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Introduction

Let M be a Kihler manifold with Kihler metric g and D be a relatively
compact domain of M with smooth boundary 8D. We assume that for some
K, AER,

the holomorphic bisectional curvature of M =2K on D,

and
g(S¢(X), X)+g(Se(JX), JX)<2A,

where S; is the second fundamental form of 9D with respect to the unit inner
normal vector field £ and X is a unit tangent vector of M such that X and JX
are both tangent to 8D (J is the complex structure of M). In this note, we
shall prove the following results.

Theorem 1. Let M and D be as above. Then D is a Stein manifold if
one of the following conditions holds:

(1) K=0 and A<,

(2) K<0, —/—K =A<0, and i(D)<C(K, A),

(3) K<0and A<—+/—K,
where i(D)zEIéa})x dis (8D, x) and C(K, A)=1/\/— K arctanh (—A\/—K).

Theorem 2. Let M be a Kdhler manifold of non-negative holomorphic
bisectional curvature. Then the following assertions are true.

(1) M has no exceptional set in the serse of Grauert.

(2) If there is a proper holomorphic map 7: M —>M from M onto a complex
manifold M such that T is biholomorphic on an open dense subset of M, then T is
globally biholomorphic on M.

Corollary. Let M be a Kahler manifold as in Theorem 2 and D be a rela-
tively compact domain of M. Then D is a Stein manifold if one of the following
condstions holds:
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(1) D is strongly pseudoconvex®.
(2) D is locally pseudoconvex® and moreover there is a neighborhood U of 0D
and a continuous strictly plurisubharmonic function \ on UND.

We should mention here the three papers by Elencwajg ([1]), Suzuki ([10])
and Greene and Wu ([3]). They proved that a domain D as in Theorem 1
is Stein if K>0 and A=0. More generally they showed the above corollary
provided M has positive holomorphic bisectional curvature and D is locally
pseudoconvex. The essential ingredient in their arguments is to show that
—log pap (pep=dis (0D, *)) is strictly plurisubharmonic on D. As we see their
proof for this fact, the Rauch’s comparison theorem is implicitly used. Recently
we have obtained a general and sharp Laplacian comparison theorem which
generalizes the Rauch’s comparison theorem (cf. [5]). Applying the technique
used in the proof of our comparison theorem, we shall show that, if a domain
D satisfies one of the three conditions in Theorem 1, there is a smooth function
4r on (0, o) such that yr(p,p) is strictly plurisubharmonic everywhere on D,
where pyp=dis (0D, *) (cf. Main lemma in Section 1). As for Theorem 2,
the first assertion was proved by Suzuki ([10]) provided M has positive holo-
morphic bisectional curvature and the second assertion has been conjectured
by Wu ([12]).

The author would like to express sincere thanks to Professor T. Ochiai
for his helpful advice and encouragement.

1. Preliminary

Certain facts and notations from Riemannian and Kihler geometry will be
needed. Let M be a Kiahler manifold with Kihler metric g. We write M,
for the (real) tangent space of M at x and J for the complex structure of M.
We denote by V the Riemannian connection and by dis (x, ¥) the distance be-
tween two points ¥ and y in M. Now we recall the definition of holomorphic
bisectional curvature (cf. [6: p. 372]). Let R be the Riemannian curvature
tensor of g with the sign convention: if X and Y are an orthonormal basis
of a plane 7, then the sectional curvature of = is R(X, Y, X, Y). Given two
J-invariant planes 7, and 7, in M,, the holomorphic bisectional curvature H(r,, ,)
is defined by

H(ry, 7)) = R(X, JX, Y, JY),

where X (resp. Y) is a unit vector in 7, (resp. ;). Then by Bianchi’s identity

1) ie., for any x€0D, there is a neighborhood U of x in M and a continuous strictly
plurisubharmonic function ¢ such that DN U={x€ U : ¢(x)<0}.

