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Abstract
The object of this paper is to find the number of hyperelligticves in the bi-
canonical pencil of a Godeaux surface whose torsion grouf,ior Z4, or Zs.

Let X be a minimal smooth projective surface of general typthwi, = g =
0, K? = 1. Surfaces of this type are callg8odeaux surfacegalso they are called
numerical Godeaux surfacesthey were discovered in the 1930s by Campedelli [2]
and Godeaux [6], and are interesting in view of Castelnuowriterion: an irrational
surface withg =0 must have, > 1.

The following well known results are important tools in thaper:

e Bicanonical systenj Bx| gives a pencil and the fixed part & xR ist®f
—2-curves [12];

e Tricanonical systenj By| gives a birational map— P3 without fixed compo-
nents [3], [12];

e Denote byT(X) the torsion subgroup ofi’(X, Z). Recall that 0,Z,, Z3, Z4, Zs
are the only possible values for the torsion group of a Godeamface [12], [13];

e A half of the number of elements in the spt € T(X) | T # —t} equals the
number of base points df K| [12]; and

e For each non-zero element € T(X), K%Ky + 1) = 1. And Kx +1; intersects
Kx + 1o transversally ifry # 7o [13].

In this paper, we assume thatk2| has no fixed components and foha sim-
ple base points. Then a general memleere | KxP is a non-hypeieltptve of
genus four becausg K3| gives a birational map. petS - X be the bipwp
of X at the base points of x| (and at the base point$ &fy|3 T(K) = Z3, Z4
or Zs) and let a fibrationf S — P! be given by the bicanonical pencil. According
to the semi-positiveness and the Hirzebruch-Riemann-Rioebrem, we obtain the fol-
lowing [4], [11]:

o fu(p*3Kx) = 0%,
o f(p*6Kx) = 0% + O(1)** + O(3),
o fu(p*9Kx) = O + O(1)** + O(2)%° + O(3)**.

1991 Mathematics Subject Classificatiori4J10, 14J29.
This work was supported by Korea Research Foundation GKRE2002-070-C00003).



164 Y. LEE
Consider the following quadric sequence and the cubic segue

0— Ko — SX(f.p*3Kx) = f.(p*6Kx)— To — 0
0— K3 — S3(f.p*3Kx) = fi(p*9Kx)— T3 — 0O

where/C; andZ; are defined by the kernel sheaves and cokernel sheavek }f 3s ha
base points then consider the maf¥§ f.(p*3Kx —E)) — f.(p*6Kx), S°(f.(p*3Kx —

E)) = f.(p*9Ky) instead of the maps§?(f.p*3Kx) — f.(p*6Kx), S3(f.p*3Kx) —
f«(p*9Kx) respectively, whereE is the exceptional divisor of thesebgoints of
[BKx|.

Except the special members related with the elements(ix)), non-hyperelliptic
fibers are 3-connected. Therefore the support of the toistheaf consists of the points
of special fibers related witlr(X) or the points of hyperelliptic fibers (cf. Lemma 2.1
in [4]). According to Lemma 2.1 and Proposition 2.3 in [4],chahyperelliptic curve
adds the length of7, by 2 and the length of7z by 5 wherel is the contact
number of the bicanonical pencil with hyperelliptic locughe natural surjective ho-
momorphismS?(f.p*3Kx) ® f.p*3Kx — S°(f.p*3Kx) induces a homomorphism
IC?“ — K3. This homomorphism is injective and the cokernel is inldetibecause it
is torsion free (it is done in the proof of Theorem 2.5 in [4] bynbedding it in a
locally free sheaf). Therefore we have the following relatbetweent, and K,

0— IC?4—>IC3—> O(a) — 0.

