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On partitions of free products of groups

By Mutuo TAKAHAST

A partition of a group G was defined by J. W. Young!) to be a
system {H,} of subgroups of G such that every element except the
identity of G is contained in one and only one component H,. We
may call a partition containing more than one component a proper
partition. A group G having a proper partition {H,} may be called
decomposable, because it is represented as a set-theoretical sum of the
components H,, such that any two components have only the identity
in common, and especially completely decomposable when every compo-
nent H, is cyclic subgroup.

The partitions of abelian groups was discussed by J. W. Young in
his paper completely. The case of finite groups was studied By G. A.
Miller %) and P. Kontorovitch.?)

In this note we consider the case of free products of groups. It
can be shown that any free product of groups is always decomposable
and especially that any free group is completely decomposable.

Let G=Ax B be a free product of groups 4 and B. The trans-
form a" =7 a "' of any element ¢ ¢ 4 (¢ ==1) by r< G is contained in
A if and only if 7 ¢ A, and any two elements @ ¢ A and be B except
the identity can not be conjugate in G. Hence the identity is the only
common element which is contained in any two of all the conjugate
subgroups A” and B°.%)

Now we take an element « which is not contained in any A” nor in
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any B°. There exists a maximal cyclic®) subgroup M, of G containing
xr.

If veC,C ... 0, <.
be an ascending chain of cyclic subgroups of G containing «, the set-
theoretical join « .—:sj C, % is an abelian subgroup of G. By the sub-
n=1

group-theorem ”) in free products we obtain the free-decomposition of X :
X=Fx i"[ AP~ X % ikI B* ~ X, where F is a free group and some of the
factors may be 1. Since X is abelian, we may conclude that X = F and
F' is an infinite cyclic subgroup, because X = A‘zj X or X=B* ~X
implies X TA® or X <B" respectively and it is contrary to the assump-
tion: x ¢ A", B’ for any r and s. Since X is cyclic, X must coincide
with all the C,, for m > n,, and the chain is not proper. Therefore
there exists a maximal cyclic subgroup M, containing . And obvious-
ly M, ~A"==M, ~ B’ =1 for every A" and B°.

Let M, and M/ be any two distinct maximal cyclic subgroups,
where z, y¢ A", B°. Then it can be proved that the meet M, ~ M,
is the identity.

Let J denote the least subgroup containing M, and M!). Applying
the subgroup-theorem to J we obtain: J = K x ﬁ A* ~J I*I BY ~J.

If J is not free decomposable, either J must be cyclic or J = A”
~J or J =B” ~J for some v or w. But J E:an not be cyclic, since
M, and M} are maximal cyclic subgroups of G, and z, y ¢ 4%, B" for
any v, w e G implies J ¢ 4” and J ¢ B¥, so we may conclude that J
is free decomposable. Therefore J has the center 1, and M, ~ M} is
contained in its center, hence M, ~M)-=1. From this we can also
see that the maximal cyclic subgroup M, containing z is uhique.

We have therefore the following
Theorem : If G= A xB is o free product of groups A and B, then

5) A cyclic subgroup which is not contained properly in any cyclic subgroup.
6) The notation 3} or 4 means the set-theoretical sum. ’
"7 R. Baer und F. Levi, Freie Produkte und ihre Unter_gruppeh, Compositio Math. 3
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G is decomposable inlo the set-theoretical sum of the following form
G=3A"+ 3B +XM,,

where M, is the {unique) mazimal cyclic subgroup conilaining x for
e &3 A" + 3B and any two disltinet subgroups in the sum are dis-
joint except the identity.

In the case, when G is a free product of arbitrary many (finite or
infinite) number of free factors, the theorem can be also proved quite
analogously, and free groups are free products of infinite cyclic groups,
therefore we have

Corollary : Free groups are completely decomposable.
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Added in proof. After writing this note, T found, in Math. Rev. 9 (No. 9), that the
same theorem is given also by P. Kontorovitch in his ‘ Groups with a basis of partitions
111, Mat.Sbornik N. S. 22 (64) (1948) pp.79-100, but I have not yet the chance of

reading his original paper.