2) ie., for any x€0D, there is a neighborhood U of x in M such that UND is a Stein
manifold.
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we have
H(m, )= R(X, Y, X, Y)+R(X, JY, X, JY)

It will be helpful to use the concept of Hartogs of the modulus of pluri-
subharmonicity of a (not necessarily smooth) function, defined as follows:
Let ¢: U—R be a continuous function on an open subset U of M and x a point
of U. Let {2, -, 2,} (m=dim¢ M) be a holomorphic local coordinate system
in a neighborhood V7 of x such that {(8/0z,), ---, (8/02,)} is a unitary frame
at x. Let X,=2>1a,;(0/0z;)(x) be a complex unit tangent vector at x such that

J

Xo=3X—V=1JX)(Xe M, ||X||[=1). Now we define an extended real
number W¢(x; X,) by
2n
We(x; X,) = lim inf - {21 g b(r(exp \/:TG))de—gb(x)}
>0 7 7T J0 ’
where 7: {AEC: |A| <& —V is a holomorphic imbedding such that z,(c(\))=
a (cf. e.g., [1, 3, 10]) and define an extended real number W¢(x) by

We(x) = i;lf We(x; Xy) .

Then the following facts are known (cf. [1, 2, 3, 10, 11]).

Fact 1. If ¢ is of class C? near x, we have

. _ o’¢p
We(x; Xo) = 42 ; —(x)a.a; ,
0 i@zj

and furthermore

430,00 aa, = vi(X, X)+vig( X, JX) .

0z 8

Fact 2. ¢ is plurisubharmonic on U if and only if W20 on U and ¢
is strictly plurisubharmonic on U if and only if there is a positive continuous function
p on U such that W¢=p.

Fact 3. Let ¢ be a continuous function near x such that $=¢ near x and

P(x)=(x). Then Wd(x; Xo)<W ¢(x; X,).

Fact 4. Suppose there is a sequence of continuous functions {p,} converging
uniformly to ¢ on U and suppose W ¢, =&, where {€,} is a sequence of real numbers
converging to &, then Wp=¢.

Let N be a closed (imbedded) submanifold of M with real demension
n(0=n=2m—1). Wewrite H,(N)(y€N) for the maximal J-invariant subspace
of N, (i.e., H(N)=N,N J(N,)). Let x be a point of M\IN. Suppose there is
a geodesic o: [0, /]—M such that o(l)=x and dis (o(t), N)=t for t<[0,/]. We
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denote by Pg the parallel displacement along o from M, onto M, Let
V(t) be the J-invariant plane spanned by o(z) and Jo(¢) and V() the J-invariant
subspace P, (H (V) of Myy. Put Vy(t)=the orthogonal complement of
Vi(t)4Vy(t) in Myy. Now we choose a continuous function k: [0, /]—R and
a real number A such that for any #&[0,/] and every J-invariant plane 7 in
Ma'(t))

(L1) Hz, V()2 2k(t)
and for any X €H ) (N) of norm || X||=1,
(1.2) 8(SsX, X)+8(Ss0JX, JX)Z2A,

where S;(y is the second fundamental form of N with respect to ¢(0). Using
essentially the method of the Rauch comparison theorem, we shall now give
an estimate for Wp in the next lemma, where p=dis (NN, *). For this purpose,
let us introduce the three solutions f; (i=1, 2, 3) of the equations:

(1.3) fU42kf,=0 with £(0)=0 and f{(0)=1;
(1.4) 4 4hf,=0 with f(0)=1 and f40)= A;
(1.5) fi+kf,=0 with f,(0)=0 and f40)=1.

Then we have the following

Main lemma. For any nonincreasing C*~function +r on [0, [], the distance
function p=dis (N, *) satisfies

(1.6)  Wp(p)(x; Xo) (¥ +4 fH/f)(p(o)II X
+ 209 f31f2) (PN X P20 F3 ) (P (DI Xl

where X, is a complex unit tangent vector at x such that X,;=4(X—+/—1-JX)
(X eM, || X||=1), and X; (i=1, 2, 3) are V,-component of X, respectively.

Proof. Since there is no focal point of N along &[0, ), we see that f;
(=1, 2, 3) are all positive on (0, /). In fact, suppose f,(t,)=0 for some 7 and
4,&(0,1). Let X be a unit tangent vector at o(Z,) such that X €V (¢). Let
X(#) (0<t=<I) be the parallel vector field along o such that X(z)=X. Set
X, =X—g(X, )0 and (JX),=JX—g(JX, ). Then since N has no focal
point along [0, %], we see that the index forms I, w(f:X,f,X) and
I, (fiJX, f:JX) are both positive. On the other hand, by (1.1) and (1.2), we

have

I(to,N)(fiX’ fiX)+I(fo.N)(fi JX’ f:]X)
= &S:RO, X))+ [ VXD RS, &, £, o)