Godeaux surfaces conjecturally depend on 8-dimensionaluinoand they pos-
sess a genus four pencil in the case where the bicanonicnsysas no fixed part,
and no singular base points. Thus we get an 8-dimensionalyfarhrational curves
in a space of dimension 9 (Deligne-Mumford compactificataincurves of genus 4,
M) containing a subvarietyd of codimension 2 (the hyperedipocus). The natu-
ral question is whether the general such curve, coming framde@ux surfaces, does
not intersect the hyperelliptic locus. In the reference ifAvas shown how this ques-
tion is related to the still open problem of classifying thed8aux surfaces with
O-torsion. Another question is whether this 8-dimensiofathily sweeps out whole
moduli space. The object of this paper is to find the degre&fand the degree of
a, i.e. to find the number of hyperelliptic curves in the bicaical pencil of Godeaux
surfaces for the special case of Godeaux surfaces withotorsf order 3, 4, 5. If
T(X) = Zs, or Za4, or Zs, then the irreducibility of moduli space of Godeaux surface
is known [13].

The paper concerns the following theorem and its applinattiiodeformations:

Theorem. Let X be a general Godeaux surface witliX) = Zs, or Za, or Zs.
Then we have the followings
1. no hyperelliptic curve in the bicanonical pencil T{X) = Zs,
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no hyperelliptic curve in the bicanonical pencil T{(X) = Z4,
one hyperelliptic curve in the bicanonical pencilT{X) = Zs,
5-dimensional family of curves iM, associated with2K x| if T(X) = Zs,
6-dimensional family of curves iM, associated with2K x| if T(X) = Zs,
7-dimensional family of curves iM, associated with2K x| if T(X) = Zs.

ok wbd

Two examples of Godeaux surfaces witl{X) = 0 (Barlow surface [1] and
Craighero-Gattazzo-Dolgachev-Werner surface [5]) arenkn For these surfaces, we
have dedC; = 3, a = 0 [4], [11]. It is an interesting question if we have d&p= 3,

a = 0 for Godeaux surfaces witli(X) = 0. And we ask whether a general curve in
M, is associated with the bicanonical pencil of Godeaux sedaeith T(X) = 0 or
not.

We work throughout over the complex number fiéld

1. Proof of Theorem

Theorem. Let X be a general Godeaux surface williX) = Zs, or Za, or Zs.

Then we have the followings

no hyperelliptic curve in the bicanonical pencil T{(X) = Zs,

no hyperelliptic curve in the bicanonical pencil T{(X) = Z4,

one hyperelliptic curve in the bicanonical pencilT{X) = Zs,

5-dimensional family of curves i, associated with2Ky| if T(X) = Zs,
6-dimensional family of curves iM, associated with2K x| if T(X) = Zs,
7-dimensional family of curves iM, associated with2K x| if T(X) = Zs.

ok wbdpE

Proof.

Case 1. T(X)=1%Zs. Let X be a general Godeaux surface withX) = Zs. Then
each curve, in the bicanonical pencil af , is a stable curvegerius four [11]. Let
A, 80, 81, 82 be the standard generators of Bigj and letP! = P(HO(X, O(2Ky))). If
one expresse®, with i, §; in My, then

Onun = 34 — 4 — 1451 — 185, [14],

Therefore ®py.P* = 0 by the numerical data.P! = 4, §,.P* = 25, §;.P* = 0 and
8,.P1 = 2 [11]. It implies that there is no hyperelliptic curve inettbicanonical pencil.
So the support of the torsion sheaf consists of two pointscised withs,.Pt = 2.

Let p: S — X be the blowing-up ofX at the base points |oK 2 and at two base
points of | Xx|. And letE;, E, be the exceptional divisors of the base points of
|3Kx|. The quadric sequence and the cubic sequence are the ifgtow

0— K2 — S*(fulp*3Kx — E1— E2)) > fu(p*6Kx) > T, — 0
0— K3 — S3(fu(p™3Kx — E1— E2)) — fu(p"9Kx) — Tz — 0.
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The mapS?(f.(p*3Kx —E1—E>)) — f.(p*6Ky) is factorized throughs?( f.(p*3Kx —

E1 — E3) — fu(p*6Kx — 2E1 — 2E5) — f.(p*6Kx). It implies that the lengtif; =
3+3=6;

Since| Xx| has two simple base points, p», the natural mapH°(S, Os(p*3Kyx —
E))) — HY(E;, Og(—E))) is surjective. On the other hand, sinfeX g is very am-
ple, the natural magH°(S, Os(p*6Kx)) — HO(S, Os(p*6Kx)/Os(p*6Kx — 2E;)) is
surjective with three-dimensional image.

