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Abstract
The object of this paper is to find the number of hyperellipticcurves in the bi-

canonical pencil of a Godeaux surface whose torsion group isZ3, or Z4, or Z5.

Let be a minimal smooth projective surface of general type with = =
0, 2 = 1. Surfaces of this type are calledGodeaux surfaces(also they are called
numerical Godeaux surfaces); they were discovered in the 1930s by Campedelli [2]
and Godeaux [6], and are interesting in view of Castelnuovo’s criterion: an irrational
surface with = 0 must have2 1.

The following well known results are important tools in the paper:
Bicanonical system 2 gives a pencil and the fixed part of 2 consists of

2-curves [12];
Tricanonical system 3 gives a birational map P3 without fixed compo-

nents [3], [12];
Denote byT( ) the torsion subgroup ofH2( Z). Recall that 0,Z2, Z3, Z4, Z5

are the only possible values for the torsion group of a Godeaux surface [12], [13];
A half of the number of elements in the set T( ) = equals the

number of base points of 3 [12]; and
For each non-zero element T( ), 0( + ) = 1. And + 1 intersects
+ 2 transversally if 1 = 2 [13].
In this paper, we assume that 2 has no fixed components and it has four sim-

ple base points. Then a general member 2 is a non-hyperelliptic curve of
genus four because 3 gives a birational map. Let : be the blowing-up
of at the base points of 2 (and at the base points of 3 ifT( ) = Z3, Z4

or Z5) and let a fibration : P1 be given by the bicanonical pencil. According
to the semi-positiveness and the Hirzebruch-Riemann-Rochtheorem, we obtain the fol-
lowing [4], [11]:

( 3 ) = O 4,
( 6 ) = O 4 + O(1) 4 + O(3),
( 9 ) = O 4 + O(1) 4 + O(2) 3 + O(3) 4.
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Consider the following quadric sequence and the cubic sequence

0 K2
2( 3 ) ( 6 ) T2 0

0 K3
3( 3 ) ( 9 ) T3 0

whereK andT are defined by the kernel sheaves and cokernel sheaves. If 3 has
base points then consider the maps2( ( 3 )) ( 6 ), 3( ( 3

)) ( 9 ) instead of the maps2( 3 ) ( 6 ), 3( 3 )
( 9 ) respectively, where is the exceptional divisor of the base points of

3 .
Except the special members related with the elements inT( ), non-hyperelliptic

fibers are 3-connected. Therefore the support of the torsionsheaf consists of the points
of special fibers related withT( ) or the points of hyperelliptic fibers (cf. Lemma 2.1
in [4]). According to Lemma 2.1 and Proposition 2.3 in [4], each hyperelliptic curve
adds the length ofT2 by 2 and the length ofT3 by 5 where is the contact
number of the bicanonical pencil with hyperelliptic locus.The natural surjective ho-
momorphism 2( 3 ) 3 3( 3 ) induces a homomorphism
K 4

2 K3. This homomorphism is injective and the cokernel is invertible because it
is torsion free (it is done in the proof of Theorem 2.5 in [4] byembedding it in a
locally free sheaf). Therefore we have the following relation betweenK2 andK3,

0 K 4
2 K3 O( ) 0

Godeaux surfaces conjecturally depend on 8-dimensional moduli, and they pos-
sess a genus four pencil in the case where the bicanonical system has no fixed part,
and no singular base points. Thus we get an 8-dimensional family of rational curves
in a space of dimension 9 (Deligne-Mumford compactificationof curves of genus 4,

4) containing a subvariety of codimension 2 (the hyperelliptic locus). The natu-
ral question is whether the general such curve, coming from Godeaux surfaces, does
not intersect the hyperelliptic locus. In the reference [4]it was shown how this ques-
tion is related to the still open problem of classifying the Godeaux surfaces with
0-torsion. Another question is whether this 8-dimensionalfamily sweeps out whole
moduli space. The object of this paper is to find the degree ofK2 and the degree of
, i.e. to find the number of hyperelliptic curves in the bicanonical pencil of Godeaux

surfaces for the special case of Godeaux surfaces with torsion of order 3, 4, 5. If
T( ) = Z5, or Z4, or Z3, then the irreducibility of moduli space of Godeaux surfaces
is known [13].

The paper concerns the following theorem and its application to deformations:

Theorem. Let be a general Godeaux surface withT( ) = Z5, or Z4, or Z3.
Then we have the followings:
1. no hyperelliptic curve in the bicanonical pencil ifT( ) = Z5,
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2. no hyperelliptic curve in the bicanonical pencil ifT( ) = Z4,
3. one hyperelliptic curve in the bicanonical pencil ifT( ) = Z3,
4. 5-dimensional family of curves in 4 associated with2 if T( ) = Z5,
5. 6-dimensional family of curves in 4 associated with2 if T( ) = Z4,
6. 7-dimensional family of curves in 4 associated with2 if T( ) = Z3.