+8(S;0(fiJ X)0), (f: JX)(0)+ S:’HV;(ff(]X)l)l P—~R(f(JX) 1, o [ JX) L, 6)dt
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<2f(0)A+ $:° 8.(f1)—2kf2dt

= 2FOPABA ) SO O)
= 8;fto)fi(t) =0,

where §;=1 if /=1 and §;=2 if /=2 or 3. This is a contradiction. Thus
fi(1=1,2,3) are all positive on (0,/). Now suppose they are all positive on
(0,1]. Let B, be a (sufficiently small) open ball with radius & in M, such that
the exponential map exp, restricted to B, induces a diffeomorphism between
B, and its image B,(x). For any tangent vector X €M,, we denote by X{(z)
(0=<t=<I) the parallel vector field along ¢ such that X(/)=X. Let a:[0,]x
B,—~M be a 2m-parameter N-variation of o such that (i) a(?, 0)=a(z), (ii)
all, X)=exp, X, (iii) (0at/85)(t, )| o= (AOAD)ZD) + (O Xelt)+
OHD)XD, () a0, X)CN and () alt, () = o(t+H(FQSD)). (We
see by e.g., [7: p. 25] that such a 2m-parameter N-variation « of o exists,
taking a sufficiently small & if necessarily.) Now .define a smooth mapping
B: B(x)—R by B(exp, X)=the length of the curve t—a(t, X). Then p=
dis (V, ¥) <8 on B,(x) and p(x)=g(x). Hence we see by Facts 1 and 3 that

WA (p) (x5 Xo) = W(8) (x; Xo)
= VA(B) (X, X)+ V() (JX, JX)
= V" {dBXY+-dB(JX)? +v'{V’B(X, X)+V’B(JX, JX)}
= YN X|P+ {VEB(X, X)+VB(JX, JX)} .
Therefore in order to prove (1.6), it suffices to show that for any X B,,
(1.7) V'B(X, X)+V*B(JX, JX)
= (FUA) DNXAP+2(f3/f) DNX P+ 2(f51fs) (DX«

In fact, fix any X €B,. Since the both sides of (1.7) are invariant under the
rotations of V(I), we may assume g(X, Jo(l))=0. Put Z(¢)=(f(2)/f,()))Xi(2)+
FAIEAZD +LOFDEAL) and Z,(8)= Z(1)—g(Z(1), 5e)(t). Since the
restriction of  to [0, /] X {sX: —&<s<€} is an N-variation of ¢ which induces
a vector field Z such that Z(0) € N,(,, we see by the second variational formula
of arc length that

l . .
(18) VX, X) = g(S:wZ(0), ZO)+ | IV:ZuIP~R(Zu, 6, 2y, 5)at
1
— (UfADFE(S30 X0 XAO)+ | IV:ZLIF—R(Z, 5, Z, o)t
Similarly we see that

(1.9) V2B(JX, JX) = (1/£,D)e(Ssc0 JX(0), JX0))
+ IV:J2IP —RUZ, 6, J2, 5t
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Therefore by the assumptions (1.1) and (1.2), we have
VEB(X, X)+V°B(JX, JX)
SONIFDFHAIR | (AP —2Rria X+ 21E0)
<UDROIXP+20F 51 DX 4207417 (DXl
This shows inequality (1.7). Now we assume f,()f,())fs(/)=0. Then we

choose a family {kg},>, of continuous functions on [0, /] such that <<k and
limk,=k. Let f; ;(1=1, 2, 3) be, respectively, the solutions of the equations

§->0

(1.3), (1.4) and (1.5) defined by k;. Then the Strum’s theorem tells us that
fis>fi (1=1,2, 3) so that f; ; (=1, 2, 3) are all positive on (0, /]. Therefore by
the preceding argument, we see that

(L10)  Wap(p) (x5 Xo) Z(W" = f1/f1s) (DX P+ (f3 5/ 2,8) (DI X P
+ (0 5,5lfs,8) DI Xl (1= p()) -

Since the right-hand side of (1.10) tends to that of (1.6) as §—0, we see that
(1.6) holds also in the case when fi())f,(/)fs(/)=0. This completes the proof
of our main lemma. '

The following fact was proved by Greene and Wu (cf. [3: Theorem 1 (A)).
Since we shall show the second assertion of Theorem 2 using this fact, we shall
give the proof for it in this place for the convenience to the reader.