By the similar computation, lengifs = 6 + 6 = 12. It implies that delf; =
anda =-—6. In [10], [11], there is an explicit description of figégmensional fam-
ily of curves in M, associated with the bicanonical pencil of Godeaux surfacids
T(X) = Zs. Let (x, y,z, w) be a coordinate oP. Then quadrics associated with a bi-
canonical pencil lie inP®> with coordinatexy xz xw ,yz yw zw . Since dég = 1,
we have 4 singular quadrics associated with the bicanomieatil. By ®ny.P* = 0,
each special membeK ttU, Kx + 14, Kx + 12U, Kx *+13) iS counted as two.

Case 2. T(X)=12Z4. Let X be a general Godeaux surface withX) = Z4. Then
there are two special members related with the element¥X) i.e. Kx +11U, Kx +13
(¢ is the base point of Bx| ) and B ) wheret; is a nonzero torsion element
in T(X). The image ofKy 1 by |3Kx| is a double line ifP® = P(HY(X, Ox(3Kx))).
Let (x, y,z, w) be a coordinate oP3. Consider the quadric linear system I:

P(H(P3, O(2))) =P°.

Then each quadric associated with a bicanonical pencilagmsitthe line { =w = 0)
because it intersects this line with at least four pointser&fore we have a morphism

¢: Pt — P® c P°,

whereP® is given byx?, xy, xz, xw, yw, zw, w?. Let p: S — X be the blowing-up
of X at the base points of x| and at the base point @& 3 . Andklet  be th
exceptional divisor of the base point 6fK3| . The quadric sageeand the cubic
sequence are the following:

0— K2 — S*(fu(p*3Kx — E)) - fi(p*6Kx)—> T2 — 0
0— Ks — S3(fu(p*3Kx — E)) = fu(p*9Kx)— Tz — 0.

There is a two dimensional family of quadrics containing ttmuble line (two times
the linex =w = 0) and the map?(f.(p*3Kx — E)) — f.(p*6Kx) is factorized
through S?(f.(p*3Kx — E)) — f.(p*6Kx — 2E) — f. (p* &Ky ). It implies that the
lengthZ; > 2+3 = 5. By the similar computation, lendfh > 5+6 = 11. It implies that
degK3 < 2 and that the possibility of number of hyperelliptic curgezero or one. If
there is one hyperelliptic curve then d€g < 0. But then there is no singular quadric
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associated with the bicanonical pencil. It gives a conttamh because the number of
singular quadrics for each special memb&i ( 14, Kx + 713, 2(Kx +12), hyperelliptic
curve) is counted at least as two. Therefore we havekieg 2 anda =— 3. It also
implies that we have a six dimensional family of curves My associated with the
bicanonical pencil of Godeaux surfaces witlX) = Z4. There is another proof in [8].

Case 3. T(X)=1Zs. Let X be a general Godeaux surface witfX) = Zz. Then
there is one special member related with the elements(k) i.e. Kx +71U; Kx + 12
(¢ is the base point of Bx| ) wherg is a nonzero torsion element(in).

First we will show that there is a hyperelliptic curve in thecdmonical pencil.
Reid [13] gave an explicit description of the constructioh Godeaux surfaces with
T(X) = Z3 by using the canonical ring of unbranched cover. Fet be theranched
Zs-cover of X , and let

F =ProjR =P(1, 1, 2 2 2)

where R =k 1, x2, 0, y1. yd, xi € HYX,Ox(Kx + 1)) for i = 1, 2 andy, €
HO(X, Ox(2Kx +1;)) for i = 0, 1, 2. ThenF is embedded intd® with coordinate
{uo,u1, up uzg usug by x2, x5, x1x2, yo, y1, y2, and it is the cone on the Vernose
surface. The natural desingulariszation ffis a rational scroll

F=P(0& 0(-2)® O(—2) ® O(-2)).