Two examples of Godeaux surfaces withT( ) = 0 (Barlow surface [1] and
Craighero-Gattazzo-Dolgachev-Werner surface [5]) are known. For these surfaces, we
have degK2 = 3, = 0 [4], [11]. It is an interesting question if we have degK2 = 3,

= 0 for Godeaux surfaces withT( ) = 0. And we ask whether a general curve in

4 is associated with the bicanonical pencil of Godeaux surfaces with T( ) = 0 or
not.

We work throughout over the complex number fieldC.

1. Proof of Theorem

Theorem. Let be a general Godeaux surface withT( ) = Z5, or Z4, or Z3.
Then we have the followings:
1. no hyperelliptic curve in the bicanonical pencil ifT( ) = Z5,
2. no hyperelliptic curve in the bicanonical pencil ifT( ) = Z4,
3. one hyperelliptic curve in the bicanonical pencil ifT( ) = Z3,
4. 5-dimensional family of curves in 4 associated with2 if T( ) = Z5,
5. 6-dimensional family of curves in 4 associated with2 if T( ) = Z4,
6. 7-dimensional family of curves in 4 associated with2 if T( ) = Z3.

Proof.

CASE 1. T( ) = Z5. Let be a general Godeaux surface withT( ) = Z5. Then
each curve, in the bicanonical pencil of , is a stable curve ofgenus four [11]. Let
, 0, 1, 2 be the standard generators of Pic(4) and letP1 = P(H0( O(2 ))). If

one expresses null with , in 4, then

null = 34 4 0 14 1 18 2 [14]

Therefore null P1 = 0 by the numerical data P1 = 4, 0 P1 = 25, 1 P1 = 0 and

2 P1 = 2 [11]. It implies that there is no hyperelliptic curve in the bicanonical pencil.
So the support of the torsion sheaf consists of two points associated with 2 P1 = 2.
Let : be the blowing-up of at the base points of 2 and at two base
points of 3 . And let 1, 2 be the exceptional divisors of the base points of
3 . The quadric sequence and the cubic sequence are the following:

0 K2
2 ( 3 1 2) ( 6 ) T2 0

0 K3
3 ( 3 1 2) ( 9 ) T3 0
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The map 2( ( 3 1 2)) ( 6 ) is factorized through 2( ( 3

1 2)) ( 6 2 1 2 2) ( 6 ). It implies that the lengthT2 =
3 + 3 = 6;
Since 3 has two simple base points1, 2, the natural map 0( O ( 3

)) 0( O ( )) is surjective. On the other hand, since 6 is very am-
ple, the natural map 0( O ( 6 )) 0( O ( 6 ) O ( 6 2 )) is
surjective with three-dimensional image.

By the similar computation, lengthT3 = 6 + 6 = 12. It implies that degK2 = 1
and = 6. In [10], [11], there is an explicit description of fivedimensional fam-
ily of curves in 4 associated with the bicanonical pencil of Godeaux surfaceswith
T( ) = Z5. Let ( ) be a coordinate ofP3. Then quadrics associated with a bi-
canonical pencil lie inP5 with coordinate , , , , , . Since degK2 = 1,
we have 4 singular quadrics associated with the bicanonicalpencil. By null P1 = 0,
each special member ( +1 1 + 4, + 2 2 + 3) is counted as two.

CASE 2. T( ) = Z4. Let be a general Godeaux surface withT( ) = Z4. Then
there are two special members related with the elements inT( ) i.e. + 1 + 3

( is the base point of 3 ) and 2( +2) where is a nonzero torsion element
in T( ). The image of +2 by 3 is a double line inP3 = P(H0( O (3 ))).
Let ( ) be a coordinate ofP3. Consider the quadric linear system inP3:

P H0(P3 O(2)) = P9

Then each quadric associated with a bicanonical pencil contains the line ( = = 0)
because it intersects this line with at least four points. Therefore we have a morphism

: P1 P6 P9

whereP6 is given by 2, , , , , , 2. Let : be the blowing-up
of at the base points of 2 and at the base point of 3 . And let be the
exceptional divisor of the base point of 3 . The quadric sequence and the cubic
sequence are the following:

0 K2
2 ( 3 ) ( 6 ) T2 0

0 K3
3 ( 3 ) ( 9 ) T3 0

There is a two dimensional family of quadrics containing thedouble line (two times
the line = = 0) and the map 2( ( 3 )) ( 6 ) is factorized
through 2( ( 3 )) ( 6 2 ) ( 6 ). It implies that the
lengthT2 2+3 = 5. By the similar computation, lengthT3 5+6 = 11. It implies that
degK2 2 and that the possibility of number of hyperelliptic curve is zero or one. If
there is one hyperelliptic curve then degK2 0. But then there is no singular quadric
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associated with the bicanonical pencil. It gives a contradiction because the number of
singular quadrics for each special member ( +1 + 3, 2( + 2), hyperelliptic
curve) is counted at least as two. Therefore we have degK2 = 2 and = 3. It also
implies that we have a six dimensional family of curves in4 associated with the
bicanonical pencil of Godeaux surfaces withT( ) = Z4. There is another proof in [8].

CASE 3. T( ) = Z3. Let be a general Godeaux surface withT( ) = Z3. Then
there is one special member related with the elements inT( ) i.e. + 1 + 2

( is the base point of 3 ) where is a nonzero torsion element inT( ).
First we will show that there is a hyperelliptic curve in the bicanonical pencil.

Reid [13] gave an explicit description of the construction of Godeaux surfaces with
T( ) = Z3 by using the canonical ring of unbranched cover. Let be the unbranched
Z3-cover of , and let

¯ = Proj =P(1 1 2 2 2)

where = [ 1 2 0 1 2], H0( O ( + )) for = 1, 2 and
H0( O (2 + )) for = 0, 1, 2. Then¯ is embedded intoP5 with coordinate

0 1 2 3 4 5 by 2
1, 2

2, 1 2, 0, 1, 2, and it is the cone on the Vernose
surface. The natural desingulariszation of¯ is a rational scroll

= P O O( 2) O( 2) O( 2)

Let : P1 be a natural projection. LetO ( ), O ( ) be O(1), the tautologi-
cal line bundle of respectively. Choose two irreducible divisors and in with

6 + 2 , 6 + 3 . Then =̃ + 3
=1 where ˜ is the blowing-up

of and is a fiber of the map P1. The detailed construction is in [13]. Lift
the bicanonical pencil of to then the pencil is given by the equation

1 2 + 0 = 0

The proper transform of the intersection̄ and 0 = 0 (i.e. 3 = 0) in P5 under the
map ¯ is the rational scrollP2 over P1. So the special member (0 = 0) asso-
ciated with the pencil of , 1 2 + 0 = 0, is the curve that has a fibration overP1

with six points in each fiber. Then there is a natural inducedZ3-action on each fiber
of unbranched cover . So the image of this curve in is a hyperelliptic curve
and it is in the bicanonical pencil of .

Let be the blowing-up at the base points of 2 and the base pointof 3 .
And let be the exceptional divisor of the base point of 3 . The quadric sequence
and the cubic sequence are the following:

0 K2
2 ( 3 ) ( 6 ) T2 0

0 K3
3 ( 3 ) ( 9 ) T3 0
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Since there is at least one hyperelliptic curve in the bicanonical pencil and the map
2( ( 3 )) ( 6 ) is factorized through 2( ( 3 ))
( 6 2 ) ( 6 ), lengthT2 2 + 3 = 5. By the similar computa-

tion, lengthT3 5 + 6 = 11. It implies that degK2 2 and that the possibility of
number of hyperelliptic curve is one or two. If there are two hyperelliptic curves then
degK2 0. But then there is no singular quadric associated with the bicanonical pen-
cil. It gives a contradiction because the number of singularquadrics for each special
member ( +1 + 2, two hyperelliptic curves) is counted at least as two. There-
fore we have degK2 = 2 and = 3.

Let ( ) be a coordinate ofP3 and let the quadric equation of the special
member be = 0. Consider the quadric linear system inP3:

P H0(P3 O(2)) = P9

Then each quadric associated with a bicanonical pencil contains two points (the image
of the base points of 2 under 3 ). Therefore we have a morphism

: P1 P7 P9

where P7 is given by 2, , , , , , , 2. It implies that we have at
most seven dimensional family of curves in4 associated with the bicanonical pencil
of Godeaux surfaces withT( ) = Z3. Consider the explicit construction of Godeaux
surfaces withT( ) = Z3 as above. Then it is easy to check that there is a six dimen-
sional family of curves associated to the special member ( = 0) because its preim-
age in is a union of two curves of genus four intersecting at three points with a free
Z3-action. Therefore we have a seven dimensional family of curves associated with the
bicanonical pencil of Godeaux surfaces withT( ) = Z3.