< rop—hp 2011600 [ (77— riar Xl

Theorem 3 (Greene and Wu). Let M be a Kdhler manifold and D be a
locally pseudoconvex domain in M. Then if M has non-negative holomorphic
bisectional curvature, there is a neighborhood U of 0D in M such that —log p is
plurisubharmonic on U N D, where p=dis (3D, x).

Proof. To prove the theorem, it suffices to show that given y=aD, there
is a neighborhood V of y in M such that —log p is plurisubharmonic on V' N D.
Let V, be a neighborhood of y in M such that V/,N D is Stein so that V,ND
can be approximated from within by strictly pseudoconvex domains {D,} with
smooth boundary 8D,. For each D,, set p,=dis(0D,, *). Let £€>0 be so
small that B, (y)= {x&M: dis (x, y)<<2€} is relatively compact, geodesically
convex and contained in V. Then p, converges to p uniformly on B,(y)ND
as n—oo (By(y)={x&M: dis (x, y)<<€}). Therefore it suffices to prove that
—log p, is plurisubharmonic on B (y)ND,. In fact, for any x&B,(y)ND,,
there is a geodesic o,: [0, /,]— M such that o,(/,)=x and p,(o,(t))=1¢ for
te[0, /,]. Applying the above main lemma (k=0, A=0) top,, we see that
W(—log p,)(x)=0, since fi(t)=1¢ and f)(t)=1. This shows that —log p, is
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plurisubharmonic on B,y) N D, by Fact 2. This completes the proof of
Theorem 3.

2. Proofs of the results in Introduction
Throughout this section, we keep the notations in Introduction.

Proof of Theorem 1. We first remark that for any x&D, there is a geo-
desic o: [0, []—M such that (/) =« and dis (8D, o(t))=1¢ for t<[0, [], since
the closure of D is compact (cf. e.g., the first few lines in the proof of Corollary
(2.44) in [5]). Let f, and f, be, respectively, the solutions of the equations:
fU/+2Kf,=0 with f,(0)=0 and f{(0)=1, and f}'+Kf,=0 with f,(0)=1 and

FH0)=A. Set w(t):gj 1/f2 (O<a<inf {s>0: f,(s)<0} < + o). Then by

Main lemma, we see that the distance function p=dis (8D, %) satisfies

(2.1) Wpr(p) () Zmin {£1/f, —f1/(f1f)} (p(x))

for every x=D. Since each of the three conditions in Theorem 1 implies
that f{>(0 and f7<<0 on (0, #(D)), we see that the right-hand side of (2.1) is
positive for every x&D. Therefore we see by Fact 2 that r(p) is a strictly
plurisubharmonic and exhaustion function on D. Thus D is a Stein manifold
(cf. [8]). This completes the proof of Theorem 1.

Proof of Theorem 2. Suppose M admits an exceptional analytic set E.
Here we call £ an exceptional analytic set of M if there exists an analytic space
Y and a holomorphic mapping =: M —Y such that n(E)={y} and n: M\E=
Y\{y} (cf. [4: p. 284]). Then it is clear that there is a strongly pseudoconvex
neighborhood D of E whose boundary is smooth and whose closure is compact.
Since D is a Stein manifold by Theorem 1, the existence of E is absurd. This
proves the first assertion of Theorem 2. Now we shall show the second asser-
tion. Set Z={x&M: rank, T<<m}. Suppose Z is not empty, that is, Z is
an analytic hypersurface of M. Then by the proper mapping theorem 7(Z) is
an analytic subset of M. Set M,= M\Z. Since 7 is biholomorphic on an
open dense subset of M, we see that 77}(7(Z))=Z and 7 is biholomorphic on
M, Set p=dis(Z,*). Then by Theorem 3, we see that there is an open
neighborhood U of Z (=0M,) such that —log p is plurisubharmonic on U\Z,
since M, is locally pseudoconvex. Therefore ¢=(—log p)er™': 7(My)—R is
plurisubharmonic on an open subset 7(U\Z)=7(U)\7(Z). Now suppose there
is an irreducible component ¥V of 7(Z) such that dims V<<m—1. Then it
is well known that ¢ has a plurisubharmonic extention to an open set
T(U\NZ)UR(V), where R(V) is the regular points of I/. 'This is absurd, since
¢(y) tends to +oco as y—R(V). Therefore we see that 7(Z) is an analytic
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hypersurface of M. Thus 7:Z—1(Z) is a surjective holomorphic mapping
between complex spaces of pure dimension m—1. Then the same argument
in the proof of Lemma 2 in [12] shows that Z must be empty and hence 7:
M~ is biholomorphic. This completes the proof of the second assertion of
Theorem 2.