Let 7 : F — P! be a natural projection. LeDs(A), Or(B) be 7*O(1), the tautologi-
cal line bundle ofF respectively. Choose two irreducibleigtivs 0 andC inF with
Q€c|6A+2B|,Cc |6 +3B|. ThengNC F+Y 2 0, whereY is the blowing-up
of Y and Q; is a fiber of the mag — P!. The detailed construction is in [13]. Lift
the bicanonical pencil oX t@ then the pencil is given by theaipn

X1x2tyo = 0.

The proper transform of the intersectidn and yo = 0 (i.e. uz = 0) in P° under the
map F — F is the rational scrollP? over PL. So the special membey = 0) asso-
ciated with the pencil ofY xix»+ yo = 0, is the curve that has a fibration ovet
with six points in each fiber. Then there is a natural induZgehction on each fiber
of unbranched coveY — X . So the image of this curveXin  is a hyjjgtiel curve
and it is in the bicanonical pencil of

Let p be the blowing-up at the base points|oK 2 and the base pbifBKx]|.
And let E be the exceptional divisor of the base point akx3 . Thadyic sequence
and the cubic sequence are the following:

0— K2 — S*(fi(p*3Kx — E)) - fu(p*6Kx)—> T2 — 0
0— K3 — S*(fi(p*3Kx — E)) —> fu(p*9Kx)— Tz — 0.
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Since there is at least one hyperelliptic curve in the bioc&a pencil and the map
S%(f.(p*3Kx — E)) — f.(p*6Kx) is factorized throughS?(f.(p*3Kx — E)) —
f«(p*6Ky — 2E) — f.(p*6Ky), lengthl; > 2 + 3 = 5. By the similar computa-
tion, length7z > 5+ 6 = 11. It implies that dely; < 2 and that the possibility of
number of hyperelliptic curve is one or two. If there are twpérelliptic curves then
degk’; < 0. But then there is no singular quadric associated with thanienical pen-
cil. It gives a contradiction because the number of singglaadrics for each special
member Kx +1U, Kx+12, two hyperelliptic curves) is counted at least as two. There
fore we have deffs =2 anda =— 3.

Let (x,y,z, w) be a coordinate oP® and let the quadric equation of the special
member bexw =0. Consider the quadric linear systen®in

P(HO(P3, O(2))) =P~

Then each quadric associated with a bicanonical pencilag@two points (the image
of the base points of Ry| und¢rkx| ). Therefore we have a morphism

¢: P> P7 c P°,

where P7 is given by x2, xy, xz, xw, yz, yw, zw, w?. It implies that we have at
most seven dimensional family of curves My associated with the bicanonical pencil
of Godeaux surfaces witl(X) = Zs. Consider the explicit construction of Godeaux
surfaces withT(X) = Z3 as above. Then it is easy to check that there is a six dimen-
sional family of curves associated to the special member ( ) be@ause its preim-
age inY is a union of two curves of genus four intersecting egetpoints with a free
Zs-action. Therefore we have a seven dimensional family ofesiiassociated with the
bicanonical pencil of Godeaux surfaces withiX) = Zs. O

Let X be a general Godeaux surface witfX) = Zs. Assume that each curve,
in the bicanonical pencil oX , is a stable curve of genus fduat A, &g, 31, 52 be
the standard generators of Pif() and letP! = P(H(X, Ox(2Kx))). The number
Onui.P* = 14 is obtained by the numerical dataP! = 4, §,.P* = 26, §;.P* = 0 and
82.P! = 1 [11]. Since dedC; = 2, we have 8 singular quadrics associated with the
bicanonical pencil. The number 8 can be decomposed as 2 (fenspecial member
Kx+11Uy Kx +712)+2 (from the hyperelliptic curve)+4 (from other singulawagirics).

