+_>
i CePathé, (1) i yeD(s; (1) Y

1 1 1 1
(0) T (+5)=(+5) I (++5)
%/ pesoE o P Y/ pe\fen) p

0(-2)

BeD(X)

This completes the proof of the colored hook formula (7.1).

10. Minuscule elements

DEFINITION 11. Let A be a dominant integral weight. Following D. Peterson
(see [1] [8]), we definaw € W to be A-minusculeif

(10.1) (Spa- - Sa(A), o)) =1, 1<p=d

for some reduced decompositian = s,---5,. If w € W is A-minuscule for some
dominant integral weight\, then we say thatv is minuscule
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Proposition 10.1. For a pair (A, w) of a dominant integral weightA and a
A-minuscule element, we puti := w(A). Then A is a finite pre-dominant integral
weight Furthermore the correspondenc@A, w) — A is bijective

Proof. First, we prove that = w(A) is a finite pre-dominant integral weight, sup-
posing thatw is a A-minuscule element for a dominant integral weight Let 8 € ®..
If (A, BY) < —1, then we have:

—1> (&, BY) = (w(A), BY) = (A, w H(B)").

Since A is dominant, w—(8) is a negative root. Hence, we hayee ®(w). Let
w =S5, --S, be a reduced decomposition of Then we havedb(w) = {«;,, S, (ci,), - - -»
S, - S4.(a,)}. Hence we haves =s,---s () for some 1< p <d. We have:
(h BY) = (s, - 84(A), S, -5, (,)")

= (Spspﬂ' t Sd(A)! a|\;>

= _<Sp+1. .. Sd(A), Oll\:))

=-1
for some 1< p < d. Hence, for eacl € ®., we have(r, 8¥) > —1. Furthermore,
we have also proved thdk, 8¥) = —1 if and only if 8 € ®(w). Since# ®(w)=d is
finite, A is a finite pre-dominant integral weight.

Next, we prove the bijectivity. Let be a finite pre-dominant integral weight. Let
(dy, - - -, 0iy) € MPath@). Putw :=s,---5, and A :==w 1(}) =5, --5,(}). Since the
A-path @;,, ..., o;,) is of maximal length, we have [A) = @. HenceA is a dominant
integral weight. Applying Lemma 4.2 (2) to @) = o repeatedly, we get:

(10.2) iy, §4(cip), -+ 8- Sig (i)} = D) S @

If s,---s, is not a reduced decomposition af, then there exists an indeg (1 <

p < d) such that((s,---s,,) > €(s, - -5,.,S,), wheref denotes the length function.
Hence, we haves ---s (i) € ®_. This contradicts (10.2). Hence,---s, is a
reduced decomposition ab. Since

(Spus - Sa(A), 7)) = (Sipy - SeSy - S (W), o)
(SpS,. S, (A), ozivp)
—(Spa S ()
=—(-1)=1

foril<p<d, w=s,---5, IS A-minuscule. We also have:

(10.3) P(w) = {aiy, §,()s - -5 Sy S (@)
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By (10.2) and (10.3), we havé(w) = D(A). Hence, suchw is uniquely determined
from A.

The correspondence — (A(= w™1(1)), w) thus obtained is clearly the inverse of
the previous mapA, w) — A. Hence we get the bijectivity. O

For w € W, we denote the set of reduced decompositi®sy,,...,S,) of w by
Redw). As a corollary of the proof of Proposition 10.1, we get:

Corollary 10.2. Let A be a dominant integral weightLetw € W beA-minuscule
Let(s,,s,.---,S,) € Redw). Then we have

<Sp+1"'sd(A)rai\;>:1y 1< pfd

This corollary show that the definition @f-minuscule elements is independent from
a choice of reduced decompositions. This is also provedRyStembridge in [12].

Proposition 10.3. Let (A, w) be a pair of a dominant integral weight and a
A-minuscule elemenb. Let A ;= w(A) be the corresponding finite pre-dominant inte-
gral weight Put d:=#D(}). Let («i,,...,®,) € MPath). Then we havds,,...,s,) €
Red). Furthermore the correspondencgy,, ..., ai,) — (S,,...,S,) from MPath.)
to Redw) is bijective

Proof. If («,,...,«,) € MPath@.), then, by the proof of Proposition 10.1, we
have §,, ..., s,) € Redw).
To prove the bijectivity, letg,,...,s,) € Redw). By the proof of Proposition 10.1,
we have®(w) = D(A). Hence we havé =d. Since
<Sp—1' t Sl()")l a|\;) = <Sp,1' o 3151' o Sd(A), a|\;>
= (8,850 - 84(A), o)
= _(Spﬂ. .. Sd(A), a;;)
=-1

for 1 < p<d. Hence, we getd,,...,a;,) € MPath@.). This proves the bijectivity. [

By Corollary 7.3, Proposition 10.1 and Proposition 10.3,g&ea proof of Peterson’s
hook formula (1.6).

REMARK 2. Minuscule elements are classified by R.A. Proctor [8] [8]gimply-
laced case) and J.R. Stembridge [12] (in non-simply-laceg)c
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