Let be a general Godeaux surface withT( ) = Z3. Assume that each curve,
in the bicanonical pencil of , is a stable curve of genus four.Let , 0, 1, 2 be
the standard generators of Pic(4) and let P1 = P(H0( O (2 ))). The number

null P1 = 14 is obtained by the numerical dataP1 = 4, 0 P1 = 26, 1 P1 = 0 and

2 P1 = 1 [11]. Since degK2 = 2, we have 8 singular quadrics associated with the
bicanonical pencil. The number 8 can be decomposed as 2 (fromthe special member

+ 1 + 2) +2 (from the hyperelliptic curve)+4 (from other singular quadrics).

2. Its application to deformations

Let be a Godeaux surface and let be a general member in 2 . Consider
the following commutative diagram of exact sequences of deformations and obstruc-
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tions;

H0( O ( )) T1 T1

ob ob ob

H1( O ( )) T2 T2

SinceH1( O ( )) = 0, the forgetful functorT1 T1 is smooth with one dimen-
sional fiber. Let be a natural map fromP1 to 4 induced by the bicanonical pencil
of . The first order deformation of pairsT1 can be obtained by a computation of

4
. According to the deformation of morphisms of curves [9],

dim Hom (P1
4)

4
P1 + 9 (OP1)

Since 1 P1 = 0, we have the following intersection number:

4
P1 = (13 2 0 2 2) P1 = 2 [7]

The above computation gives dim Hom (P1
4) 11.

4
= O(2) + P1

4

and by the classical lemma of Grothendieck P1
4

= 8
=1O( ). Then

4
P1 =

2 implies that 1 + + 8 = 0.
If T( ) = Z5, or Z4, or Z3, then the unobstructedness and the irreducibility of

moduli space of Godeaux surfaces are known [13]. It implies that 1 for all
= 1 8 and dim Hom (P1

4) = 11.

Corollary. We have the followings:
1. P1

4
= O(1) 4 + O( 1) 4 if T( ) = Z5,

2. P1
4

= O(1) 3 + O( 1) 3 + O 2 if T( ) = Z4,
3. P1

4
= O(1) 2 + O( 1) 2 + O 4 if T( ) = Z3.

Proof.

CASE 1. T( ) = Z5. Let be a general Godeaux surface withT( ) = Z5. If we
fix an element [ ] 4 associated with the bicanonical pencil, then there is a four
dimensional family of Godeaux surfaces withT( ) = Z5 that contain [ ], [11]. By
this argument we may assume that1, 2, 3, 4 are at least 1 [9], and that 0
for = 5, 6, 7, 8 by Theorem. So5 = 6 = 7 = 8 = 1 and we obtain the conclusion

P1
4

= O(1) 4 + O( 1) 4 by the equality 1 + + 8 = 0.

CASE 2. T( ) = Z4. Let be a general Godeaux surface withT( ) = Z4. If
we fix an element [ ] 4 associated with the bicanonical pencil, then there is a
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three dimensional family of Godeaux surfaces withT( ) = Z4 that contain [ ], [8].
By this argument, we may assume that1, 2, 3 are at least 1 and that 0 for

= 4, 5, 6, 7, 8, [9]. By Theorem and by the unobstructedness of moduli space, we
may assume that4 = 5 = 0 and that 6 = 7 = 8 = 1. Therefore we obtain the
conclusion P1

4
= O(1) 3 + O( 1) 3 + O 2 by the equality 1 + + 8 = 0.

CASE 3. T( ) = Z3. Let be a general Godeaux surface withT( ) = Z3. If
we fix an element [ ] 4 associated with the bicanonical pencil, then there is a
two dimensional family of Godeaux surfaces withT( ) = Z3 that contain [ ]. By this
argument, we may assume that1, 2 are at least 1 and that 0 for = 3, 4,
5, 6, 7, 8, [9]. By Theorem and by the unobstructedness of moduli space, we may
assume that 3 = 4 = 5 = 6 = 0 and that 7 = 8 = 1. It implies that P1

4
=

O(1) 2 + O( 1) 2 + O 4 by the equality 1 + + 8 = 0.

For general two points [1], [ 2] P1
4, if there is another pencilP1 , asso-

ciated with the bicanonical pencil of which is in the same component of the moduli
space of , intersectingP1 with [ 1], [ 2], then there is 2 in P1

4
. But this

is not possible by Corollary ifT( ) = Z5, or Z4, or Z3. It is an interesting question
if we have P1

4
= O 8 for Godeaux surfaces withT( ) = 0. If this is true, then

there is no hyperelliptic curve in the bicanonical pencil ofa general Godeaux surface
with T( ) = 0 because the hyperelliptic locus in4 is codimension two.
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