Proof of Corollary. The first assertion is a direct consequence of Theorem
2 (1) and Theorem 1 in [8]. Now we shall show the second assertion. Set
p=dis (8D, *) and ¢=exp A—log p. Then since —log p is plurisubharmonic on
VND for some neighborhood V of 8D, ¢ is strictly plurisubharmonic on
VNUND. Set D,= {xeD: ¢p(x)<a} (acR). Then by the first assertion
of the corollary, we see that D, is a Stein manifold for large a and further D,
is Runge in D, for large a and a’(a’>>a) (cf. [8: Theorem II]). Therefore
a theorem of K. Stein tells us that D is a Stein manifold (cf. [9]). This com-
pletes the proof of Corollary.

Now we shall show a proposition which slightly extends the assertion (c)
of Theorem C in [11]. Let M be a noncompact, complete Kihler manifold
and a point 0&M be fixed. Let {C,},c; be a family of closed subsets of M
indexed by a subset 7 of R. Assume ¢,=dis (C,, 0)—>co as t—>co. The family
of functions 7,: M—R defined by »,(x)=e,—dis (x, C,) is Lipschitz continuous
(with Lipschitz constant 1) and also satisfies |,(x)| =dis (x, 0) (by the triangle
inequality). It is thus an equi-continuous family uniformly bounded on com-
pact sets. By Ascoli’s theorem, a subsequence of {7}, to be denoted by 7,
converges to a continuous function 5: M —R, the convergence being uniform
on compact sets of /. Then we have the following

Proposition. Let M be a complete noncompact Kahler manifold. Suppose
the holomorphic bisectional curvature is nonnegative everywhere on M and positive
outside a compact set A of M. Then v is strictly plurisubharmonic on M for each
» as above.

RemaRK. It has been proved in the theorem cited above that e” is strictly
plurisubharmonic on M.

Proof. We fix any point x of M. By the assumption, we can find a small
neighborhocd U of x and positive numbers «, 8 and v which have the following
properties: (1) dis (y, 2)<a for any ye U and € 4; (2) a>3v and 3B87*<1;
(3) for any distance minimizing geodesic o: [0, []=>M such that o(/)€U and
I>a,

(2.2) the holomorphic bisectional curvature at o(f)=k/(2),

where £, is a continuous function on [0, /] defined by k,(#)==0 for t [0,/ —a], k,(2)=
Blv-(t—(—a)) for t€[l—a,l—a+7], k()= for te[l—a+v, l—a+27],
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k()= —B[v-(t—({—a+27)) for te[l—a+2v,l—a+3y] and k(t)=0 for
te[l—a—+3v,1]. Letf;: [0,]]—=R (I>a) be the solution of the equation:
[ 4k fi=0 with f,(0)=0 and f/(0)=1. Then by simple computations, we see
that there are positive constants § = &(«t, 3, ¥) and [,=1I(«a, B, ), depending
only on a, B and v, such that

(2.3) (FHF)(D=—8<0

for any [=/,, Let y be a point of U and y, be a point of C, such that
dis (y,y,)=dis(y,C,). Then since 5,=e,—dis(y,,*), and »,(y)=e,—dis (y,,)
we see by Fact 3 that

(2.4) W (y) = W(e,—dis (yn ¥))() -

We claim that for large n, the right-hand side of (2.4)=8>0. In fact, let
ot [0, 1,]>M be a geodesic such that o,(y,)=y (€U) and dis (o,(2), y) =t for
te[0,1,]. Then by (2.2), Main lemma and (2.3), we have

W(e,—dis (y,, *)) (¥)=—(f1,/f1,) (In)
>8(>0),

for large n so that [,=I(e, B, ¥). This shows that for large #» and any ye U,
Wn(5)>8 (>0) .
Therefore by Fact 4, we see that y satisfies
Wn=8 (>0)

on U. Thus % is strictly plurisubharmonic on U and hence on M. This
completes the proof of the proposition.

ReMARK. During the submission of this paper to the journal, the author
received the reprint [13] which contained among other things some extentions
of Theorem 1 (1), Theorem 2 (1) and Corollary (2), respectively.
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