2. lts application to deformations

Let X be a Godeaux surface and I8t be a general membgrkin| 2 . deonsi
the following commutative diagram of exact sequences obmedtions and obstruc-
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tions;

H(C,Oc(C)) —— Ty e —— Tx

lob lob lob

HYC, Oc(C)) —— T3, —— Ti.

Since HY(C, O¢(C)) = 0, the forgetful functorT} - — T% is smooth with one dimen-

sional fiber. Lety be a natural map froRt to M, induced by the bicanonical pencil
of X. The first order deformation of pairs}(,c can be obtained by a computation of
q* Ty, According to the deformation of morphisms of curves [9],

dim Homy, (P*, Ms) > — K37, P* + 9 (Op1).
Since$;.P! = 0, we have the following intersection number:
Ky Pt = (130 — g — 282). Pt = -2 [7].
The above computation gives dim Hprit!( M,) > 11.
9" Tiz; = O(2) + q* Npajiz;.»

and by the classical lemma of GrothendiegkVy. j7, = Z?:l O(a;). Then KE.]P’l =
—2 implies thata; +--- +ag = 0.

If T(X) = Zs, or Zg4, Or Zs, then the unobstructedness and the irreducibility of
moduli space of Godeaux surfaces are known [13]. It impllest &; > — 1 for all
i=1,...,8 and dimHom P!, M,) = 11.

Corollary. We have the followings
1. q*NP1|ﬁ4 = 0(1)694 + O(—1)®4 if T(X) =Zs,
q* Npijag, = O(1)®2 + O(=1)2% + 0O®? if T(X) = Za,
3. q"Npig, = 0(1)%2 + O(=1)#2 + O%* if T(X) = Za.

n

Proof.

Case 1. T(X) =Zs. Let X be a general Godeaux surface withX) = Zs. If we
fix an element ¢ Je M, associated with the bicanonical pencil, then there is a four
dimensional family of Godeaux surfaces witl{X) = Zs that contain ], [11]. By
this argument we may assume that az, a3, as are at least 1 [9], and that; < O
for j =5, 6, 7, 8 by Theorem. Sas = ag = a7 = ag = —1 and we obtain the conclusion
q* Npiaz; = O(1)%* + O(—=1)®* by the equalitya; +- - - +ag = 0.

Case 2. T(X) = Z4. Let X be a general Godeaux surface withX) = Z,. If
we fix an element ]e M, associated with the bicanonical pencil, then there is a
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three dimensional family of Godeaux surfaces witfX) = Z,4 that contain { ], [8].
By this argument, we may assume that a», a3 are at least 1 and that; < 0 for
j=4,5, 6,7, 8, [9]. By Theorem and by the unobstructedness adufh space, we
may assume that, = as = 0 and thatag = a; = ag = —1. Therefore we obtain the
conclusiong* Npy 37, = O(1)®3 + O(—1)%3 + 0%2 by the equalityay +- - - +ag = 0.

Case 3. T(X) = Z3. Let X be a general Godeaux surface withx) = Zs. If
we fix an element ]e M, associated with the bicanonical pencil, then there is a
two dimensional family of Godeaux surfaces williX) = Z3 that contain € ]. By this
argument, we may assume that, a, are at least 1 and that; < 0 for = 3, 4,
5, 6, 7, 8, [9]. By Theorem and by the unobstructedness of hagace, we may
assume thatiz = a4 = as = as = 0 and thata; = ag = —1. It implies thatq* Np 37, =
O(1)®2 + O(—1)%2 + 0®* by the equalitya; + - - - +ag = 0. U

For general two pointsdy], [C2] € P C My, if there is another penciP}, asso-
ciated with the bicanonical pencil &f  which is in the same ponent of the moduli
space ofX , intersectin®} with [C1], [C2], then there isq; > 2 ing* Npa 7, But this
is not possible by Corollary iff(X) = Zs, or Za4, Or Zs. It is an interesting question
if we have g* Npas7, = 0O%8 for Godeaux surfaces witlf(X) = 0. If this is true, then
there is no hyperelliptic curve in the bicanonical pencilaofeneral Godeaux surface
with T(X) = 0 because the hyperelliptic locus M, is codimension two.
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